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PREFACE

In engineering and science, physical quantities are often represented by
mathematical functions, namely tensors. Examples include temperature,
pressure, force, mechanical stress, electric/magnetic fields, velocity, enthalpy,
entropy, etc. In turn, tensors are categorized based on their rank, i.e. rank
zero, one, and so forth. The so-called scalar quantities (e.g. temperature) are
tensors of rank zero. Likewise, velocity and force are tensors of rank one,
and mechanical stress and gradient of velocity are tensors of rank two. In
Euclidean space, which could be of dimension N = 3, 4, ..., we can define
several coordinate systems for our calculation and measurement of physical
quantities. For example, in a 3D space, we can define Cartesian, cylindrical,
and spherical coordinate systems. In general, we prefer defining a coordinate
system whose coordinate surfaces (where one of the coordinate variables
is invariant or remains constant) match the physical problem geometry
at hand. This enables us to easily define the boundary conditions of the
physical problem to the related governing equations, written in terms of the
selected coordinate system. This action requires transformation of the tensor
quantities and their related derivatives (e.g., gradient, curl, divergence)
from Cartesian to the selected coordinate system or vice versa. The topic
of tensor analysis (also referred to as “tensor calculus,” or “Ricci’s calculus,”
since originally developed by Ricci (1835-1925), [1], [2]), is mainly engaged
with the definition of tensor-like quantities and their transformation among
coordinate systems and others. The topic provides a set of mathematical
tools which enables users to perform transformation and calculations
of tensors for any well-defined coordinate systems in a systematic way—
it is a “machinery.” The merit of tensor analysis is to provide a systematic
mathematical formulation to derive the general form of the governing
equations for arbitrary coordinate systems.
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In this book, we aim to provide engineers and applied scientists the tools
and techniques of tensor analysis for applications in practical problem
solving and analysis activities. The geometry is limited to the Euclidean
space/geometry, where the Pythagorean Theorem applies, with well-defined
Cartesian coordinate systems as the reference. We discuss quantities defined
in curvilinear coordinate systems, like cylindrical, spherical, parabolic, etc.
and present several examples and coordinates sketches (some equipped with
augmented reality technology) with related calculations. The book is divided
into sections and sub-sections with topics presented in a consistent manner,
as given in the table of contents. In addition, we listed several worked-out
examples for helping the readers with mastering the topics provided in the
prior sections. A list of exercises is provided for further practice for readers.

Mehrzad Tabatabaian, PhD, PEng
Vancouver, BC
July 23, 2018
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CHAPTER

INTRODUCTION

Physical quantities can be represented mathematically by tensors. In further
sections of this book we will define tensors more rigorously; however, for the
introduction we will use this definition. An example of a tensor-like quantity
is the temperature in a room (which could be a function of space and time)
expressed as a scalar, a tensor of rank zero. Wind velocity is another example,
which can be defined when we know both its magnitude or speed—a scalar
quantity—and its direction. We define velocity as a vector or a tensor of rank
one. Scalars and vectors are familiar quantities to us and we encounter them
in our daily life. However, there are quantities, or tensors of rank two, three,
or higher that are normally dealt with in technical engineering computa-
tions. Examples include mechanical stress in a continuum, like the wall of a
pressure vessel—a tensor of rank two—the modulus of elasticity or viscosity
in a fluid—tensors of rank four—and so on.

Engineers and scientists calculate and analyze tensor quantities, including
their derivatives, using the laws of physics, mostly in the form of govern-
ing equations related to the phenomena. These laws must be expressed in
an objective form as governing equations, and not subjected to the coor-
dinate system considered. For example, the amount of internal stress in a
continuum should not depend on what coordinate system is used for calcu-
lations. Sometimes tensors and their involved derivatives in a study must be
transformed from one coordinate system to another. Therefore, to satisfy
these technical/engineering needs, a mathematical “machinery” is required
to perform these operations accurately and systematically between arbitrary
coordinate systems. Furthermore, the communication of technical compu-
tations requires precise definitions for tensors to guarantee a reliable level
of standardization, i.e. identifying true tensor quantities from apparently
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tensor-like or non-tensor ones. This machinery is called tensor analysis [2],

(3], [4]. [5]. [6], [7].

The subject of tensor analysis has two major parts: a) definitions and proper-
ties of tensors including their calculus, and b) rules of transformation of ten-
sor quantities among different coordinate systems. For example, consider
again the wind velocity vector. By using tensor analysis, we can show that this
quantity is a true tensor and transform it from a Cartesian coordinate system
to a spherical one, for example. A major outcome of tensor analysis is having
general relations for gradient-like operations in arbitrary coordinate systems,
including gradient, curl, divergence, Laplacian, etc. which appear in many
governing equations in engineering and science. Using tensor notation and
definitions, we can write theses governing equations in explicit coordinate-
independent forms.

1.1 INDEX NOTATION—THE EINSTEIN SUMMATION
CONVENTION

Writing expressions containing tensors could become cumbersome, especially
when higher ranked tensors and higher dimensional space are involved. For
example, we usually use hatted arrow symbol for vectors (like A) and bold-
font symbols for second rank tensors (like A). But this approach is very lim-
ited for expressing, for example, the modulus of elasticity, a 4" ranked tensor.
Another limitation shows up when writing the components of a tensor in

N-dimension space. For example, in 3D we write vector A in a Cartesian coor-
3

dinate system as A = ZAI.E =A,E, + A,E, + A,E,, where A, is the compo-

- 1
nent and E; the unit vector. Taking this approach for N -dimension space and
carrying the summation symbol (i.e. X) is cambersome and seems unnecessary.

The Einstein summation convention allows us to get rid of the summation
symbol, if we carry summation operation for repeated indices in prod-
uct-type expressions (unless otherwise specified). Using this approach, we
can write A = A,E, and a tensor of rank 4, for example, as T = I}jklEiEjEkEl,
with all indices range for 1 to N. In practice, however, we even ignore writing
the unit vectors and just use the component representing the original tensor;
hence this method is also referred to as component or index notation, or
A=A and T=T, yu- In addition, we represent a tensor’s rank by the number
of free (i.e. not repeated) indices. We use these definitions and conventions
throughout this book.
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COORDINATE SYSTEMS
DEFINITION

For measuring and calculating physical quantities associated with geometrical
points in space we require coordinate systems for reference. These systems
(for example, in a 3D space) are composed of surfaces that mutually
intersect to specify a geometrical point. For reference, an ideal system of
coordinates called a Cartesian system is defined, in Euclidean space, such
that it composes of three flat planes. These planes are considered by default
to be mutually perpendicular to each other to form an orthogonal Cartesian
system. In general, the orthogonality is not required to form a coordinate
system—this kind of coordinate system is an oblique or slanted system.
A Cartesian coordinate system, although ideal, is central to engineering
and scientific calculations, since it is used as the reference compared to
other coordinate systems. It also has properties, as will be shown in further
sections, that enable us to calculate the values of tensors [3].

For practical purposes, sometimes it is more convenient to consider curved
planes instead of flat ones in a coordinate system. For example, for cases
when a cylindrical or a spherical water or oil tank is involved, we prefer that
all or some of coordinate surfaces match the geometry of the tank. For a
cylindrical coordinate system, we consider the Cartesian system again but
replace one of its planes with a cylinder, whereas for a spherical system we
replace two flat planes with a sphere and a cone.
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FIGURE 2.1 Sketches of Cartesian, Cylindrical, and Spherical coordinate systems.

Many other coordinate systems are defined/used in practice such as
parabolic, bi-spherical, etc. Figure 2.1 shows some examples of common
@ coordinate systems. Animations of the coordinates shown in Figure 2.1 are
provided in the accompanying disc.

For organizing the future usage of symbols for arbitrary coordinate systems
we define coordinate variables with superscripted letters, for reasons that
will be explained in further sections. For Cartesian systems we use y' and
for other arbitrary systems we use x'—note that i is merely an index, not a
raised power. For example, in a 3D space we have y' =X, y* =Y, and ¢’ =Z
where (X,Y,Z) are common notations for Cartesian coordinates. In general,
for N dimensional systems we have

y' = (yl,yz,yg,---,yN) Cartesian coordinates

) 2.1
1 2 3 N . . .
x! E(x XA e x ) arbitrary coordinates

In this book, we limit the geometryto that known as Euclidean geometry [2], [4],
[5]. Therefore, curved space geometry (i.e., Riemann geometry), space-time,
and discussions of General Relativity are not included. However, curvilinear
coordinate systems and oblique non-orthogonal systems are covered, where
applicable, and defined with reference to Euclidean geometry/space.



CHAPTER

BASIS VECTORS AND
SCALE FACTORS

For the measurement of quantities we need to define metrics or scales in
whatever coordinate system we use. These scales are, usually, vectors defined
at a point (such as the origin) and are tangent to the coordinate surfaces at
that point. These vectors are called basis vectors. For Cartesian system y we
define basis vector E (see Figure 3.1). Note that subscript i (i.e.i=1,2,---,N)
is merely an index and the reason why we used it as a subscript for basm
vectors will be explained in a further section. Now, cons1denng an incremen-
tal vector ds, from point P to neighboring point P’, we define the direc-

tion of the basis vector as moving from P to P’ or E, =y |P -y +dy' |P,.
For example, E, =’ |P -y +dy1|P,. Now we define the magnitude of E,

such that the magnitude of distance from P to P’ is given as
=|dy'E| 3.1

Also, we can get the distance P_P':ds(i):dyi in a Cartesian coordinate
system. Therefore, the basis vectors magnitude is unity, or ‘Ei‘zl. In
other words, the basis vectors in Cartesian system have unit lengths and

are well-known unit vectors (usually represented by ?} k ). This is more
than a trivial result and as shown in further sections, enables us to calculate/
measure quantities in other coordinate systems with reference to the
Cartesian system. The directed distance vector ds is given as

e N .= .=
ds=Ydy'E, =dy'E, 3.2
i=1
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The magnitude of this vector is the square root of the dot-product of ds with
itself,

&5 =N - ds = Jdy'dy'E, - E. 33
Z Jdy' dy'E, - E|

FIGURE 3.1 A Cartesian system with unit vectors and an incremental vector ds.

Assuming the Pythagorean theorem holds in Euclidean space we have

‘Zs‘ ={dy'dy' = /Z(dyi )2 3.4

From Equations 3.3 and 3.4, we can conclude that

o {1 fori=j

= 3.5
0 fori# j

i

Which also shows that the basis/unit vectors in Cartesian system yi are mutu-
ally perpendicular or the system is orthogonal, as defined.

Now we assume an arbitrary system x', which may be neither rectilinear
nor orthogonal (see Figure 3.2). In this system the distance between two
points—say P and P’—is the same when considering the vector ds. In other
words, the vector components in system x' compared to those in system ¢'
could change along with the basis vector corresponding to system x' such
that the vector itself remains the same, or as an invariant. This requirement
is simply a statement of independence of physical quantities (and the laws of
nature) regardless of the coordinate system we consider for calculation and
analysis. Therefore, we have

ds=dx'e. = dyiE, 3.6



Basis VECTORS AND SCALE FACTORS © 7

where ¢, is the basis vector corresponding to system x'. In general the basis
vector ¢, can vary, both in magnitude and/or direction, from point to point
in space. Also, the dx' may be dimensionless, like the angle coordinate in a
polar coordinate system.

FIGURE 3.2 Sketches of a curvilinear coordinate system and basis vectors’.
The magnitude of basis vector ¢, is the scale factor h,, or
h, =|é,| 3.7

Note that h; is unity for a Cartesian coordinate system and may be different
from unity in general curvilinear systems. We will derive formulae for
the calculation of h; in an arbitrary coordinate system in further sections.
The unit vector é(i) can be defined as

¢(i)== (no summation oni) 3.8

Obviously, in a Cartesian system the unit vectors and the basis vectors are
identical, since h; is unity.

! Common copyright (cc), https://commons.m.wikimedia.org/wiki/File:Vector_1-form.
svg#mw-jump-to-license






CHAPTER

CONTRAVARIANT
COMPONENTS AND
TRANSFORMATIONS

For transformations between systems x' and Cartesian y', we must have the
functional relationships between their coordinate variables. For example,

xiZE(yl,yz,---,yN) 4.1

gives N number of functions transforming y' to x' system. Inversely [4], we
can transform from ' to y' system using function G, given as

y' =G, (x' 2%, 2Y) 42

For example, for a 2D polar coordinate system, (r,0 )= (xl,xz) with refer-
ence to Cartesian system (X,Y) = (yl 2y ) we have

X=r cos@_ yl=xlcos(x2) _ |
Y = rsing - Or inversely,

yz =x'sin(x
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Now by taking partial derivatives of G, (see Equation 4.2) we can relate
the differentials dy', in a Cartesian system, to dx’ in an arbitrary coordinate

system as

ax.i

— %dx/

4.3

For example, after expanding Equation 4.3 for i=1 we get, dyl =

i;zl dx' + g:jc A+ gy dx”. The transformation coefficient 1] can be
X
ayl ayl ]
' o
written in matrix form as y: : : | The determinant of the
ayN ayN
transformation coefficient matrix is defined as the Jacobian of the transfor-
mation, or
W 9
Ay’ y") all . ax\
j = =71 2 N = : . : 4.4
a(x AT ) N N
Yy 9y
ox' o™

The Jacobian can be interpreted as the density of the space. In other words,
let’s say that we have J =5 for a given system x'. This means that we have
packed 5 units of Cartesian space into a volume in x' space through trans-
formation from Cartesian to the given system. The smaller the Jacobian, the
smaller the space density would be and vice versa.

Similarly, we can use function F, (see Equation 4.1) to have

dx! =aid1 45
ay’

It can be shown [4], [2], that the determinant of transformation coefficient
—— is the inverse of J, or

81/
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AR
-1 a(xl,x27...’xN) ag./l . ay.N
! zm: : K : 6
. o™ Y
ay' "

Equations 4.3 and 4.5 show a pattern for the transformation of differentials
dy' and dx', respectively. That is, the partial derivatives of the corresponding
coordinates appear in the numerator of the transformation coefficient.
Nevertheless, one can ask: does this pattern maintain for general system-to-
system transformation? The short answer is “yes” [7]. Hence, for arbitrary
systems x' and x”* we have

i i

dx' Z&x—,,dx'j and v’ =2y 4.7
ox”/ ox’

Any quantity, say A', that transforms according to Equation 4.7 is defined as
a contravariant type, with the standard notation of having the index i as a
superscript. Therefore, transformation A’ 2 A" reads

’i ‘ . J '
A= 4 and A= p 48
ox’ ox”

Obviously, performing the related calculations requires the functional
relations between the two systems, ie., x'= func(x'l,x'z,---,x'N) or
x = func(xl,xQ,m,xN). This in turn requires having the Cartesian system
as a reference for calculating the values of A’ or A", since x' and x” are arbi-
trary. For example, transforming A’ directly from a spherical to a cylindrical
system requires having the functional relations between these coordinates
with reference to the Cartesian system as the main reference.

The contravariant component of a vector has a geometrical meaning as well.
To show this, we consider a rectilinear non-orthogonal system (x',x%) in 2D,
as shown in Figure 4.1. The components of vector A can be obtained by
drawing parallel lines to the coordinates x' and x” to find contravariant com-
ponents Al and A%, respectively.
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v

X

FIGURE 4.1 Contravariant components of a vector in an oblique coordinate system.

With reference to Figure 4.1, we can also find another set of components,
A, and A, of the same vector A by drawing perpendicular lines to the
coordinates x' and x*. This is shown in Figure 4.2. Obviously, components
A, and A, are different in magnitude from the contravariant components.
We define A, and A, as covariant components. In the next section we define
the transformation rule for covariant quantities.

FIGURE 4.2 Covariant components of a vector in an oblique coordinate system.

We can conclude from these definitions that contravariant and covariant
components of a vector in a Cartesian system are identical and there is no
distinction between them.
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COVARIANT COMPONENTS
AND TRANSFORMATIONS

We use the standard notation of writing the index i as a subscript for
covariant quantities. We consider basis vector ¢, as a covariant quantity.
We can rewrite Equation 3.6, considering two arbitrary systems x/ and o

and the fact that ds is coordinate-system independent or invariant, as

ds = dx""¢, = dx’é,

. oo
After substituting for dx’, using Equation 4.7, we get dx"é, = ——dx"¢,

ax/k
-
™ [E,: —;z—,kéj ): 0

Since dx”™ is arbitrary (i.e., the relation is valid for any choice of system
x™ and selections of dx*=" #0anddx™ =0, for all values of i=1,2,---,N)
therefore the expression in the bracket must be equal to zero, or we have

L, ox!

[ :ax_'kej
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All quantities, say A,, that transform according to Equation 5.3 defined
as covariant type, with the standard notation of writing the index i as a
subscript. Therefore, transformation A, & A’ reads

o, ,  ox'
A =—A" and A'=——A 5.4
t axl J J a,x’] t
See Figure 4.2 for the geometrical interpretation of the covariant component
of a vector.
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PHYSICAL COMPONENTS
AND TRANSFORMATIONS

Having defined the contravariant and covariant quantities, like those of the
components of avector, one can ask this question: which one of these two types
of components is the actual vector’s components in magnitude? The short
answer is “none”! However, note that the combination of the contravariant or
covariant components and their corresponding basis vectors (contravariant
basis vectors will be defined in further section) gives the magnitude of the
vector correctly. To find the actual magnitude of the vector, we should find
the unit vectors and then the components of the vector corresponding to
these unit vectors, or the physical components. In other words, the physical
components of a vector (or in general, a tensor) are scalars whose physical
dimensions and magnitudes are those of the components vectors tangent
to the coordinates lines. Therefore, for vector A, if we designate A(i) as
its physical component and the corresponding unit vector as ¢(i) we can
write, then

A=A'¢, =A(i)é(i) 6.1

Now, using Equation 3.8 and substituting for ¢, we can write

A'é(i)h, = A(i)é(i). Therefore,
A(i)=A'h,, (no summation oni) 6.2

Or A(1)=A'h,, A(2) = A’h,, and so forth. The scale factor h, is the param-
eter that turns the contravariant component into the physical component,
when multiplied by it. Again, we can conclude that in a Cartesian system the
physical and contravariant/covariant components are identical, since h, =1.
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Up to this point we have defined contravariant, covariant, and physical com-
ponents of a vector along with covariant and physical/unit basis vectors. In
principle, we can represent a vector by any combination of its components
with the corresponding basis vectors. This requires having the contravariant
basis vector definition. We will define this quantity and how it is transformed
in a further section. But first, we must have the definition of a tensor, as well
as a specific tensor called a metric tensor.



CHAPTER

TENSORS—MIXED AND
METRIC

In previous sections, we defined vectors or tensors of rank one. Higher order
tensors could be defined based on similar definitions. For example, a ten-
sor of rank two requires more than one free index, like mechanical stress or
strain tensors. In general, we have the contravariant components written as
A for tensor A. We avoid placing double-arrows over the symbol for ten-
sors, for simplicity and generality. Since, in principle, we can have tensors of
rank N, designating them with N number of hatted arrows is not a practical
exercise. The invariant quantity is written as

A=A"EE, 71

Since A is invariant, its value remains the same regardless of the coordi-
nate system used. We transform A from an arbitrary coordinate system x”

to another system, say x', or A ””'ﬂ' =A"8é . Now, using Equatlon 5.3,
we transform the covarlant basis Vectors é and ¢, to systemx”'. Therefore,
o o’ _,

ks = K
we have A™ée, =A™

o [A”j axlz 81//

Usmg these last two relations, we get

atkam l]

k . .
——A™ ]=0. Therefore, since basis vectors are non-zero,

eiej ark a\m
we have

7i i
ax al Akm

ax_k a,vm

L4/

7.2
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Quantities that transform according to Equation 7.2 are defined as doubly
contravariant tensors, of rank two. Similarly, we can define mixed tensors,
for example of rank two, as

A;i axk ax/ m
J a,\ al/

The rule for transformation of tensors is like those given for vectors, i.e., the

contravariant component of the tensor transforms like a contravariant vector

and the covariant component like a covariant vector. Also, we can expand the

definition to a doubly covariant tensor, like

K ~yom

A;j Bx’ Eh,

oo™ ox

Equations 7.2-7.4 are useful relations defining second rank tensors and their

transformations. Expanding this rule, we can write the transformation of a
N -rank tensor, for example contravariant components, as

AN o™ ox”’ max'N A

onF " oM

In an arbitrary curvilinear system, the Pythagorean theorem applies but does

not appear in the same form as it does in flat Cartesian systems. This is mainly

due to the fact that basis vectors in an arbitrary system change in magnitude

and/or direction, from point to point. Therefore, measuring the distance ds

between two points on a curved surface, like a sphere, for example, requires

scaling the coordinates by multiplying them with some scalar coefficients.

These coefficients are the components of a tensor, called a metric tensor,

associated with the coordinate system selected. Recalling Equation 3.6,

we can find the square of the magmtude of differential distance ds by dot-
product operation, or ds® =ds-ds = (dx e ) (dx e. ) The result is

7.3

A, 7.4

7.5

ds* =dx'dx’ (¢, -¢,) 76

The term in the bracket, on the R.H.S of Equation 7.6, is a scalar (i.e., a tensor
of rank zero) resulting from a dot-product operation on the basis vectors.
Hence, we can write it as

4

e,~e].=|el.”ej‘cosa =h,h; cosa e
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where a is the angle between the tangents to x' and 1/ axes of the coordinate
system at the selected point in space. Geometrically speaking, Equation 7.7
is the multiplication of the magnitude of a basis vector with the projection of
the other one along the direction of the original one. Therefore, this quantity
could be used to identify whether a system (or at least the basis vectors
selected) is orthogonal or not. Also, it could be a metric for measuring the
distance over a curved surface. It has more properties and applications, which
we will encounter in future sections; hence, it is designated by a symbol and
aname, i.e., metric tensor g

gj=¢€ ¢ 7.8

It is easily seen from Equation 7.8 that a metric tensor is symmetric since
order in a dot-product is irrelevant (i.e. commutatlve) Also, if g; =0 for
i # j then the coordinates of the system x' are orthogonal. For example the
metric tensor in a 3D orthogonal system can be represented by a 3x3 matrix
containing null off-diagonal elements,

g 0 0
g;=| 0 g» 0 | orthogonal system 7.9
0 0 g

It would be useful to apply metric tensor definitions and expand Equation
7.6 using Equations 7.7 and 7.9 for an orthogonal 3D system, which gives

ds* =h? (d') +h2 (de®) +h2 (dx® ) 7.10

For example, in a Cartesian system we recover the fam1har form of

the Pythagorean theorem (ie., ds*=(dX)"+(dY)" +(dZ)"), since

9= gy =gy = E, - E, =1. Similarly, for a spherical coordinate system (r,¢,0)
no s o i

we have hy =g, =1, hi =g, =r®, and hj = g,; =r’sin’ ¢ (see Example 8.2

for scale factors). Therefore, we get ds* = (dr)* +r*(dp )’ +r*sin*p (d0)’.

So far, we have not shown that g, is a tensor. To do this, we transform the
metric tensor to another arbltrary coordinate system, say x”". We then can

axk &Cm a\k axm
’ = —-/ _
write g =¢; ¢, = o ax"( ¢, ). Therefore, we have g = PN
that is, when compared to Equation 7.4 we can conclude that g, is a doubly
covariant tensor.

gkm >
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As mentioned in the previous sections, to calculate or measure tensor-
like quantities we use a Cartesian system as the reference. To evaluate g,
we use Equation 7.8 and transform the covariant basis vector ¢, to the

_ 9y % _(E,-E,) But the

I oxt !

