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PREFACE

Advances in computational methods, software tools and computer
power have made engineering and scientific computations more
available and economically viable in recent decades. Modeling has
become a mainstream, if not a necessary, step in engineering analy—
sis and design of products, processes, and systems. However, the
vast and powerful facilities available in current and modern com-
putational software packages do not sufficiently match the required
training that engineering and science students often receive. There-
fore, they may not have all the background training required to use
software packages. This has created a challenge for industry, to have
trained professionals who can create “reliable” models and fully uti-
lize commercially available software packages. On the other hand,
students, engineers, and scientists may not have the luxury of time
and training to learn all the necessary technical subjects like phys-
ics, mathematical modeling, numerical methods, and programming
languages. One of these challenging topics is turbulence modeling.
In industry, there is increasingly a pressing need for fluid flow com-
putations that involve turbulence modeling. This book aims to help
fill the gap on the topic of turbulence modeling in general, as well
as applications of COMSOL®- a commercially multiphysics software
tool with turbulence modeling facilities.

This book is written for practitioners in scientific and engineer-
ing fields e.g., fluid mechanics, biomechanics, and other related
fields, as well as students in engineering. The main objective of the
material is to introduce the fundamental physics, characteristics,
and common models of turbulent flows for practical and industry
applications using COMSOL. Industrial and engineering discussion
questions and examples are presented with their solutions that could
serve as a guide for modeling similar or more complicated turbulent
flow problems.

Turbulent flows are complex; hence reliable and “accurate”
models are challenging, and in many cases, require parameters
that are specific to each problem and relevant to its boundary and
initial conditions. Developing comprehensive models for industrial
and practical applications has been a subject of research and devel-
opment since Boussinesq [1], who proposed the concept of eddy
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viscosity in 1877, and Osborne Reynolds [2] who proposed in 1895,
the so-called Reynolds decomposition method and developed
RANS (Reynolds-Averaged Navier-Stokes) equations. Although
some historical research [3] indicates that Boussinesq attempted
and partially derived simultaneously, in his 1877 paper, averaged
equations for turbulence and the concept of eddy viscosity. Since
then, more modern numerical methods and approaches (e.g., LES',
DNS?, versions of RANS) have been developed and mainstreamed
by researchers with commonly available computer resources for
turbulence modeling. These models cover a wide range, both in
terms of their complexity and the computer resources required.
In this book we cover turbulence models that are widely used and
are readily available for applications in the CFD?® module of COM-
SOL, versions 4.4 and 5.

As mentioned, our objective is to introduce the topic of turbu-
lence modeling, specifically fundamental physics and characteristics
of turbulence, that are essential for a modeler. In addition, a col-
lection of examples and modeling guidelines through which readers
can build their own models is provided. We hope that practitioners,
who need to perform turbulence modeling for their related indus-
tries, will find this book useful to understand turbulence modeling
fundamentals and facilitative for easier navigation of modeling tools
available in COMSOL.

A flexible-level approach is used to present the materials along
with practical examples. Mathematical fundamentals and models,
relevant physics, and engineering principles are integrated into dis-
cussion questions while the turbulent flow models fundamentals are
described in Chapter 2. References which contain more in-depth
physics, technical information, analysis, derivations of governing
equations (see the Appendix), and data are referred to throughout
the book. This approach allows readers to learn the materials at their
desired level of complexity.

CFD Modeling: Turbulent Flow Modeling could be used as a
textbook, in academia, or as a reference for practitioners in indus-

I Large Eddy Simulation
2, Direct Numerical Simulation
% Computational Fluid Dynamics
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try. Examples provided in this book can be considered as “lessons”
through which background physics could be explained in more detail.
Exercise problems, or their variations, could be used as homework
assignments, as well.

We use the COMSOL software tool (versions 4.4)* for solving
the examples. However, readers may upload or build all of the solved
examples using version 5. We also use the new facilities in version
5, like Application Builder, for some of the examples presented.
Where and when suitable, we also compare the modeling results
with existing analytical, experimental, or other relevant models.
Detailed step-by-step instructions are provided to build the relevant
model for each example. However, it is recommended that readers,
specifically students, go through all models to master applications of
COMSOL turbulent modeling tools. Readers are assumed to pos-
sess a base of knowledge on the topic of fluid dynamics, calculus,
differential equations and principles of numerical modeling used in
CFD (e.g., finite element methods).

This book is composed of the following four chapters and one

appendix:

Chapter 1: Turbulence Fundamentals — A Summary

In this chapter we give some examples of industrial and engi-
neering turbulent flows and discuss important observations drawn
from these flows and conclude main properties and characteristics
of turbulence. We also mention main turbulent flow types and rel-
evant length and time scales associated with turbulent flows. Some
exercise problems are given at the end of this chapter.

Chapter 2: Turbulence Modeling — Approaches and Models
In this chapter we provide an overview of modeling approaches
for turbulent flows, from common to more advanced models. Main
assumptions and hypotheses are discussed and among all available
models, we focus on RANS type of models including those available
in COMSOL. The Closure problem and relevant solutions for RANS
equations are discussed along with corresponding governing equa-
tions for exact turbulent kinetic energy and its dissipation. Detailed

* http.:/lwww.comsol.com/support/releasehistory/



Xii * Preface

discussions for RANS turbulent models, available in COMSOL, and
their corresponding model equations are given. Finally, a general
guideline for turbulent models applications is provided.

Chapter 3: COMSOL Multiphysics — Overview and CFD
Module

In this chapter we introduce the main features and structure
of COMSOL (versions 4.4 and 5), including the CFD module and
models for turbulence. A worked-out example is presented along
with instructions to build the corresponding model and building a
model application using COMSOL Application Builder. Also, a gen-
eral guideline for building a model in COMSOL is provided.

Chapter 4: Turbulent Flow Models -
Application Examples

In this chapter we use COMSOL to model examples of flow
problems involving turbulence. Several examples and step-by-step
instructions are presented for building these models in COM-
SOL 4.4 (or equivalently in version 5), in addition, to Application
Builder applications (available in version 5), and interpretation of
results. Where applicable, modeling results are compared against
relevant existing models or experimental results. Readers will ben-
efit from modeling examples provided in this chapter if the pre-
ceding chapters’ materials are covered beforehand. The models are
available on the companion disc and can be used either as inde-
pendent examples or as a starting point for building similar models
with modifications.

Appendix: Derivation of Governing Equations

In this appendix we present detailed derivations of the govern-
ing equations for Reynolds stress, turbulent kinetic energy, and tur-
bulent kinetic energy dissipation. The exact governing equations are
derived. Readers may refer to these derivations for more in-depth
realizations of the terms involved and their physical interpretations.
However, the main chapters are presented such that the continuity
of the materials is preserved. We recommend that users first become
familiar with the main topics and modelling techniques presented in
the main chapters of this book and then read through this appendix
for further detail, in addition to casual references to these deriva-



Preface * xiii

tions. We also believe that having all the details of derivations for
the main governing equations relevant to turbulence modeling, as a
collection, would be a valuable resource to the readers.

Mehrzad Tabatabaian, Ph.D., P. Eng.
Vancouver, BC
April 2015






CHAPTER

TURBULENCE
FUNDAMENTALS—
A SUMMARY

OVERVIEW

It is challenging to provide a universally acceptable and precise
definition for turbulence. However, despite their complexity, turbu-
lent flows have ‘common’ properties or characteristics which separate
them from laminar ones. More common in industry and nature than
laminar flows, i.e. omnipresent, turbulent flows are easy to recognize.
Water flowing in a river, milk mixing in a cup of tea by stirring, smoke
coming out of a stack, pipe flow, the air-fuel mixture in an engine cyl-
inder, and blood flow in main arteries are examples of turbulent flows.

It is a common exercise in the development of science that one
observes a phenomenon and then tries to develop a theory or model
for it. Alternatively, one could propose a hypothesis, for a phenom-
enon, and validate it by performing experiments. In the case of tur-
bulence both approaches have been employed by researchers, mainly
due to the complexity of this phenomenon-which still remains an
‘unsolved” problem of classical physics [4], [5]. We start our discus-
sion by listing some observations we might have from visual examina-
tion of some turbulent flow illustrations and pictures. We hope that
this helps to answer questions like What is turbulence?, Where does
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it come from?, and Why study turbulence? We then use our observa-
tions, collectively, to list some of the characteristics of turbulent flows.

SOME OBSERVATIONS OF TURBULENT FLOWS

Van Dyke [6] assembled a collection® of pictures or flow visual-
izations of turbulent flows either made in laboratory experiments or
naturally occurring. The National Committee for Fluid Mechanics
Films (NCFMF) published a series of films [7], which includes one
episode on turbulence [8]. We encourage readers to watch these
films which discuss turbulence and related topics, like vorticity and
flow instabilities. Readers can find newer, mostly color pictures and
videos from the Division of Fluid Mechanics of APS [9]. Another
collection, A Gallery of Fluid Motion [10], has a section on turbu-
lence. Also, the John Hopkins Turbulence database [11] is an excel-
lent source for turbulence related topics (www.turbulence.pha.jhu.
edu). Besides these sources, modern flow visualization and measure-
ment techniques (e.g. particle imaging velocimetry, laser Doppler
velocimetry, and multi-sensor hot-wire probe) can be used to bring
more insights into turbulent flow problem and provide more pieces
of information for this complex topic.

We use the Van Dyke album for our discussions, here. Figures 1.1
through 1.5 are adaptations of photographs in the album. Figure 1.1
shows a laminar stream of air flows from a circular tube into ambi-
ent. The stream is made visible by a smoke wire.

The following observations could be made:

e Close to the nozzle, flow becomes unstable and creates vorti-
ces at the boundary while the flow at the inner region seems
more stable and ‘laminar.’

o The velocity gradient is very large at the boundary of the jet,
i.e. a shear layer. The edge of the jet develops axisymmetric
oscillations.

> Henceforth referred to as the Van Dyke album.
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FIGURE 1.1: A laminar stream of air flows from a circular tube at Re = 10*. (Adapted from
picture 102 of the Van Dyke album; photograph by Robert Drubka and Hassan Nagib.)

o It seems that instabilities at the boundary dissipate into the
inner region, or inner flow is entrapped into the turbulence

developed at the jet boundary.

e The jet flow turns into large vortices and “abruptly” all the
flow becomes turbulent.

¢ The downstream turbulent flow seems to have smaller length
scale than the vortices upstream.

Readers are encouraged to add their own observations to this list.

Figure 1.2 shows laminar flow of carbon dioxide flowing into
ambient air at a speed of 127 ft/s (about 38.71 m/s) from a 0.25 inch
(6.35 mm) nozzle.

FIGURE 1.2: A laminar stream of CO, flows into air from a circular tube at Re = 3 x 10%.
(Adapted from picture 117 of the Van Dyke album; photograph
by Fred Landis and Ascher H. Shapiro.)
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The following observations could be made:

e At a distance of about Y inch (the diameter of the nozzle)
flow becomes unstable and creates vortices at the boundary
while the flow at the inner region seems more stable.

e Vortices expand at a smaller distance as compared to the jet
in Figure 1.1.

¢ The velocity gradient is very large at the boundary of the jet,
i.e. a shear layer.

o It seems that instabilities at the boundary dissipate into the
inner region, or inner flow is entrapped into the turbulence

developed at the jet boundary.

e The jet flow turns into large vortices and “abruptly” all the
flow becomes turbulent.

e The downstream turbulent flow seems to have smaller length
scale than the vortices upstream.

From the comparison of these jet flows, shown in Figures 1.1 and
1.2, it seems that at a higher Reynolds number the regions of insta-
bility shrink and turbulence happens at a point which is closer to the
exit, relatively. These two flows are called free jet flows.

In Figure 1.3, a turbulent boundary layer develops on a
3.3 m long plate located in a wind tunnel. The Reynolds number, Re,
is 3500 based on momentum thickness (proportional to 1/Re). The
visualization of the flow is made possible by a smoke wire located
near the leading edge of the plate and illuminated by a vertical slice

of light.

The following observations could be made:

e The flow seems turbulent, but intermittent, close to the plate
boundary.

e Turbulence bursts closer to the plate boundary seem to have
smaller length scale than those away from it.

o The turbulent boundary layer has a finite thickness, as shown
in the picture frame, and the main flow remains laminar or
stable.
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FIGURE 1.3: Aturbulent boundary layer over a flat pate at Re=3500.
(Adapted from picture 157 of the Van Dyke album; photograph
by Thomas Corke, Y. Guezennec, and Hassan Nagib.)

Figure 1.4 shows the flow past a circular cylinder at Re = 2000.

———

FIGURE 1.4: Trailing vortices and turbulent wake of a cylinder, Re = 2000
(adapted from picture 47 of the Van Dyke album, photograph by Werle and Gallon).

The following observations can be made:

o The boundary layer is laminar over the front (left) side of the
cylinder and separates from the cylinder towards the down-
stream side and creates turbulence in the wake region.
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o The velocity gradient is very large at the boundary of the
wake and the main flow.

e A pair of vortices is generated at about one diameter distance
into the wake.

e Vortices draw the fluid back into the wake, i.e. they rotate in
opposite directions.

These types of turbulent flows are called ‘bounded’ flow, since
they interact with a ‘solid’ wall of an object.

The last picture that we consider for observation in this chapter
is a repetition of a famous experiment by Osborne Reynolds, done
by N. H. Johannesen and C. Lowe, as shown in Figure 1.5.