Cartesian system, y'. Therefore, g, =¢,-¢,

quantity E.-E,  orthe dot-product of the basis/unit vectors in the Cartesian
system, is either one or zero, due to orthogonality of the coordinates. Hence

I 1, whenk=m
Ek' m =

. Using this property, we can write
0, whenk #m & Property

" oyt
51~ 9 ox)

Using Equation 7.11, we can readily conclude that the metric tensor in
a Cartesian system is the familiar Kronecker delta, J E E For 3D

7.11

1 0 O
Cartesian coordinates, we get a diagonal unity matrix J ;=|0 1 0
0 0 1

It can be shown ([3], [4]) that the determinant of a metric tensor is equal to
the square of the Jacobian of the transformation matrix, or

g=lg,|=7° 7.12

Therefore, in an orthogonal system x,, having g, =0 for i # j, we get
g=g, gy =hihi ---hy, orthogonal system 7.13
Note that g, = |él.||éi| =h! (no sum on i) (see Equation 7.7). From

Equations 7.12 and 7.13 we can conclude that the Jacobian for an orthogonal
system is equal to the products of the scale factors, or

J =hh,---hy, orthogonal system 7.14

For example, in a spherical coordinate system the Jacobian is
T pherica =P,y =77 sing (see Example 8.2 for scale factors).



CHAPTER

METRIC TENSOR OPERATION
ON TENSOR INDICES

An important and useful application of metric tensor is that it can be
used to lower and raise indices of a tensor. Therefore, we can change a
contravariant component of a tensor to a covariant one, or vice versa, by
multiplying the appropriate metric tensor to the tensor at hand. For
example, let’s define the covariant component of a vector (i.e., a tensor
of rank one) as A, = A/ g;, where A’ is the given contravanant compo-
nent. Now, we show that the quantity A’g, is transformed like a covari-
ant quantity, according to Equation 5.4. Considering systems x' and x”,

’ j m n /j n m
we can write A"g; _[ax Ak ](ax ox mn] [al ox ]ax Ak Lo

ox* PROPNTA ox* ox”/ |ox”
.o ot ot ., . [L.n=k
Note that the expression ax_szyz&w where 9 = Onzk is

a mixed second rank tensor (a Kronecker delta). Therefore, we have

axlj axn axm ' axﬂl ' axm
— = -A =—-+(0/A =
(axk ax'] }axlz gmn ax/l ( k )gnm a)t
=A"

in the last bracket is actually A, according to our definition. Finally, we

. axm
. r At
have Aj=A"g} = o A, ,

transformed like a covariant component (see Equation 5.4). Therefore, we
have, also using the symmetry property of a metric tensor or gy =Ljis

( gm,,) But the expression

m’

which clearly shows that the quantity A g gy

A =Alg, =Alg

oSji

8.1
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Using Equation 8.1, we can write the expression for a contravariant basis
vector, or

¢ =é'g, 8.2

which shows that the metric tensor lowers the contravariant index, while the
dummy index is dropped out. This will enable us to write the vector A in
terms of covariant or contravariant basis vectors, as

A=AG =Al(gel)=(Alg,)é' =A¢ 8.3

Note that by using physical components and corresponding unit vectors, we
can write

A=A% =A@ = A(k)é(k) 8.4

So far, we have defined the doubly covariant metrlc tensor g,. Similarly, the
doubly contravariant metric tensor is defined g’ =é'-&. Therefore we can
write

A=AG =Ag"6 =A¢

Also, the combination of the two types of metric tensor gives the mixed
one, as

gyg]‘k :515 8.5

Equation 8.5 can be derived as follow: we have A’ =g"A, =g" ¢ jkAk . In this
; :
=4,

expression, we write A’ =5,fAk, therefor we have A* (5,; —g”gik>: 0, but
since A" is arbitrary the expression in the bracket is zero. Hence g'g x =0k
With reference to Figure 3.2, Figure 4.1, Figure 4.2, and Equation 8.3 we
can sketch the vector A in terms of its covariant/contravariant components

with their corresponding basis vectors, as shown in Figure 8.1 (see Example
15.3). Users may also want to watch a related video at

https:/lwww.youtube.com/watchPo=CliW 7k SxxWU.
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FIGURE 8.1 Sketch for covariant and contravariant components of a vector and
basis vectors in a non-orthogonal coordinate system x' and alternate system &'.

In the following subsections, we present two examples demonstrating related
calculations for cylindrical and spherical coordinate systems.

EXAMPLE: CYLINDRICAL COORDINATE SYSTEMS

Consider a cylindrical polar coordinate system (x] a0 ) =(r,0,z) where r
is the radial distance, 0 the azimuth angle, and z the elevation from X -Y
plane, wrt. the Cartesian coordinates (yl,yz,ya)E(X,Y,Z), as shown
in Figure 8.2. The functional relations corresponding to cylindrical and
Cartesian systems are:

Y
FIGURE 8.2 Cylindrical coordinate system.
1 1. 2
X=rcost) |y =x sinx
. 9 .9 . . . . i 1
Y =rsinf ={y’=x'sinx’. Find the inverse relations (i.e., x' zE(y,

7=z y3=x3

yz’_”,yN ) the basis vectors &, and é' for the cylindrical coordinate system in
terms of the Cartesian unit vectors. Also find the scale factors, unit vectors,
and metric tensors g; and g’ and line element magnitude ‘ds‘
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Solution:

The functions F, can be obtained by solving for X,Y,Z, using the functional
relation, given

iy | =) )

Y ‘ !
0 =tan™ (XJ =J v’ =tan™ [y—zj . To find the covariant basis vectors,

Y
z=7 x3 = Y3
dy’ s s s
we use ¢, —gE Therefore, we get ¢ =$E1 B_E ﬁEg =
oa' - - I - - -
cosOE, +sinf) E,.Similarly, ¢, —%El +§E2 +% , =—1sinfE, +rcos0E,,
oy' oy” oy’
and &, = Y —LE + y3 E, + yg E, =E,. In terms of coordinates notation, we
ox® ox 0x
have
¢, =cosOE, +sin0 E,
EH =—rsin0E, +rcosOE,
=E,
For calculating contravariant basis vectors, we use &' z—jE 4 After
expansion and using the functional relations, we get Y

¢" =cosOE, +sin0 E,

- sin - cosO

¢’ =———FE, + E,
r r

e =E,

The scale factors are the magnitudes of the covariant basis vectors. Hence
Jé. -é =1, h,=h,=./¢, € =r,and hy =h_ =1. The unit vectors

are

_, E
e(t):—h
cosHE +31n6E

é(r)=
)= —sin0E, +cosO E,
)=E

C
(=

A

A\



METRIC TENSOR OPERATION ON TENSOR INDICES © 25

Note that unit vectors é(r) and (€ ) in cylindrical coordinate system change
with location and are not constant vectors.

The metric tensoris g, =¢,-¢,,0or g, =h’ =1, g, =h; =r*,g_=hl=1,and
the off-diagonal elements of the metric tensor are null, hence the coordinate

1 0 O
system is orthogonal, or g; =0 r* 0. The Jacobian is J =h hyh_=r.
0O 0 1
The contravariant metric tensor can be calculated using g’ =¢"-¢é’, or
1 0 O
g'=|0 r? 0], which is equal to the inverse of covariant metric tensor.
0 0 1

Another Way for cdlculdtlng the contravandnt ba51s vectors is by usmg the
relation é' =g"¢,, or ¢ =g"¢ =¢, ¢ =¢ 76, =ré,, and &’ —g 6, =&,

For the line element we have, ‘c:ls V(') \/ dr)’ +(rd0 )’ +(dz) .

8.2 EXAMPLE: SPHERICAL COORDINATE SYSTEMS

Consider a spherical polar coordinate system (xl,x2 ,xs)z(r,goﬁ) where
r is the radial distance, ¢ the polar/meridian angle, and 0 the azimuthal
angle w.rt. the Cartesian coordinates (yl,yz ,yS) =(X,Y,Z), as shown
in Figure 8.3. The functional relations corresponding to spherical and
Cartesian systems are:

FIGURE 8.3 Spherical coordinate system.
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. 1 1 .. 2 3
X =rsing cosl y =x sinx” cosx

. . 92 1 . 2 . 3 . . . .
Y =rsingsind =<y =x sinx sinx”. Find the inverse relations (i.e.,

3 1 2
7 =rcosp Yy~ =x cosx

(yl y, yN) the basis vectors ¢, and é' for the spherical coordinate
system in terms of the Cartesian unit vectors. Also find the scale factors and

unit vectors and metric tensors gy and g Yand line element magnitude ‘ds‘
Solution:

The functions F, can be obtained by solving for X,Y,Z, using corresponding func-

=T oV )
3
tional relations, or {p =cos™ [ % ]E 2 = cos™! 2 y 2 |
YX +Y +2Z \/(yl) () +(y)

0 =tan™"'| — 1
[Xj x* =tan” [y—J

Yy

_ oy -
To find the covariant basis vectors, we use ¢, =$Ej. Therefore, we get

1 2 3
¢ :aiEl +8LE2 +ay E

: 2 3 7 : 3 2 I 2 I oo .
175 axl o E, =sinx” cosx’E, +sinx”sina”E, + cosx E;  Similarly,
' - oy’ . - : - -
€y —y2 E + / . =x' cosx® cosx’E, +x' sinx’ cosx’E, —x' sinx’E,, and
ox n® o’ 2

. a 1 - a 2 _ a 3 _ ~ _ ‘ o
€, = LBE1 +LE2 +L.E3 =—x'sina’ sina’E, +x' cosx’ sina’E, . In terms of coor-
ox’ ox’ ox’

dinate variables, we have

¢, =sing cosOE, +sing sin0E, + COS(,/)E3
€, =1Ccosp cos@E1 +rcosp sin@E2 - rsin(pE3

¢, =—rsing sin0E, +rsing cosOE,
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The scale factors are the magnitudes of the basis vectors. Hence

hy=h, =\¢ ¢ =1, hy=h,=,[¢,-¢, =r, and hy =h, =\¢, ¢, =rsing.

The unit vectors é(i)=—-, are

(r) =sing cosOE, +sing sin0 E, +cosp E,

QU

¢(p)=cosp COSHE1 + cosp sin@]??2 - sin(pE8
(0)=—sin0E, +cosOE,

QU

Note that unit vectors in spherical coordinate system Change with location
and are not Constant Vectors The metric tensor is g, =¢,-¢;, or g, = h?=1,
g, =h;=r", g, =hy=r’sin’p, and the off- dlagonal elements  of
the metrlc tensor are null, hence the coordinate system is orthogonal,

1 0 0
g;=0 r’ 0 .The Jacobianis J =h,h,h, =r*sing . The g =h;”,
0 0 (rsing)’
1 0 0

or g’ =0 r 0 , then we can calculate the contravariant basis

0 0 (rsing)”

=] i~ )
vectors, as ¢/ =g’¢,,oré =¢,, ¢ =

—é,,and &’ = —————¢, which yields

2
rosin” ¢

¢" =sing cosO E, +sing sind E, + cosp E,

cos@ cost 74 C0sP sind 7 _Sing

-
e = 1t 2 3
r r r
_ sinf - cost -
¢ =——"—""FE +——FE
rsing rsing

For the line element we have, ds 1[ h, dx \/ dr)’ +(rdp )’ +(rsinpdf)’.






CHAPTER

DOT AND CROSS PRODUCTS
OF TENSORS

We often must multiply tensors by each other. We consider two vectors for
discussion here, without losing generality. When we multiply two scalars (i.e.,
tensors of rank zero) we just deal with arithmetic multiplication. But a vector
has a direction, in addition to its magnitude, that should be taken into con-
sideration for multiplication operations. In principle we can have two vectors
just multiply by each other like AB, which is a tensor of rank two, called a
dyadic product. Or, multiply the vectors” magnitudes and form a new vector
with the resulting magnitude directed perpendicular to the plane containing
the original vectors, the cross-product Ax B, which is a tensor of rank one.
Or, multiply the vectors” magnitudes and reduce the rank of the product by
projecting one vector on the other one, the dot-product A - B, which is a ten-
sor of rank zero. Obviously, for higher than rank-one tensors we would have
a greater number of combinations as the result of their products. In general,
compared to the rank of original tensors, dyadic product increases the rank,
cross-product keeps the rank, and dot-product decreases the rank, i.e., the
result is a tensor quantity of higher, the same, or lower rank (by one level/
rank) w.r.t to the original quantities, respectively.

We start with dot-product operations. Lets consider two vectors A and B;
the dot-product of these two vectors is given by A-B= (A’Ei ) . (Bj ¢ ) using
the contravariant components of the vectors. We expand this expression,
with Equations 7.7 and 7.8, to get

A-B=A'B'g, = A'B'hh, cosa 9.1
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where a is the angle between the two vectors. Further, using Equation 8.1
we get

A-B=A'B,=AB 9.2

Similarly, we could start with using the covariant components of the vector,
but the conclusive results would be the same as the expression given by
Equation 9.2. Readers may want to do this as an exercise. From Equation 9.2
we can conclude that the order of multiplication does not change the result
of the dot-product, or A'B, =B,A".

In an orthogonal Cartesian system, either Equation 9.1 or 9.2 would result in
A-B=AB6,=A'B'+ A’B* +---+ A\BY =AB, + A,B, +---+ A B,. The
second equality results from the fact that in orthogonal Cartesian systems
there is no distinction between contravariant and covariant components. An
example of the dot-product quantity of two vectors is the mechanical work—
the dot product of force and distance vectors.

The cross-product operation can be established with a more general
formulation using the permutation symbol (also referred to as the Levi-
Civita symbol) defined as

+1 even permutation

=<—-1 odd permutation 9.3

iy iy

0 repeated index

For example, for N=6 we get € The permutation is considered
even if an even number of interchanges of indices put the indices in
arithmetic order (i.e., 123456), and is considered odd if an odd number
of interchanges of indices put the indices in order. For any case with a
repeated index the permutation symbol is zero. As an example, let’s con-

sider e, .. Examining the indices, we find out that 4 interchanges (i.e.

(3e31) (4>2) (4>3) (64>5)

342165 — 142365 — 124365 — 123465 — 123456) put them in order;
note that the sequence of interchanges is irrelevant. Therefore e, =1.
Similarly, ey, ,s =—1, since 5 interchanges put the indices in order. If any of
the indices is repeated then it is zero, for example e, = €565 =0, etc. We
purposefully called the permutation symbol a symbol and not a tensor, for
reasons that will be explained later in this section. Another way of identifying
the even or odd number of permutations is to write down the given indices
as a set and connect them with the equivalent number set but in arithmetic
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order. Then the number of points at the cross-section of the lines connecting
the same numbers is the order of permutation. This method is shown in the
following figure for e,,, .. The connecting lines intersect at six points; hence
the permutation is even.

3V\| 4'\ x2 |/V1 | 6:(>|<x5
T 2 [ %3 | *s | 5 | e

Now considering two vectors A and B in a Cartesian system the cross-
product of these two vectors is another vector C, given as (we propose this
expression, for now at least)

i i pk j Ak .
C'=eyA'B" =—e, B'A", Cartesian 9.4
%r_/ %,—/
AXB BxA

for the i-component of C. This relation clearly shows that the order of
multiplication matters for cross-product operation. For example, in a

3D Cartesian system we have A= (Al,AZ,AB) and B= (Bl,BZ,BS) and
we find their cross-product using Equation 9.4, C= (CI,CZ,C3 ) = AXB as,
C'=A’B’-A’B*,C*=A’B'-A'B’,and C° =A'B* - A’B".

Note that in Equation 9.4, we have written the relation for the contravari-
ant component of the resulting vector C. As we mentioned previously, in a
Cartesian system contravariant or covariant components need not be con-
sidered; hence we usually place all indices as subscripts. But in an arbitrary
system we should make sure that the resulting C' is transformed like a con-
travariant component/quantity. To show this, we set guidelines to form a
tensor expression in an arbitrary coordinate system, x" as follows:

a. Identify the rank of the expression representing the desired quantity
in terms of a tensor; i.e., zero is a scalar, one is a vector, two or more a
tensor of the corresponding rank.

b. Identify and decide if the expression should be in contravariant or
covariant form and place the indices appropriately (i.e., as subscript for
covariant and superscript for contravariant).

c. Form the expression based on guidelines (a) and (b).
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d. Transform the expression from arbitrary system x' to another system,

i i

ox”/

say x”' (or vice versa)

the combination rule (see Sections 4 and 5).

e. Show that the resulting expression recovers the related familiar form in
Cartesian coordinates.

Usually, starting from an expression form in a Cartesian system (as listed
in part (e), above) gives a reasonable and usually the correct form to start
with. Let’s apply these guidelines to the expression given by Equation 9.4. By
obsemng the expression, we conclude that the contravariant components
A’ and B* are correct forms since they transform like contravariant quan-
tities. However, for the permutation symbol we need to make sure that it
is a tensor quantity, i.e., it transforms like a tensor. It can be shown that
the permutation symbol does not transform like a tensor unless a necessary
adjustment is implemented [2], [4], [7] by multiplying it by the Jacobian of
the transformation (see Equation 4.4). Now, we define the covariant and
contravariant permutation tensors by multiplying Jacobian and inverse of
Jacobian to the permutation symbol, respectively, given as

zlzz iy _‘71117'441“\: 95
gllzz iy :j—]e .

iy iy

Therefore, the general expressmn for the vector C, for example, is
C = jelkA]Bk and C' = J ‘e, A, B,. Using permutation tensor, we will get

C = EijkAj B = ﬁiikAj B*  covariant component 96
C'=¢ g7kAjBk =J "leil.kA By contravariant component .

Note that in Equation 9.6, for the covariant (contravariant) component of
the resulting vector C, we used the combination of covariant (contravariant)
permutation tensor and contravariant (covariant) components of the two
contributing vectors A and B.

To show that, for example, Sl.jkAj B* transforms like a covariant quan-
tity, we write down its transformation between two arbitrary systems, or

" m n ’j 7k l
gykA’jB’k = glmn al/i al/j a:f/k AP axp B‘/ &Xiq glmnAqu ax 5 mé =
ox” dx™ ox ox ox or”!

Imn

( £ AmB”)gx”" Similarly, for the contravariant form (i.e., the second

expression in Equation 9.6) it can be shown that it does indeed transform
like a contravariant quantity. Readers may want to do this as an exercise.
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The cross-product of two vectors can be written in terms of their physical
components as well. This can be done using, for example, the contravariant
component when multiplied by the corresponding scale factor. Therefore,
we can write for an orthogonal system (using Equations 9.5, 9.6 and 11.8)

, ) he, h.e
}i(i’ :hl.E”kAjBk, or C(i)= :;’k AB, = Zjlﬂ [h hA(j)B (k)] or
)

c@):%"hhh [A(j)B(K)] .orthogonal 9.7

For orthogonal coordinate systems, using J = h,h,h,, we get

(AxB)(1)=C(1)=[A(2)B(3)-A(3)B(2)]
(Axé)(2)=c(2)=[A(3)B(1 ~A(1)B(3)] 9.8
(AxB)(3)=C(3)=[A(1)B(2)-A(2)B(1)]

Expanding on these results, in a N-dimensional space, the generalized cross-
product of N —1 vectors reads, using Equation 9.6,

Ty 9.9

C, =&, .. A"B" 7"
Cil :gillz---lNAizBig "‘ZiN

where now vector (j’ais perpendicular to the hyperplane formed by the N —1
vectors A through Z.

Immediately, using Equation 9.9 we can conclude that in an arbitrary system
the unit volume dV is, [2],

dV = Jdx' dx® -+ dx™ 9.10

For example, in the spherical system (r, 9,6 ) we have dV = r* sing drdypdf.
Another useful extension is for the orthogonal systems (i.e., g, ;=0), for

2
which we get ‘bz ‘_Hbu Z11e gy But g, =¢é,-¢, = hl s 8o =678, =hy

and so forth. Hence, ‘sz‘ =h’h; ---h},. Using the relationship ‘gij‘ =J?, we
finally reach at

J= Hhi =h,h, ---hy orthogonal system 9.11
And hence l

dV = Hhidxi = (hlclxl )(hzdx2 )---(hNde ) orthogonal system 9.12



34 ° TeENSOR ANALYSIS FOR ENGINEERS

9.1

DETERMINANT OF AN N X N MATRIX USING
PERMUTATION SYMBOLS

Using the permutation symbol €k (see equation 9.3), we can write the
determinant of a 3x3 matrix [M], as |M|=eg'jkM1iM2jM3k =e; MM, M,
given by expansion based on row or column, respectively, and M j represent
the elements of the matrix [2], [4]. To expand on these results, we consider
[M]to be an N x N matrix, (N 2 3). Therefore, we can write its determinant as

iNMli, MZiz “'MNiN =€y Mi,lMizz"'M

iy ey

9.13

iyN

,,,,

See the application example in Section 15.10.
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GRADIENT VECTOR
OPERATOR—CHRISTOFFEL
SYMBOLS

10.1

In engineering and science, most if not all governing equations (e.g., equilib-
rium, Navier-Stokes, Maxwell’s) contain terms that involve derivatives of ten-
sor quantities. These equations are mathematical models of related quantity
transports, like momentum, mass, energy, etc. Different forms of derivatives
result from the gradient operator, which is a vector that takes the derivative
of and performs dyadic, dot-product, cross-product, etc. operations on the
involved tensors. Depending on the rank of the tensors under the gradient
operation, the result could be complex expressions. In the previous sections,
we have defined and derived necessary formulae to tackle the derivation of
gradient vector transformation and consequently find the general forms of
related derivatives appearing in the governing equations.

COVARIANT DERIVATIVES OF VECTORS—
CHRISTOFFEL SYMBOLS OF THE 2"° KIND

The covariant component of the gradient vector V is defined as V, =57

- . 9d
or we can write the full vector as V=¢'—=¢'V,. To show that V, trans-

forms like a covariant component between two arbitrary systems, we can

J J
write V) = i, = ai,i = ai,,V . This expression clearly shows that V/ is a
o ox ox) "

covariant quantity. The transformation from x” to x' is obvious.
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When a gradient operates on a scalar, or tensor, of rank zero like temperature,

pressure, or concentration, we can write it as Vy and the corresponding
J

transformation is Viy'=Viy = W, using the fact that scalar y is

invariant (or y =y ) and mdependent of the coordinate systems selected.
Now, assuming that the gradient operates on a vector, say A, which is also
an invariant quantity, the result is VA, or a tensor of rank two. The covariant
component is then V, A, which is a vector by itself. Expanding, we get

VA=V, (Ag)=¢,(V.A))+A/ (V) 10.1

The first term in the R.H.S of Equation 10.1 is the straight-forward deriva-
tive of the component A’. But the second term involves a gradient of the
basis vector €, which is not necessarily zero in an arbitrary system since the
basis vector’s mdgnltude and/or direction may change from point to point.
Note that in a Cartesian system, V, E =0, i.e., the second term in Equation
10.1, vanishes. Therefore, we can mterpret V €; as a measure of the curva-
ture of the arbitrary coordinate surface x' —constant (e.g., in a spherical
coordinate system X* +Y? + Z* = is the surface of the sphere). The physi-
cal meaning of V ¢ ¢, is this that it represents the rate of change of ¢, | with
respect to coordinate variable x' in the direction of basis vector é,. This

quantity is represented by F; (some authors use 4 ¢ instead) and is the
Y
Christoffel symbol of the second kind [8].