The flow regime changes from laminar (shown at the top of Fig-
ure 1.5) through transition and finally a fully turbulent flow (shown
at the bottom of Figure 1.5). It is interesting to note that vibration
caused by modern traffic in the streets close to Manchester Uni-
versity caused the onset of turbulence at a Reynolds number lower
than 13000, which was the number found by Reynolds in 1883 in his
experiment at the same university/location.

FIGURE 1.5: Repetition of Reynolds’ dye experiment, critical Reynolds number about
13000 (adapted from picture 103 of the Van Dyke album).
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There are more pictures in the Van Dyke album which could be
analyzed and used for discussion and examination. We encourage
readers to do this as exercises, in order to familiarize themselves
with features and characteristics of turbulent flows.

TURBULENCE CHARACTERISTICS

L
Reynolds number, R, = UT is the dimensionless number that

characterizes flow regimes, where U and L are the typical velocity
and length scales involved, respectively and v is the kinematic vis-
cosity of the fluid. Reynolds number, generally, represents the ratio
of inertia force to viscous forces in a flow. Another useful physical
interpretation for Reynolds number is the ratio of viscous diffusion
time scale over time scale related to motion of large eddies. When
Reynolds number becomes large (as compared to unity) the flow
becomes unstable and goes through a transition until a fully-turbu-
lent state is reached. Typical values of Reynolds number depend on
the specific geometry and boundary conditions; for example for a
typical pipe flow Reynolds number is about 2000-2300 [12]. A lami-
nar flow becomes turbulent by going through a transition. The tran-
sition state is very complex but may last a relatively short period of
time. Usually, and mainly for many practical and engineering appli-
cations, we are interested in the final turbulent state of the fluid flow
or the so-called fully developed turbulent flow.

Following our observations from the turbulent flow visualiza-
tions mentioned in the previous section, and for a ‘better’ under-
standing of turbulence, we list some of its main characteristics or
properties [13] along with relevant discussions. These properties are
generally accepted (although some arguments exist [14]) in the lit-
erature and turbulence community among researchers.

Disorder: Turbulent flows are disorderly or irregular. Fluid parti-
cles move around chaotically, apparently ‘randomly.” This property of
turbulence is so central to its definition that no matter how carefully
one tries to reproduce the boundary conditions involved, the flow
will never reproduce itself with the same details. In other words,
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turbulence is very sensitive to initial and boundary conditions, as if it
has a ‘memory.” This property of turbulence led Osborne Reynolds,
and others, to assume that turbulence is a random phenomenon and
used statistical methods for analyzing turbulent flows. It should be
noted that not all irregular flows are turbulent. For example, look-
ing at the calm ocean surface water waves from the coast, they may
appear irregular but are not turbulent.

Diffusive: Turbulent flows are diffusive. This property of turbu-
lence is very important from a practical application point of view and
hence useful for practical applications. Diffusion in a stagnant fluid
occurs by molecular diffusion effect. Turbulence makes the diffusion
or mixing process of quantities much more rapid by making inhomo-
geneity which might be present in a flow more susceptible to the
effect of molecular diffusion [16]. Turbulence diffusion enhances
the mixing of momentum, mass, energy and any other inhomogene-
ity present in a fluid flow. A very simple experiment readers may
want to try is to add a drop of ink in a stagnant volume of water in a
glass. The ink will diffuse throughout the water and it takes a while
until the ink concentration becomes uniform throughout the vol-
ume. Now if you stir the water in the glass, diffusion happens much
faster due to turbulence and until ink uniform concentration occurs.

Dissipative: Turbulent flows are dissipative, which means that they
‘transform’” energy (i.e., energy is transferred and finally dissipated).
This is one of the curious properties of turbulence. As mentioned
previously, Reynolds number determines if a flow is turbulent or
not, but when turbulence occurs, then the Reynolds number has
very little importance, as far as large scale motion or motion of large
eddies is concerned (for example recall the Moody diagram [12]).
However, the larger the Reynolds number, the finer the small scale
eddies become. To understand this better, we discuss the concept
of ‘energy cascade’ [18], as one of the suggested mechanisms [19]
for turbulence dissipation. In a turbulent flow some of the energy in
the main flow is converted to turbulent energy through formation of
large eddies or vortices. Large eddies break down into smaller, and
yet smaller, ones which carry the turbulent energy with themselves.
Large eddies carry small eddies with themselves, as well, i.e. they
overlap in the space. The break-down process continues until the
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energy can be dissipated through viscosity into heat. However, it has
been suggested that energy from small eddies might be transferred

to larger ones, at least locally [19]. The length scale of the smallest
3

1/4
eddies is defined by the Kolmogorov length scale, n = (v?) (with

1/4 )

1/2
associated time scale 7 = (E) and velocity scale ¥ =(ev)"" ), where

v is kinematic viscosity of the fluid, and € is average turbulence
energy dissipation per unit time per unit mass. Notice that for these
representative variables the Reynolds number Re = 81/v is unity.
For example; for a car moving at a speed of about 105 km/h, n~ 1.8 x
10-*m [20]. In other words the energy cascade break down process
stops at length scales of order 7, since the energy has been broken
down to a level that can be converted to heat (or internal energy) by
viscosity. One of the key assumptions, usually made, is the ‘continu-
ity’ of energy cascaded through eddies. In other words the energy
dissipated (per unit time) at the Kolmogorov scales to heat is equal,
with very good approximation, to the one that is dissipated from
larger eddies. It can be shown [21] that the ratio of velocities, times,
and lengths at a typical large eddy to those of Kolmogorov’s are Re',
Re?*, Re¥*, respectively. Also due to the local isotropy assumption for
turbulence, at very small length scale the structure of small eddies
are very much similar from one turbulent flow to another. In other
words, the small eddies structure in turbulent flows of a jet stream
and a channel flow, for example, are very similar [8].

Continuum: Turbulence is a time dependent three dimensional
continuum phenomenon [20]. Navier-Stokes (N-S) equations gov-
ern turbulent flows at every space point in the domain of the flow.
However, when time averages of flow quantities are considered, we
can consider the turbulent flow as two-dimensional, where appli-
cable. No matter how small the eddies become in size, due to turbu-
lent dissipation, still they are much bigger than the molecular length
scale of the fluid. In other words, we assume that for turbulent flows
the Knudsen number (i.e. ratio of mean free path of fluid molecules
over the small eddies length scale) is very small (as compared to
unity) while the Reynolds number is very large. This property of
turbulence is useful for engineering and industry applications since
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we can, in principle, solve N-S equations for turbulent flows. This is
the principle of DNS method.

Multiple length and time scales: Turbulent flows have a wide
range of length and time scales, and hence many degrees of free-
dom. It is this feature of turbulence that makes it difficult to ‘solve’
the turbulence problem, both theoretically and numerically as well
as experimentally. If data are taken, for example velocity, with a
probe in a turbulent flow and analyzed, using Fourier analysis (i.e.
mapping time domain to frequency domain), we can obtain the tur-
bulent energy spectrum E(k) versus wave number k (or inverse of
the associated length scales) of the signals [22], as shown schemati-
cally in Figure 1.6.

log E(k)
Inertia
Large  Scale
Scale

Inertia
Subrange

Dissipation
Scale

5 5 log (k)

Kolmogorov

FIGURE 1.6: Turbulent energy spectrum E(k) versus wave number k, log-log scales.

As seen in this figure, most of the energy is generated at large length
scale eddies, which correspond to small wave lengths. The energy
starts to dissipate at a slope of —5/3 in the so-called inertial range and
at a higher slope in the viscous dissipation range. The slope -5/3 was
predicted by Kolmogorov (or the Kolmogorov spectrum law) in 1941
[23], part of so called ‘K41 theory’ [24]. The ratio of the length scales
corresponding to maximum energy and that of dissipation increases
with Reynolds number, as Re** [24]. Therefore for high-Reynolds-
number turbulent flows there are many degrees of freedom.
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Source: Turbulence could be initiated in a shear flow and/or by
buoyancy force. When shear stress is large the flow becomes unsta-
ble and vortices are generated. The most important source for flow
instabilities and hence, turbulence is believed to be the velocity gra-
dient® Vu==-=u, ;. This quantity is actually a tensor with nine com-

o

ponents, in general, in three dimensional space. When the velocity
gradient becomes very large, for example in a shear flow, extra strain
and rotation are created in the flow. In other words, a material ele-
ment of the fluid is strained and rotates. This can be mathematically
shown, as follow. We decompose the velocity gradient into a sym-
metric strain tensor and an asymmetric rotation tensor:

%}l =%(Ui,]‘ +ujy) +%(ui’j —uj) ;i and j=123 (1.1)
21y Upg+ gy U3 +Us,
=g tar Tl 2uy, Upz+Usy
Ugy+ly3 Ugg gy PAT
0 Upg —Ugy Uz~ Uz
+§ Ugy — Uy 0 Uy —Usg
Uzp— U3 Usg—Ugs 0

. . 1 L
Recall that the rate of strain tensor is e, =5 (u; ; +u;;), and rotation is

gy o2
1 1
é:ij =§(ui) jTu j,,-) = —gfkak, where vorticity is defined as the curl of

velocity, Q; =& uy ;, and & is the permutation symbol (or Levi-
Civita tensor). The mathematical relations given here simply express
that a fluid element undergoes a net solid-body-like translation, a
net solid-body-like rotation (with angular velocity of é|Qk| ), and a

pure strain. As mentioned previously, according to the energy cas-
cade scenario, the vortices (or swirls) are then stretched and broken

6We use index or tensor notation, where summation convention applies. Please
see [41]
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down to smaller ones. A vorticity vector is associated with every
point in a fluid. These vectors are tangent to the vortex line. Accord-
ingly, and simplistically, turbulent flows can be thought of as vortex
lines which are entangled like ‘spaghettis” which carry energy with
themselves as their resolutions increase.

The list given above is not exclusive, but contains the important
and main properties of turbulence. For further readings, readers
may consult Batchelor [25], Hinze [26], Townsend [27], Tsinober
[14], Cebeci [13], Tennekes and Lumley [22], and Wilcox [20],
among many other resources available.

So far we have made some observations using pictures of tur-
bulent flows and had some discussions about their characteristics.
In the next section we briefly explain and list some turbulent flow

types.

TURBULENCE FLOW TYPES

In general turbulent flows can be categorized into three types;
free, semi-confined, and fully confined. Examples of free turbulent
flows are jet, wake, and free shear flow. Examples of semi-confined
turbulent flows are; turbulent boundary layer over a flat plate, flow
passing over an airfoil, wind, water flow in a river, and flow pass-
ing a sharp solid edge. Examples of fully confined flows are; flow
in a pipe, blood flow in a human heart, and flow inside an internal
combustion engine cylinder. Here we include fluids with different
densities or viscosities; stratified flows for example. Characteris-
tics associated with each flow type should be studied and identified
before choosing a turbulent model. For a free shear flow, shown in
Figure 1.2, there exists an expanding region with high velocity gradi-
ent. The velocity gradient decreases as fluid flows downstream. For
a wake behind a body, as shown in Figure 1.4 for a cylinder, there
exists a region near the trailing edge of the body with decreasing or
even reverse velocity and vortices with high velocity gradient at the
boundary with the main flow. For the cases of semi-confined and
fully-confined flows, the turbulent boundary layer develops from the
solid wall and expands into the main flow while velocity gradient is
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relatively high close to the boundary. For these flows, separation of
boundary layer may occur, which creates a challenge for modeling.
Schematics of some turbulent flows are shown in Figure 1.7.

— p——" 1
C’ (\ Laminar \ Turbulent \\1 !
C O — =

<« Laminar — «Transit =« Turbulent —

FIGURE 1.7: Schematic of semi-confined (left) and fully-confined (right) turbulent flows.

Readers are referred to, and are encouraged to study behavior
of different types of turbulent flows using sources and references
mentioned in this chapter. Understanding the flow behavior along
with the materials covered in Chapter 2 can help users with choosing
the ‘right’ turbulent model for the problem at hand.

EXERCISES

1.1.  List your observations from pictures 152, 153, and 167
from Van Dyke.

1.2. Describe two sources of turbulence.

1.3. Describe different turbulent flow types.

1.4. List three characteristics of turbulence and describe
them.

1.5. Intermittency is observed and also considered as one of
the characteristics of turbulence. Investigate and de-
scribe this property of turbulence.

1.6. Perform research work on the claim that turbulence

is a random phenomenon by identifying properties of
randomness and comparing to properties of turbulence.
Based on your research conclude whether turbulence is a
random phenomenon or not.
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1.7. Leonardo da Vinci did some observations of turbulent
water flow and made some descriptions of it: “... the
smallest eddies are almost numberless, and large things
are rotated only by large eddies and not by small ones,
and small things are turned by small eddies and large.”
Analyze this quote against turbulence characteristics
mentioned in this chapter.

1.8. C. Fukushima and J. Westerweel [28] (at the Technical
University of Delft, The Netherlands) made a flow visu-
alization of a turbulent jet. The flow was made by laser-
induced fluorescence. The jet exhibited a wide range of
length scales. Study this flow and list its characteristics by
observation.



CHAPTER

TURBULENCE
MODELING—
APPROACHES AND
MODELS

OVERVIEW

Modeling of turbulence progress is very much interwoven with
its R&D history. As previously mentioned, observation, theoretical,
experimental, and numerical work done so far with the goal of solv-
ing this challenging problem is extensive and many researchers, engi-
neers, and scientists in the last two centuries have been involved and
contributed to this field and many more continue to make advances.

We summarize the history of these developments, basically from
their approaches point of view on turbulence modeling and then we
move on to explain the modeling methods with emphasis on mod-
els available in COMSOL. For those interested, we encourage the
exploration of further readings on the history of turbulence and its
development in, for example, Chapman and Tobak [29], Lumley and
Yaglom [30], McDonough [19], and a more recent publication on
the history of turbulence and its development, A Voyage Through
Turbulence [31] including a related video series made available by
the European Turbulence Conference 2011 (http://etcl3.fuw.edu.
pl/historical-turbulence).
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Chapman and Tobak divided the history of work done on tur-
bulence, starting from the time of Osborne Reynolds through to
the mid-1980s, into three movements or approaches: (1) Statistical,
(2) Deterministic, and (3) Structural (coherent). In their paper [29]
they listed main contributors to each movement and McDonough
[19] extended this list further to about 2000. Our focus here is not
extensive coverage of the history but rather capturing the work done
on turbulence and its effects on turbulence modeling, as follows:

1. The Statistical approach assumes that turbulence is a random
phenomenon and hence one cannot capture its details. But
statistical methods could be used to capture main features
or some ‘averaged’ behavior of turbulence. This approach,
although criticized by some researchers [19], forms the foun-
dation of turbulence modeling for practical and/or engineer-
ing applications. The pioneer researcher for this movement
was Osborne Reynolds [2]. Practical and engineering applica-
tions of turbulence modeling follow this movement, specifi-
cally the methods based on RANS. Several modeling meth-
ods are available in COMSOL using the RANS approach.
We should also mention here that the work of Reynolds on
turbulence came after a fundamental hypothesis proposed
by Boussinesq, which required an approximation for eddy
viscosity [1], [3] or the so-called ‘closure problem.” We will
discuss these topics in later sections.

2. The Deterministic approach assumes turbulence as chaotic,
and seemingly random (although not random by definition)
which could be deterministically modeled and predicted
using the N-S equations. The pioneering researchers for
this movement (directly and indirectly) were Poincare [32],
Lorenz [33], and Orszag and Patterson [34]. The latter re-
searchers did the first DNS (Direct Numerical Simulation)
type modeling of turbulence. The DNS method requires a
huge amount of computer power (number of elements/cells
O(Re”) and CPU time O(Re?), which is becoming gradu-
ally available, although not yet commercially, with advances
in computer technology and post-processing techniques for
visualization and analysis of huge amount of data generated.
This method is not, currently, available in COMSOL.
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3. The Structural approach assumes that turbulence is not a
random phenomenon, but rather there exist coherent struc-
tures in turbulent flows. Coherent structure has been de-
fined by McDonough [19] "Coherent structures are not-very-
well-defined behaviors in a turbulent flow, but which are
identified as being easy to “see,” may or may not be of fairly
large scale, and are somewhat persistent.” This movement
began with Schubauer and Skramstad [35] and observations
of Tollmien—Schlicting waves in 1948. This approach is still
pursued by many researchers for detecting and analyzing
coherent structures in turbulent flows.

An interesting conceptualization of the main points in each move-
ment, mentioned above, is found in Chapman and Tobak [29] and
McDonough [19]; the statistical movement is referred to as being a
structureless theory with weak power of conceptualization and pre-
diction. The same authors characterize the structural movement as
having produced some structure although still weak in theory.

In addition to the turbulent modeling approaches, briefly men-
tioned above, work has been done on hybridization of the results of
each movement with others, for example LES (Large Eddy Sim-
ulation) and DES (Detached Eddy Simulation) methods. In LES
the objective is to resolve and capture the dynamics of large eddies
while the small-scale eddies are modeled. This method sits some-
where between RANS and DNS. LES is becoming more amenable
for practical and engineering applications, both because of its avail-
ability in commercial software packages and also for the commercial
availability of required computer power. The DES method is more
recent and tries to combine LES and RANS to model the smaller-
scale turbulence in near-wall regions.

Finally, readers are referred to a relatively complete list of defi-
nitions of terminology, methods, and approaches used in turbulence
literature provided by McDonough [19].

MODELING METHODS

As already mentioned, one of the challenges with turbulence
modeling is its wide range of length and time scales. For example,
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Spalart [36] identifies two main challenges posed by a turbulence
model: (1) boundary layer development, growth, and eventual sepa-
ration, and (2) predicting the transfer of momentum after separa-
tion. Most models are capable of simulating the former, within mod-
els of curvature and pressure gradient, whereas the latter is more
achievable with complex models. Currently, there are, mainly in
use, three methods for modeling turbulence RANS, LES, and DNS,
including their modified versions and variations. The wide range of
length and time scales associated with turbulence are fully resolved
(i.e. not modeled) or partially resolved and/or modeled within each
method. This is, schematically, shown in Figure 2.1.

Injection of Dissipation
energy of energy
o o
I Flux of energy l = L/Re?*
! —

! Resolved-DNS

: Resolved-LES Modeled

Reéolved Modeled-RANS :

e R e L R >

FIGURE 2.1: Extent of turbulence models relative to turbulence eddies and length scales.

As shown, for the RANS method the whole range of energy fluxes
and hence corresponding length scales are modeled. This is a huge
constraint on turbulence and as a consequence the final results show
averaged flow and its mean quantities. Although this is restrictive
from the physics of turbulence point of view and its fine-resolu-
tion eddies detail, especially at smaller length scales for dissipative
eddies, it matches the engineering objective for modeling turbulent
flows. In many cases, for engineering type applications (notwith-
standing exceptions like turbulent combustion [37]), we are inter-
ested in mean or averaged quantities of turbulent flows rather than
the details of their turbulent fluctuations. This may be one of the
reasons why RANS are more popular in engineering applications
compared to other methods like LES and DNS and, in addition
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RANS are less demanding on computer power as compared to
the LES and DNS methods. In terms of computation time RANS
require O(Re), LES is, O(Re?), and DNS is O(Re®). For details and
comparisons of LES and DNS we refer interested readers to [19],
[38], and [39]. In this book, we focus on RANS models and their
formulations and applications in engineering. The RANS method is
currently the most computationally practical method/approach for
turbulence modeling.

RANS EQUATIONS

When a fluid is flowing, unconfined or confined, it carries a
certain amount of energy (including kinetic and internal energies)
with itself. Fluid particles dissipate part of the energy through fric-
tion or viscous effect within the body of the fluid or in contact with
the walls of the container. When the energy production exceeds the
viscous dissipation mechanism capacity then flow becomes unstable
and takes on another mechanism, i.e. turbulence, to dissipate the
energy to the level which is again “digestible” for the viscous dissipa-
tion mechanism. A source of flow instability could be shear forces
exerted on the fluid. To begin our discussion, we start with laminar
flow. A fluid cannot resist shear forces (or stresses) when it is stag-
nant. A fluid should flow in order to resist shear force. The relation-
ship between shear stress, in a laminar flow, for a viscous fluid and
the resulting (time-) rate of strain is given by Newton’s law of viscos-
ity, for example for a flow over a plate:

du  dX/t)  d (de

TSRy = H T A dy

(2.1)

where, 7 is shear stress component, u is fluid viscosity, and u = u(y)
is the fluid velocity profile in the x-direction. Note that the gradient
of velocity (du/dy) is similar to time rate of strain (dX/dy) where
X is the relative displacement of the fluid filament under strain.
Figure 2.2 shows a typical velocity profile for flow over a solid plate.
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u(y)

— X

FIGURE 2.2: Typical fluid velocity profile over a plate.

Another force which acts on moving fluid is the inertia force. The
balance of the inertia forces and internal forces, both shear and nor-
mal forces including pressure-induced force should be in equilib-
rium with exerted forces on the fluid. The mathematical form of
the above-mentioned equilibrium is the well-known conservation of
momentum and mass equations [40]. These equations are simply
the result of application of Newton’s second law and principle of
mass conservation for a fluid in motion:

ou;
p[7+“f”i,jj =0, +F (2.2)
op _
ot +(pu;); =0 (2.3)

where p is fluid density, u; is velocity vector, oy is stress tensor, and
F; is body force. In the above equations summation over repeated
indices is applicable (i =1, 2, 3 andj = 1, 2, 3) and (.), ; denotes dif-
ferentiation (see [41]). For a Newtonian fluid the constitutive equa-
. . 1

tion for stress tensor is given as o; = —pd; +2u {eij — 7 Ckk 5,»]} (see
Schlichting [42]). Where d;; is the Kronecker delta (equals unity for
1

§<ui,]’ + u]’,i)
is rate of strain tensor. For an incompressible fluid the continuity
equation reduces to ey = ugy = 0 and stress tensor is given as 0;; =
- pO; + 2ue;. By applying the divergence operation on the stress
tensor, the first term on the right-hand side of equation (2.2) reads
0y =—p;+Uu; ;. The final result, equations (2.4) and (2.5) as

i.j
given below, are the N-S equations for incompressible fluids, with

identical value of indices, otherwise is zero), and ¢; =
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conservative type body forces absorbed in the pressure term or sim-
ply neglected, without loss of generality for our discussion here:

au,
p(ﬁ"l‘u]ul’]):_p,l +uul’jj (2'4>

These equations form a system of four PDEs which could be solved,
in principle, for four unknowns, i.e. three components of velocity
vector and pressure. For derivation and more details see [40].When
we use proper scales for the quantities involved in N-S equations

and derive the dimensionless version, we get several dimensionless
numbers,” including Reynolds number R, = p‘uﬂ where, U and L

are typical velocity and length scales involved.

N-S equations govern turbulence. However, solution of these
non-linear equations for all associated length and time scales that
exist in a turbulent flow is a formidable task, both analytically and
numerically. Even currently available supercomputers have Tlim-
ited” resources for solving these equations for turbulent flows
[43]. Osborne Reynolds [2] proposed a solution to this challenge
by decomposing turbulent quantities into a mean and a fluctua-
tion part, based on a fundamental ‘assumption’ that turbulence is a
‘random’ phenomenon. Therefore quantities like velocity, pressure,
density, and heat/material concentration could be decomposed into
relevant time-averaged values and their related turbulent fluctua-
tions, as u, =u,+u},, p=p+p.p=p+p,0=0+06, respectively.
This method is called Reynolds decomposition. For our discussion
here, we use velocity as the representative quantity, without losing
generality. By introducing these relationships into N-S equations®
(2.4) and (2.5) and taking the time-average of each term involved in
the resulted N-S, we arrive at the Reynolds Averaged Navier-Stokes

™ Other dimensionless numbers: Grash of number for buoyant flow and natural
convection, Froude number for free surface flow, and Richardson number for strat-
ified flow.

5 There is criticism of why a statistical method, like Reynolds decomposition, is
associated with deterministic equations, like N-S, instead of stochastic ones [19].
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(RANS) equations (2.6) and (2.7) (see Appendix for detailed deriva-
tion of RANS) as:

%i — — — —
p(ﬁ"l‘lt]ul’j):_p’lﬁ'#ul’jj +<R1]>,] (2.6)
17,"1' = 0 (27)

where @, is the average velocity vector, p is average pressure,and
R; =—p(uju;). For a scalar quantity, like temperature © =0 +0,

the term —pcpm appears in the averaged heat transfer equa-
tion (see Appendix for detail and definitions). RANS equations are
similar to the original N-S equations (2.4) and (2.5),when the latter
equations are written for averaged quantities, except for the new
additional term on the right-hand side which involves R;;, and makes
these equations indeterminate or unsolvable unless R is given in
terms of average velocities. In other words, we need to have a tur-
bulent “constitutive’ relation. This term, i.e., R; is simply the contri-
bution of the turbulence fluctuations to the non-linear acceleration
terms. It is taken to the right hand side since its dimension is similar
to that of a stress quantity.

We usually, assume that the fluid density fluctuation is small
or p =p. This assumption is valid for most flows except for buoy-
ant turbulent flows. In general, for flow with about 5% turbulence
intensity and up to Mach number of 5, the fluid density fluctuations
have a small effect on the mean velocity [44], whereas for higher
turbulence intensity, on the order of 20%, for flow with Mach num-
ber around 1 the density fluctuations start to affect the mean speed
[40]. For industrial compressible fluids Favre-Averaged N-S equa-
tions (FANS) [45] are usually used for turbulent modeling. Inter-
ested readers are referred to [13] and [21] for detail discussions on
this topic.

There are a couple of important points related to the RANS
equations, that we should focus on before continuing our discussion:

a) In taking the time average of quantities involved,
the time average for a function ®(x,¢) is defined as

T
D(x)= %1_1)1(010 %J'CD (x,t)dt. In other words, we could collect
0
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the turbulent velocity signals, for example, in a flow at a
given location using a probe, and then calculate the average
value of all the collected data over a time span of T. Then for
a ‘sufficiently” large value of T (compared to the time scale
of fluctuations) we can define an average velocity. Obviously,
the averaged value does not depend on time. Now if we
replace @ with velocity u; =u; +uj, we have

w;(x —hmTj )+ ul (x, )t =iy (x) + i, ) (2.8)

T—>o
=ui(x)+u i(x, 1)

Therefore we have two properties resulting from Reynolds
d_ecomposition and averaging operations, i.e. ¥; =1; and

u'i = 0. We should also note that the first term on the left
hand side of equation (2.6) (i.e. %) should be zero since
average velocity is independent of time. However, this term
is kept in and there are several justifications [20] for why we
should/could have this term included.

b) As mentioned, the new quantity (i.e. R;; = —pm), which is
the result of averaging and decomposition operations, should
be calculated or known in order to have a determinate sys-
tem of equations. Since we have ten unknowns (three com-
ponents of averaged velocity (@, @5, @3), pressure, and six
components of the symmetric tensor R;;) and four equations
(i.e., one for continuity and three for momentum), hence we
end up with an indeterminate system. In other words, RANS
equations (2.6) and (2.7) need a ‘closure’ or a relationship
between Reynolds stresses and mean velocities.