It may be useful to pause at this point and make sure that the physical/
geometrical meaning of the Christoffel symbol is well understood. To help
with this understanding, we consider a simple 2D polar coordinate system,
(r,0)=(x".x) as shown in Figure 10.1.

Y A

FIGURE 10.1 2D Polar coordinate system.
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As shown, the covariant basis vectors ¢, and €, change from point to point
in space, e.g., points A and A’, in general. Let’s consider, for example

. 0¢ , . S
V,é, === which represents the change for basis vector ¢, with respect to

coordinate variable 0 . This derivative is a vector and has two components in
the (r,0) coordinate system. Therefore, we can write it as a linear combina-
tion of the basis vectors in polar coordinate system €, and é,, or

v, =g%=aé’,_+ﬁég 10.2

Similar expressions can be written down for other possible derivatives (i.e.,
V,é., V.é, V.eé) Inour example (see Equation 10.2) the coefficients a
and f are the corresponding Christoffel symbols, also referred to as connec-

. €y . . . -
tion coefficients. a is the component of the vector a—; in the direction of ¢ ,

0é,
or I'yy and f is the component of the vector —- in the direction of é,, or

I, . Using these definitions, we can write all possible derivatives with their
corresponding Christoffel symbols as

%, . B
a; FHG r FZH
?;2 =T",6 +T%¢,
%, 10.3
l—‘;r_.r +Fzr69
"
%, =T ¢ +T'5,
T

The values of Christoffel symbols can be calculated using the functional
relations between the polar and Cartesian systems. For this purpose,

we need the relations for the basis vectors. Using Equation 5.3, we have
5 aX dY - oX - 9Y -

¢, =—EFE,+—E, and ¢, =—E, +
Cor or o0 00
Cartesian system. Performing the calculations, using the functional relation
between the polar and Cartesian systems, as X =rcosf) and Y =rsin0, we
get

—E,, where E, are unit vectors in

¢, =cosOE, +sin0E,

! . . 10.4
é, =—rsinfE, +rcoslE,
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Using Equations 104 we get 8% =—rcosOE, —rsin0E, =—r¢,,
Cr = —sin0E, +cosOE, ==¢,, %, =—sin0E, +cosOE, =lég, and %, =0.
ae r r r r

Finally, comparing these results with Equation 10.3, we find the Christoffel
symbols values for polar coordinate system as Ty, =—r, TV, =T}, :l, and

-
Iy, =T’ =T, =T7,=T"_=0. Table 10.1 gives the summary of these results
and the matrix form of these symbols for polar coordinate systems.

TABLE 10.1 Christoffel symbols of the 2™ kind for a 2D polar coordinate system (r,0).

Symbol | Meaning Value | Symmetry | Matrix form
r, €, change w.r.t 0 in €, direction -r -
- - r F:: F:ﬁ
) A €, change w.rt r in €, direction 0 =T rr=l_
Or 0 T T
or  Loo
il €, change w.r.t 7 in €, direction 0 -
rr
0 - s
| ¢, change w.r.t 0 in €, direction 0 -
ﬁ _ | N W
r’, €, change wr.t 0 in €, direction | 1/, -1 I’ = . ;0
or Lo, Ty
r’ €, change w.r.t 7" in €, direction 0 —

Thze number of independent Christoffel symbols can be obtained using
N (N+1
Q, for an N-dimensional system. For example, in a 2D polar coor-

dinate system (r,6 ) with N =2, we get 4x3

=6 symbols, among them only

two are non-zero. Note that Christoffel symbols are symmetric with respect
to the lower indices (see the next section).

Now we continue with our general formulation and discussion, after
establishing the physical/geometrical meaning of Christoffel symbols of
2" kind with this example.

Rewriting V¢, using the definition of Christoffel symbol (see Equation
10.3), we have

Ve =T\e, 10.5

() Y
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Plugging back into Equation 10.1, we get V,A=¢ (V A ) +A’ erk In this
relation, for the last term we 1nterchange j and k indices, since they are
dummy indices. Then, V,A= ¢ (V A ) + Akl“l’,e =e, (V Al +T AI‘) The
expression in the bracket is a tensor, since both V A and é. are tensors. We
define the expression in the bracket as A7 where the comma in the subscript
indicates differentiation and index i represents the covariant component of
gradient vector. Hence,

Al = %A +TLA" 10.6
X

Equation 10.6 is the covariant derivative of the contravariant component of
vector A. Or

VA=A 10.7

CONTRAVARIANT DERIVATIVES OF VECTORS

At this point in our discussion, it seems logical to seek the contravariant
component of gradient vector, V'. We can write this operator as V' = g”V ;
using a metric tensor (see Section 8). Therefore, we can raise the derivative
index by multiplying the contravariant metric tensor to the expression, or

ki ij Ak

AN =giAk 10.8

Equation 10.8 is the contravariant derivative of the contravariant component
of vector A. Or

iz A kiz

V A - A’ . 6k 10.9

From the start we could use the covariant component of vector A, to find
the corresponding covariant and contravariant gradient components as well
(see Equation 10.1). To this end, we can write the covariant derivative of the
covariant component of vector A as

VA=V, (A@d)=¢/ (VA )+A,(Ve) 10.10

The first term on the R.H.S of Equation 10.10 is straight-forward, the
derivative of the component A 5 But the second term involves the gradient
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10.3

of the contravariant basis vector ¢, for which we require a new expression.
. . . . L de <k
To find this quantity, we use Equation 10.6 to write ¢/ =—+TI";&". But due

the fact that éﬂ is a tensor (this can be shown by transformation of the terms
involved between arbitrary systems, like A’) and its value in a Cartesian
system is null, hence it is equal to zero in any arbitrary coordinate system.

_;_0del ..
Therefore, é’ =?+F{kek =0, or
’ X

08/ ,
vl =9 _ g 10.11
ox'

Substituting for V¢’ from Equation 10.11, into Equation 10.10, we get
Vv, (Ajé" ) =¢’ (ViAj ) -4, (F[ké") In this relation for the last term we inter-
change j and k indices, since they are dummy indices. Then, after factoring
out &/, we get V, (Ajéj ) =é’ (ViAj - Akl“; ) We define the expression in the
bracket as A, where the comma in subscript indicates differentiation and i
represents the covariant component of gradient vector. Hence

aA L
A..=——FA 10.12
It axl
Equation 10.12 is the covariant derivative of the covariant component of
vector A. Or

VA=A ¢ 10.13

COVARIANT DERIVATIVES OF A MIXED TENSOR

Comparing Equations 10.6 and 10.12, we observe that for each index a term
involving a Christoffel symbol is added to the expression on the R.H.S and
when a covariant component of a vector is involved in a derivative operation,
a minus sign is multiplied to the corresponding Christoffel symbol, contrary
to a plus sign for when the contravariant component is involved. This rule
can be used to extend the derivative calculation of a tensor of higher ranks.
To show this, we consider a mixed tensor of third rank, for example A] with
the invariant A = A/ ¢, &*. The covariant derivative can be written as
ij aAl] m ij
Ai{],n =—= o +l_‘;mA’ +l_‘,imA"” A’ 10.14

Therefore, V A=A} é¢, " which is the component n of a tensor of rank
four (i.c., VA=Al 6,6 6'6").

knviv j
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10.4 CHRISTOFFEL SYMBOL RELATIONS AND
PROPERTIES—1°"T AND 2"° KINDS

The definition of a Christoffel symbol of the first kind, properties, and some
relations for calculation of Christoffel symbols are discussed in this section.
The properties are:

1. Symmetry of the lower indices: The Christoffel symbol of the second
kind is symmetric w.r.t lower indices, or

k 1k
ri=r" 10.15

To show this, we use Equation 10.5, after changing index k—n, and

. . . . ~k
perform a dot product operation on it by contravariant basis vector é". Or
-k v = k= k .
¢ -V, =Tyeé -é =T, Therefore, we can write

j i ij
J,

ri=¢ (Ve) 10.16

We can use Equation 10.16 to calculate Christoffel symbol Fk in
Cartesian coordinate system variables y'. After expanding the R. H S
expression by appropriate transformation and using chain rule, we will

k n P _
get (V)= & g | %" 0 (3 K S S T
J ay" ox' gy | ox) | oy™ ox' dy" o)

m
o M

k n q 2 p q
ax) ai,a“x 8( . Where, in the last expression we inserted (ax( =1,
ay’ | ox' dy" Jox 100 ox’

%{_/
Y
or using chain rule). Finally, we get

ot 9%y’
It = 10.17
I ay” ox'ox’
Equation 10.17 clearly shows the symmetry of Ffj for its lower indices, since
82 P az P
the order of differentiation is irrelevant, i.e. ,y _ = ‘?/ —,
ox'ox’  ox/ox’

2. Christoffel symbol is not a tensor: Because its value in a Cartesian
system is zero; hence, if it transforms as a tensor it should be zero in
any arbitrary system as well. But we know that this is not the case (see
Equations 10.10 and 10.17).
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3. Covariant derivative of the metric tensor: This quantity leads to
a useful formula for calculating the value of a Christoffel symbol.
First, we find the covariant derivative of the metric tensor, or
Vigjk=Vi(éj~ék)=éj-(Viék)+(Viéj)~ék. Now, using Equation
10.5, we can write V@ =T3¢, and Vi =TIé,. Therefore,
Vg =T (€ -¢,)+T} (€, ¢) and finally we get

%f_/

g
g Snk

Zju

%5
axi
Note that by comparing Equation 10.18 with the rule of covariant derivatives
of tensors (see Equation 10.14) we can conclude that g, , =0, a reasonable
result considering that a metric tensor in a Cartesian system is a constant/
unity and hence its derivative is equal to zero in an arbitrary system.

4. Christoffel symbol of the first kind: So far, we have defined the Christ-
offel symbol of the second kind. We now derive formulas that can be
used for calculating its value as well as defining a Christoffel symbol of
the first kind. To do this, we manipulate Equation 10.18 by permuting
the indices (i.e., i = j,j — k,andk — i), twice in sequence. Hence we

Vg, = =l g, +152. 10.18

dg,.

get two alternative but equivalent relations as ﬁ =T g +T" g, and
ax] Jji Sjn Jjk ©oni

o2,

% =T} g, + T} g, Now we subtract Equation 10.18 from the sum of

the latter two relations, using along the way the symmetry of both metric
tensor and Christoffel symbols. The result reads

109y dg, 9
L 2 ZE[_axi T 10.19

In Equation 10.19, the quantity I'; g, is the Christoffel symbol of the first
;2 to find a relation for
calculation of the Christoffel symbol of the second kind in terms of metric
tensor. To do this we multiply it by g"* to get I"Z.gnkg’”k =0, Ty =T7}.

Therefore, after multiplying Equation 10.19 by g’"k, we get

rm _ gmk agjk + aglk _aﬁ
o' o/ ot

)
Equation 10.20 states that the Christoffel symbol of the second kind is equal
to the first kind multiplied by the doubly contravariant metric tensor related
to the coordinate system in use. Observing Equation 10.19, a symmetry
shows up. That is, the derivative is w.r.t. the coordinates indices and for each
term in the bracket the remaining indices are used for the metric tensor.

kind, also written as Ly E[ij,k]. We can use T’

10.20
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5. For an orthogonal coordinate system we can simplify Equation 10.20,
using the property of g, and g’ being diagonal tensors or matrices
(see Equation 7.9). In other words, we can write g = g/=0fori#j.
Therefore, examining the terms on the R.H.S of Equatlon 10.20, we can

J
g’] =0 and %”k #0 only when i=k. Also g
rc* !

mk

conclude that —- # (0 when

m=k and i{.";eo, since j cannot be equal to k. By implementing
these relations among the indices (i.e., i =k =m and i # j) and rewriting
Equation 10.20, we get

ri g agu

i no summmation on i 10.21
2 ox'’

Equation 10.8, for i = j # k reduces to

)
fi =— g g;f , no summmation on i and k 10.22
2 o
For orthogonal coordinate systems, using Equation 7.13, we substitute for
) =2 9(h}
g, = hf and g" = hi_" in Equation 10.21 to get F’ = h‘2 (_(’ ) ,or
-/
.1 oh, , ,
i = h FWE no summmation on i, ( orthogonal ) 10.23
Simply, by letting i = j in Equation 10.23, we get
.1 0h, ) ,
W= T no summmation on i, (oﬁhogonal ) 10.24
Similarly, Equation 10.22 yields I';, = Ty ok or
. h; oh, ) .
I =- h P no summmation on i and k, (orthogonal ) 10.25

6. Another useful relation can be derived for the value of T3, which
is ¢, change wrt x" in the direction of ¢. We use the fact that the
denvatlve of the permutation tensor, or 5’ is zero, since its value

in the Cartesian coordinates is null. Usmg Equation 10.14, we can
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. ijk . . o y
write 7 = EZS’_” +T &M+ £™ 4+TF £ =0. To simplify the
x
derivation, without losing generality, we select i =1, j=2, k =3. Hence,
123
o°_ _ —(Fl EMP 4T EM 4TS £ ) Collecting non-

a n nm nm nm
123

&xn — _(1—*11118123 + 1—*;2;2 5123 + l—‘iB 8123 ) — _81231—*:”’
summation applies on i. Recalling that £ =1/7 and T', =T}, we

in>

we get

zero terms, we have

get %[ijz—%r; (recall J is the Jacobian). Performing the

J
differentiation and rearranging terms, we get
r; =ia‘7 10.26
J ox"

Note that Equation 10.26 works for arbitrary coordinate systems and it
recovers Equation 10.23 when the system is orthogonal.

10.4.1. Example: Christoffel symbols for cylindrical and spherical
coordinate systems

In this example, we calculate and derive the relations for Christoffel symbols
of the second kind, for cylindrical and spherical coordinate systems. The
results are also expressed in terms of unit vectors (i.e., the physical com-
ponents) for each coordinate system. Readers should note that the results
depend on the order of coordinate axes, defined. In other words, attention
should be given when reading comparable results from other references in
relation to their defined corresponding coordinates axes.

Cylindrical coordinates

From the results of Example 8.1, for a cylindrical coordinate system (r,0,z)
(note the order of the coordinates defined here, see Figure 8.2) we can
write the non-zero terms of the metric tensor, as g, =h> =1, g,, =h; =17,
and g_ =h?=1. Therefore, the contravariant metric tensor reads g" =1,
gw =r2, and g” =1. Using Equations 10.20 and 10.25 and considering that
indices i, j,k,m are various permutations of cylindrical variables r,0,z we
get the Christoffel symbol of the second kind as
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r.r, | o o o
=T T, T |=[0 —r 0
ror, T [0 0 o
o, 1 [o 1/r 0
r'=\r, 1, T,|=[1/r 0 0 10.27
zr l—‘fﬁ F(Z: 0 O O
T, T, T_| [o o0 o0
=T I, T5|=0 0 0
r;, I, rZ| [0 00
. d(h i d(h
Forexample, I}, =T =T7, :iﬁzl%=l/rand r, =—h—ZM:
3 hy or  ror h; or
&~ Recall that the symbols, given by Equation 10.27 are defined
r _
based on the covariant basis vectors, ¢, (see Equation 10.5), or ?)% =(1/r)e,
— 1—0

and % _ (-r)é,. It is useful to write the Christoffel symbols in terms of
aH —_—

Ty
the physical components of the vectors involved. This is done by using

o(re (0 a(e(o
(7(0)) 0D
d0 )
or the Christoffel symbol based on unit vector reads I'y, =—1 (hatted to
distinguish them from the relation given in Equation 10.27). Similarly, for
6. 2(é(r)) 1 9(¢(r))
a0

=(1/r)é, we can write =—(ré(0)), hence

0 —— a0 r

0

the Christoffel symbol based on unit vector reads %, =1.

Equation3.8 (i.e. ¢, = h,é(i)), or =—ré(r),hence

=¢(0), or

We could also calculate the Christoffel symbols T, and T}, using the
unit vectors or the physical components, as given in Example 8.1. Writing

cost —sin0
these relations in vector form, we have é(r)=1sinf ¢, ¢(0)=1 cosf ¢,
0 0
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0
and ¢(z)=40¢. Therefore, the derivatives are; oe(r) = 0 (0) = o () =0,
r or or
1
- —sinf - —cosf - ~
86(1"): COSQ :é(g)) ae(g): —sin@ :—é(r),ae(z):()’ ae(r)z
a0 a0 a0 oz
0 0
aea( 9) = aea(z.) =0. Therefore, the non-zero Christoffel symbols calculated
7 74

based on the unit vectors are I, =1 and T7, =—1. The final results can be
summarized as

r, I, Tl Jo o o
=, I, T |=|0 -1 0
f‘r.r f‘f[) f‘:: -O O O

9. 1=|1 0 0 10.28

-
2
Il

Spherical coordinates

From the results of Example 8.2, for a spherical system (r,p.0), (note
the order of the coordinates defined here, see Figure 8.3) we can write
the non-zero terms of the metric tensor as g, =h; =1,g, =h =r°, and
2 _ 2.2 S . -

2y =hy =r"sin” ¢ . Therefore, the contravariant metric tensor reads g” =1,
g” =1/r" and g" =l/(r2 sinz(p). Using Equations 10.20 and 10.25 and
considering that indices 4, j,k,m are various permutations of spherical
variables r,¢,0 we get the Christoffel symbol of the second kind as
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rr, ] [o o 0
r=r, T, T,|=[0 -+ 0
Ly, Ty Ty | [0 O —r sin®
o, T, |0 1/r 0
r=\r, I, T,|=1/r 0 0 10.29
_rgr FZ(/) rzﬁ i 0 0 _ sin 2¢
L 2
oo o 1/r
=T, I, T,|=| 0 0 cotp
Iy, Ty, Ty | |1/r cotp O
. h, oh rsing o (rsing . sin 2
For example, T}, =T7, =—h—§ax—g=— > 4 %=—smg/} cosp ==— g,
Recall that the symbols are defined based on the covari-
ant basis vectors, ¢ (see Equation 10.5), or g%z(— sm22¢ )é¢.
%/_/

3
r;l(l

We can write this relation in terms of the physical components,

d(rsinge(0) sin2¢ ) _ a(e(0) .
Lot (-2 )ate), o 2 coppeto
f‘;ﬂm
Similarly, the other non-zero symbols can be written as;
h, oh or . h, oh . d(rsing) o
oh i
S =i_¢:l%:l’ r, :rzrzi%z 1 B(rsm(o):l’
¢ " h, or ror r h, or rsing or r
and T, =T}, _ Lok 1 a(rsm(p):cot(p. In terms of physical
hy dp  rsing  dp ~

components of the corresponding vectors,

a(relp)) _
dp

=—ré(r)=—¢(r), hence f;¢=—1.

0
we have %:(—r)ér or

M
— FWW

a 2\
aig = (—rsm2 7 )er
Tho

Also,
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ingé(0 ‘ A

or Mz—rsinzgoé(r)=(—sing0)é(r), hence T, =—sing.
o 9 (r) - .

Also, Zx =(1/r)e, or =(1/r)ré(p)=¢é(p), hence I¥, =1. Also,
dp — o9

aér - w aé(r) . — . — ral .

v =(1/r)é, or =(1/r)(rsinpé(0))=sinp (), hence I'), =sing.

r, ¥

¢ d(ré

Also, ﬁ=(cot¢)ég or Mzcot(p(rsin(pé(e))zcosw ¢(6), hence
a0 — a0 =

I, =cosp. " |

The Christoffel symbols can be obtained directly using the unit vectors as
well. From the results of Example 8.1, writing the physical components rela-

sing cosf cosp cosl
tions in vector form, we have é(r)=4sing sinf ¢, é(¢ ) =1 cosp sinf ¢, and
cosQ —sing

% (r) _d(p) _02(0)

—sinf

¢(0) =1 cosf ;. Therefore, the derivatives are; =0,
or or or
0
cosg cos —sing cost
¢ de de (0
%(r) =< cospsinf r=¢(p), L: —sing sinf » =—¢é(r), ‘( )=O,
dp . dp dg
—sing —cosQ
—sing sinf —cosg sin0
() | ) |
=1 sing cosf =¢(0)sing, =1 cosp cost =¢(0)cosp,
a0 a0
0 0
—cos0
9 (0) _ NN .
0 - —sinf p=—¢(r)sing —é(p)cosp. Therefore, the non-zero
0

Christoffel symbols calculated based on the unit vectors are
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rof, Tl fo o o
=, T, T,|=0 -1 0
6, T, T,] [0 0 -sing

o o1 o
r=fv, v, I[%|=[1 0 0 10.30
I fz{p Iv, | [0 0 —cosp
ffr A(:q; f‘?—(}_ [0 0 sing
I’ = f‘zr AW IA“ZQ = 0 0  cosp
f‘gr f“zw f‘gﬁ |sing cosp 0

Readers can use the Christoffel symbols of the 2™ kind calculated in this
example and further calculate the Christoffel symbols of the 1 kind using
Equation 10.19.






CHAPTER I I

DERIVATIVE FORMS—CURL,
DIVERGENCE, LAPLACIAN

11.1

In the governing equations for physical phenomena we usually have terms
which contain various forms of gradient operator, including the gradient
vector itself—for example, when the gradient vector operates as cross prod-
uct or dot product with another tensor quantity. The cross-product is called

the curl, VX A and the dot-product is the divergence, V-A. For example, in
fluid mechanics the curl of the velocity vector is the vorticity vector and its
divergence is null, for incompressible fluids.

As mentioned, one of the objectives of tensor analysis is to provide a tool to
write down the governing equations in coordinate-independent forms while
the covariancy or contravariancy of tensor quantities are correctly imple-
mented in these equations. In the following sections, we derive the coordi-
nate-independent relations for curl, divergence, Laplacian, and biharmonic
operators of tensors for an arbitrary coordinate system.

CURL OPERATIONS ON TENSORS

To form the curl operator expression, we first consider it for a vector in
3D coordinate space and then extend it to higher order dimension.
In Section 9, we gave a list of guidelines for forming expressions for tensors.
Following these guidelines and using Equation 9.6, we can write the
covariant component of the curl of a vector as C, = (WXA) =&,V AF. We

i
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know that & is a tensor (see Section 9). But the expression V/A* does not

transform like a tensor, due to extra terms appearing when transformed to
another arbitrary coordinate system [4], [7]. However, if We use the results
obtained in Section 10 and replace V’ A* with the tensor A*/ (i.e., the con-
travariant derivative of the contravariant component) then we get the proper
expression as (see Equation 10.8)

C,=E,AY 11.1

Similarly, the contravariant component of the curl is written as, using
Equations 9.6 and 10.12,

C'=¢&"A, 11.2

Both expressions given by Equations 11.1 and 11.2 are tensors, since terms
are involved are tensors as well as both reduce to the Cartesian forms when
A,
written in the Cartesian coordinate system (i.e., C, :eiikG—;T because the
Sy

covariant and contravariant components are identical, and Jacobian is unity).
To have a more practical and explicit relation for the curl, we write Equation

11.2 in detail or C' = %A,  =&F "k dA,
A ox’

on the R.H.S, using the symmetry property of the Christoffel symbol
(i.e., l"';k ZFZJ) and the anti-symmetry of the permutation symbol (i.e.,

Et = _gh) yields, & ”IT”A = Slk’F”A But after interchanging j<k,

dummy indices, only in the term on the R.H.S of the latter expression we
get —5’kJFZ]A ——Sljkl—‘” A,. After comparing this result with the original
expression (i.e., —E”LF” A, S'ikl“" . A,) we can conclude that S"’T" A, =0,
Therefore, Equation 11 2 can be wr1tten as

C'=(VxA) = Cir [ Ay 11.3
J o .

The curl vector is then written as C = C'g,

g"f"l“’;kAﬂ examining the last term,

Similarly, we write Equation 11.1 in detail, alongside Equation 10.8, or

K i 0A"
C St]kA ]_ z]kg a n

El,l.kgf”l"k A". Examining the last term on the

nm

R.H.S, it turns out that it doesn’t vanish. Therefore, we have
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C _(VXA) _ja‘jne aAIx k Am 114
i =] ijk axn mn .
Note that the curl operation result is a tensor of the same rank as the original
quantities. As in our example C is a vector, like V and A.

Now, we extend the discussion and find the relation for tensors of higher
rank. For simplicity of writing the expressions, without losing generality,
we consider a mixed tensor of second rank A; The invariant quantity is
A =Aj.él.é" and the curl reads VxA =v><(A}éiéj ) The gradient operator
just differentiates all the terms in front of it but the vector part of V can
form a cross-product with either é, or ¢/, both are possible and legitimate
operations. One can form, then two forms of the curl of the quantity A. In
general, we can have N number of forms for the curl of a tensor of order N.
For our example here, we have two forms:

1. We consider the case for which the cross-product operation occurring
with ¢,. Therefore, the contravariant component of A} should be involved
with the permutation tensor indices. We can write, using Equation 11.1,
the component of curl of A as (ﬁ X e, )Ajé’ . Careful attention should be

given to pick up the right indices to form the curl expression. Since we
picked the ¢, for cross-product operation with gradient, the covariant
permutation tensor should be used, say &,,,. Therefore, the index m
corresponds to the contravariant differentiation and index n summed up
with the contravariant component of the tensor A. The index k, is then
the covariant component of the result or the curl tensor. But the rank of
the result should be the same as the original quantity A; (i.e., rank two),
hence the free covariant index j remains intact and we end up with a
doubly-covariant tensor, or

n

mp aA q
C gknmAn n= Jg Tekmn &J\rj + 1"" A 115

2. We consider the case for which the cross- product operation occurs with
¢’. Therefore, the covariant component of A should be involved with
the permutation tensor. We can write, using Equatlon 11.1, the compo-

nent of curl of A as (VX@ )A i€, Careful attentions should be given to
pick up the right indices to form the curl expression. Since we picked
the ¢/ for cross-product operation with gradient, the contravariant
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11.2

permutation tensor should be used, say gk Therefore, the index m
corresponds to the covariant differentiation and index n is summed up
with the covariant component of the tensor A. The index k, is then the
contravariant component of the result or the curl. But the rank of the
result should be the same as the original quantity A; (i.e., rank two),
hence the free contravariant index i remains intact and we end up with

a doubly contravariant tensor, or

Cki — gknmA'il L= ekmn % 116
) j axm

A similar operation can be used to write down the curl of a tensor of rank N,
which has N possible outcomes.

PHYSICAL COMPONENTS OF THE CURL OF
TENSORS—3D ORTHOGONAL SYSTEMS

In many applications, we consider orthogonal systems (i.e., g, =0,i# j). In
this section, we derive expressions for the physical components of the curl
of a vector A in 3D orthogonal systems. Recalling from previous sections

(see Sections 3 and 8), we can write A=A'¢, =A &' =A(i)é(i) and h, =[¢,|.
Using é, ¢’/ =6/, for orthogonal systems we have ¢, -é' =1 which means that
the covariant basis vector ¢, and contravariant basis vector ¢' both point in

the same direction. For example, ¢' and ¢, are along the same line and point
in the same direction. Therefore,

[&'[=1/h, 11.7

Substituting é, =h,é(i)in A(i)é(i)=A'¢,andé' =¢(i)/h,in A(i)e(i)= A’
gives

A(i)=hA"=A,/h, no sum on i 118

Or A(1)=hA'=A,/h,, A(2)=h,A* =A, /hy, A(3)=h,A’ =A, / h,.
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Now we would like to write the physical components of the curl of vector A.To
€y (0A, ]
But h,C' =C(i) and A, =h, A(k) (see Equation 11.8). Therefore, we will get
the physical component C(i) of the curl of vector A in terms of its physical

component A(k), as

eika(hkA(k))

do this we multiply Equation 11.3 by A, , or (v XA )i h,=hC'=h

C(i)=h, T o no sum on i, orthogonal 11.9
Or, using J = h,h,h, for orthogonal systems, we have
L 9(h,A(3)) 9(h,A(2))]
(B -c)- [ 20 2fkAC)
h,h, ox ox' |
Lo 1 [9(hA(1) 9(h,A(3))]
(Vx4)@)=C(2) hlhi o | 11.10
. a(h,A(2)) 9(hA(1))]
(9x4)(3)=0(3) = | LA _20uA)
h;h, ox 0x |
It can be concluded that for a Cartesian system we recover the familiar
L 0A -
expressions, or(VXA) =C, = 9A. % ,(VXA) =C, = oAy Ay '
1 Y 97 2 0Z X
A, 9A,

3

and(vxg) :CSZ(BX >y

—), since h, =h, =h; =1.

DIVERGENCE OPERATION ON TENSORS

To form the divergence operator expression, we first consider it for a vector in
3D coordinate space and then extend the results to higher order dimension.
In Section 9, we gave a list of guidelines for forming expressions. Following
these guidelines and using Equation 9.2, we can write the divergence (using
the covariant component of the gradient) as

V- A=A

1
B

11.11
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which reduces to proper expression in Cartesian coordinates and shows

that the divergence of a vector results in a scalar, or in general divergence

operation reduces the rank of the tensor, on which it is operating, by one. To

further simplity Equation 11.11, we write it explicitly (see Equation 10.6) as

Al = aail +T;, A" and plugin for T, from Equation 10.26 (after interchanging

dummy indices i <> n), to get A, _%+A7E;_j After substituting for A',
x

into Equation 11.11 and performing some manipulations, we get

. 18(jA)

V-A= 11.12
J o

In addition, Equation 11.11 can be written in terms of the covariant com-
ponent of the vector using g’, or V~A=(g1]Aj) , after expanding gives

V-A zgij(Aj )’i +A, (g'f ),i =g'A,, or after interchanging i <> j and using
=0
the symmetry of metric tensor, we get

V-A=d'A, 11.13

Now we extend the discussion by considering a tensor of higher rank, for
example and without losing generality a tensor of second rank A = A“ é’.
The divergence of A is V-A—V~(Aj €’ ) in which we have ch01ces

between &, or &’ for the gradient vector performing a dot-product opera-
tion. Therefore, we have two cases for this example:

1. V dot products with &: In this case we get V-A=V ¢, (A;Ej ) Note
that the gradient differentiates all terms in front of it but as a vector
onlydotted with ¢,. In other words, the contravariant index i is involved
in the dot-product operation. Using Equation 11.11 we can write
V-A=Al , which is a tensor of rank one, as expected since divergence
reduces the rank of A by one. But using Equation 11.12, we have

i

- 0A!
A},; =—JL 4T A" — F'"A‘ in which the first two terms on the R.H.S.

a,\/ m ] m
AT 1 9(JA))
gives a—j+l“§mA}" =— T o , using Equation 11.12. Finally, we get
¢ :

the result as

VA=véi(A;éf)=%a(;7‘?}) -TjA, 11.14
X
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2. V dot products with &': In this case we get V-A=V ¢/ (A;Ei). Note
that the gradient differentiates all terms in front of it but as a vector
only dotted with ¢’. In other words, the index j is involved in the dot-
product operation. Using Equation 11.11 we can write V-A zgij,i’j
which is a tensor of rank one, as expected since divergence reduces the
rank of A; by one. Therefore, we have

V-A=V.¢/(Alg,)=A] * 11.15

Using similar operations, we can write the expression for divergence of a
tensor of rank N. Both relations given by Equations 11.14 and 11.15 reduce
to familiar forms for divergence in a Cartesian coordinate system. For
0A, OA, 0A.
—+ + =,
ox  dy Oz

example, for divergence of vector A we get V-A=A4A,, =

LAPLACIAN OPERATIONS ON TENSORS

A Laplacian operator is the result of a gradient operator forming a dot-product
with itself, or divergence of gradient, Vi = (V . V) Performing Laplacian on
ascalary and using Equation 11.12, we can write Vi =V - (Vt// ) =(Vy ),

TV , .
or Vi :l% where Viy =g’ STW] Therefore,
10 j oY
Viy =——| Jo! == )
4 j axz (jb ax] ) 11.16

Since V? is a tensor of rank zero, then V2 is a scalar, as well. In general, the
rank is determined by the quantity that Laplacian is operating on.

We extend the discussion to find the Laplacian of a vector, for example
A=A, Since for Laplacian the dot-product operation is performed
between the two gradients involved, we don’t have many choices, as was the
case for the divergence operator, and hence the formulation is more definite
in terms of the results. Using Equations 11.13 and 11.16, we can write the
contravariant component of the gradient of vector A as g"" A, and the com-
ponents of the Laplacian as ( g""lA,in) . Note that index m indicates the dot-
product operation between the contravariant component of the gradient of
A and the covariant derivative of the second gradient involved. Expanding
the last expression, we get (g"”” A"'n) = g’“"]’; Afn +g™ A’inm. But ¢"" =0, since
m

,m



58 ° TENSOR ANALYSIS FOR ENGINEERS

11.5

it is a tensor and its value is zero in the Cartesian coordinate system, hence it
should be zero for an arbitrary system, as well. Therefore, we have

(V2A)'=(g™Al) =g"Al 11.17

m ,nm

The term A’ which is the second covariant derivative is a new term, so

,nm

S 0(AY)
far. By expanding this term, we get Amn = (A’ ) =— 24T A] -1/ A’

L a m mj mn

But A’ =%A" +T" A* and after substituting and rearranging similar

terms, we get

2 Ad k i
inm = a 4 Ak arﬂk +F:1k aA +F;nai
E axmaxn a m axm y ax]
Al 11.18
-T/ —+T T/ A" -T7 T A
mn ax mj~ mn> j

Similar expressions can be written for higher order tensors, using hints
from Equation 11.18 for writing the terms 1nvolv1ng Christoffel symbols
with appropriate signs. The higher the rank of A the more complicated the
related expression for V2A becomes.

For an orthogonal coordinate system, Equation 11.17 simplifies, since
o" =0 for m#n, or for N=3)

(VZA )1: g'Al +gPAl, +gPAly, (orthogonal)

b

BIHARMONIC OPERATIONS ON TENSORS

A biharmonic operator is the result of a Laplacian operator operating on
itself, or V* =V (Vz). Performing the operation on a scalar y and using
Equation 11.12, we can write

1 0 d|1 d i Oy
V4 - v kY - - ol 27
V=5 e Bxl[jax‘ (Jb o~ ﬂ 1119

Vi
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When a biharglonic operates on a vector, the result is a vector as well. For
example, for A=A'¢,, we can write V*A = B'¢,. Since the result is a vector
we can use Equation 11.17 to write

B'=g"g"Al,, 11.20
The quantity A’,, is alengthy expression and can be written in detail [2], [4],

q y s jkim g y p
[7] using hints taken from Equation 11.18. In principle, one can extend the
discussion to find operators like V¥ =V?*V2...V?  In practice we encounter
%f_/

n times

mostly up to the level of the biharmonic operator in governing equations.

PHYSICAL COMPONENTS OF THE LAPLACIAN OF A
VECTOR—3D ORTHOGONAL SYSTEMS

VA

()

J

In this section we derive expressions for physical components of the
Laplacian of a vector. Relations for physical components are useful since
they are the magnitude of the components using unit vectors as the scale of
measurement (see Section 6).

We start with Equation 11.18 and write it for a vector, like A=A(i)é(i)

J ox' ox’
i#j)and g" =1/ h}. Therefore, after substitution into the expression, we
1 9 (go[A()e(i)]
Jox'| h} ox'

along with using related relations for Christoffel symbols and after some
manipulations, we get the physical j-component as [7]

or VA =ii[jg” a—A] In an orthogonal system, we have g':" =0 (when

will have V2A =

]. Performing the differentiations

a] . .
—VRA(j) 2| 4 9AG) 128_@8A(_z)
Wi o o Rl od ac

A(i)9h, 9, A(i) 9, %}{A(j) oh; oy A(k) %ahl} 1191

+ - - - - Sy T~ -—
hh; ox’ ox'  hh ox' ox hihe ox' ox' by ox* ox’

Jaw s (g m) awa( g o
J o’ hihf ox’ J o' hjhi2 ox’
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In Equation 11.21, summation is done on indices i and k but not on index ,
since it is the free index. To show the application of Equation 11.21, we
present two examples to calculate the components of Laplacian of a vector
in cylindrical and spherical coordinate systems. Note that the Laplacian of a
vector is a vector as well, which has three components.

11.6.1 Example: Physical components of the Laplacian of a
vector—cylindrical systems

Consider a cylindrical coordinate system (xl,XQ,x3 ) =(r,0,z) where 7 is the
radial distance, 0 the azimuthal angle, and z the vertical coordinate, w.r.t.
the Cartesian coordinates (yl,y2,1f 5;5 (X,Y,Z). The functional relations are

X =r cosl
Y =rsinf . Find the Laplacian expressions for a scalar and the physical
Z=z
components of a vector in this system. Let A(1)=A,, A(2)=A4,, and
A(3)=A..
Solution: ,
ay’ -
To find the covariant basis vectors, we use ¢, =%E‘j. Therefore, we get
oX - Y- 07 = — oX - dY -
é, =—FE, +—E,+—E, =cosOE, +sin0E,. Similarly,é, =—E, + —FE, +
S A ! ? e T30 e
a—ZE3 =—rsinfE, +rcosOE,. And &, =a—XE + aYE a—ZEB = E,. Therefore,
a0 B oz 0z oz
we have

¢, =cosOE, +sin0E,
¢, =—rsin0E, +rcosOFE,

¢ =E,

The scale factors are the magnitudes of the basis vectors. Hence

h,=h, =/e, 1 hy=h,=./é,-é, =r, and h,=h_=./é.-é. =1. The

unit vectors é (z) = ]— are
h

é(r)=cosOE, +sin0E,
(0)=—sin0E, +cost) Es
®

(p)=E,

Ql

Ul
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1 0 0
The Jacobin is J =h h)h. =r and g"=h*, or ¢"=|0 1/r> 0| Now
0 0 1
. . . 2 1 9 i oY
using Equation 11.16 for orthogonal system ie. Vy =——| Jg"— |,
J ox ox

since gij =0fori# j, and substituting for corresponding values we will get

2 2
Vzwzli(,,a_l//)+iaw+aw

In other words, the Laplacian operator

ror\ or r? 90> 9z
in cylindrical coordinate system reads
2 2
szli ri +i J +8_ 11.22
ror\ or ) r*|d0% | 97’

Similarly, using Equation 11.21 we get the physical components of the
Laplacian for the vector A, as

VA =V2Ar—%aﬁ—A—;
r r° 90 r

Vil =via, 20 A 11.23
0 r- 00 r

VAl =V?A,

Where the operator V*is given by Equation 11.22 and A, A,, A, represent
the physical components of A.

11.6.2 Example: Physical components of the Laplacian of a
vector—spherical systems

Consider a spherical coordinate system (xl, 1% a0 ) = (r, 0, 9) where r is the
radial distance, the polar and @ the azimuthal angle, w.r.t. the Cartesian
coordinates (yl ,y2 ,ys ) =(X,Y,Z). The functional relations are

X =r sing cosl
Y =rsingsinf. Find the Laplacian expressions for a scalar and the
Z =1 cosp

physical components of a vector in this system. Let A(1)=A,, A(2)=A,
and A(3)=A,.
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Solution:

i

s
To find the covariant basis vectors, we use ¢, :(%LE 4 Therefore, we get

é =aa—fE1 +%E2 +%E3 =sing cosO E, +sing sin0 E, + cosp E,. Similarly,
)

é, E +—E, +a—ZE3 =rcosp cosOE, +rcosp sin0E, —rsing E,. And
dp ~ dp ~ Iy )

. 0Xs O OdZ- L gz . =

é, za—eE1 +a—0E2 +a—9E3 =—rsing sinf E, +rsing cosO E,. Therefore, we

have

¢, =sing cosOE, +sing sin0E, +cospE,

¢, =rcosp cosO E, +rcosp simOE, —rsinp Eg

¢, =—rsing sin0E, + rsing cosOE,

The scale factors are the magnitudes of the basis vectors. Hence

hy=h.=\é. ¢ =1, hy=h,=,[é,-é, =r, and hy=h, =[¢, -é, =rsing.

1

The unit vectors é(i)=--, are

1

(r) =sing cosO E, +sing sin0 E, + cosp E,

R

[\

()= cosp cosOE, +cosp sinOE, —sing E,
é(p)=—sn0E, +cosOE,
The  Jacobin is  J =hh,h, =r"sing and  ¢"=h>  or
1 0 0
g'=[0 1/s 0 . Now using Equation 11.16 for orthogonal

o 0 1/ (r2 sinzgo)
. 2 1 d i oy . ij L, o
system ie. Viy =——| Jg" — |, since g’ =0fori# j, and substituting

J ox' ox'
for corresponding values we will get Vi :ii rza_l// + 1 9J
or ) r’sing dg

r or

2
sin(pa—w +%al/§. In other words, the Laplacian operator in
dp | rsin“¢ d0

spherical coordinate system reads
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2
szigi rzi + 21 9 sin(pi +% aq 11.24
r dr{ odr ) r’sing dg dp | rsin“¢ d0°

Similarly, using Equation 11.21 we get the physical components of the
Laplacian for the vector A, as

V2A| =V2A 24,2 d(sing A, ) 2 94,
r " r’sing dp r*sing 00
A +£8Ar _ 2cosg 0A, 11.25

VA| =VPA, -
L " r’sinp  r® dp r’sin*p 90

Ay 2 0A,  2cosp OA,
+
r’sinp  r’sing 90 r’sin’p 00

VA| =v2a, -

Where the operator V* is given by Equation 11.22 and A, A,, A, represent
the physical components of A.

In the next section, we focus on relations pertinent to tensor transformations
between merely Cartesian coordinate systems.






CHAPTER

CARTESIAN TENSOR
TRANSFORMATION—
ROTATIONS

When transformation of tensors is performed from one Cartesian coordinate
system to another one, relations derived in previous sections take simpler
forms, called Cartesian tensors. As mentioned previously, a Cartesian
system consists of three mutually perpendicular flat surfaces for which; the
basis vectors are unit vectors, there is no distinction between covariant and
contravariant components, and the components of a tensor are the physical
components. Therefore, we use subscript indices for all types of components,
regardless.

We will consider two Cartesian systems, y, and y; with a common origin—
otherwise we can always redefine them to have a common origin with
transforming, say, the origin of ¢/ to that of y,. Following the discussion from

Section 3, we can write the differential displacement ds in these systems, as
ds=dy,E, =dyE; 12.1
where E, and E; are the corresponding unit vectors. However, we

A, .,
have dy, ziﬁdyj, and after substituting in Equation 12.1 we get

ay]
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ayi 7 g ’ . ’ . . ay, I~ I’
[ay; Ei—Ej]dyj— . ;s g a E,=E; or,
by i <> j, we have

. dy, .
= E 12.2
dy;

Now performing dot-product on both sides of Equation 12.2 with E, gives,

., O J
E E = ny E, =% Hence,

A, —— Iy
.
E E =2 12.3
9%
o
This means that the cosine of the angle between y, and v/ i ylﬁ,
called the cosine direction. %;
T a / T~ I~
Similarly, we can write E, :E)i E;, and after dot-product with E’ we get
Yi "
IR ayz ay7
E -E = —LE/-E, ==L, Hence, interchanging i <> j, we get
Ey k
Bop = 12.4
dyy
dy,
This means that the cosine of the angle between y, and v/ is equal to ay’
yk

Therefore, comparing Equations 12.3 and 12.4 and considering the commu-
tativity of the dot-product operation, we will have

9y _ 9 12,5

’

dy, Iy

Equation 12.5 yields dy, = ayi dy; =%dy'. and E/ = ay],, E = %Y. 5 E , but
ayj %Y, ! Yy, ! ayj

only in Cartesian coordinate systems. In other words, these relations prove

that there is no distinction between covariant and contravariant components

in a Cartesian system (see Equations 4.8 and 5.4, for comparison).
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ROTATION MATRIX

12.2

Now if we assume that coordinate system y/ is obtained by rotating coordi-

nates y; at an angle ¢ about an axis parallel to a unit vector 7i =(n,,n,,n;),
9y
then the quantity D _ Rij is a function of @ and 7 and it can be shown
J
that [9], it reads as

Ry =nn, +<5ij —ninj)cosH + e, sin6 12.6

Equation 12.6 is Rodrigues’ rotation formula, or the 3D rotation matrix.
Readers should note that the Right-Hand-Rule convention applies to the
rotation of coordinates with respect to the positive direction of unit vector
7 when using Equation 12.6. For example, for 71=(0,0,1) and 0 =7 /2, R,
gives the transformation of x —y plane about the positive direction of z-axis
for an angle of 90°.

, oy, ,

Now we integrate dy; =%dyj =R,dy; which yields, y; =R,y Note that
J

the constant of integration is zero due to having a common origin for both

systems, and R, is a constant for given 7i and 6. Similarly, we can rotate

y, at an angle (—0) about the same unit vector ii to recover the original
y; coordinates. Therefore, we can write y, =R;'y; =R,y by having
R;.l being equal to the inverse or transpose of R, [4]. Further examining
Equation 12.6, we can conclude that R, for a given angle 0 is equal to R i
or its transpose, calculated for angle (—9 ) This is the result of the prop-
erty of the last term on the R.H.S of Equation 12.6 when i <> j to get R

or ey

i
n, sinf =—e;n; sinf = e n; sin(-0). The remaining terms are not

affected by this index-change operation.