The quantity R; =—p(uju;) is now explained and expanded.
This quantity has the same dimension as a stress ten-
sof, therefore it is called Reynolds stress. When written as

~(pupu'y = —p(u; —;)uy = ~(puu; +p17iu_'j, it shows more

——

=0
clearly that Reynolds stress is the transport of mean i-component
of momentum fluctuation per unit volume, pu;, by j-component of
velocity fluctuation, «’; (or vice versa). Obviously, when we have
momentum transfer (by Newton’s second law) we have force/stress
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involved, which again indicates that this quantity is actually extra
stresses due to turbulence. R; could also be interpreted as averaged
momentum transfer per unit area per unit time due to turbulence
fluctuations. Obviously, Reynolds stress depends on the flow not
the fluid properties, which makes it much more challenging to be
defined in terms of averaged quantities as compared to laminar flow
where the stress could be related to velocity through fluid properties
(and in the case of Newtonian fluid through fluid’s viscosity).

For a three-dimensional turbulent flow, components of Reyn-
olds stress are:

SR —
ul®  uluy  ulug

Rj=-plujuy uy  ubul (2.9)

ujuy bl uf

As mentioned, this is a symmetric matrix? and it has six indepen-
dent components or unknowns. The diagonal terms are averaged
co-correlation of the turbulent velocity fluctuations which are extra
(in addition to average pressure) normal ‘stresses’ or pressures
exerted on the fluid due to turbulence. The off-diagonal compo-
nents are averaged cross-correlation of the turbulent velocity fluctu-
ations which are ‘extra’ shear stresses (in addition to averaged shear
stresses) exerted on the fluid due to turbulence. Another important
property of R; is the trace (i.e. sum of the diagonal terms) of this
tensor:

Rii = Bll + R22 + R33 = _p (u'lz + u'22 + u'g,z) <210>

The quantity in the bracket, sum of averaged squares of velocity

fluctuations, is actually twice the amount of turbulent kinetic energy

per unit mass of the fluid,

—Rii
2p

Note that k is a positive quantity, as it should be, and hence R; is

negative, as defined here.

1~V 72 2
k=—(u'12+u'22+u.’32)=

B) (2.11)

% The Reynolds stress is a second order tensor with real eigenvalues. It is a positive
semi-definite tensor.
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Readers should pay attention to this realization that by making
an assumption that turbulence is a ‘random’ phenomenon (i.e. Reyn-
olds decomposition) and by performing a statistical operation (i.e.
averaging process on N-S) we pay the ‘price’ with the emergence of
a new quantity (i.e. Reynolds stress tensor, R;) and the need to find
a relationship for it in terms of the averaged quantities (for example
velocity). This ‘simple fact” or realization is the seed and foundation
for continued advances in turbulence modeling [46].

CLOSURE METHODS

Boussinesq’s hypothesis: Boussinesq in 1877 [1] proposed that,
at the small length scale, turbulent stress is linearly proportional to
the mean strain rate. In other words, we can replace components of
R;; with relevant average strain rate including a ‘constant” of propor-
tionality. The proportionality constant sy is called turbulent eddy
viscosity. Mathematically, Boussinesq’s hypothesis can be written as:

_ _ 2
Ry = ur(u; +”j,i)_§l)k6ij (2.12)

In principle ur is a tensor of fourth order (with 81 components which
could be reduced to 25 components, due to symmetry [47]), since
it relates two second-order tensors to each other. Actually Bouss-
inesq’s hypothesis is a constitutive equation for turbulence and, as
mentioned previously, could be used to ‘close’ the RANS equations.
The resemblance of Boussinesq’s relation (Equation 2.12) and the
constitutive relation for a laminar flow (or Newton’s law of viscosity,
Equation 2.1) is quite interesting! However, for the laminar flow we
could use one of fluid’s properties, like viscosity, for all flow condi-
tions, whereas treating the turbulence just by introducing a single
turbulent eddy viscosity (which is a property of the flow) creates a
huge constraint on the resulting turbulence model. In addition, we
require calculating the eddy viscosity using other quantities involved
in a turbulent flow. To address this constraint or shortcoming, sev-
eral methods have been developed to calculate eddy viscosity using
more information related to turbulence, for example turbulence
kinetic energy, using algebraic (including the mixing-length theory
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of Prandtl [48]) and differential equations. In the next section, we
will discuss and explain some of these methods which are commonly
used in engineering practice.

Using Boussinesq’s hypothesis and the corresponding equation
(2.12) for Ry after some manipulations on Equations (2.6) and (2.7)
(see Appendix for more details), we arrive at Equations (2.13) and
(2.14) (for incompressible Newtonian fluids):

2

du, _ ou) p 0%,

” (2.14)

where p = ;5+§ pk. Obviously, this system of equations is deter-
minate (since we have four unknowns and four equations) once tur-
bulent eddy viscosity ur is given. Note that k does not need to be
calculated explicitly and is absorbed into the average modified pres-
sure term to give the total pressure 5", i.e. average thermodynamic
pressure plus extra pressure due to turbulent fluctuations.
Calculating turbulent eddy viscosity, uris the main objective of
RANS models which are mostly used in engineering applications.
Finally, and before proceeding to discuss these models, we should
mention that Boussinesq’s hypothesis has some shortcomings [20],
[49] (about which he even himself gave some warnings!) from the
physics of turbulence point of view. Among these, we may men-
tion the turbulence anisotropy, which exists when normal Reynolds
stresses depend on rotational direction, for example, secondary flows
in a noncircular duct. The fundamental assumption of Boussinesq’s
hypothesis implies isotropic turbulent stresses (see Equation 2.12).

Alternative methods: Several other models for calculating Reyn-
olds stresses and hence ‘closing’ the RANS equations have been
developed, and are continuing to be the subject of research. Some of
these methods are extensions to the turbulent eddy viscosity model
using relatively simpler or more complex equations, including non-
linear equations. On the other hand, some models ignore Boussin-
esq’s hypothesis and make attempts to calculate the Reynolds stresses
by using N-S equations directly, for example the Reynolds Stress
Model (RSM) [40]. When considering the task of modeling, which
is, in general, replacing a complicated system of equations, which
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govern a phenomenon, with a simpler one that can be solved either
analytically or numerically we find that some existing turbulence
models do not provide a ‘simpler’ problem or equations to be solved
instead of original equations, especially, for those models which try
to calculate the Reynolds stresses directly from N-S equations. This
complication results from the fundamental assumptions related to
the RANS method, which replaces physics with statistics [19]. As
previously mentioned, other models like LES and DNS are receiving
more attention, among researchers, for turbulence modeling in order
to overcome these deficiencies. However, RANS models constitute
the core of engineering models available for industrial-scale applica-
tions in the context of commercial CFD software, like COMSOL, and
satisfy, at least in many cases, the need for finding an ‘engineering
approximation’ for industrial turbulent flows [40]. In the author’s view,
RANS models will remain in application even when more advanced
methods, like LES or DNS, become more commercially available and
economically viable. The reason could be claimed to be the relatively
low computational cost as well as the fact that RANS models may be
useful for generating initial values as inputs for more advanced models
of complex turbulent flows. One may also predict and anticipate for a
major breakthrough in turbulence modeling, for example using DNS
approach, through application of quantum computational technolo-
gies, during the twenty-first century.

SPECIFIC RANS MODELS

There are several ways to categorize RANS-based models. How-
ever, the most common way is to list them according to the type and
number of extra equations (in addition to the conservation equa-
tions) used for calculating the Reynolds stress, in order to ‘close’
the RANS system of equations. In a recent publication Alfonsi [50]
has reported a comprehensive list of RANS models with their cor-
responding descriptions. To help with our discussion in this book,
we list and briefly explain those models which are available in the
COMSOL (versions 4.4 and 5) CFD module.

1. First-order models are those models which use algebraic
equation(s), ordinary differential equation(s)/ODEs, or partial
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differential equation(s)/PDEs for calculating Reynolds

stress using turbulent eddy viscosity approximation or Bouss-
inesq’s hypothesis. There are two fundamental assumptions
(as a consequence of Boussinesq’s approximation) related to
first-order models: (1) the requirement for proper velocity and
length scales (or equivalently a time scale), since

Vp = % = 9¢, where 9 is velocity scale, and ¢ is length scale of

the turbulent flow, and (2) local equilibrium (where turbulent
production and dissipation are in balance) and isotropic tur-
bulent flows or the requirement that turbulent eddy viscosity
is the same for all directions at any point in the flow. In other
words, in an isotropic turbulent flow the ratio of Reynolds
stress and the mean strain rate is independent of the rotation
of the coordinate system. The latter is not valid if turbulent
flow is anisotropic, which is the case for turbulence associated
with large eddies. We should also mention that the principle
axis of the mean strain rate and that of Reynolds stress are the
same when Boussinesq’s relation for eddy viscosity is assumed.
This is not always the case in some turbulent flows.

The following turbulence models are usually considered
under this category:

* Algebraic (so-called zero equation) models: For these
models we use algebraic relation(s) (but no PDE, hence
the name zero-equation model) to calculate the eddy vis-
cosity, and hence Reynolds stress components, to close the
RANS equations. Therefore, only a system of four PDEs
for the average velocity and pressure is solved. Examples
are the constant eddy viscosity model, Prandtl’s model [48]
which is based on his mixing-length theory'® (more reliable
for 2D free shear flows and flows with mild slope without
boundary layer separation), the Cebeci-Smith model [51]
(applicable to wall-bounded 2D flows without separation),
and the Baldwin-Lomax model [52] (applicable to 3D
flows without separation). In summary, the zero-equation

1 Some references [13] distinguish between mixing-length and eddy-viscosity/
Boussinesq approaches, although these can be ‘mixed’ to model the turbulent vis-
cosity, in general.
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models provide good engineering solutions for the types
of turbulent flows that are calibrated for, as mentioned
above, and when relevant and correct modeling constants
are used. Two Algebraic models are available in COMSOL
version 5 (not available in version 4.4). These models are
the Algebraic yPlus model (based on Prandtl’s mixing-
length theory) and the L-VEL model of Agonafer [53]
(based on an extension of logarithm law of the wall).

One-equation models: For these models we use a PDE
which governs transport of, for example, turbulent ki-
netic energy k or eddy viscosity. The dependence of eddy
viscosity on the kinetic energy and its transport through
turbulent flow brings more accountability to the model
since some non-local effects and turbulent flow history is
accounted for with the use of a proper velocity scale (i.e.
Jk ). In addition, we should use a proper length scale for
reliable modeling. In this group a system of five PDEs for
the average velocities, pressure, and kinetic energy is solved.
Examples are the Baldwin-Barth model, and the Spalart-All-
maras (S-A) model, which uses a transport equation for eddy
viscosity. Among these models S-A can predict more reliable
results for separated flows related to bounded aerodynam-
ics and turbo-machinery applications. The Spalart-Allmaras
model is available in COMSOL (versions 4.4 and 5).

Two-equation models: For these models we have two
PDEs which govern turbulence quantities, for example ki-
netic energy k and energy dissipation rate €, and are used to
calculate eddy viscosity. The dependence of eddy viscosity
on transport of turbulence quantities brings more account-

ability to the model since more proper turbulent velocity

(ie vk and length i.(&.\/kf3 /€) scales are involved. A system
of six PDEs for the average velocities, pressure, and two
turbulence quantities is solved. Examples are the k- model
(including its versions), the Low-Reynolds k- model, the
k-w model (including its versions), the Shear Stress Trans-
port (SST) model, the non-linear eddy-viscosity model. This
group of turbulence models is more popular and mostly
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used for engineering applications. Two-equation models
are relatively more robust with well-developed “univer-
sal’ constants associated with each model, a characteristic
which is useful in practical applications. Among these
models the k-¢, k-w, SST, and Low-Reynolds k- models
are available in COMSOL (versions 4.4 and 5).

2. Second-order models are those models which use addition-
al PDEs to calculate the Reynolds stresses, mostly directly,
from N-S equations, without using eddy viscosity (i.e. Bouss-
inesq’s approximation). These types of models, however,
overcome some shortcomings resulting from Boussinesq’s
hypothesis and mixing-length theory applications, and take
care of anisotropy in turbulence (e.g. strong curvature, swirl-
ing flows, strong buoyancy) but are more costly in terms of
computer time, and much more complex for implementing
them to engineering applications. Examples of turbulence
models considered under this category are:

* Reynolds stress model: This model is the most complex
one among all models, when the Reynolds averaging meth-
od is used. The objective is to derive equations for trans-
port of six independent components of Reynolds stress and
an equation for turbulent energy dissipation. The result
is a total of seven equations, in addition to conservation
equations, which should be solved to model turbulence.
Boussinesq’s hypothesis is not used in the Reynolds stress
model, however, similar approximations are used for
modeling some of the terms involved in governing equa-
tions [20]. Overall this model is much more demanding of
computer time as compared to first-order models and not
‘appealing’ for engineering applications. This model is not
available in the COMSOL CFD module.

Algebraic stress model: This model is an attempt to keep
the merits of the Reynolds stress model (e.g. effects of
anisotropy in turbulence) but to reduce the computer time
and modeling efforts required. The resulting equations are
a set of algebraic equations which should be solved along
with conservation equations. The fundamental point about
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these models is based on the assumption that Reynolds
stresses are series expansions of functions which include
several terms in the expansion. This treatment is similar to
what is used in Boussinesq’s eddy viscosity approximation,
where only the first term in the expansion is considered.
Several modeling methods, mainly for gradient of Reyn-
olds stresses, are proposed by researchers for Algebraic
stress models [54], [20]. This model is not available in the
COMSOL CFD module.

The development and success, of all turbulence models (for example
those mentioned in this section) depends on how much they can
capture or approximate the wide range of length and velocity scales
which exist in turbulent flows. Table 2.1 summarizes some of the
commonly used turbulence models, including those discussed above
and those available in COMSOL.

TABLE 2.1: Specific RANS models and categories, including those
available in COMSOL.

Cebeci-Smith (1967) N/A
. Baldwin-Lomax (1978) N/A
Algebraic or - ; -
Zero- Algebraic yPlus Available in
equation COMSOL, V5.
L-VEL (1996) Available in
COMSOL, V5.
Baldwin-Barth (1990) N/A
One- Spalart-Allmaras (1992) Available in
First-order | €quation COMSOL,
model V4.48&5
k-g (1974) and Low-Re Available in
version COMSOL,
V4.48&5
Two- k-w (versions 1972-2006) | Available in
equation COMSOL,
V4.48&5
SST (1993, and its Available in
variations) COMSOL,
V4.48&5
Second- Reynolds stress model (RSM) N/A
order model | Algebraic stress model (ASM) N/A
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COMSOL RANS MODELS

Overview and Governing Equations

In this section, we cover the governing equations, discussions on
boundary conditions, and merits and shortcomings related to seven
RANS models which are currently available in the COMSOL CFD
module. These models are as follows:

1. k-¢ (k-epsilon) model

. k-0 (k-omega) model

. SST (Shear Stress Transport) model

2
3
4. Low-Re k-¢ (low Reynolds number k-epsilon) model
5. Spalart-Allmaras model

6

. Algebraic yPlus model
7. L-VEL model

All of these models belong to the first-order models category, as

described in the previous section. Among these the k-¢, k-w, SST,

and Low-Re k-¢ models belong to the two-equation models group

and make use of Boussinesq’s hypothesis for modeling Reynolds

stresses which require calculation of turbulent kinematic eddy
Uy

viscosity vy = ra Therefore a velocity scale ¥ and a length scale ¢

should be defined and calculated for each model, accordingly (since
vy ~U¢). The velocity scale is calculated using Jk, orthe square root
of turbulent kinetic energy and length scale is calculated either by

using turbulent energy dissipation rate € (i.e. ¢ ~ N /g) or inverse
of the time scale for turbulent large eddies @ (i.e. ¢~ Jk/w). The

resulting eddy viscosity would be vy ~k*/e for the k-¢ model and
vy ~ k/ow for the k- model.

The Spalart-Allmaras model belongs to the one-equation mod-
els group and makes use of a single PDE for calculating kinematic
eddy viscosity and employs Boussinesq’s hypothesis for modeling
Reynolds stresses. The length scale for this model is usually the
distance to the closest wall boundary.
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The yPlus and L-VEL models belong to the zero-equation mod-
els group, where the turbulent viscosity is modeled using algebraic
equations. These models are much less demanding on computer
power and provide fast results, in terms of computational times
required, relative to the other models mentioned above. The yPlus
(mostly suitable for internal flows) is based on Prandtl’s mixing-
length theory and the L-VEL model, also referred to as automatic
algebraic method, is an extension to the logarithm law of the wall.
The name of the latter is taken from the requirement of the dis-
tance to the nearest wall (L) and the local velocity (VEL) for this
model, (hence L-VEL!). The L-VEL model gives a good prediction
of the turbulent viscosities near the wall (but not as good in regions
far from the wall in the main stream) and is suitable for turbulence
modeling of problems that includes walls with a wide range of length
scales, for example, an electronic equipment cabinet, and urban-
area air boundary layer. The yPlus and L-VEL models are available
in COMSOL, version 5.

In the next section, we discuss the exact equation for turbulent
kinetic energy (which is used for calculating proper velocity scale)
and modeling approaches for some of the terms involved in this
equation that are suggested to ‘close’ the system of equations. This is
an essential step for understanding the assumptions made for these
turbulence models, and hence the merits of two-equation models
included in the above-mentioned list. For detail derivation of gov-
erning equations readers are referred to the Appendix.

Exact Turbulent Kinetic Energy Transport Equation

In the previous section, we defined the symmetric Reynolds
stress, Ry For our discussion here, we repeat the related equation
here again:

! !

12 rr
uyp WUy uju3

Rj=-p| ... wuy upuy (2.15)

2
us

where (...) indicates the symmetry for corresponding terms. The

trace of Reynolds stress is R = —p(ui2 +uy +uf ) Turbulent
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kinetic energy per unit mass (or specific kinetic energy)'" is defined
as k =§(u1 +ug +us ) a non-negative quantity. These relation-
ships clearly show that in a turbulent flow kinetic energy is related

to the normal components of Reynolds stress (i.e.:ﬂ). One
2p
should recall that the origin of Reynolds stress was the applica-

tion of Reynolds decomposition and time-averaging operations on
N-S equations. Therefore, inclusion of turbulent kinetic energy in
calculation of Reynolds stresses, which are approximated through
Boussinesq’s hypothesis and eddy viscosity, is of great importance to
turbulent model fidelity. As mentioned in the previous section, we
use k to estimate the turbulence velocity scale. The exact equation
for transport of k can be derived in a number of ways, for example by
performing a contraction (i.e. d; R; = R;) operation on the transport
equation for R;; [13] or using the governing equation for velocity per-
turbations [21].The related derivations are tedious and lengthy (see
the Appendix) but here we discuss the physical significance of rel-
evant terms involved in the governing equations for R; first, which
are quite important for readers’ understandings of these terms and
in order to properly use turbulent models.

The transport equation for Reynolds stress R;; is given as follows
(see Appendix):

oR,
_”_‘kaT,jZPﬁ +@; — Wik + Dy — € (2.16)

ot

The terms on the left-hand side of equation (2.16) represent the
time rate change and convection of the Reynolds stress tensor. The
terms on the right hand side are:

1. The Reynolds stress production rate by mean velocity

j _i
Oxy
further modeling and is used as is for the calculation of Reyn-
olds stresses.

gradient P;; = Ry, 8x_j + R =—. This term does not require
k

I Unless otherwise mentioned, all references to quantity k is meant to be turbu-
lent-specific kinetic energy.
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2. The correlation between the fluctuating pressure and the

’ au'
fluctuating strain rate ¢ = (gxu— + WJ It is obvious that,

for incompressible fluids, the trace of this term (or ¢;;) is zero
and hence it does not contribute directly to the kinetic en-
ergy. Its contribution is important for stresses in turbulence
anisotropy. This term requires modeling.

3. The combination of turbulent diffusion correlation, which all

contribute to the re-distribution of Reynolds stresses through

a -

the fluid domain ¥ix = EN (pu wug +p'u; 5]k +p'u 5zk)

This term requires modeling.
4. The diffusion of Reynolds stresses or viscous transport

a_a
Dij =V =—= o 5\k
5. The dissipation rate of Reynolds stresses through fluid viscos-
! 6[1/
ity, &; = ngxu_lax_k This term requires modeling.

The Transport equation for Reynolds stresses consist of six inde-
pendent equations for six components of the symmetric Reynolds
stress tensor. Unfortunately, solution of these equations requires
modeling of a total of 22 unclosed statistical terms involved [19].
This requirement and the high demand for computational power
and time are major disadvantages of the Reynolds Stress modeling
approach, categorized as second-order models and mentioned in the
previous section. In this book we do not cover the Reynolds stress
model nor is this model available in COMSOL. However, the equa-
tion for Reynolds stress transport is used for derivation of turbulent
kinetic energy. The k equation (2.17) for an incompressible New-
tonian fluid can be derived [22] from the transport equation (2.16)
(see Appendix):

This term does not require modeling.

ok ook \_p _owiou Ok (2.17)
Plactiar, )" B Far o, P Hane, '

0 (1 ———
—ax—] puuu +pu
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The terms on the left-hand side represent the time rate change
and convection of kinetic energy by mean stream, respectively, i.e.
total rate of change of turbulent kinetic energy. The terms on the

right hand side are:

1. The production or source term P, = representing

O
Ry =,
iV dx,
the turbulent kinetic energy transferred from the mean flow.

In other words, it is turbulent kinetic energy per unit time

per unit volume that is gained by an eddy due to mean strain
rate. This term requires modeling.

2. The dissipation (or rather isotropic dissipation [13]) term or

Ou; ou;
sink term, pu=——=-—,

turbulent kinetic energy per unit volume of the fluid to ther-
mal energy through viscosity. In other words, it represents
transfer of mean rate of energy transferred by the smallest
eddies (Kolmogorov scale) to internal energy. This term
requires modeling.

representing mean conversion rate of

The remaining terms are of diffusion types:

0%k
xjOx
diffusion of turbulent kinetic energy flux. The divergence

3. The diffusion or redistribution term, _ representing

from (i'e'éri( u Gar_kjj shows, more clearly, that turbulent
~J ~J

kinetic energy flux is diffused through a fluid’s dynamic
viscosity or molecular diffusion. This term does not require
modeling.

4. The last quantity, on the right hand side is actually a combi-
nation of two terms as follows. Both of these terms require
modeling. The first is (a) &i[% pmj representing the
rate of redistribution or diffusion of turbulent kinetic energy
flux due to velocity fluctuations or transport of turbulence

energy by turbulence, and second is (b) axi(p’_u'/-), or the
; _

pressure diffusion term representing diffusion of turbulent
flow work.
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Overall, the transport equation for k indicates that if we could
‘ride’ on a differential control volume of the fluid in a turbulent flow
(i.e. a Lagrangian point of view), then the changes that we observe
for its total turbulent specific kinetic energy, which are represented
by the terms on the left-hand side of equation (2.17), should be in
balance with its turbulent kinetic energy gain (from the mean flow),
its turbulent kinetic energy destruction (through dissipation), and
redistribution (through the fluid’s viscosity and velocity-pressure
fluctuations).

As mentioned above, in order to derive the equation for k which
could be employed for computations, we should model some of the
terms appearing in the k-equation (2.17). These terms are produc-
tion, dissipation, and diffusion due to turbulent fluctuations, i.e.
items (1), (2), and (4) as mentioned in the previous list.

For modeling the production term, Py we employ Boussinesq’s
hypothesis for Reynolds stresses or equation (2.12). For modeling
the dissipation term, usually it is assumed that the local isotropic
property for turbulence (at small-scale eddies) exists and hence this

’ ’

term is modeled by ugxu gvu = pe, where ¢ is the turbulent kinetic
energy dissipation rate per umt mass. The local isotropy assumption

has major implications for turbulence modeling and is well studied
by Wilcox [20]. And finally, the last term is modeled as the gradient of
a diffusion term with introduction of a new closure constant param-
o ( 1 pr Ok

eter, 0. Therefore we have ax_j(__pu s = p'u; ) &_](G_L&_jj
When collecting all of the modelled terms, after rearranging, we get
the CFD form of the k-Equation (2.18), for Newtonian incompress-
ible fluids, as

ok k) o uT)ak _
< = Lo/ AT P 2.18
p(&;"‘ axj o ((u+0'k &jj"' k — PE ( >

where P, = uT%(ﬁ \/ITS/E, and gy ~pVk.
~J
Note that the term, pk5lj & Z: =0 forincompressible fluids

and Py represents the mcompressﬂ)le part of P (see Equation 2.17).
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When one-equation models are used, equation (2.18) is solved
for k and the turbulence length scale ¢ should be defined, as well.
However, for two-equation models, like the k-&¢ model, another PDE
for energy dissipation ¢ is used for defining the turbulent length scale,
along with some constraints that will be discussed later in further sec-
tions. In the next section, we discuss the governing equation for .

Exact Turbulent Kinetic Energy Dissipation Transport
Equation

The turbulent energy dissipation rate per unit mass, &, appears
in equation (2.18), which governs k. Therefore, we need to have
the governing equation for transport of &. This is given by equation
(2.19) and can be derived (see [13], [21]) after some tedious and
lengthy manipulations using N-S equations (see Appendix):

o€ o€ 0 o€
p —+174—ﬂJ:P +D,—-® +_'(”_'j (2.19)
[ ot oy ) e o (U oy
Terms on the left-hand side represent time rate change and convec-
tion of ¢, respectively. The terms on the right-hand side are [50]:

1. The production or source term P, represents the pro-
duction of dissipation which consists of dissipation by
averaged strains, inhomogeneity, and vortex stretch-
ing. This term requires modeling. The exact equation for
P =—2u [(U;ku’,L)ﬁl; + (u’zku;7>ﬁ;k +

('l g )i i + (u;,k”;',ku;',jﬂ

2. The diffusion term, D, , represents diffusion of turbulent
kinetic energy dissipation which consists of pressure-
velocity fluctuations and turbulent velocity fluctuations.