EQUIVALENT SINGLE ROTATION: EIGENVALUES AND
EIGENVECTORS

It would be useful to write the matrix form of the Cartesian coordinate

rotations, as well. For example (in a 3D space with N=3), ¢, = R,y; can be
y{ R, R, Ry||y

written as {y, r=| Ry, Ry, Ry |{y, ¢ and after using Equation 12.6, for
yf’} Ry, Ry Ry |lys

n= (nl,nz,nS) and rotation angle 0, we get
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Y
Yy (=
Ys

cos +nn, (1—cosf)  nn,(l—cos)+n,sind nn,(1—cosd)—n,sind ||y,

12.7

nyn, (L—cosf )—n,sinf  cosf +nyn, (L—cosf)  nyn, (1—cosd )+n,sinf |<y,

nyn, (1—cosf ) +n,sinf  nyn, (1—cos)—n, sinf  cosf +nyn, (L—cosd) ||y,

From Equation 12.7 (or 12.6) we can conclude that the trace of the rotation
matrix (i.e., the sum of diagonal elements, R,) is equal to 1+2cosf, (note

that n,n, = |ﬁ|2 =n} +nj +n; =1, since ii is a unit vector), or
4R, -1
0 = cos 1(”7) 12.8

Equation 12.8 is a useful relation for finding rotation angle 0, once R, is
known/given. However, readers may ask: if R is known, how can one find
the corresponding unit vector parallel to the axis of rotation? This question
is all the more significant considering that we can have a sequence of
rotations to arrive at a final desired orientation of the coordinate axes. For
example, if we rotate the original system through a sequence of rotations

and arrive at the final system orientation, i.e., y, = yi' = —>y" >y,
%{—/

sequence

then we can apply Equation 12.7 for each sequence and calculate the final
rotation matrix. That is {y/} = [B;" ][R;l_l]---[ﬂ;l]{yi}. Note that for each

(8]
rotation in the sequence, the corresponding rotation matrix is pre-multiplied
to the previous ones, and the normal vector parallel to the rotation axis is
defined based on the current coordinate system at hand in the sequence (see
Example 12.2.1)

Now, if we want to replace all intermediate rotations with just one equivalent
rotation, Equation 12.8 gives the value of the angle for the desired equiva-
lent single rotation. However, to find the axis of rotation parallel to the unit
vector for the equivalent single rotation we need a mathematical procedure/
tool. This tool can be obtained by finding the real eigenvector of the given
rotation matrix since, through all rotations, only the eigenvectors remain in
the same direction [2], [4]. The mathematical procedure is as follows:
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We consider a normal unit vector n, perpendicular to a plane and write the
components of the rotation tensor on this plane, or Ryn,. This quantity is
a vector whose components are the elements of the rotation tensor on the
plane considered. We identify this quantity as Ryn; =T,. In general, the
direction of the vector T, does not necessarily coincide with the normal
vector to the plane, as shown in Figure 12.1.

n

~|

FIGURE 12.1 Rotation matrix component T, about an arbitrary plane with normal 7.

In other words, we could demand a specific plane and calculate its
corresponding normal direction such that vector T, ends up in the same
direction as the normal to the plane considered. Therefore, we can write
Tn, =R,n;n,. This quantity, which is the projection of T; in the direction of
n, is a quadratic function of vector n,. To calculate its extremum value with
the constraint that n,n, =1 (which means that having the normal vector as a
unit vector), we use the Lagrange multiplier method for extremizing the scalar

quantity M=R,nn, -2 (nn, —1), where the constant 1 is the Lagrange

multiplier, or the eigenvalues of R;. This is achieved by letting aﬂ:O,
P ! y on,

which leads to (note that the %—j}\j{ =0 recovers the constraint, n,n, =1)

(Ry—46,)n, =0 12.9

In matrix form, Equation 12.9 can be written as
R, -4 Ry, R, n,

R,y  Ry—-4 &y n, ¢ =0. This system of equations has a non-

Ry, R, Ry — 4 |n,
trivial (i.e., non-zero) solution, for n, if the determinant of the matrix is
Zero, or

Rn -4 RIZ RlS
det(R,—40,)=| Ry  Ry—i &y |=0 12.10
R:n P‘sz Rgs -4
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By evaluating the determinant, we get a cubic equation in terms of 4 (which
has three roots, or eigenvalues) as

R.R,-R.R,
,13—(Rﬁ),12+[%],1—\31j\=0 12.11
—_—

-5
L |\ I
I,

Equation 12.11 is known as the characteristic equation for matrix R, where
[, is the first principal scalar invariant, which is equal to the trace of R;;
or I, =R, =4, +4, + 4;, L, is the second principal scalar invariant, which
is I, = A, A, + 4,45 + 434, , or the sum of the diagonal minors; and I, is the
third principal scalar invariant, which is equal to the determinant of R, or

I, = eg;kRuszRsk = A Aghy.

Equation 12.11 contains several important properties and pieces of
information about the system’s rotation matrix. Some examples related to
the discussion here include:

= For symmetric tensors with real components there exist three real value
answers for 4 (or 4,,4,, and 4,). This is not the case for R, since it is not
symmetric, and we get only one real value 4, [10].
The answers for 4 are the eigenvalues (or principal values) of R,.

= The corresponding n,, calculated and normalized for each eigenvalue,
are the eigenvectors (or principal directions) of R,

= A given eigenvector when multiplied by a constant real number (positive
or negative) it gives a new vector, but all have the same direction parallel
to the principal direction.

The method of finding equivalent rotation is very useful in practice for
designing the motion of machine parts in robotic applications, such as a
robot arm’s motion.

12.2.1 Example: Equivalent single rotation to sequential rotations of a
Cartesian system

Having a Cartesian system labeled as y, =(y,.y,,y, ) and its transformation

to another system labeled as Yy, = (?/’1 y;yé) such that ¥ coincides with U,

Y, with y,, and Y5 with y,, as shown in Figure 12.2, find the overall equiva-

lent single rotation matrix for ¢/, = R,y , the axis of rotation direction 7 and
the angle of rotation 0.
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’

Y3 '

Y3

FIGURE 12.2 Sequential rotations of a Cartesian coordinate system (left) and the equivalent
single rotation (right).

Solution:

We consider two sequential rotations: 1) rotation about y,-axis with normal
vector (0,0,1) with an angle of 90" (R.H.R. applies) to get the intermediate
transformation (yvyz,%) - (y{,y;,y:g), and 2) rotation about new Y, with
normal vector (1,0,0) with an angle of 90" (R.H.R. applies) to get the
second transformation (y{y;yg) — (y1.y5.y5 ) (see Figure 12.2). Therefore,
using Equation 12.7 and the data given for the first transformation with

yil [0 1 0y
1=(0,0,1) we have <y, r=[-1 0 0|y, Similarly, for the second
Ys 0 0 1]y,
] 1o ol
rotation with 71=(1,0,0), we have <y,+={0 0 1|Jy; Note that
v) Lo 1 oly,

the second rotation is performed on the current system at hand, which is
the result of the first rotation. Therefore, after substitution we can write

] [1 0 o]fo 1 0]y gyl [0 1 0](y,
yor=|0 0 1f|-1 0 O|qyyp, or <y5¢=|0 0 1|3y, The final
78 0 -1 0JJO0 0 1]|y, 78 1 0 0]y,

010
rotation matrix is then sz =0 0 1| Note that each rotation matrix
1 0 0
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pre-multiplies the previous one in the sequence of rotations. Having the final
rotation matrix, we can calculate the single rotation angle. Using Equation 12.8,

R. -1 0-1 2
we get 0= cos™! [“T): cos™! [T): ?n The corresponding

rotation axis is the eigenvector associated with the real eigenvalue for

01 0 21 0
R,=|0 0 1|. We can write ‘Ry—iéij‘z 0 -2 1 |==2*+1=0.
1 00 1 0 -

Hence, we get the characteristic equation as (1 — 1)(/12 +A+1)=0 with its
only real root being 4 =1. Note that we could use Equation 12.11 instead
for calculating the eigenvalues. For 4 =1, we get the eigenvector by solving

01 0f|n, n, n, =1n,
0 0 1|in,=(1)3n, ¢, or {n; =n,. This system is not determinate but
1 0 0]|n, N, n, =n,

gives n, =n, =n,. However, the constraint for having # as a unit vector

gives nj +n; +n; =1, or 3n; =1. Therefore, n, =n, =n, =?3 and finally

B BB

we have the equivalent rotation axis or the unit vector 7i = [? ??]
In conclusion, we can say that instead of two intermediate sequential
rotations, as mentioned above, we can rotate the original y, =(y,,y,.y,) at
an angle of 120°, using right-hand-rule convention, about an axis parallel

B BB

to the unit vector 53 ?} see Figure 12.2). Readers should note

that for calculating the rotation matrix using Equation 12.7, values of the
components of 7 should be those of the unit vector. However, to get the
direction of the rotation axis we can multiply the components of the unit

vector by a constant—for this example the multiplier is J3. As shown in
Figure 12.2, the result is a vector, or (1,1,1), which is a vector along the
same direction as the unit vector 7i. This is consistent with the property of
the eigenvalues. We can examine these results by using Equation 12.6 to

\B\E\E}

calculate the single rotation matrix, using 0 =120° and 1= [??? ,
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2 2
or R, :(gj + 1—{?} cos(l20°)=%—%20, similarly R,, =R, =0.

2 2
Also, we get R,, ={§] +[512 —[?J ]005(120°)+e123 (?]sin(l%ﬁ:l.

—
=0 =1

Similarly, we get R,, = R;, =1, and the remaining elementsR,, =R,, =R,; =0.
These results are identical with the one obtained using sequential rotations.






CHAPTER I 3

COORDINATE INDEPENDENT
GOVERNING EQUATIONS

Reliable mathematical models, also referred to as governing equations, are
important tools for engineering analysis. A reliable and validated mathemati-
cal model of a physical phenomenon is a set of algebraic relations among
quantities and their various derivatives, such as Newton’s 2" law of motion,
equilibrium equations for momentum flux, Fourier’s law of heat flux, Fick’s
law of mass flux, Navier-Stokes equations for flow of fluids, Maxwell’s
electromagnetic equations, etc. These governing equations, along with some
fundamental principles (like the 2*! law of thermodynamics, conservations
of energy, mass, electric charge, etc.) form the foundation of engineering
science and its applications.

The quantities related to any physical phenomenon can be represented
by tensors of different ranks stated in the relevant governing equations,
such as force and acceleration vectors and mass of a body as a scalar, in
Newton’s 2™ law of motion; gradient of temperature in Fouriers law;
divergence of velocity vector in fluid flow, etc. Sometimes, for analysis and
design purposes, we need to have the relevant governing equations written
in coordinate systems other than the Cartesian system. For example, for
analyzing mechanical stresses in the wall of a cylindrical pressure vessel we
prefer to choose the cylindrical polar coordinate system that is a natural
fit to the shape of the vessel. This requirement has encouraged scientists
and engineers to define various coordinate systems suitable for solving the
governing equations in practice. In other words, and in the context of tensor
analysis, we would like to use the relations derived and discussed in the
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13.1

previous sections to write down the terms involved in well-known governing
equations in engineering in a form that is general enough for application in
an arbitrary but well-defined coordinate system.

In this section we derive some new relations mostly used in engineering, in
addition to those discussed in the previous sections. We hope that this helps

readers in writing down similar coordinate independent terms involved in
equations of their choice for their applications.

THE ACCELERATION VECTOR—CONTRAVARIANT
COMPONENTS

Newton’s 2™ law is a mathematical model for the motion mechanics of
physical objects—specifically, it is the balance of applied forces and the rate
of change of momentum, or mass times acceleration. Velocity is the time
rate of change of displacement vector ds (see Section 2). Therefore, in an

ds

arbitrary coordinate system x', we can write the velocity vector ¢ as ¥ =—

for the corresponding time increment of dt. Using Equation 3.6, we have

Lds _ _odx' o o - Lo
v= d_ =e, T Since ds is a vector, hence ¥ is a vector and we can write it in
t at

terms of its contravariant component v', or

; dx'

v=0'¢ =
dt

13.1

Equation 13.1 clearly gives the contravariant component of the velocity

vector as v' =——. Acceleration vector d is the time derivative of the veloci
d
t

vector, or
. do .
a=——=a'e, 13.2
dt
ds d(ve) _dv de
Using Equation 13.1, we can write — :u =¢,—+ v —. To relate
dt dt dt dt
. L. . ) dx’ 0
the time derivative to the space gradient we use chain rule —=——,
dt  dt ox’

ol

hence
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— =yl 13.3

QU

dv v’ (. de,
Substituting into Equation 13.2, we get a=—=¢.| v/ — |+0v'| v/ —% |.
HbsHIUHRg e & dt l( ox’ } [ ox’ ]

But % _ Fg.ék, using Equation 10.5. Therefore, d =¢,v’ %+ v'o'T

ax]
in the last term we interchange dummy indices i <> k and use the symmetry

property of the Christoffel symbol to get

k—
;€ and

i =[ o %Jr ool }é,. 13.4

Comparing Equations 13.2 and 13.4, we get the contravariant component of
the acceleration vector as

0= [%mkrﬂ 135

i

.. . i an k . .
In addition, we can write v, = @+ oT, after using Equation 10.6, to get

the compact form of Equation 13.5, as

a' = v-ivii 13.6
Equation 13.6 recovers the familiar expression for acceleration in Cartesian
. . ;i ov
coordinates (i.e., a' =v/ —).
o’

We can also write the covariant component of the acceleration vector using a
metric tensor, or ¢, = g,a' (see Section 8) for an arbitrary coordinate system.

Now, we can write the Newton’s 2"! law in a general coordinate independ-
ent form. We choose to use the contravariant component of the acceleration
vector; hence, for compatibility we must use the contravariant component of

the total force vector, F = F ‘¢, as well. Therefore, we can write

. o . .
F'=mv! —+mv"o'T", = mv'v’, 13.7
N’ j J
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13.2

For example, in a 3D coordinate system we get three equations of motions
for each dimension, with summation on indices j and k only, as

! .
F' = mo’' —+ mo*o'T
o/ Jjk
‘ - ov” ;
F? = mv’ — + mo"o'T? 13.8
ox’ *
oo’ o
F? =mo’! — + mo* o' T
o’ Jk

Note that in a Cartesian system the last term in Equation 13.7, associated with
the Christoffel symbol, is zero and we recover the familiar form of Newton’s
equation. But when we write this equation in a curvilinear coordinate system,
the term associated with the Christoffel symbol is not necessarily equal to
zero. This extra term acts like an inertia force and affects the path of moving
objects. For example, in a spherical coordinate system, like Earth’s geometry,

. . . Ui
we can write Equation 13.7 as F" —mv%T'ik =mov’ F The left-hand-side
’ x

~. . b irmi . dv
can be treated as a new total force, or F' =F' —mv v'T") =mv’ F The
k _jyi . . . i
term muv" v’ is the Coriolis force, F,
, b i
F =muo'T, 13.9

For example, from the point of view of an observer at the north pole of the
Earth an object with an initial velocity along a meridian towards the equator
will shift to the right, due to the inertia force resulting from the Coriolis force,
while to an observer at the south pole it will shift to the left. Or we can say that
a force equivalent to the negative of the Coriolis force is acting on the object.

THE ACCELERATION VECTOR—PHYSICAL
COMPONENTS

Physical components of acceleration vector can be obtained using
Equation 6.2, or a(i)=ha'. Substituting for a', Equation 13.5 yields
d

o' § ymi v’ i ke
a(i)=h,v' —+ho'v'T’, =h,—+h,o''T". In the latter expression,
4 axj 1 J ldt 1 J
%,—/

o
dt
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we write the velocity components in terms of their physical components

RGO EC

as well to get a(i)= But the first

Codt "Ry Fr
d(v(i)/h, (i d(1/h,
term can be expanded to get (v() l)=db(l)+hiu(i) ( 1').
dt dt dt
o odo(i) , .
Now, we define ’ =0(i) and use Equation 13.3 to write
hiv(i)M— 1 ‘(z)(l(hi)z—v(l)v(])a(hf). Now substituting into
dt h, dt hh;  ox’
the relation for a(i), we obtain

o(i)o(4) oh, , hiv(j)v(k)
hh; ox' h h,

J

a(i)=o(i)- T 13.10

Equation 13.10 gives the physical components of the acceleration vector in
curvilinear coordinate systems. Note that for Equation 13.10 summation
applies only on indices j and k, but not i.

THE ACCELERATION VECTOR IN ORTHOGONAL
SYSTEMS—PHYSICAL COMPONENTS

A useful application of Equation 13.101is for orthogonal coordinate systems. As
mentioned previously, for an orthogonal system we should have g, = ¢’ =0 for
i # j and we can use relations given by Equations 10.23-10.25 for Chr1stoffel
symbols. Therefore, expanding Equation 13.10, for example for i=

o(D)o(f) oy, mo(j)e(k)
hh, ol hhy Ui

o) (1) oy, v(2) oy v(3) oy
b | oo’ hy & hy o

sum on j

we get a(1)=0(1)— which after writing the

summationson j and k yields a(1)=0(1) -

+hlv(1) U(I)F}1+D(2)F}2+U(3)F%3 +hlv(2) 1;(1)1_%_‘_1)(2)1_;24_1;(3)1_,;3 .
h, h, h, h, h, hy = h hy, =

vonk, j=1 sumonk, j=2
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hyo(3){ v(1)

9 (3
r;]+”( )r;2+”}(L )rgg .

But from Equations 10.23-10.25,

h, h, h,
sumonk, j=3
1 oh
we get T}, = ———L
g 11 h1 &x1
and Ty, =— hy_9h,

(h, )2 ox!

Christoffel symbols and simplifying, we get a(1)=0(1)+
v(Dov(3) oh,  v(2)v(2)dh, v(3)v(3)dh

1 _ 1 _
1—‘12_1—‘21_

10h, —

Ly g Ly
Iy ox

Tt P () Rt

— and T, =T, =0. Substituting for the corresponding

o(1)5(2) 3h,
hh, ox

hhy, &  hh,

—3 By similar operation we can

hh, o

calculate the second and third components, i.e., @(2) and a(3). Equation
13.11 lists all the physical components of acceleration vector in a 3D orthog-

onal coordinate system, as

U(l)u(2)%+ 0(1)0(3)%_ v(2)v(2) oh, B v(3)v(3) oh,

1)=0(1
d( ) U( )+ hlhz axZ

2)=0(2
a( ) D( )+ hlhz axl

3)=0(3)+——=
(l( ) U( )+ hth axl

0(1)0(2)%_’_ v(2)v(3) oh,

o hh, o' hh, o
v(1)v(1) ok, ©v(3)v(3) dh,

0(1)0(3)%_’_ v(2)v(3) ohy  ©v(1)v(1) oh, 0(2)0‘(2) oh,

Relations given by Equation 13.11 can be written in index form as, summation

on index j only,

a(i)=0(i)+

o(i)o(j) oh, v(j)o(j) N,

hh, o hh, o

13.12

In the next section, we use Equation 13.12 to calculate an acceleration
vector’s physical components in cylindrical and spherical coordinate systems.
For a Cartesian system, Equation 13.12 recovers the familiar relation (i.e.,
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13.3.1 Example: Acceleration vector physical components in cylindrical
and spherical coordinate systems

From the results obtained in Examples 8.1 and 8.2, we have the scale
factors for cylindrical and spherical coordinates as (h,,h,,h )=(1,r,1)

and (hr,hw,ha):(l,r,rsinqo), respectively. Recall that the cylindrical

coordinates are (xl,xz,xs)z(rﬁ,z) and those of a spherical system are
(xl,xz,xg)z(r,(o,é’). Now, using Equation 13.11 we can write the physi-
cal components of the acceleration vector for cylindrical coordinates as

a(1) :b(l)_w, a(2) 20(2)+M, and a(3)=0(3). In terms

. . . . . U[} . UTU()
of coordinate notation, we can write it as a, =0, ——, a, =0, + , and
r r

a, =0_. Note that all components are the physical components of the cor-
responding vectors. Therefore, the acceleration vector is written as

i :[or —i)é(r)+(bo + 2 Jé(9)+bz_é(z)

Note that é(i) are unit vectors in cylindrical coordinates. We can also write
the acceleration vector in terms of Cartesian unit vectors E, by substitut-
ing for é(r)=cosOE, +sin0 E,, é(0 ) =—sin0E, +cosOE,, and é(z) = E; (see
Example 8.1), or

2 S0 .
i= Kbr —U—U)cosé’ —(1}9 + 2 jsin@ HEI
r r
v R - .
+Hbr —i]sinﬁ +(i),, — }cosﬁ HEZ +0.E,
r r

In terms of coordinates themselves, we have

13.13

a =[(i‘—r6‘2)c050 —(r@u+2f0')sin6’)JE1
+[(F—r92)sin0 +(r9.+21'”9)0050 )}Ez +2E3

Similarly, for a spherical coordinate system, using Equation 13.11, we can

write the physical components of the acceleration vector for spherical

,2 2
coordinates as a(1)=a, =0, —b—“’—v—”, a(2)=a, =1, +

5 1 2

0,U, v, CcoSY
—r _ 0 ¥
roor r rsing

and
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v, U,U,COos ,
a(3)=a, =0, +——L+ ol COSP . Note that all components are the physical

r rsing
components of the corresponding vectors. Therefore, the acceleration vector is

2 402 ) 2 S
- | . vty | . 0y, wv,cosQ | . v, UL, cosp .
i=|b, ——— [¢(r)+| o, +J—H+¢ é(p)+| 0, + L+ 2 ¢(0)
r r  rsing r rsing

Note that €(i) are unit vectors in spherical coordinates. In terms of the
coordinates themselves, we have

Zl:l:i”'—r(p'z —rSin2¢92]é(r)+[r¢'+2{f¢ —T'Sin¢7 COS¢62:|E((0)
+[?’9‘sin(ﬂ + 20 sing + 2rgb cosgo]é(ﬁ ).

We can also write the acceleration vector in terms of Cartesian unit
vectors E, by substituting for &(r)=sing cos@E, +sing sin0 E, +cosp E,,
é(p)=cosp cosOE, +cosp smOE, —sinpE, and &(0)=—sin0E, +cos0E,
(see Example 8.1), or

2 2 2
~ ) (¥ U, . . .U v, COS . [V Uy U, COSQ . -
a =[[vr —”’—”Jsm(p cos0 +(uw +"’—M]cos¢ cosd —[1.20 +"’+‘”]su[16’:|El
r

r r rsing r rsing
2 2 2
LU, v ). . . LU, v, Ccos . ., DU, YU, COsP - 13.14
+|| 6, ——=—-L |sing sinf + 1Jw+r—q’—”.7¢ cosg sind +| 0, + L+ —"" |cosf |E,
roor r rsing r rsing

+(cosp —sing) E,
Equations 13.13 and 13.14 are useful relations for calculating acceleration

vectors in cylindrical and spherical coordinate systems, respectively. Similar
calculations can be performed for arbitrary orthogonal curvilinear systems.

13.4 SUBSTANTIAL TIME DERIVATIVES OF TENSORS

Another form of derivative of tensors appearing in governing equations is
the substantial derivative—also referred to as the total or convective time
derivative. For a quantity like A—a scalar, vector, or tensor—that varies
with space and time, we would like to collect all its derivatives. Let’s assume
that we have a body of fluid moving in a fixed coordinate system, for example,
a Cartesian system. We consider two scenarios: a) we “ride” the fluid and
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move with it and register its variation with respect to time, and b) we stay at
a fixed location in space and register the variation of the fluid passing by with
respect to time. In case (a) the changes are due to any variation of the fluid
w.r.t time, since we move with it and relative space change is absent/null. In
other words, the change w.r.t space is implicitly included. But in case (b) we
may have changes w.r.t both time and space for the fluid in motion.

3 3
vy ¢ X
x2
.J‘ 1
- X
| S
> yz

1

¥

FIGURE 13.1 Loacal coordinates attached to a moving fluid body in a fixed Cartesian coordinate system.