This term requires modeling. The exact equation for
D =-2v (u}p'x) LTH (wudfjadi ) ;

3. The dissipation (or destruction) term @,, represents the
dissipation of turbulent kinetic energy dissipation. This term

requires modeling. The exact form for ®, =2uv (ug,jku’uk )
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4. The viscous transport term ari(,u g ] represents the

diffusion or redistribution of & through fluid dynamic
viscosity. This term does not require modeling.

Overall, the transport equation for € indicates that if we could ‘ride’
on a differential control volume of the fluid in a turbulent flow (i.e.
a Lagrangian point of view), then the changes that we observe for its
total turbulent specific kinetic energy dissipation, which are repre-
sented by the terms on the left-hand side of equation (2.19), should
be in balance with its turbulent kinetic energy dissipation produc-
tion (to the mean flow) plus its turbulent kinetic energy dissipation
destruction (through dissipation) and redistribution (through the
fluid’s viscosity, velocity, and pressure fluctuations).

As mentioned above, in order to derive the equation for &, which
can be employed for computations, we should model (see [13], [50])
some of the terms appearing in the £ equation (2.19). These terms are
production, dissipation, and diffusion due to turbulent fluctuations,
i.e.items (1), (2), and (3) as mentioned in the list above. For modeling
the production term, we assume local equilibrium (i.e. turbulent
kinetic energy and its dissipation are balanced) which implies
that production of € is governed by Reynolds stress and average
velocity gradient. This results in Py = Cg zﬂy% =Cq %Fk.cgl is
a non-dimensional constant. The diffusion term is modeled using
a transport hypothesis using turbulent eddy viscosity, which results

: _ 0 (pr Og
in De = Ox; ("s Ox;
dissipation or destruction term is modelled by realizing that this term

), where 0, is a non-dimensional constant. The

) k ) .
represents the time rate (T = E) at which ¢ is destroyed. Therefore

2
€

we have @, ~ = =C,, p— where C,yis a non-dimensional constant.
T

k>
By substituting these modelled terms into equation (2.19), after
rearrangement, we have the CFD form of &, equation (2.20) (for
incompressible fluids) as:

e _ oe u €= g’
p(at 75x] ax_((o-‘:"'.ujav ]"'Cslfpk_cﬁpT (2-2())
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Now we have all the equations, in CFD format, required for the first
COMSOL RANS model or the k-¢ model. In the next section we
discuss the details of this model and cover the related equations for
Newtonian incompressible fluids. The COMSOL interface allows
modeling for compressible fluids (Mach number Ma < 0.3 and high
Mach number flow [55]). A detailed discussion for compressible flu-
ids can be found in [21].

k-¢ MODEL

In this section, we summarize all the equations for the k- model
and compare them with those available in the COMSOL CFD
module [55]. We also discuss general aspects of boundary condi-
tions for k and €, related constraints, and types of turbulent flows for
which the k-& model could be applied with acceptable engineering
‘accuracy’. In Chapter 4, we apply the COMSOL k-&¢ model to some
problem examples.

The standard k-¢ model was developed in the 1970s and is one
of the most used, analyzed, and validated turbulence models in
industry and academia. Therefore its strengths and weaknesses are
well documented [40]. Further modifications came through devel-
opment of several versions of the standard k-¢ model, for example
the two-layer k-¢ model [56], and the RNG (renormalization group)
k-¢ model [57], the latter of which is based on a statistical mechanics
approach to model the eddy viscosity. For the k-¢ model in total, we
have six coupled PDEs which govern six variables, i.e. four equa-
tions for average velocity vector components and pressure and two
equations for k and €. In order to solve the system of PDEs we need
to have the numerical values of the parameters which are defined
for modeling different terms involved in these equations. The k-&
model equations (2.21-24), for incompressible Newtonian fluids,
are those for continuity, momentum, kinetic energy, and kinetic
energy dissipation (which are repeated here for convenience):

171',1' = O <2.21>

* 2—
p(aﬁiﬂjj@j:—%' +(u+ r) 8ul (2.22)
AR
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ok _ k) o wr ) ok ‘
P(a*%aj—a\—vﬁ(“*a—k%x‘,)”’k‘P“f (2:23)

oe _ 0e) 0 Ly ) O¢ € > e
p(§+u]al_‘]j_61_‘]((“+6_8j6x_]j+celﬁpk_CEQPT (224)

2

w2 = k
where p"=p+35pk, Pk—uT&\ (i, +1,), My =pCy—, Cy =
0.09,C,; =144, Cpo =192, 0, =10, and o, = 1.3

The model is sensitive to the numerical value of C,, which
defines the level of turbulence. It is also sensitive to the difference
(Ce1 — Cq2) value, which determines the production and dissipation
of & (as can be seen from e-equation 2.24). The model parameters
are optimized and should not be altered, unless validated or
experimental data are available in support. The corresponding k-¢
model equations (in vector notation) used in COMSOL are shown
in Figure 2.3. For comparison, readers can identify equivalent terms
in equations and benefit from the discussions given in the previous
sections and this section, for their physical interpretations and
corresponding assumptions when using this model. For converting
tensor notation to vector notation (or vice versa) see [41].

v Equation

Equation form:

Study controlled -

[Show equation assuming:

Study 1, Time Dependent -

du
L Vju=
P 3 + p(u-Viu

A4 -[-pl + (p+ /lr)(Vu + (Vu)T) - %/Ikl] +F
pV-u=0

dk +pu-Vk=V- [( Vk|+Py - pe

’)W
£

Y
Ok

/)£+II(U'V)€=V- (;l+ﬂ—T)V€ +CaSPy - Cop €=ep
at = eI P

= Ilcug
P = ;:T{Vu 5 (Vu + (Vu)T)]

v Physical Model

ICompressibility:

ible flow -

Turbulence model type:
RANS -
Turbulence model:

k-¢ 'l

FIGURE 2.3: COMSOL (& model equations for incompressible fluids.
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We now discuss several useful and important points related to analy-
sis, properties, and application of the k-¢ model.

1. Close to and at the solid boundary wall the transport equa-
tion for € creates some challenges. Two terms on the right-

hand side of equation (2.24), the production term (~ %)
2
and destruction term (~ %) become very large close to the

wall, or mathematically singular. By definition, k vanishes at
the solid wall with a no-slip boundary condition assumption
but its dissipation & doesn’t. Therefore, close to a solid wall
high resolution mesh is needed for numerical computations
to capture the detail of the boundary layer and hence at a sol-
id wall this model does not apply, in general. In other words,
k- model equations cannot be integrated up to a solid wall.
In COMSOL, this limitation is referred to as mixing-length
limit. To resolve this difficulty a wall function is usually used
for computations close to the wall. Wall functions are approx-
imations and for some turbulent flows more accurate mod-
eling is required for the boundary layer and capturing flow
details close to a wall. For example, for internal flows usually
wall functions are adequate but for external flow or when
heat transfer is important more accurate modeling methods
are used. We will discuss this topic in a further section. An
approach for more accurate modeling is to modify the stan-
dard k- model equations such that they can be integrated/
solved up to a solid wall. This approach will lead to the Low-
Re k-e model [58], which requires relatively high resolution
mesh near solid walls. We will discuss the Low-Re k-¢ model
in a further section.

2. The requirement of having non-negative normal Reynolds
stresses (i.e. pu;*) could be violated when mean strain
becomes large enough. Or similarly the shear Reynolds

stresses (i.e. uju';) could violate Schwarz inequality ( i.e.

—F\2 A YEE) . . N
(u;xu’ﬁ) < (u;XZ )(u’ﬁ2 ) with no summation over indices
and B, for large enough mean strain. To avoid such modeling
results, which do not make sense from the turbulence physics
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point of view, a constraint, the so called realizability con-
straint [59], is imposed on the eddy viscosity 1. The realiz-
ability constraint specifies that the modeled Reynolds stress
tensor should have non-negative eigenvalues and satisfy
Schwarz inequality. In other words all the diagonal compo-
nents of the Reynolds stress tensor remain non-negative and
the off-diagonal components satisty Schwarz inequality. The
k-& model available in COMSOL is a realizable one. Read-
ers may also refer to [20] for a more detailed explanation of
realizability constraint.

. Model parameters (Cy, = 0.09, C,; = 1.44, C,5 = 1.92, 0 =

1.0, and o, = 1.3) or coefficients are determined by applying
semi-empirical and optimization methods and are ‘universal
[54]. This is considered as the strength of the k- model which
makes this model employable for many different flows using
the same coefficients. However, users should always consider
the foundation and assumptions based on which the model is
built, as discussed in this section, and evaluate their numerical
results as much as possible with relevant references.

. The equations for the k-¢ model are non-linear and coupled,
k and & equations (2.23) and (2.24) are highly coupled

with each other and relatively lightly with the conservation
equation (2.22) for momentum. This requires proper
numerical methods in application for integrating these
equations, which is resolved in COMSOL by using proper
solvers.

. The k-& model relies on several assumptions, the most
important of which is that the Reynolds number is high
enough. It is also important that the turbulence is in
equilibrium in boundary layers, which means that turbulence
production equals its dissipation. These assumptions limit
the accuracy of the model, because they are not always
valid. This model does not, for example, accurately model
flows with adverse pressure gradients in the boundary layer
and can result in under-predicting the spatial extension of
recirculation zones [20]. Furthermore, in the cases of ro-
tating flows and flows over curved boundaries, the model
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often shows poor agreement with experimental data [60].
However, this model is nevertheless the most widely used
and validated turbulence model, with relatively good perfor-
mance for many industrial flows. In most cases, the limited
accuracy is a fair trade-off for the amount of computational
resources saved and the good convergence rate compared to
more complicated turbulence models.

Boundary Conditions: Assigning boundary conditions for velocity
and pressure is relatively straight forward. For values of k and ¢ at
the symmetry plane, free surface, and outlet flow Neumann-type

boundary conditions (i.e. % =0 and %9 =0) can be used. However

at inflow and outflow boundaries their values are not usually known.
For inflow boundary condition turbulence intensity Iy and length
scale Ly could be used. Turbulent intensity is a measure of the ratio
of turbulent flow fluctuations to its mean value. For example the tur-

bulence intensity for velocity u is Ij = u,,/i, where u,,, =Vu"

or the root-mean-square of velocity fluctuations for a period of
time, as shown in Figure 2.4.

FIGURE 2.4: Turbulence level and ‘rms’ for two velocity signals with equal means.

Typical values for turbulence intensity for fully developed turbulent
flow is about 5-10% and for flows with weak turbulence is about
0.1%. The length scale is selected depending on the type of flow, as
shown in Table 2.2. In COMSOL, as shown in Figure 2.5, users also
have the option to choose Dirichlet type (i.e. explicit values) boundary
conditions for k and ¢ at the inlet. In the author’s view since these
are, in principle, statistical values rather than physical ones, using
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this option for boundary conditions should be performed with care

and reliable supporting data.
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m

Equation
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¥ Boundary Condition

Boundary condition:

[Velocily

O Specify turbulent length scale and intensity
© Specify turbulence variables
Turbulent kinetic energy:
ko 0.005[m*2/5"2)
Turbulent dissipation rate:

€9 0.005[m*2/s*3]

FIGURE 2.5: Typical boundary conditions for turbulent inflow in the COMSOL k-¢ model.

For boundary conditions at solid walls, wall functions are used for
a region close to the wall or boundary layer, and the k-& model is
assumed to start from a distance Oy away from the wall as shown
schematically in Figure 2.6. In COMSOL, Oy (the so-called vis-
cous/buffer sub-layer which is small compared to the dimensions
of the flow domain geometry) is automatically calculated such that
Sy = pCﬁ'st/Eﬁw/,u becomes equal to 11.06. The value of dy is
available, by default, in the COMSOL modeling results and it is rec-
ommended to check this value against 11.06 along the solid walls. If
the oy value exceeds largely from the 11.06 limit, then a finer mesh

should be sued.

Mesh for computational domain

Solid Wall

Ow

FIGURE 2.6: Sketch for the wall functions domain within a distance d,, from a solid wall
and computational domain for the k-¢ model.
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TABLE 2.2: Typical values for turbulent length scale for 2D flows
(depicted from the COMSOL manual [55]).

Flow Type Ly L

Mixing layer 0.07L Layer width

Plane jet 0.09L Jet half width

Wake 0.08L Wake width
Axisymmetric jet 0.075L Jet half width

Pipe and channels (fully 0.07L Pipe radius or channel
developed flows) half width

Boundary layer see COMSOL manual

Initial Values: As discussed in the previous sections, time variation
for averaged velocity in a turbulent flow, by definition, should not
exist. However, since the mean flow field may vary, like in a transi-
tion phase, we may require solving for unsteady RANS equations
[20]. In COMSOL default initial conditions for both steady state and
transient turbulent flows are set. For details, readers are referred to
the COMSOL manual [55].

k-o MODEL

In this section, we summarize all equations for the k- model
and compare them with those available in the COMSOL CFD
module. We also discuss general aspects of boundary conditions for
k and o as well as the type of turbulent flows for which the k-
model could be applied with acceptable engineering “accuracy.” In
Chapter 4, we apply the COMSOL k-w model and discuss details of
problem examples.

The k-w model, was developed about the same time as the k-,
its development can be traced back to the works of Kolmogorov,
Prandtl, Saffman, and Wilcox [61]. This model shows better results
compared to those of the k-¢ model for separated flows, jet flow,
and flows with adverse pressure gradient. Generally speaking, its
development was caused by the shortcomings of the k-& model, for
example close to a wall, as well as the complexity of defining the
value of ¢ at the wall. The velocity scale in the k- model is Jk, simi-
lar to the k- model, but for the length scale ¢ turbulence frequency
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w is used, i.e. ¢ =~k/w. Tt would be useful to compare these two
models from the point of turbulence quantities employed for defin-
ing velocity and length scales. As shown, schematically in Figure 2.7,
a typical swirl or eddy carries the turbulent kinetic energy per unit
mass, k, and dissipates it per unit time, &. One could also measure
the dissipation rate per unit kinetic energy, i.e. = e/k. In other
words, in the k-w model the two additional governing equations are
the transport equation for k and that for the rate at which the kinetic
energy dissipates. It is obvious, using dimensional analysis, that the
dimension of w is the inverse of time or it can be interpreted as the
inverse of the time scale of large-scale turbulent eddies.

o= ¢k

k-wmodel k-€ model

XA %

FIGURE 2.7: Comparison the k-w and k-& models based on the turbulence
quantities involved.
The exact equation for @ can be derived using those of k and ¢, and
the following relationship, (see [20] for detailed derivation):

Do _Die/k) _1De oDk (2.25)

Dt Dt k Dt k Dt
Similar arguments, as those given for the k and & equations, can
be made to model the terms involved in the exact w-equation to
arrive at the CFD model equation. The resulting k-w model has six
coupled partial differential equations governing six variables: four
equations for average velocity vector components and pressure and
two equations for k and @. In order to solve the system of PDEs, we
need to have the numerical values of the model parameters which
are defined for modeling different terms in the relevant equations.
The model equations (2.26-2.29) for incompressible Newtonian
fluids, as used in COMSOL, are the Wilcox revised two-equation
k-w model [20] for continuity, momentum, kinetic energy, and
specific kinetic energy dissipation rate:

.. =0 (2.26)
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o, _ o) ap_ 8%z,
P(ﬁJr“ja\_,jj— N (.UJF.UI)(%&c (2.27)

ok —akj a( ak] .
Pl 5+u;=— |==—| (u+uo + P, - pBrkaw (2.28)
(at J ox an ( T k)ﬁl] k— 0
0w — 0w 0 0w W= 2 /o
p[ﬁ"'”j&t_.jj=&x_.j((:u+,uTo-w)ax_jj+aTPk - pBow~ (2.29)

where, P, = HT%(% +10;,), pr = pg, By =0.09, B, =9/125,
i

o =13/250;=0,=0.5.

Determination of constant parameters is based on a semi-empir-
ical approach and using experimental results for decaying of isotro-
pic turbulent kinetic energy and a turbulent boundary layer.

The corresponding k-w equations (in vector notation) used
in COMSOL are shown in Figure 2.8. For comparison, readers
can identify equivalent terms in equations and benefit from the
discussions, given in previous sections as well as this section for their
physical interpretations and corresponding assumptions when using
this model. For converting tensor notation to vector notation (or vice
versa) please see [41].

Several versions of the k-w model have been developed [20],
most notably by Menter [62], [63], and [64], who in a series of publi-
cations suggested a modified version using the merits of both the k-w
and k-&¢ models. This model, known as the SST turbulence model,
will be discussed in the next section.

The following points are related to analysis of the k-w model and
would be useful for application of the k-w model and in comparison
to the k-& model.

1. Contrary to the k- model, the k-w model behaves relatively
much better close to a solid wall. As the value of k — 0 close
to the wall the value of @ — oo, but this can be resolved by
applying a wall function for the wall region. One should note
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Compressibility:

[Incompressible flow N7 ]

Turbulence model type:
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kw s
FIGURE 2.8: COMSOL k-w model equations for incompressible fluids.

that by using relations for ur and P, the production term

(N %) in the w-equation (2.29) can be written as

= ou; _

Therefore, there is no singularity for this term at the

wall, where k = 0. In general k- model equations can be
integrated up to the solid wall and predict a reasonable
mean velocity profile. But the prediction of the model close
to the wall, actually in the viscous sub-layer, is poor. For this
reason in COMSOL a wall function is suggested and used
with this model. We will discuss the topic of wall functions
in a further section.

2. Realizability, and mixing-length constraints as well as
local turbulence isotropy and equilibrium assumptions are
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considered in this model in COMSOL, similar to the k-¢
model, as discussed previously.

3. The equations for the k-w model are non-linear and coupled,
k-equation (2.28) and w-equation (2.29) are highly coupled
with each other and relatively lightly with the momentum
conservation equation (2.27). This requires proper numerical
methods in application for integrating these equations which
is resolved in COMSOL using proper solvers.

4. The model predicts more reasonable results for flow
separation close to a wall, as compared to the k- model.
However, the k-w model is more sensitive to free stream inlet
boundary conditions. This can be analyzed using the relation

for eddy viscosity, u = pg. For free stream flow, like

external aerodynamic flows, the values of both k and w tend
to zero. Hence the eddy viscosity becomes indeterminate
and a small non-zero value should be assumed for w, which
could affect the accuracy of the final modeling results.

Initial and Boundary Conditions: Similar to the k-¢ model,
boundary conditions for velocity and pressure are relatively straight
forward. But for k and w it is less clear for example, at the inflow
and outflow boundaries their values are not known. For the sym-
metry plane, free surface, and outlet flow Neumann type boundary

% =0 andg—w =0) could be used. For the inflow
n

boundary, turbulence intensity Iy and length scale Ly are used, as

shown in Figure 2.9, similar to what was discussed in previous sec-

tion for the k-¢ model. The wall function used in COMSOL for w is

W, = p_k where K = 0.41 is von-Karman constant.
Kué,,
Initial values are set as default values for k, similar to k-&¢ model,
except for w. For details, readers are referred to the COMSOL man-
ual [55]. In COMSOL default initial conditions for both steady state

and transient turbulent flows are set.

conditions (i.e.
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FIGURE 2.9: Typical boundary conditions for turbulent inflow in the COMSOL k-w model.

SHEAR STRESS TRANSPORT k- MODEL

In this section, we summarize all the equations for the Shear
Stress Transport (SST) model and compare them with those avail-
able in the COMSOL CFD module [55]. We also discuss general
aspects of boundary conditions for the extra variables involved, k and
w, as well as the related constraints and types of turbulent flows for
which the SST model could be applied with acceptable engineering
‘accuracy.” In Chapter 4, we apply the COMSOL SST model and
discuss details of some problem examples.

The SST model is actually a ‘hybridized” model which combines
the strengths and superior behaviors of the k-e and k-w models. As
discussed previously, in general, k-¢ model prediction is reasonable
for flow regions away from the wall and insensitive to initial param-
eters of the main free stream flow, whereas k-w behaves better close
to the wall and for example, flows with adverse pressure gradient
in a separated boundary layer region. Therefore, it seems useful to
combine the advantages of these two models into a unified hybrid
model. Menter [65], [63] did this and the result is the SST model,
with several versions [62] for this model. He basically transformed
the k-&¢ model to a modified k-w model. He used the k-equation as it
appears in the k- model (after some modification to the production
term) and inserted & = ko into the e-equation. For the latter, the
resulting equation has an extra term which appears in the w-equation
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of the SST model as compared to that of the k-w model. A blending
function is used for gradual change from the k- model in the region
close to the wall in the boundary layer to a version of the k- model
in the region far from the wall. Obviously, as a result of this treat-
ment, the SST model does not require application of wall functions.
The SST model also considers a modified formulation for turbulent
eddy viscosity which accounts for transport of the principle turbu-
lent shear stresses, hence the name SST model. Finally, this model
gives, in general, more accurate results for the separated boundary
layer, flow under adverse pressure gradient, flow around airfoils, and
turbulent kinetic energy in stagnation regions [40].

The resulting SST model has six coupled partial differential
equations governing six variables: four equations for average velocity
vector components and pressure and two equations for k and w. The
model equations (2.31-2.34) for incompressible Newtonian fluids,
as used in COMSOL, are Menter’s SST model [55] for continuity,
momentum, kinetic energy, and specific energy dissipation rate:

i, =0 (2.31)
. . . ap* azt_ti ¢
P(ﬁ*“i K] =", ‘)m (2:32)
ok — akj b ( j
pl = +u; o |==—| (u+ ;o +P—pBokw  (2.33)
[Gt UG (bt k)ax ’

ow _ ow) 0 ow
p E"_uja‘_,j —&—j (.U+.UTGw)aTj
paw, ow ok
o Ov;dx;
The last term on the right-hand side of the w-equation (2.34) is the
new term which appears in the SST model, due to replacing € = ko
in the e-equation of the k-¢ model. As seen, this term involves an
interpolation (or blending) function, F (as defined in the COMSOL
manual), which is used for interpolating constants f.7,0%,04, as
B=FEp +(1-F)B
Yy=En+1-K)y (2.35)
0y = Fiog + (1 - F)oge
0y =F0y +(1-F)0um

(2.34)

+pu—7;P —pBw*+20-F)
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where B = 0.075, B> = 0.0828, y1 = 5/9, y» = 0.44, oy, = 0.85,
Oz = 1, 0,1 = 0.5, and 0,2 = 0.856. Eddy viscosity is defined as

ark — The function F2 is as defined in the COM-
max(a,w,|S|Fy)

SOL manual [55], a; = 0.31, and [S] is the magnitude of the mean

strain-rate tensor, or |§| =,/28 S;;, where §ij =%(ﬁw +1;;). And
finally P = min(P;,108;pwk) where P is as defined previously for

Ur=p

the k-w model (i.e. Pk—,uTau ~(@; ; +1;;)) and B5=0.09.

The corresponding SST model equations (in vector notation)
used in COMSOL are shown in Figure 2.10. For comparison, read-
ers can identify equivalent terms in these equations and benefit from
the discussions given in this section for their physical interpretations
and corresponding assumptions when using this model. For convert-
ing tensor notation to vector notation (or vice versa) see [41].
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FIGURE 2.10: COMSOL SST model equations for incompressible fluids.
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Following discussions related to analysis of the SST model seems
useful, in comparison to the k-e and k-w models.

1. There are three new features in the SST model as compared
to k-& and k-w models; (1) the introduction of a blending
function F), (2) new cross-diffusion term in the w-equation
(2.34), and (3) new definition of turbulent eddy viscosity.

2. Blending function F} is a function of the ratio of the turbu-
lence length scale, Jk/o over distance £, from the wall and
turbulence Reynolds number, i.e. @¢% 4. In functional form,

we can write
2
F = Fl[ Jk %] (2.36)

wl, Vv

This function is zero at the wall and asymptotes to unity far
from the wall towards the main stream. In other words, we
have

— 0, approaching the wall
Fl =
— 1, away from the wall

Therefore, when considering the cross-diffusion term, i.e.

21-F) POw: 6—(0% we can conclude that the SST model
® Ox;0x;

behaves like the k- model close to the wall region, since

F; = 0, and like k-¢ model in the free stream or far from the

wall region, since F; = 1 where the cross-diffusion term is

null.

3. The new definition for eddy viscosity is based on Townsends’
and Bradshaw’s [66] assumption that the Reynolds shear
stress, in a boundary layer, is proportional to the turbulent
kinetic energy. In the SST model this assumption is used for
limiting the eddy viscosity in regions where production of
turbulent kinetic energy exceeds its dissipation.

Initial and Boundary Conditions: similar to the k-w model,
boundary conditions for velocity and pressure are defined at the
wall and the inflow and outflow. For symmetry plane, free surface,

and outlet flow Neumann type boundary conditions (i.e. % _o and
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%0 =0) could be used. For inflow boundary, turbulence intensity
Iy and length scale Ly are used (see Table 2.2),as discussed for the
k-g¢ model. For wall boundary condition, the no-slip condition, i.e.
w; =0 andk = 0,is applied. The boundary condition for w is applied
such to avoid singularity. Therefore the SST model equations are
integrated up to the cells adjacent to the wall and the values of w are

calculated using a prescribed function, }imo 0= 2 , as shown in
Cw™

/31
Figure 2.11. Initial values are set as default values for k, similar to
the k- model, except for @ For details, readers are referred to the
COMSOL manual [55].

¥ Equation
u=o0
6u
k=0, w= lim lz, G:i
Iw—0 [)/)1/ Iref

¥ Boundary Condition

Boundary condition:

[No slip

FIGURE 2.11: Boundary conditions at solid wall for SST model.

Overall, the SST model, in COMSOL, includes realizability and
low-Reynolds number constraints, which means that this model is
capable of modeling the flow all the way down to the wall. However,
the SST model depends on the distance to the closest wall, there-
fore, the interface in COMSOL includes a wall distance equation.
As shown in Figure 2.12, the Wall Distance Initialization study step
is used. This first step is dedicated to solving for the reciprocal wall
distance, i.e. variable G as shown in Figure 2.11. The distance deter-
mined in the initialization step is the distance to the closest wall.
Convergence to the solution is not always quick, hence sometimes
an initial solution could help, for example using a solution obtained

by the k-¢ model.

The COMSOL SST interface can be used for stationary and
time-dependent analysis.
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FIGURE 2.12: Wall distance initialization step as defined in SST model.