Let’s consider function A = A(yi ,t), where A is the tensor quantity, y' is the
fixed Cartesian coordinate system, and ¢ is time (see Figure 13.1). Here, we

5yi

assume that the ratio >5i =v' applies, or the change of space coordinates of
t

the fluid w.r.t time is the same as the local fluid velocity. Now the total time

derivative is given by the following limit, DA = lim B_A +— JA ay , or
Dt oysi=0( ot oy’ ot

DA 0A . 0A
— =ty — 13.15
Dt ot ay'
An immediate extension is to write the total derlvatlve for A= A éé’, a
mixed tensor of the second rank, in an arbitrary system x', or

ﬂza(A;éiéj)ﬂk a(AHFQ]) 13.16
Dt ot ox’
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Using Equation 10.14, we can write the second term on the right-hand-side

o) o
Yk v"A},é¢’. The first term is just equal to e if the coor-
X ’ it

dinates x' are also fixed. Note that if the x' system is moving, we should
consider the changes of the basis vectors with reference to time as well (see

Equation 13.16). Therefore, we get the components (mixed contravariant/
covariant) of the substantial time derivative of A, as

C0(A] ,
(%) =(—f)+u’<A;.),{ 13.17
Dt ) ot -

as v

km* > j ki< n

i aAZ/ i m n i
Note that Aj'kzax_‘i‘-l-r Al -T}A
A specific case is to let A be equal to velocity itself, which results in the total

derivative of v', as

Y o o

— | =—+0" 13.18
[Dt ] ot X

In orthogonal coordinate systems, we can write the physical components the
convective time derivative of a vector as

(D_AJ(i): 0A(1) . v(j) 0A(1) v ()A()) ok,

Dt o h, o hh, o
v (j)A(j) ok,

- nosumoni
h,h ; ox
Using Equation 13.19 we can write the total time derivative of vectors
like velocity or acceleration. The following example demonstrates these

calculations.

13.19

13.4.1 Example: Substantial time derivation of acceleration
vectors—physical components

From previous examples, we have (h, ,h, ,h.)=(Lr,1) for cylindrical coordi-

nate systems and (hr,hw Jhy, ) =(1,r,rsing) for spherical coordinate systems.

We can write the physical components of the total derivative of acceleration

vector @ =(a,,a,,a_ ), in cylindrical coordinates, by using Equation 13.19, as
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Da ada, da, v, da, ada, a,

— | ==Lt L+ Ly, L

Dt ) ot or r d0 oz r

& :%4_ ra&+v_‘)aﬁ+ 7aﬁ+_vga,, 13.20
Dt |, ot or r d0 T oz r

Da da. da., v, da, da.

— | ===ty L=y —=

Dt ) ot or r d0 T oz

Similarly, for spherical coordinates we get the physical components of the
total derivative of acceleration vector as

Da) _oa, 904 Y 0da v, O 4 a4

Dt) o "or rdp rsinpgdd " r ' r

Di da da. v da v, 9da, v,a, v,a,cosp

Da) O %% D% U % Ol 13.21
Dt ot or r dp rsing 90 r rsing

Day) _oay % Y94 vy 94  v,a, U COSP

Dt o0 " or r dp rsing 90 r rsing

Note that in these relations (i.e., Equations 13.20 and 13.21) all components
are the physical components of the corresponding vectors.

CONSERVATION EQUATIONS—COORDINATE
INDEPENDENT FORMS

A fundamental equation for the transformation of a tensor quantity per

unit volume, W in an arbitrary control volume with a velocity field v,
can be obtained using the Gauss divergence theorem and the law of the
principle of conservation [11]. An integral equation defining the time rate
and divergence of convective transformation balanced with the rate of
production/destruction Q of the quantity leads to the differential relation
given by Equation 13.22, as

oY

$+(‘PVZ')J =Q 13.22

The second term can be written as (‘I’V")v =V'¥,+W¥V', since covariant
differentiation follows the differentiation product rule. Therefore, L.H.S
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of Equation 13.22 can be written as aa—\P+Vf\P APV :ZZ)—IP+\PV"1,. In
t ’ ’ t ’
DY
"Dt
vector form, this equation reads
ﬁwﬁ-f/:ﬁw}'qug 13.23
Dt Dt ’

Equation 13.22 (or equally Equation 13.23) can be considered the equation
of motion for the control volume or, in general, the medium that the quantity
W transports in it. The source term is associated with the quantity in ques-
tion: for example, the mass, momentum, energy, electric charge, etc.

Now we consider mass conservation, or let ¥ =p where p is mass per
unit volume or density of the quantity in motion. After substitution in

Equation 13.23, we get Fi-i-pVi’i = Q. If mass source is zero, then we get

the continuity equation, as

Dr i pvii=0 13.24
Dt ’
Note that % = a—€+ V'p,. Some specific cases can be observed:

= p=p(t) only, ie.,, we have an inhomogeneous quantity whose den-
sity changes with time. In this case the continuity equation reads as
ap i i ap .
—+Vi(p,)+pV' ., =0 or =—=+pV' =0.
RAMUIATAS eV

= p=p (xl) only, i.e., we have an inhomogeneous quantity whose density

=0

changes from location to location in the continuum but remains constant
with time at any given location. In this case the continuity equation reads

) , , i

=0
= pis a constant, i.e., we have a homogeneous quantity with constant

density at all locations and times in the continuum. In this case the

D ; ,
continuity equation reads as (F/t) )+le,l. =0,0r V', =0.

=0
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Now we consider momentum conservation, or let ¥ = pV, i.e., momentum
per unit volume of the quantity in motion. In this case W is a vector quantity.
Substituting in Equation 13.22, the i* contravariant component reads

apV’ o l,
—(at )+(pVV]),j=Q 13.25

Equation 13.25 is Newton’s 2" law written in the coordinate independent
form for a medium, for example a fluid moving in the continuum. The L.H.S
is the inertia force and the R.H.S is the applied force on the material, per
unit volume. Considering the material as a fluid, then the applied force
could be, in general, a combination of hydrostatic, viscous, gravitational,
electromagnetic, etc. forces.






CHAPTER I 4

COLLECTION OF RELATIONS
FOR SELECTED COORDINATE
SYSTEMS

141

In this section we provide a list of some commonly used coordinate systems
as well as relations for an arbitrary orthogonal curvilinear coordinate system.
We categorize the content based on the coordinate systems. All coordinates
are considered in a 3D Euclidean space. Cartesian coordinate systems are
fixed references consisting of three flat planes. The curvilinear coordinates
may include one or more curved coordinate surfaces.

CARTESIAN COORDINATE SYSTEM

We use (2(1),6(2).6(3))=(E,.E,.E.). (A(1),A(2).A(3))=(A,.A,.A.)
symbols for physical components. Note that in a Cartesian system, all
contravariant, covariant, and physical components of a tensor quantity are
identical, hence all indices are shown as subscripts.
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TABLE 14.1 Relations for tensors and their related derivatives in Cartesian coordinate systems.

Coordinates (x,y,2)=(X.Y,Z)

Basis/Unit vectors, E, (EX,E,I,EZ ) = (23 lz) orthogonal
Scale factors, h, (hx,hy,h: ) =(LL1)

Metric tensors, g, g. =g, =¢g. =1, the rest are null
Jacobian J=1

Unit volume dV = dxdydz

Line element and magnitude | dS = dxE, + dyE,j +dzE, |ﬁ| = \/ (dx)* + (dy)2 +(dz)’

Vector components A= (Ax LA LA, ) =AE + A;/Ey +AE.

Y

Christoffel symbols null

Dot-product (two vectors) | A-B=A B, + AB +AB,

Cross-product (two vectors)

= - d =0 = 0
Gradient vector V=E, &"' E, @"‘ E, %
= 0 v v
Gradient of a scalar, ¥ V¥ =E, o +E, @ +E k.
0A, 9A, A
ox ox o«
- — 0A
Gradient of a vector, A VA= 04, 94, oA
dy dy Iy
M,
L 0z 0dz 0z
- . 0A . - 0A -
Curl of a vector, A VxA= ai__’f E. + ai_ai E + _’1_% £
dy odz | oz ox |! ox dy | °
- _ . 0A
Divergence of a vector, A V-A= an +_’f+ai
ox dy oz

(continued)



COLLECTION OF RELATIONS FOR SELECTED COORDINATE SYsTEMS © 91

2 2 2
Laplacian of a scalar, ¥ Vg =V. (v\{l) - J El + 9 \f + J \f
n® oyt oz
VA =
2 2 2 . [9*A  9*A  9’A .
Laplacian of a vector, A ox %y 0z ox dy 0z
A, A, A, )=
+| =ttt +—= |E.
ox oy 0z

Biharmonic operator

V4:[a4 ' o

4 4
Sato Tt [F2 ? 7t 2 :
o' dyt oz ox’dy”  dy oz

a4
+ 2 2
ox~0z” ]

14.2

CYLINDRICAL COORDINATE SYSTEMS

We use (2(1)2(2)2(3)) =(¢(r).0(0)2(2)). A=(A(1),A(2).A(3)) =
(A(r),A(H )A(z)) to designate the unit vectors é(i) and physical compo-

nents of vector A. Most of the expressions are written in terms of physical

components.

For Christoffel symbols, see Equation 10.28.

TABLE 14.2 Relations for quantities and their related derivatives in cylindrical coordinate systems.

Coordinates
(orthogonal)

(xl,xz,xS) =(r,0,z), 0 is the azimuth angle

Coordinate functions

x =rcosf y=rsin0

2=z

Coordinate surfaces

2 +y* =r? cylinders | y/x = tan0, planes

z = constant, planes

cosf | [—-rsinf| [0
Basis vectors, €, (¢,.6,,¢.)=|<sinf ¢,4 rcosd 40
covariant 0 0 1
cosf| |—=sin@/r| [0
i v 5 —=r =0 =z :
Basis vectors, €', (ef’e ¥ ): sinf ¢,X cosO /r +,40
contravariant 0 0 1

Scale factors, h,

(hr’hH >h:)= (Lr’]‘)

(continued)
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Unit vectors,
physical
components

cosf | [—sinf| [0
(é(r).2(0).2(z))=| {sin0 ¢.,q cosf {,40
0 0 1

Metric tensors, g,

and g’

8w =8 = (gﬂ )71 = (g:: )71 =1gy = (g‘”’ )71 =1", the rest are

null-system is orthogonal

Jacobian

J=r

Unit volume

dV = rdrdf d=

Line element and
magnitude

dS =dré(r)+rd0e(0)+dzé(z)

5| = (dr ) +(rd0 )’ + (=)’

Vector components

A=A(r)é(r)+A(0)e(0)+A(z)é(z)

Christoffel symbols,

based on Unit
vectors

[, =-1,TY =17 =1, the rest are null

Christoffel symbols,

based on covariant
Basis vectors

T, =-r, TV, =T =1/r, the rest are null

Dot-product
(two vectors)

bS]

‘B=A(r)B(r)+A(0)B(0)+A(z)B(2)

Cross-product
(two vectors)

AxB=[A(0)B(z)-A(z)B(0)]e(r)

+[A(r)B(9)—A(0)B(r)]E(z)

Gradient vector V=¢ i+ la{, i+ e. 9
"or r 90 Coz
Gradient of a AT Chd 1#0 a_‘{’+é. Chd
scalar, ¥ "or r 90 7 oz
[ 0A(r) 0A(0) 0A(2) ]
or or or
Gradient of a VA= aA(’")_A(O) aA(0)+A(’") JdA(z)
vector, A rod r rof r rof
0A(r) dA(0) 0A(z)
i 0z 0z oz |

(continued)
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VXA:[BA—(Z)——BA(O)]a(r)

+

[aA(r)_aA(z)]é(e)

- rof oz oz or
Curl of a vector, A a(rA(H)) 9A(r) ).
+ - é(z)
ror rof
Divergence of a V.A:a(TA(T))+8A(9)+BA(z)
vector, A ror rof 0z
s = /ey 10 J 1 9> 9

s v=v. (V==2|, L |+~ % 7

Laplacian operator ( ) Cor (T o )"' = 907 + 32

Laplacian of a V2 = V-(V‘P) _19 ra_\P +l32\y " ¥

scalar, ¥ rorl or ) r*00* 07
VZA:[VZA( ) 2940) _Alr)1

Laplacialn of a rt a0 r

vector, A , 2 0A(r) A(0) | . -

+{V‘A(9)+r—2 I :|6(0)+|:V2A(Z):|(3(Z)
Biharmonic v _19d ri[li ri } _,_l o° 1 9 +i
operator ror| or|rodr| or r*00%| r* 90* | 9z

14.3 SPHERICAL COORDINATE SYSTEMS

We use (¢(1).2(2).2(3))=(?..¢,.5, ) (A(l),A(Z),A(S))=(A(r),A((p),A(92)
to designate the unit vectors ¢(i) and physical components of vector A.
Most of the expressions are written in terms of physical components. For

Christoffel symbols, see Equation 10.28.

TABLE 14.3 Relations for quantities and their related derivatives in spherical coordinate systems.

823:;2;?:; (r,9.0), 0 azimuth and ¢ polar angle
Coordinate x =rsing cosf = rsing sinf Z=rcosg
functions B v y= ¢ "
2, 02, 2 _ 2 2, 2 2 _ 2
Coordinate surfaces | ~, 4 T% =7 (x Yy )/z =tan"g, y/x =tan0, planes
spheres cones

(continued)
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Unit vectors,

sing cos@ | [rcosg cosf | |[—rsing sind
Basis vectors, €;, (Er,éw ,€ ) =| {sing sinf ;,< rcosg sinf ¢,q rsing cosl
covariant .
cosQp —rsing 0
sing cosf cosg cos —sinf
- _.l r = . . .
Basis vectors, €', (e' e’ e )— sing sin@ p,—1 cosg sinf »,— cost
contravariant r . rsme
cos@ —sing 0
Scale factors, h, (hr7h¢ Jhy ) =(1,r,rsing)
sing cosf | [cosp cos@ | |—sinf

physical (é(r).é(p).2(0))=| {sing sind {4 cosp sinf ¢, cosd
components cosQ —sing 0

-l -1 -1 R
Metnc tensors, g; g = (g ) =lg, = (gw ) = rgag{m = (gao ) =(rsing) _the rest
and g’ are null-system is orthogonal
Jacobian J =r’sing
Unit volume dV = +* sing drde do
Line element and dS =dré (r)+rdpé(p) . 2
magnitude +rsinpdfe(0) |dS| \/ (Td(ﬂ ) +(rsinpd0 )
Vector components | A=A(r)é(r)+A(p)é(p)+A(0)e(0)
Christoffel symbols, ) r, = Iy, = r, = r, ,
based on covariant | I}, =—r 5 ] I, =coty
Basis vectors —rsin“¢p | —sing cosg =1/r
Christoffel symbols, = I = I’ =1
based on Unit r,, =-1 v v " I, =cosp
vectors —sme —cosp Y, =sing

Dot-product
(two vectors)

A-B=A(r)B(r)+A(p)B(p)+A(0)B(0)

Cross-product
(two vectors)

B=[A(p)B(0)-A(0)B(p)]é(r)
+[A(0)B( T)—A( ) ©)]e(p)
B(r)]e(0)

+[A(r)B(p)-A(p

(continued)
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Gradient vector

= (0 (19 ) 1 0\
V=l — g +|—— ¢, +| ———— |¢,
or rdp |” | rsing 00

Gradient of a

V‘{’:a—\yé_+(la—ql)é +( 1 a\P]ég

scalar, ¥ or " \radp )" |rsing 90
VA=
0A(r) dA(p) 0A(0)
. or or d
Gradient of a 24(r)_Alp) M), AL) 4(0)
vector, A 5 + ,
rop r rdp r rdg
1 9A()_A() 1 9Alp) AD) 1 A0), A() AW
rsing 90 r rsing 90 r rsing 90 r r ’
— d(A(0)si A
VxA=—1 (A( )smgo)_a (v) é(r)
rsing o0 a0
1( 1 0A(r) 9(rA@)
+_ —_—
Curl r (sin(p a0 or ¢lo)
d(rA 0A
r or dp
Divergence of a V.A»_ia(rgA(r))_'_ 1 B(A((p)singo)+ 1 0A(0)
vector, A r’ or rsing oy rsing 90
V~A=[a(r2?(w))+ I A(A(rp)sing) _Alpp)+A(00) 1 8A(n9)]é(r)
rior rsing rop r rsing 90
Divergence of a 2™ J[oFAG)) 1 3(Alep)sing) A(rp) 1 9A(00) _AO0) o s
rank tensor, 4 ror rsing rp r rsing 00
R kR

Laplacian operator

V2=V(v)=%i rgi +— LA sin(pi +2;,a—~7
r*or\  or | r’sing dp dp | r sin*p d0°

Laplacian of a
scalar, ¥

Vz‘{’:V-(a‘I‘):LOi rza—\l‘ +— 1 i sin(oa—\P
reoor or ) r’sing dg dp

1 9*%
r’sin®p 90°

(continued)
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VQA:[VZA(T)_ZAQ)_ 2 O(sinpA(p)) 2 8A(9)}é(r)

r’ rsing op r’sing 00
acis 2 0(A
Laplacian of a | v2A(p) - ZA@Z) ++% ( (’"))7 ZZC?SZ¢ 0A(0) #(9)
vector, A rsin” @ r op rosin“@ 00

+{V9A(9)_ ZA(Q) . 2 6A(7’)+ 2.cos 5(A((p))

r’sin"p r’sing 00  r’sin@ 00

gl 0[1af. 0
r*or| or|r*or or
Biharmonic 1 9. 0 1 oJ9f(. 0
“tor. +————| sing —| 5————| sinp —
operator, r”sing dp dp | r™sing dp oy

L1 o1 9
r*sin®g 90% | r*sin’¢p 90°

ko

14.4 PARABOLIC COORDINATE SYSTEMS

We we (201).6(2).6(3)=(e(€)20).5(0)  (A()A(2),A())=
(A(&),A(n).A(0)) to designate the unit vectors (i) and physical compo-

nents of vector A. Most of the expressions are written in terms of physical
components. For Christoffel symbols, see Example 15.4.

TABLE 14.4 Relations for quantities and their related derivatives in parabolic coordinate systems.

Coordinates
.0
(orthogonal) (E1.0)
Coordinate _ _ . _(z2 e
- x =&y cosl y =& sind z—(f -7 )/2

functions

2 +y2 _ 2 +y2 _
Coordinate surfaces | —2¢£2 (z —&2 /2), -2 (z - /2), y/x =tan0, planes

paraboloids paraboloids

n cosO | [EcosO| (=& sind

Basis vectors, é;- (é;“ 16,6 ) =[5 sinf {,{Esinb .4 &n cosl
covariant ¢ - 0

(continued)
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) n cosf ) & cosf ) —sinf
Basis vectors, &' (Ef e ) =|| 517 sinf {,———51¢&sinf {,—1 cosl
contravariant &+ Etn” én
¢ =] 0
Scale factors, h, h h, h (\/é +57 \E 7 & )

Unit vectors,
physical

components

(e

n cosf . Ecosf | [—sind
———1psinf ,——=<¢sinf p,4 cosl
2 2 2 2
<+ ¢ N - 0

(€).2(n).e(0))=

Metrllc tensors, g, | g = (g‘ff )71 =&*4n’g, = (g”” )fl =E4n°,g, = (gﬁg )71 =(&n ),
and g’ the rest are null

n cosl & cost ) —sinf
Basis vectors, é', (¢.¢".8")=|| s— 1 n sinf {,—5——<&sinf p.—< cosO
contravariant ¢+ £ + — <n 0
Jacobian J =& (fz +n* )

Unit volume

AV =&y (&2 47 )dedy do

Line element and dS =& +n* [dEE(E)+dne(n)] ‘ﬁ‘:
magnitude +Edoe(0) \/(5 +7°)(dE) +(E2+n°)(dn )" +(&ndo )’
Vector components A =A(f)5(f)+A(’7 )5(77 )+A(0)é(0)
rgr) = ng
) ) ) ) =1/¢
Christoffel symbols, Iy =-T, Ty =T IS, = I, = =,
based on covariant | =T, =T | =T}, e () | e () _nf/
Basis vectors =&/ ) =0 /(407 7 TN (R i
1"30 = FZ,
=1/y
Dot- .
ot-product A-B=A(E)B()+A()Bln)+A(0)B(0)

(two vectors)

(continued)
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AxB=[A(r)B(0)-A(0)B(n)]e(¢)
Cross-product B -
(two vectors) +[A(0)B(£)-A(£)B(0)]e(r)
+[A©)B@)-Aw)B()]e(0)
Gradient vect gof 1 o f L o (19
radient vector = — — -2
’ apror [T\ Jerepron |7 \Cnop )"
Gradient of a = 1 oY | 1 oY L 1 0¥ .
V¥ = — |e. — =z
scalar, ¥ { Fiay? or ]6.; +[W o ]e,, +(f}7 3 ]%
T (o 1 Jd(,d 1 d 0
Vi =V.(V)= KA PN 9(, 9
( ) 5(524‘772 af( af} 77(62+;72)877[ 877J
Laplacian operator ,
1 0
(&n )2 20°
T (T 1 J(,.d¥ 1 Jd( oY
VY=V (V¥)=——— —[5—}—» \ —(;7—}
Laplacian of a ¢ (52 +7 “) CI I (éz +7 2) o\ oy
scalar, ¥ 1 ¥
++_
(én)* 00°
‘I:eag[ljr(,:i%n ofa V*A =, use Equation 11.21.

For this coordinate system, we didn’t list all relations, since they are lengthy.
But readers can use the relations given in the next section, as they are appli-
cable to all orthogonal coordinate systems.

14.5 ORTHOGONAL CURVILINEAR COORDINATE
SYSTEMS

We use (x,,x,,x;) = (xl,xz,xg) symbols for presentation. Note that all com-
ponents listed in Table 14.5 are given as physical components. The functional
relations for coordinate variables vs. those of Cartesian ones are required for
calculating the values of quantities listed in Table 14.5.
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TABLE 14.5 Relations for quantities and their related derivatives in curvilinear orthogonal coordinate systems.

Coordinates s s
Xp,%,X3 ) = (2 ,x7,X

(orthogonal) (11,%5,%,) ( )

Basis vectors ¢, (,.2,,5,)

covariant 1T

Scale factors, h, (hy,hy,hy)

Unit vectors € (i),
physical components

(2(1),(2),8(3)) = (&, / hy.&, / hy,&, / hy)

Metric tensors, g;

and g’j

g =(g") = (W), gn=(%) =(h) g =(¢”) =(h,)", the

rest are null

Basis vectors ¢’

=1 =2 =3 ~ 11 = 922 — 33
(¢'.6%.2") = (6" eg™.0g")

contravariant

Jacobian J =hh,h,

Unit volume dV = Jdx,dx,dx,

Line element and ds = hydx,é (1) +hydx,é(2) |dS| =

magnitude + hydx,é(3) \/(hldxl )2 +(hydx, )2 +(hydx, )2

Vector components

A=A(1)e(1)+A(2)e(2)+A(3)e(3)

Christoffel symbols

(use Equations 10.20-10.25)

Dot-product
(two vectors)

Cross-product

é
Cros-prods LAG)B()-A0)BE)JC)
+[A(1)B(2)-A(2)B(1)]2(3)
= 1 9d _ 1 0 1 9 .
Gradient vector \ =h—l(.)x—le(1)+zax2 e(2)+h—3—3e(3)
Gradient of a ”\P:ia_\l"a ia_\P*2 La_‘I’aS
scalar, ¥ h, ox, ) h, ox, ¢(2) h, ox, ¢(3)

(continued)



100 ° TENSOR ANALYSIS FOR ENGINEERS

Gradient of a o7 o i=\5j _ [ 0A' I T
vector, A VA=(V,A)e/ =V, (A%G)e’ —[ = A"FA]) ¢/, see Example 15.13.
- - d(h,A(3)) d(h,A(2
VXA= 1 ( 3 ( ))_ ( 2 ( )) é(l)
hyh, ox, ox,
1 {9(hA(1) 9(hA(3))
. p + - e(2
Curl of a vector, A hh, { o, o, ¢(2)
o(h,A(2)) d(hA(1
+ 1 ( 2 ( ))_ ( 1 ()) 5(3)
hyh, ox ox,
Divergence of a V. 9 (h,hsA(1)) (h hsA(2)) + 9(hh,A(3))
vector, A h h h, ox, ox,
[a (hshsA(11)) (h hSA(21))+a(hlh2A(31))]
. o, o, 51
JAO2) 00 AR, A(22)h, _ A(33)
Wi v, Wi v by v i ov,
g o(h:SiA(12) 3(hA(22)) 0(hhuA(32)) |
Divergence of a + hyhsh, ox, ox, oxg ¢(2)
2™ rank tensor, 4 A(23) oh, s A(12) oh, ~ A(33) oh, _A(ll) oh,
ohy, ox, by, % hohy, o, Wk ox,
[ (kA (13) 9(mhsA(23)) (hihuA(33)) ]
N h, h 113 ox, ox, £(3)
31) oh, A 23) oh, A(11) b, A(22) dh,
hh o, hh o, hh ov, hh, ox,
VY=V (V¥)
Laplacian of a
scalar, ¥ 1 | 9 [hhy 0¥ +i Ihy ¥ +i hyhy 0¥
hihohy | ox | hy dx, | ox,| hy, 0x, | dxy| hy Ox,

(continued)
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VA=
o [ hy (9(hA) 9(hA;)
1i(VA)+ 1 8\3 hlh3 ax,z ax1 5
h, o, hhy| 3 ( h (3(hA) 3(A) V||
ox, | hh, ox, ox,
[ 9 (b, (3(hAy) (A
Laplacian of a o o | hh on o
vector, A + i J (V-A)+ 1 LU : ? é,
2 0%, Whs| 3 ( by (9(hsAy) 9(hyA,)
ox, | hyhy ox, ox,
K [ h (a(thg) a(thnD
_ . ox, | h,h ox, 0x
+ii(V~A)+l CUS Xy 3 2,
hy ox, hohi| 9 ( hy, (9(hA) 9(hA,)
i ox, | hhy| ox, ox,
1 0 |1 9d 9
V4 - — Y kl_ - y+
jw‘k&ﬂj&(kaﬂﬂ
V2
S { 10 (hhy @ H
iharmonic Tl 9x, | I ox,

operator, v

2

h

9 [hyh, 2
x| h, o,
h,

_ 1 +jivl

[ 1 3 (hh
o, | hhohy o, | h, on,

ox
+i hhy, 91 1 9 (hh, 9
oxy| hy oxy | hhshy dx;( hy o ox,

Modern engineering software tools provide facilities to include curvilin-
ear coordinate systems for computer modeling. For example, COMSOL
Multiphysics® has a curvilinear coordinate interface for defining object
orientation in an arbitrary system [12].






CHAPTER I S

WORKED-OUT EXAMPLES

15.1

In this section, we present several worked-out examples related to the topics
covered in the previous sections.

EXAMPLE: EINSTEIN SUMMATION CONVENTION

Write out the expanded expression in full detail for N =3 dimensions for,

O
A=dx' Léi —%e'j ]

Solution:
i
Summation applies on both indices i and j, hence A =dx' (Ei S e ]:
x
- L ox” _ . _ ox” on”? - o
dx'e, —dx' =’ =dx'e, + dx’e, + dx’e, —dx' | =] +——¢) +—¢] |-
ox ox ox x
o[ ox” o — o’ ox” I
d’| =€ + e, +—5e) |-d’| =] + =€, +—¢] |
ox ox ox ox ox ox
N e
Re-arranging the terms, we get Azdxl[e1 T e - —e, ———e, |+
ox ox

o - ax” — ax'Z - 6‘x'3 — 3 = ax” -7 &x,z - ax's -7
dx ez—axz el—ajc2 e, — o e, |+dx eg—ax3 e — o0 e2_8x3 ey |
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15.2

EXAMPLE: CONVERSION FROM VECTOR TO
INDEX NOTATIONS

Write out the following expressions written in vector form in index notation
and expand for 3D coordinates.

a. (V-A)

Solution:

a. (V-A) =AlAb=(Al+A2+A2)

b. A-(VFA)=A'A, J=A'A J+AA, [+ A°A; [=A"(A, [ +A,J+A )
+AT (A +A A D) HAY (A HA JHALY)

c. A.(v(v : A)) =AIAN = AIAN + APAY, + APAN = AT (A, + A%, +AY))

A (Ahl AL A, ) +A° (Ahl +A% +AY )
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AL

@),

(4*(V,
(A" (V,@)+A%(V,@)+A° (V, CI)))
(4'(

e. V(A (Vo))

A(V,@)+ 4% (V,0)+ A (V,0)) |
+(AL(V,@)+ 4% (V,@)+ A" (V,0)) ]
+HA(V,@)+ 43 (V,0)+ A" (V,0))
(Vo)

A(V, ) +A2(V q)) 3(qu)),i;
1|: +(V2(D),.1+(V3(D),ii|
+A2[(V ¢>) (V2¢)’?2+(V3<D),ﬂ
+A° [(V (I)) (Vz(b),i"_(vfiq)),i]

fOA(V(Ve))=al

))

]

15.3 EXAMPLE: OBLIQUE RECTILINEAR COORDINATE
SYSTEMS

Consider a 2D oblique/slanted coordinate system, x'in which the coordinate
axes are not at right angles. With reference to the Cartesian coordinate sys-
tem y', as shown in Figure 15.1, for a given vector A find:

Covariant and contravariant components; A, and Al

Covariant and contravariant basis vectors; ¢, and &' with sketch on the
coordinate system

c. Show that A=A'¢,=A¢' =A FE +A,E,; where E, and E, are
Cartesian unit vectors

d. Verify thate'-é ; 25; and sketch all basis vectors
e. Metric tensors

or scale factor, and &' / |é i‘

f.  Unit vectors ¢, / |éi A
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Acl

FIGURE 15.1 Oblique coordinate system x’ and Cartesian coordinate system y'.

Solution:

Assume axes x' and x* make angles a and S with Cartesian axis y', respec-
tively. Therefore, we can write the following functional relations between
the oblique and Cartesian systems:

— 2 . ,oorinversely y ) )
Yy~ =x sina +x”" sinf x* =csc(a —ﬁ)[y sina —y‘cosa]

{y] =x' cosa +1” cos 8 ' ==cse(a —ﬁ)[?/l sinf —y° 0055]

a. Covariant components of A are obtained by drawing perpendicular

dy’ !
lines to the coordinate axes. We have A, Z%ch, or A, :%Ad +
2 a 1 a 2
?)% ., =cosa A +sina A,,. Similarly, A, =%Ac1 +%AU2 =cosff A, +

sinA,,. The contravariant components of A are obtained by drawing

parallel lines to the coordinate axes. We have A’ :aL,A or A' =

ayj ¢’
axl axl
a;ylA01 +57A02 =—sinfiesc(a —f)A,, +cosfcsc(a —f)A,,. Similarly,
2 2
A? =%Ad +%A02 =sina csc(a —f)A,, —cosa csc(a —f)A,,. Note

that for the Cartesian system both covariant and contravariant compo-
nents are identical.
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dy’ -
b. The covariant basis vectors for oblique system are ¢, :%E i
Wi
dy' - Iy - - Ay -
or ¢ :a—ZlEl +%E2 =cosa E, +sina E,. Similarly, &, ZBT?{QEI +
%y E, =cosf E, +sin f E,. The contravariant basis vectors are &' —EE
el cosf E, +sinf E,. = oy
-1 axl T~ &xl T . b b
or ¢ =—E +——E,=-sinfcsc(a —f)E, +cosf csc(a —f)E,.
dy
2 2
Similarly, & =gx—]El +§%EQ =sina csc(a —f)E, —cosa csc(a — ) E,.
Y

Note that for the Cartesian system both covariant and contravariant

basis vectors are identical and are unit vectors, i.e. ‘El‘ =1.

A'e, = A'é, + A%, =[-sinf csc(a — B)A,, +cosf esc(a —f)A,,l[cosa E, +

sina E,]+[sina csc(a —B)A,, —cosa csc(a —f)A,,l[cos B E, +sinf E, .
After some manipulations and rearranging the terms, we find A'¢, =
A E +ALE, Similarly, Ag =A#" +A,6" =[cosa A, +sina A,]
[~sinf esc(a — ) E, +cosf esc(a —B)E,]+[cos A, +sinBA,,][sina
esc(a —B)E, —cosa csc(a —B)E,]. After some manipulations and
rearranging the terms, we find A’ = A, E, + A, E,.

Dot-product of covariant and contravariant basis vectors can

. ~ .9 __p - _ cosasina  sina cosa
now be written as ¢ -é"=¢é"-¢ = - =0 and
sin(a =f) sin(a —f)

sl g :_cosﬁsmﬁ +smﬂcosﬁ —0

sin(a —f) sin(a —p)

firm that ¢ L&* and &, L¢', as shown in Figure 15.2. Also, we can

These results con-

“1 and 2 _Ez_cosﬁsina B
= et =—

sin(a =f) sin(a —p) sin(a —f)

=1. These results verify that é' g =§;.

. . Ccosa sin sina cos
write e, el =— S b

sin f§ cosa

sin(a = f)
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é’l

FIGURE 15.2 Covariant and contravariant basis vectors in oblique coordinate systems.

e. The doubly covariant metric tensor g, =[ Lo }=

{ 1 cos(a —f)

. We can calculate doubly contravariant metric
cos(a —f) 1

tensor by inverting the g, or using gl =

1 —cos(a —f)
—cos(a —f3) 1

orthogonal system, since off-diagonal elements of metric tensors are not

equal to zero for all values of angles a and f with the condition that

2}20502(01 -p)

}. These results confirm that x’ is a non-

(@ —p)=(2k+ 1)% where, k is an integer.

. . . € - . =
f.  Unit vectors along the covariant basis vectors are; —~= cosa E, +sina E,

é|
and -2 = cos PE, +sin B E,. The unit vectors along the contravariant basis
|ez |
=1 =1 =2
é é é
vectors are; —=——=—sinf E, +cosfE, and —=—u—=

Nl

sina E, —cosa E,.
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EXAMPLE: QUANTITIES RELATED TO PARABOLIC
COORDINATE SYSTEM

Consider a parabolic coordinate system (xl,x2,x3 ) =(&.n,0) given in terms
of Cartesian (yl,yz,ys ) =(X,Y,Z), as shown in Figure 15.3. The functional

relations are

K o
L s e e
[ [ it

FIGURE 15.3 Parabolic coordinate system.

X =¢&n cosf
Y=¢Epsinf . Find the basis vectors €, €,, €, for the parabolic coordi-
Z=(&-n%)/2

nate system in terms of the Cartesian unit vectors. Also find the scale factors,
unit vectors, metric tensors (covariant and contravariant), Jacobian, volume

element, and Christoffel symbols of the 2" kind.

Solution: '
j

The covariant basis vector (éé .6,,€ ) reads, using é, = WE y
é: =n cosOE, +n sin0E, +¢E,
é,=¢ cosOE, +¢ sin0E, - E,
¢, =—¢n sinOE, +E&n cosOE,
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The scale factors are h, =|éé|= Er 47, h, =|E,7|=\/fz+172, and h, =&n.

The unit vectors are, using é(k)=¢, / h,,

[\

(€)=(7700591731+17 sin6E2+§E3)/ yy?
( )=(fcos@E1+fsin9E2 —nEB)/W

n
(0)=—sin0E, +cosOE,

M

M

Covariant metric tensor reads, using g, =¢, €,
E+p? 0 0
gi=| O E2 4’ 0 | Therefore, the parabolic coordinate sys-
0 0 (&)

tem is an orthogonal one, since metric tensor is a diagonal matrix with
null off-diagonal elements. The contravariant metric tensor is the inverse

(e +n2)" 0 0
of the covariant one, or gij = (gij )71 = 0 (52 +7 2)_1 0
0 0 ()"

Jacobian is the square root of the determinant of &;, or the product of all scale

factors, J = ‘gy‘ =&y (fz +7 2). The volume element is dV = Jdédnd6 =

mk a ) a .
én (52 +n° )dédnd@ - We use Equation 10.20, or T} :7{%+%—%}

11 o
to calculate the Christoffel symbols. Therefore, T, =g—[abA} __©

2 | o9& E vt

11 o 22
F}zzg— Q :—9’7 3> F}? :O, Flzl :g— _agu = - 2’7 >
2 | on E5+ny 2 on Eo 4y

2oy , 3 oy 1
]"i:g?[ gzz}z é FISZF%:F%:O, I :g_{ﬁ}zg>
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1"1 _i__ agzz — é r] O 1—*1 _i _ag33 _ 5”2
22 - B) 9 23 7 Y 33 T - B 9
21 9 E7+p 2 o& &7 +p
e _i_agﬂ __n 2 -0 e _ﬁ _agss _ né&?
22— T 22 2> 23 > 33 - 2 22
2 | Jn &% +ny 2 on &% +ny
3T
0 .
1—532% %}:l 2, =0. In matrix form, we have
L an
¢ " 0
. . é2+ 2 524_
Féc’ an Fgﬂ 7] ’7
I sl 9
I = F;fi F;ﬁ FI?H - éz_i_nz fz+7/2 0
L To, T i
0 0 -
i &+
_n ¢ 0
rorom] | < S
& & ¢
¢ n
I = FZ: 1—:;’1 1—779 = éz +’72 éz +7 0
oe To T s
ne
0 0 - 5
L ¢+
0 0 %
0 0
Féi rév rg(/ 1
0 _| o0 0 _
"= rﬂé Ffm r(;@ =10 0 77
| A VA
1 1
- — 0
K/
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15.5 EXAMPLE: QUANTITIES RELATED TO BI-POLAR
COORDINATE SYSTEMS

Consider a bi-polar coordinate system (xl,xz,xg)z(f,;y,z) given in terms

of Cartesian (yl,yz,y3 ) =(X,Y,Z), as shown in Figure 15.4. The functional

relations are

asinhy
coshy —cosé
asin - . -
Y= < . Find the basis vectors ¢é,, é,, €, for the
coshy —cosé
Z=z

bi-polar coordinate system in terms of the Cartesian unit vectors. Also find
the scale factors, unit vectors, metric tensors (covariant and contravariant),
Jacobian, volume element, and Christoffel symbols of the 2" kind.

Y Axis

3
T

X Axis

FIGURE 15.4 Bipolar coordinates: £ and # iso-surfaces (Foci are located at (=1, 0) and (1, 0)".

! (https://commons.wikimedia.org/wiki/File:Bipolar_isosurfaces.png)



Solution:

The covariant basis vector (é'f .6, ,éz) reads, using ¢, =

a
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dy’ -
o

—asinhy siné B

o (coshy —cosé )’

_ _a(l-coshy cosf)E

(coshny cos& —1) 7

2

(coshy —cosé )’

asinhyz sin¢

(coshy —cosé )’

E;

e =

z

(coshy —cosé )’

a
The scale factors, after simplification, are h. =|¢.|=——— ], =z |=
P : | é| coshy —cosé h, |e”|
¢ , and h_ =1. The unit vectors are, using é(k)=¢, / h,,
coshy —cosé :
6(¢)= —sinh#z siné B+ coshy cosé _IEO
coshy —cosé coshy —cosé  ~
a(n)= 1—coshy cos€ = sinhy sing B
coshy —cos& coshy —cosé
e (z) = E3
The covariant metric tensor reads, using g; = € e It
_ , )
¢ _ 0 0
(coshy —cos&)
2
gy = 0 a > 0. Therefore, the parabolic
‘ (coshy —cos&)
0 0 1

coordinate system is an orthogonal one, since metric tensor is a diagonal
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matrix  with null
ant metric tensor is
(coshy —cosé )’
d2
ij -1
¢'=(g) = 0
0

off-diagonal

the inverse

0

(coshy —cosé )’

2
a

0

elements. The  contravari-
of the covariant one, or
0
0. Jacobian is the
1

square root of the determinant of g, or the product of all scale factors,

2
a

J=\/@=(

2
a

(coshn —cos&)

coshn —cos¢)

symbols can be calculated as

T
=T,
I
I
=T,
I

Fa

4
Fén

9
r'm

T

2.

=

3

ri.
l—*i

nz

n

233

n

. The volume element is dV =JdEdydo =

s-d¢ dy dz. Similarly, as given in Example 15.5, the Christoffel

siné sinhy 0
cos¢é —coshy  cosé —coshy

_ sinhy —siné 0
cosé —coshy  cosé —coshy

0 0 0

—sinhzy siné O_

cosé —coshy  cosé —coshy

_ siné sinhy 0
cos¢é —coshy  cosé —coshy

0 0 0
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15.6 EXAMPLE: APPLICATION OF CONTRAVARIANT
METRIC TENSORS
Using the property of contravariant metric tensors, show that the following
relation holds, g”elkAfB" =¢ ”AA B,.
Solution:
Knowing that metric tensors replace repeated indices with the
free index while raising (contravariant metric tensor) or lowering
(covariant metric tensor) them. We can write the expression in
the L.H.S of the above relation as, g"lsyk A'B* =5]kajBk. But we
can write A’ =g”A_and B‘=g"B, . substituting, gives g'e,A'B=
gll\gﬂl kmB _ gzkg]n gkmA”Bm _gmgkm Aan — gmmAan, (].fter Changing
dummy mdices, ie. n—j and m—k, we get E™AB, —Sl’kA B,.
Therefore, the given relation holds.

15.7 EXAMPLE: DOT AND CROSS PRODUCTS IN

CYLINDRICAL AND SPHERICAL COORDINATES

Given that A(i) and B(i) are the physical components of vectors A and B,
respectively, write down the expressions for physical components of the
cross-product, AxB, and dot- product A - B in terms of A (i) and B(i), for the
following coordinate systems (assume a 3D space, N =3 ):

a. Cylindrical polar (xl a8 ) =(r,0,z)
b. Spherical polar (961,x2,9c3 ) =(r,p.,0)

Solution:

The dot-product and cross-product relations are A-B=A'B, C' =£%A By
(contravariant component). We use the relations between covariant/
contravariant and physical components, or A, =h,A(i) and A' = A(i)/h,.

a. For cylindrical coordinates, we have the scale factors as
(hy,hy,hy)=(1,r,1) and the Jacobian is J =r (see Section 11.6.1). We
can write B, =h,B(1)=B(1), B, =h,B(2)=rA(2), B, =h,B(3)=B(3).
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Al

Similarly, A'= =A(1), A2 :h—:;’ A’ ="—"—L=A(3).

1
Therefore, the dot-product reads
A-B=A'B,=A'B, +A’B, + A’B,= A(1)B(1)+ A(2)B(2) + A(3)B(3),
a scalar quantity. The physical component of the cross-product
is C(i)=hC' =hi€‘7kAjBk, no-summation on index i. Expanding

the  expression  gives C(1)=h,C' :h]glkajBk zel7jkA].B,< =
l[th(z)hSB(S)— (2)]=A(2)B(3)-A(3)B(2). and C(2)
-

h,C*=r&A B, =r j —LAB, [hB 3)h,B(1)-h,A(1)h,B(3)]=
A(3)B(1)-A(1)B(3), and C(3)=h,C®=h,E"AB, =e"’7f"AjBk =
%[hlA(nhQ (2)~h,A(2)1,B(1)]= A(1)B(2)- A(2) B(1).

b. For spherical coordinates, we have the scale factors as (h,,h,.h;)=
(1,r,rsing ) and the Jacobian is J =r? sing, see section 11.6.1. We can
write B, =hB(1)=B(1), B,=h,B(2)=rA(2), B,=h,B(3)=B(3).

AN _ ), a=2@)_AQ) - _AB)_ ()

h, h, r h,

Therefore, the dot-product reads

Similarly, Al =

A-B=A'B,=A'B,+A’B, + A’B, = A(1)B(1)+ A(2) B(2)+ A(3) B(3),
a scalar quantity.

The physical component of the cross-product is C (i) =h,C' =h,E" A B,
no-summation on index i. Expanding the expression gives C(1)=h,C' =

hE"A B, = }’" AB, = [h A(2)h,B(3)—h,A(3)h,B(2)]=

1"
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€3 jk

A(2)B(3)-A(3)B(2), and C(2)=h,C*=rEA B, =1’7AjBk =
[1,A(3)1,B(1)=h,A(1)h,B(3)]=A(3)B(1)-A(1)B(3), and C(3)=
hyC® =h,E*" A B, =rsing 69’7"’“AJ.Bk =%[h]A(l)th(Z)—th(2)h1B(1):| =

A(1)B(2)-A(2)B(1).

15.8 EXAMPLE: RELATION BETWEEN JACOBIAN AND
METRIC TENSOR DETERMINANTS

Show that determinant g of metric tensor g ;1 equal to the square of Jacobian
J, in a coordinate system, when measured against Cartesian system.

Solution:

Let’s consider two arbitrary system x' and x”. We can write the metric ten-

k axl
sor transformation as g, = 7 9T g, since it is a doubly covariant tensor.
ox* || o’ ox*
Taking determinant of the both sides gives ‘g; ‘= — = g,d|. But |—-
ox™|[ox™ ox”'
I
X . . . ’, 2 -
or F¥l is the Jacobian of transformation, hence ‘gij ‘ZJ |gk,|. Rewriting

the expression and using |gk1| =g and ‘g;‘ = g', we get g' = jzg, or J = \/g.
' g

Now if the original x' system is the Cartesian system, then g, ... =1 and

we get ¢'= 7",
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15.9 EXAMPLE: DETERMINANT OF METRIC TENSORS
USING DISPLACEMENT VECTORS

For an arbitrary coordinate system x' =(£,n,¢) the magnitude of displace-
ment vector is given by ds® =5dE* +3dy* +7dE* —4dEdy —8dEAE +2dy dC .
Find ¢ and ¢’ (i.e., the determinant of covariant metric tensor and the
contravariant metric tensor).

Solution:

We have ds® :gydxidxj) expanding for the given coordinate system and
using g, = g, gives ds® = g,,d&™ + gy, dy * + gy, dl * +2g,dE dyp +2g,,dEd( +
2g,,dn dl . Therefore, after comparison we get g, =5, g,, =3, g, =7,

g, =-2, g, =—4, and g,; =1. The matrix form of covariant metric tensor

5 -2 —4
is g;=|-2 3 1| Determinant of g§i=g=5(21—1)+2(—14+4)—
—4 1 7

4(-2+12)=40. Note that the given system is not orthogonal, since off-

diagonal elements of g, are not zero. For contravariant metric tensor, we find

(11 1]
5 -2 —4 5 -2 —4| i 145 g

the inverse ofgijz -2 3 1]|,or g':" =[-2 3 1 = 7 0 wl
-4 1 7 —4 1 7 l i E
14 40 40

C, cofactor of g,

This is calculated using the formula g’ =—-= , for
g determinanteof g,
‘3 1‘ ‘ 5 —2‘
1 7 21-1 1 I R T
example; g”=&=—=—=—, g%:%: = 5+8=i,
40 40 40 2" 40 40 40 40

etc.
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15.10 EXAMPLE: DETERMINANT OF A 4 X 4 MATRIX USING

PERMUTATION SYMBOLS

15.11

5 8 15 21
4 10 13 11
Calculate determinant of matrix M = , using Equation 9.13.
3 6 9 12
2 4 7 1

Solution:

We expand based on row, hence |M|=¢,, M M, ;M M,,. Expanding we get

i

=3

|M| = e]2’34M M M M + 8124’3M11M22M M T e ‘342M 1M23M34M42 +
61324M11M23M32M44 + 61423M11M24M32M43 + 6143"M11M24M33M42 +
60134M12M91M33M44 + 82143M12M21M34M43 + 62341M1 M23M34M41 +
eZ‘SHM M23M31M44 + e241(§M1 M24M31M4’3 + 624'3]M M24M33M41 +
63124M13M21M32M44 + 63149M13M21M34M42 + 63241M13M22M34M41 +
€ 32 14M13M22M3 1M44 + € 34 12M13M24M3 1M42 + 63421M13M24M32M41 +
ey MM MM, + e MMMM, + e, MMMM,, +
eMMMM + MMMM + e,.,,M, M, M_M

4213 4319 4321 1477723 3277741°
Substltutmg for the values of the matrix elements and the permutation

symbols (i.e., +1 for even and —1 for odd number of interchanges for
indices), we get |M | =18. Note that the number of terms out of expansion is
equal to 4! =4x3x2=24, or in general N! for an N x N matrix.