WALL FUNCTIONS

Real fluids stick to solid walls due to viscosity, for example con-
sider flow in a pipe or a channel. Therefore, fluid velocity is zero
at the stationary wall. To be more precise, the tangential velocity
component is zero, and the normal component should satisfy the
kinematic boundary condition of the wall, which is zero for a station-
ary solid wall. For a fully-developed turbulent flow, over a plate for
example, the normalized velocity profile u /u.,,, parallel to the plate,

and turbulent intensity are schematically shown in Figure 2.13.

Yy Yy

u/ti.,

Sub-layer

|
|
|
I
I
I
|
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1

FIGURE 2.13: A typical velocity profile for turbulent velocity and turbulent
intensity over a plate.

u rms‘/ﬁw
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The velocity gradient 5] decreases as moving away from the wall

or i(%) < 0. Shear stress is proportional to the velocity gradient

oy

through viscosity u. At the wall, shear stress is 7,, = u@t . As seen

in Figures 2.13 and 2.14, the velocity profile indicates at least two
length scales associated with the region close to the wall and the
region with ‘uniform’ velocity profile away from the wall. A boundary
layer thickness 9, is defined as the distance from the wall up to where
the velocity is about 99% of its main stream value, or @ =0.99U.,.
Inside the boundary layer and very close to the wall there exists a so-
called viscous sublayer; where velocity varies linearly with respect to
normal distance from the wall, y. In this layer turbulence does not
exist, as in the main flow, and viscous effect dominates or is at least
comparable to inertia related effects. Now, away from the wall, in the
so-called outer region, velocity is nearly constant and does not vary,
or has very small variations, across the flow. The overall variation of
velocity profile creates a challenge for turbulence models, at most,
to find a reasonable solution for the averaged velocity profile both in
the outer region and inside the boundary layer, including the viscous
sub-layer. To overcome this challenge, two types of solutions are
usually implemented: (1) either we have to modify the turbulence
model considered so we can integrate all related model equations up
to the wall (so-called ‘Low-Reynolds’ models), or (2) we find a func-
tion that can approximate the profile inside the boundary layer and
then match the velocity profile to the more uniform one outside the
boundary layer, i.e. bridging the velocity profile from the wall to the
main flow. These types of functions are called wall functions. There
exist several versions of wall functions including log-law, power-law
(sometimes referred to as 1/7" power-law [67]), Spalding’s law of the
wall [68]. In COMSOL the so-called ‘standard’ wall function is used,
hence we focus on this version for our discussion in this book.

In general, there are four flow regimes for a turbulent flow
near a wall. As mentioned, adjacent to the wall there exists a viscous
sub-layer (or laminar sub-layer) and above it there is the so called
buffer layer. In the buffer layer flow starts to go through transition
towards turbulence. Above the buffer layer, there exists a layer called
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log-layer, where the velocity is proportional to the logarithm of the
distance from the wall. The thickness of log-layer is roughly orders
of magnitude (about 100 times) larger than those of viscous and buf-
fer layers, in total.

We continue this discussion with special attention paid to the
behaviors of quantities like k, & and w near solid walls and associated
turbulence models to have a brief analysis of the wall functions.
We already mentioned that there needs to be a minimum of two
length scales associated with the velocity profile for flow bounded
to a wall. Let’s define a problem-level length scale, like radius of a
pipe, for example R, associated with the flow in the outer region. To
get a length scale for the sub-layer, where we have a linear variation
for velocity versus distance from the wall, we need a velocity scale

w

Uy ~ \/Z so-called friction velocity. Then the length scale for sub-

layer would be v/u,, (since viscosity dominates in sub-layer and it is
proportional to ‘velocity’ times ‘length,” using dimensional analysis).
The length scale for the region between the sub-layer and the outer
layer, over which the two velocity profiles should match, has to be
very small relative to R and very large as compared to v/u,, [19], or

Viu, <y <R (2.37)

In other words, in a region defined by y distances from the wall we
should find a function that ‘merges’ the velocity profile in the sub-
layer to that of the main stream. For this purpose, we use an argu-
ment similar to eddy viscosity to relate the Reynolds shear stress to
the gradient of the mean velocity, as

—7 T, ou 9
—u't :L:vp—~ulv 2.38
Py 239
But v, = Au,y, using dimensional analysis or inequality (2.37).
Where, A is the constant of proportionality. After plugging in for v,
into equation (2.38), we have (after replacing partial differentiation
with ordinary one)

du
= 2.39
ay = Cualy (2.39)
where, C is a constant. It is useful to define a velocity scale and
length scale for this region, as well. Since, this region spreads over
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distances, given by y, from the wall, associates with two velocities; 7
from the outer region and u,, from the sublayer. The velocity scale

is taken to be u,, which gives the dimensionless velocity u" =

w

Similarly the length scale for this region is v/u,, with dimension-
less distances from the wall, or a local Reynolds number, being as
t= % By expressing equation (2.39) in terms of dimensionless

variables u* and y*, we have

eyt (2.40)
dy
After integration, immediately we have:
u"=Clny"+B (2.41)

Equation (2.41) is the well-known log-law of wall, which provides
a function for velocity to match the inner sub-layer to the outer
layer and is extensively verified experimentally [69]. Both Constants
(i.e.C and B) can be determined by experimental data and C = Lk,
where k = 0.41 is von Kdrméan constant and B = 5.5 (a range of values
from 4.9 to 5.5 is given for B).Because of the logarithmic functional
form of this function, the corresponding layer, in the y range dis-
tances from the wall, is called log-layer (30 < y* < 1000). This layer
is above the sublayer (0 < y* < 5) (with the existence of a possible
buffer layer in between, 5 < y* < 30) and below the outer layer. For
further detail on the boundary layer, readers may refer to Schlicht-
ing [70] and [46]. Figure 2.14 shows schematics of different layers in
a turbulent boundary layer.

By applying log-law for inner region close to a wall, we can save
computational time when modeling turbulence, since very fine mesh
resolution is not required in this region as a consequence. In this
way velocity profile can be calculated using the log-law and should
be applied as boundary conditions for the turbulence model vari-
ables at the ‘border” of the outer layer. There are some limitations to
the application of log-law due to its validity for basic assumption of
fully-developed turbulent boundary layer. Therefore, as mentioned
previously in this section, several improvements have been sug-
gested with the introduction of different types of wall functions,
such as Power low and Spalding’s law of the wall [68]. For related
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(_\ L\ Edge of boundary layer
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FIGURE 2.14: Sketch of typical turbulent boundary layer and associated layers in
relation to main free stream.
detail discussions, see [22] and [71] for non-equilibrium wall func-
tions, and [46] for comparison of power-law versus log-law.

In COMSOL, log-law is used for wall functions up to a distance
of y* = 11.06 for the k-¢ model and k- model,(y* is designated by
8- in COMSOL).

Now we discuss the boundary conditions, in relation to wall func-
tion, for models k-¢ and k-w. Selection of a wall function is required
for either of these two models in COMSOL. The discussion rests on
the assumption that in a fully-developed boundary layer close to a
wall, i.e. in log-layer, the turbulence production and dissipation are
much larger than turbulence diffusion and convection [27]. There-

fore the momentum equation reads i(v %) =0. By applying the

eddy viscosity, which varies linearly from the wall distance in the
log-layer, and after some manipulations (see [21]) we obtain the fol-
lowing equations for the k- model in a log-layer

—_ Uy +

== Iny™+B
u2

k=—% (2.42)
VCu
ul

£=—4

A
<
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Using COMSOLs notation (y=96,,y" =6, = l)y‘u& K=ky), the

2

e-equation reduces to € = % This is exactly (besides, C,,) what
KVau;:u

we have for wall functions in the k- model, as shown in Figure 2.15,

under Studyl, Wall Distance Initialization section.

lilder -4 wall 5
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" ¥ Equation
@ Results
Show equation assuming:
[Study 1, Wall Distance Initializati =
u-n=0

¥ Boundary Condition

Boundary condition:

[Wall functions v

[T] Apply wall roughness

FIGURE 2.15: Wall boundary conditions for k-¢ model.

Similarly, equations for k-w model in a log-layer are

—_ Uy,
u=?lny++B

2

ko=t (2.43)
JBi

uw
KBS
Using COMSOLSs notation (y =5, y* =6, =%, K=Ky), the
pk
Ky Ot
wall functions in k-w model, as shown in Figure 2.16, under Studyl,
Wall Distance Initialization section.

=

e-equation reduces to @ = . This is exactly what we have for



62 * CFD Module Turbulent Flow Modeling
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[T] Apply wall roughness

FIGURE 2.16: Wall boundary conditions for k-w model.

Readers are referred to the previous sections related to k-¢ and k-
models for comparing full model equations, in connection with wall
functions application.

LOW-Re k-¢ MODEL

In this section, we summarize all the equations for Low-Reyn-
olds-number k-¢ model and compare them with those available in
the COMSOL CFD module [55]. We also discuss general aspects
of boundary conditions for extra variables involved as well as the
related constraints and types of turbulent flows to which the low-Re
k-e model could be applied with acceptable engineering ‘accuracy.’

This model is basically a modified and extended version of the
k-g¢ model. In the previous section, we discussed wall functions
that are used for modeling turbulence flow close to a solid wall in
conjunction with a turbulence model, for example the k-& model.
As mentioned, wall functions are approximation for treatment of
flow in a boundary layer close to a wall, with the purpose of saving
computer time and power. However, for some turbulent flows it is
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desirable to have a more ‘exact’ solution of the boundary layer flow.
For example, in external flow around airfoils, cars, conjugate heat
transfer, lift and drag forces calculations, etc. Therefore, it is very
important for engineering applications to have a turbulence model
which can model the flow close to a solid wall. One remedy to resolve
this challenge is to have a very fine mesh close to the wall to capture
the turbulence details. This will increase the computational costs, as
well as brings up the conflicting assumptions; that is the very high
Reynolds number for a turbulence model, like the k-¢ model, versus
the viscous-effect domination in the sub-layer y*= 5. In other words,
we have to modify the k-¢ model equations in a way that we can
integrate them up to the wall. The result is the Low-Re k-g¢ model.
It should be mentioned that the name Low-Re is given to the k-¢
model, or in general any other turbulence model, to indicate that the
model can handle the flow modeling in regions with a low-Reynolds
number, for example close to a solid wall. Another important point is
that the Reynolds number which is referred to here is the local tur-
bulence Reynolds number (not the global Reynolds number based

on the problem velocity and length scale) based on local turbulence

velocity and length scales or Rey = UTE This Reynolds number var-

ies throughout the flow/modeling domain and goes to zero when
a solid wall is approached. It should be mentioned that the local
Reynolds number can be written as Re, = V—T, and could be also
interpreted as the ratio of turbulent kinematic viscosity vywhich is
a property of the flow, and fluid kinematic viscosity v, which is a

property of the fluid.

There exist several versions of the Low-Re k-¢ model, for
example the AKN model [72], the CHC model [73], the LS model
[74], the YS model [75], and Patel et al. [76]. COMSOL uses the AKN
model, which has also shown superior performance for turbulent
flow around underwater vehicles [77]. For understanding the model
equations we mention the approach used (for example in the refer-
ences mentioned above) for their derivations.

General approach [78] to derive the Low-Re k- model equations
is to consider the behavior of terms involved in exact equations for k
and € as y — 0, i.e. a wall is approached, and compare them with the
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corresponding modeled equations terms. This comparison leads to

definition of so-called damping function f,, which is used to modify
2
the turbulent eddy viscosity, ur ~ fuk? and consequently modi-

fies the production and diffusion terms in the k-¢ model. Damping
function behaves like f,, = O(1/y) when y — 0, and f, =& 1 when y*>
50. In COMSOL two damping functions are used, designated by f,
and f,. The latter is used to modity the dissipation term in e-equation.
The Low-Re k- model equations (2.44-2.47), for an incompressible
Newtonian fluid, for continuity, momentum, kinetic energy, and
energy dissipation, are:

a,,,izo (2.44)
ow, _ ou, ~ 82‘
ok _ ak) o ) ok =
”(T“Jax—ji‘ax—j((“+o—k]ax—~jj”’k"’g e

e _ oOe 0 o€ e’
p(ﬁ—i_uJ&Tj:@x_‘j((u—'_‘g‘_ﬁj&c_]*—Cdk CSZPTfs (247>
2

ou; k
Where p —p+3pk Pk_'uT&c (u i+ ) “T:pfucu?’ C.=

0.09,C,1=15,c:0=19,0,=14, and 0, = 1.5. The damping functions
are calculated automatically in the background in COMSOL, using
a wall distance variable ;, which is provided in the Wall Distance
Initialization interface.

The corresponding Low-Re k- equations (in vector notation)
used in COMSOL are shown in Figure 2.17. By comparison, readers
can identify equivalent terms in equations and benefit from the
discussions in this section. For converting tensor notation to vector
notation (or vice versa) see [41]. Discussions given in the previous
section, under the k-¢ model, for physical interpretations of terms
involved in the model equations are valid when damping functions are
included, as well. Readers are encouraged to refresh their readings
from the k-& model in connections with Low-Re k- model equations.
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¥ Equation

Equation form:

[Study controlled v ]

Show equation assuming:

[Study 1, Time Dependent ']

du =)
/IW + pu-Viu=
V. [-pl + (p+ ;«1)(Vu + (Vu)T) - %/)kl] +F
pV-u=0

ok —v. (20 P
Por +pu-Vk=V [([I + ak)Vk] + Py - pe

- - 2
P+ plu- Ve =V- [(n + :‘:)V"] + CabPy - CapSfipmkiel), e=ep

VG6-V6+