EXAMPLE: TIME DERIVATIVES OF THE JACOBIAN

Show that the time derivative of the Jacobian reads ia—j =V .V, where V

is the velocity vector. J ot

Solution:
Considering the transformation from coordinate system x' to that of x”,
we can write the Jacobian as the determinant of the transformation, using
ot Ox' 0 o’
a’F o’ o’
a_jzg,m,{ (ax 1o o o' (a& 12 ' o i[@ﬂ
o '

o o )(w o ot o | o )en" o’ o o’ | ot

Equation 4.4, or J =¢ . Taking the time derivative, we have
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1 2 3
But we can write % =V, — ox =V? &— =V? i.e., contravariant components
ot ot ot
o' ox' o’ 07
" ol n” ot
ot OV' Ox' 0x® oxd ox® ox? +8x1 o’/ 9V* ox' ox® o’ +8x1 ox’ ox® ox' oV’ o’ |

ox' o’ o’ o™ ox” ox”  oxd ™™ dx' o™ o’ o’  oxd o ox' o™ o’ o

#0;i=1 & j=2 &p=3 #0; j=1 &i=2 &p=3 #0; j=1 &i=2 &p=3

of velocity vector. Hence, using chain-rule or

Therefore, after rearranging the terms, in each group, we get
AT _oV'( Lo o ) avi( o ad o) avi( Lot o o
ot ox' o o™ ot o’ o o™ ot ox® o o™ o |

But the terms in each bracket is the Jacobian, and hence we

1 2 3 i \]
get a_j j(av v +aV. J=\7{%[jalj =JV -V, which yields

ot ' ot o’ o'
ﬁ‘—l
AT
19 = = ) )
?5 =V.V. For divergence of a vector see Equation 11.12.

15.12 EXAMPLE: COVARIANT DERIVATIVES OF A
CONSTANT VECTOR

Show that for a constant vector C, the covariant derivative C '] is not
necessarily zero. Find the expression for its derivative.

Solution:

We have C =C'¢; writing its covariant derivative, we get %(C"Ei)éj. The
e

covariant component then reads as i(C”) (SC )1+Cl ) (éi)=

ox’ o’ o’
oC ¢, +C' F’ a£+C l“l . Now, since C is a constant, the first
ol T ox’
cl

term in the bracket vanishes but the second term does not. Therefore, we
get C', =C'T},.
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15.13 EXAMPLE: COVARIANT DERIVATIVES OF PHYSICAL
COMPONENTS OF A VECTOR

For the vector A=A'¢, = A(i)é (i), write down the expression for A(i)
Use tlle covariant derivative of the vector A in terms its physical components,
or VA=V (A(i)e(i))=e (i) A() .

Solution:

The covariant derivative, in terms of contravariant component of the
0A'
axf

components A' = A(i)/ h, and covariantbasis vector ¢, = h,é (i), we get V ].A =

A(i)J
|
h" A(k)l—u‘

+

vector is V ].A =V, (A’Ei ) z( + ATy, }Ei. Substituting for contravariant

o[ 2A@) _A@a,) g
, h}e(z)—[ o +ZA(k)l“ije(l).

ox h, YT :
N _9(A®) _A()a(h)  h, f 4 _AQ)
Therefore, A(z)’j = PR s +HA(k)ij =V],A(z)—Tthi +
Z—iA(k)l"zj. Note that the Christoffel symbol could be written in terms of
k

physical components/ Unit vectors, i.e., T'y; could be written in terms of é (i),

designated by f’;\} (see Example 10.4.1).

15.14 EXAMPLE: CONTINUITY EQUATIONS IN SEVERAL
COORDINATE SYSTEMS

The continuity for a fluid with density p and velocity V' is given as

a_p + ii,(jp A4 ) = 0. Write this equation in tensor notation for N =3, and
ot J ox'

express the continuity equation in

a. Cartesian coordinates (x,y,z) with velocity physical components given as

V=(V,.V,.V.).
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b. Cylindrical coordinates (r,0,z) with velocity physical components given
as V=(V.V, V).

c. Spherical coordinates (r,¢ 0 ) with velocity physical components given as

V:(Vr,Vq},Vg).
Solution:
Summation on i gives, %+%[%<JPVI ) + 8?2 (jpvz ) +aa?(JpV3 )} =0.

a. Jacobian for a Cartesian system is unity and physical and contravariant
components are identical, hence the continuity equation reads,

dp | 0 0 0

—+|—(pV.)+—(pV, |+—(pV.)|=0.

P {ax(p ) ay(p )+ N)}

b. Jacobian for cylindrical systems is J=r and V'=V, V*=V, /r,
V?=V_.. Hence, the continuity reads, after some manipulations,
Lo a0

V)+——(pV,)+—(pV.)=0.
at rar(rp r)+rag(/0 H)+az(p :)

c. Jacobian for spherical systems is J =r’sing and V' =V, V? =V, /r,

V=V, / (rsing ). Hence, the continuity reads, after some manipulations,

%—/:+ = slin(p [i(rQ sin(per)+i(rsin(ppV¢ )+i(rpV,, )} =0.

or 99 0

15.15S EXAMPLE: 4D SPHERICAL COORDINATE SYSTEMS

A 4D spherical system «x'=(ry,0,p) with two polar angles y
and 6 range from 0 to 7 and azimuth angle ¢ from 0 to 2nx,
is related to the 4D Cartesian coordinates y' = (x,y,z,w) as

x =rsiny sinf cosg
y =rsiny sind sing
z=rsiny cosf

w=rcosy
a. Find the Jacobian for the spherical system and volume of a 4D sphere in
this coordinate system.

b. Find the expression for the Laplacian of a scalar in the spherical coordi-
nates and write out it in detail.
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Solution:
g o o
or Jdy d0 Jdg
dy dy Jdy 9y
| _O(xyzw) |ar 0 dp|_
1. Jacobian reads j_a(r,t//ﬁ,(/)) =13 o % & =
or dwy d0 dp
ow Jw Jw Jw|
or Jdy df Jdg

siny sinf cosp  rcosy sinf cosp  rsiny sinf cosp  —rsiny sinf sing
siny sinf sing  rcosy sinf sing  rsiny cosf sing  rsiny sind cosg
siny cost rcosy cost —rsiny sinf 0 B
cosy —rsiny 0 0

3 2 .
—r” sin“y sinf.

The differential volume is dV=Jdrdyd0dp, with 0<60 &y <=z
and 0<¢ <27. Volume is then a quadruplet integral of dV, or

Vz]i(—rs)Tsinﬁy(ﬁ//}sinﬁdﬁzjzdgo an“Tl_COSQ@ :n2R4 .
0 0 0 0 0 2 2

2. The expression for the Laplacian of scalar S reads V*S = %Vi (jgijVjS )

This coordinate system is orthogonal, since g; =0 for i # j. For example
g, =€, - &, =rsiny cosy sin’ 0 cos® 0 —rsiny cosy sin> 0 sin’ ¢ + rsiny cosy
1 .
—=h}. For calculating

l

cos’0 —rsiny cosy =0. Therefore, g, =

g, =€, -¢,, need the covariant basis vectors, or

é, =siny sin0 cosgolﬁf?l + siny sinf singoE2 + siny cos@E3 +cosy E,
8, = rcosy sinf cosp E, + rcosy sin@ sing E, +rcosy cosO E, —rsiny E,
é, =rsiny cosl cosqu1 + rsiny cosf singoE2 —rsiny sinHE3

é, =—rsiny sind sing E, + rsiny sind cosp E,
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which vyields, g, =1, g, =r" g,=r" sinzt//, g, =r sian// sin”0. Now,
2 1 ij 2 1 i 11 22
V8=—V,(Je'V .S)=VS==V, (Jg"V,S Jg V,S)+ Jo=V,S)+
7V (FVS) 7V (EVS)= .7 Vi (ViS)+ J V. (VS

J

%VS (JgBSVBS) +%V4 (Jg44V4S). Each term reads, after substitution

)
_Vl(Jg”VIS) _—1 0 [—r sin l//smga_s)_éa_s_,_a_s

r®sin’y sinf or or ) ror or

: -1 ) 5 L 0S
V. 2V S) = e B inp 2>
2<‘7g ? ) r’ sin®y sinf) al//( A oy ]

_V3 (ngSVBS) _

-1 0 [—rg sin*y sinf 9S j

r’ sin®y sinf 90 r’sin®y 90

2
= 19 [cot@a—s+88]

-1 J —r®sin*y sinf a5
r*sin*y sin®0 dp

4
7 (jg4 V4S) s sin®y sin dp

_ 1 9°S
r?siny sin*6 dp®

2 2 9
Hence, VZS_SaS+a +L[cotwa—s+88]+ 5 19 (cotea—s+a_5]+

ror ort 1’ dy  dy’ | r’sin‘y 20 90>

1 9”S
r?siny sin®0 dp®
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15.16 EXAMPLE: COMPLEX DOUBLE DOT-CROSS
PRODUCT EXPRESSIONS

X X
~m
The expression ZA ZA is given. The notations mean that the two gradient
X X

vectors (marked by X) are cross product to each other as well as the two
vectors A, then the resulted vectors of the cross-product operations are
dotted. Write the expression in tensor notation and simplify the result.

Solution:

The two cross-product results are dotted; hence we require the contravariant
component of the cross-product of the gradlents and the covariant
component of the cross-product of the vectors A. Therefore, we can write

llt:z

x {<ll

A 2 A =¢ Uk( A A'") K Expanding the resulted expression yields,

m

ey, (A'AY) =0/0, (A'A}) —ojor(A'AT) =(A'A)) —(a"AL) .

X X
o
Performing the covariant derivative operations gives VA VA=A'A"+
- T
X X

A'A ’kkl—A’ij 1—AFA ]]] =A"A kk—Ak]AJL The first term of the result can be
k—l, j—k 5
written in vector notation as Af[Aiz(V-A) . Therefore, we finally have
X

iA EA = (VA)Z —Af‘.A ’L Using the method given in this example, apply
it to

the following expressions:

p
< }x

zlnz m

AVA=o" (6,44, ") =010 (A4 ") -0J01(A',") =(4lA") -

-J Y/

(AkAk’;f) =AA N+ AVA F-ANA, - AMA ] In vector notation, the

2]

=(V-A) +A:(V(V-4))-

b o

X
X
resulted expression can be written as V A v
[
X X

ARA T-A. (VZA).
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m m

b V%A%— e (A"A 5/0k —515) '_(AFA)
) Y —¢é 'lm( )j ( B )( k)/-_( k),.j_

(474,)" =V2A% -2 (V(V-A))-A744,

>t

Note that vector-type notation is not sufficient to express some of the terms
in these expressions—another reason to use index/tensor notation for its

generality.

15.17 EXAMPLE: COVARIANT DERIVATIVES OF
METRIC TENSORS

Show that the derivative of metric tensors (i.e., g, and g 7) is equal to zero.

Solution:

Since metric tensor is a constant in the Cartesian coordinate system,
hence its derivative is null and will be the same for any coordinate system.

d
To show this, we use Equation 10.14, or (gy) af" i &y g, Now

using Equation 10.19 we can expand the last two terms on the R.H.S, or
do.. dg. 0dg,. , J dgo..
( Z,,) =iZ—l iZ+ik,j—aik7 —l ﬁ ag’“—ik.] . The terms on
7k o ox"  ox' o’ P . A I
the R.H.S cancel out and the expression is equal to zero, hence (gl]) = 0,
and similarly ( gij ) = 0. '



CHAPTER

EXERCISES

1. Write out the following expression in full detail for N =3 dimensions
using Einstein summation convention:

a. A=A"¢,
b. A-B=A'B/g,
1 9 i oy
C. VZ = j Ué
v jaxl( & ax])
e. d(h A(k
d. c(i)zhii(k—())
J ox’
)
e. Al =2 r AP T AP -
3 ax?l

2. Byrotating bipolar coordinates about X-axis (the axis where foci are located
on) we obtain the bi-spherical coordinate system, (xl,xz,xS) =(¢n,0)

_asin cosp

coshy —cos&
given in terms of Cartesian (yl 4y ) =(X,Y,Z),as1Y = _asincsing .
coshy —cosé
7= asinhy
coshy —cosé

Find the basis vectors é,, ¢,, é, for the bi-spherical coordinate system
in terms of the Cartesian unit vectors. Also find the scale factors, unit
vectors, metric tensors (covariant and contravariant), Jacobian, volume
element, and Christoffel symbols of the 1* kind.



128 ° TENSOR ANALYSIS FOR ENGINEERS

By rotating bipolar coordinates about Y -axis (the axis perpendicular
to the line connecting the foci) we obtain a toroidal coordinate system,
(xl ,xz,xS) =(&n,p) given in terms of Cartesian (yl 0y ) =(X,Y,Z),

_ asinhy cosgp

coshy —cosé

asinhyz sin I, .
as 1y = LW SMP g d the basis vectors é,, é,, é, for the toroidal
coshy —cosé

asiné

~ coshy —cosé

coordinate system in terms of the Cartesian unit vectors. Also find the
scale factors, unit vectors, metric tensors (covariant and contravariant),
Jacobian, volume element, and Christoffel symbols of the 2" kind.

Having displacement vector #=y'E, defined in Cartesian coordinate
systemy', express 7 in terms of the contravariant and physical components
in cylindrical, spherical, bi-polar, bi-spherical, and toroidal coordinate
systems. Use the definitions of these systems as given in previous
examples and exercises.

Show that for an orthogonal coordinate system the relationg,, =1/ g" =h;
holds, i.e., the diagonal elements of covariant and contravariant metric
tensors. Note, no sum on index i.

FIGURE 16.1 Bi-spherical coordinate system’. FIGURE 16.2 Toroidal coordinate system?.

! <GNU Free Documentation License>

2

<GNU Free Documentation License>
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For an orthogonal coordinate system, show that the following relations
holds for Christoffel symbols of the 2" kind (all indices are set to be
different):

.~ hoh,  10h, 1 oh,
=01/ =—Tt20% 1 =— L]

Rox U hod " h
Find the relations for Christoffel symbols of the 1% kind for cylindrical

and spherical coordinate systems. Use results from the example given in
Section 10.4.1.

i

Show that covariant differentiation obeys the same rule as does ordinary
differentiation, when operating on products, e.g., (A’Bj ) =A'B'+A'B’.
Kok :

B

Write down the expression for the covariant derivative of a tensor of rank
five, A/, using hints from Section 10.14.

Show that metric tensors behave like a constant under a covariant
=Ajgyand (Ag") =A,g"

differentiation operation, i.e., (A"gl.j) .

&
Show that the recursive relation for the curl of a vector A reads
A(n)=-V?A(n-2), for n>2.where n is the number of curl operations
and A(n)=VxVx---xVxA (note, A(0)=A).

n times
Using the recursive relation for the curl of a vector given in Exercise 11,

show that the recursive relation for the biharmonic operator reads
A(n)=V*'A(n-4), for n>4.

Using the results of Exercises 11 and 12, show that the recursive
relations for higher order operator V¥ reads A(2n+1)=(-1)"V*"A(1)
and A(2n)=-V*"?A(2).

For the 4D spherical coordinate system from Example 15.15, calculate
the Christoffel symbols:

ror,orn,orn] [momomor,
= F;w F;O eruo v = Ft/;w IWW Fyujw
F:?H Fg(p Fgﬁ Fg(p

r, e e e TV
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1S5.

16.

17.

T
0 0 0
1—~0 — Fl//'// Flgfl Fv;w v = Fu(iu/ Fiﬁ qujw .
Log Fow e T FZ(,)
6
r,, FZ«)

Show that the following expressions simplify as given (see Example 15.16):

a. VAVA =4, AN+ A-(VA)-4, A= A-(V(V-4))

(9-2)(v°0)-3(7(v'0)

Write the below expressions in index notation:

Show that the following relations holds:

i i i

5/ ém 571

ijk —|SJ J J

a. & 8lnm - 51 5)11 5:1
k k k

5! 5"1 511

ijk —SiSk_s5isk
b' e gimn _5111571 5ném

ik, _ o5k
c. ¢, =2,

ik,
d. ¢”¢, =6
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20.

21.

22.
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Using Equation 9.13, write the determinant for a 5x5 matrix.

Use Equation 13.19 to find physical components of the convective time
derivative of a velocity vector, and express the results for (3D) (hint: see
Example 15.14):

a. Cartesian coordinates
b. Cylindrical coordinates
c. Spherical coordinates

Show that the non-zero Christoffel symbols of the 1 kind for cylindrical
and spherical coordinates read:

a. Cylindrical coordinates: T',, =r and Ty, , =~r. .
b. Spherical coordinates: T, , =—r, T, =—rsin*p, T, = —%sin2¢,

r,,=randl,, =rsin’¢, | ] Z%siHZgo

Using cross-product expression for two vectors, show that (J is the
Jacobian):

1
_ mnl
a. g -5 8 gmignjglk

VA

2 1 ijk omn,
b' ‘-7~ =g£ﬂ\€ lgmignjgkl

Calculate the single equivalent rotation angle and rotation axis for
transforming Cartesian system (y,.y,.y5) to (y],y5.y5) such that y;
coincides with y,, i, coincides with y,, and vy coincides with y,.

Find the rotation matrix for transforming (y,,ys,.ys ):
a. Rotate about (0,0,1) for 45°

b. Then, rotate about (1,0,0) for 60°

Then, rotate about (0,1,0) for 75°

o

o

Find the final rotation matrix and equivalent rotation angle

e. Find equivalent axis of rotation
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A

acceleration vector
contravariant components of, 76-78
physical components in, 78-79

cylindrical coordinate systems, 81-82

orthogonal systems, 79-82

spherical coordinate systems, 8§1-82

substantial time derivation, 84-85
arbitrary coordinate systems, 4, 31

B

basis vectors, 57
biharmonic operations on tensors, 58-59

C

Cartesian coordinate system, 3—4, 89-91
equivalent single rotation to sequential
rotations of, 70-73
fluid in motion, 83
Cartesian tensors, 6566
equivalent single rotation, 67-73
rotation matrix, 67
characteristic equation, 70
Christoffel symbols, 52, 58, 59, 77-80
of 2" kind, 35-39
for cylindrical coordinates,
44-46
for 2D polar coordinate system, 38
relations and properties, 41-44
for spherical coordinates, 4649
of 1* kind, relations and properties,
41-44
component notation, 2
connection coefficients, 37

conservation equations, coordinate independent
forms, 85-87
contravariant components, 31, 33
of acceleration vector, 76-78
of curl, 52
and transformations, 9-12
contravariant derivatives of vectors, 39—40
contravariant metric tensor, 22
contravariant permutation tensors, 32
coordinate systems
Cartesian, 89-91
cylindrical, 91-93
definition, 3—4
orthogonal curvilinear, 98-101
parabolic, 96-98
spherical, 93-96
covariant components, and transformations,
13-14
covariant derivatives
of mixed tensor, 40
of vectors, Christoffel symbols of the
21 kind, 35-39
covariant/contravariant basis vectors, 22
covariant permutation tensors, 32
cross-product, 29-33, 53
curl operations on tensors, 51-54
cylindrical coordinate systems, 3, 91-93
acceleration vector physical components in,
81-82
Christoffel symbols for, 44-46
example, 23-25
metric tensor, 23-25
physical components of Laplacian of a vector
in, 60-61
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D

determinant of a 4 x 4 matrix using permutation
symbols, 34

divergence operation on tensors, 55-57

dot-product, 29-33, 57. See also cross-product

E

eigenvalues and eigenvectors, 67-73
Einstein summation convention, 2
equivalent single rotation, 67-73
exercises, 127-131

F
first principal scalar invariant, 70
G

Gauss divergence theorem, 85

index notation, 2
invariant, 6

L

Lagrange multiplier method, 69
Laplacian of a vector, physical components of,
59-60
cylindrical systems, 60—61
spherical systems, 61-63
Laplacian operations on tensors, 57-58
Levi Civita symbol, 30

M

metric tensor, 18-22
cylindrical coordinate systems, 23-25
spherical coordinate systems, 25-27
mixed tensor, 18
covariant derivatives of, 40

N
Newton’s 2" law, 74, 7678, 87
(0]

orthogonal Cartesian system, 3, 30
orthogonal coordinate systems, 33
acceleration vector physical components in,
79-82
curvilinear, 98-101

P

parabolic coordinate systems, 96-98
permutation symbols, determinant of a 4 x 4
matrix using, 34
physical components
of acceleration vector in, 78-79
cylindrical coordinate systems, 81-82
orthogonal systems, 79-82
spherical coordinate systems, 81-82
substantial time derivation, 84-85
curl of tensors-3D orthogonal systems, 54-55
of Laplacian of a vector
cylindrical systems, 60-61
spherical systems, 61-63
and transformations, 15-16
Pythagorean theorem, 6, 18, 19

R

right-hand-rule convention, 67, 72
Rodrigues’ rotation formula, 67
rotation matrix, 67

calculating, 72

S

scale factor, 7
second principal scalar invariant, 70
spherical coordinate systems, 3, 93-96
acceleration vector physical components in,
81-82
for Christoffel symbols, 4649
example, 25-27
metric tensor, 25-27
physical components of Laplacian of a vector
in, 61-63
substantial time derivatives of tensors, 82-85

T

third principal scalar invariant, 70
total/convective time derivative, 82
transformation coefficient, 10, 11
transformations, 15-16
contravariant components and, 9-12
covariant components and, 13-14
physical components and, 15-16

U

unit vector, 6, 7
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worked-out examples

application of contravariant metric
tensors, 115

complex double dot-cross product
expressions, 125-126

continuity equations in several coordinate
systems, 121-122

conversion from vector to index notations,
104-105

covariant derivatives of a constant vector, 120

covariant derivatives of metric tensors, 126

covariant derivatives of physical components
of a vector, 121

determinant of a 4 x 4 matrix using
permutation symbols, 119
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determinant of metric tensors using
displacement vectors, 118

dot and cross products in cylindrical and
spherical coordinates, 115-117

Einstein summation convention, 103

4D spherical coordinate systems, 122-124

oblique rectilinear coordinate systems,
105-108

quantities related to bi-polar coordinate
systems, 112-114

quantities related to parabolic coordinate
system, 109-111

relation between Jacobian and metric tensor
determinants, 117

time derivatives of the Jacobian,
119-120






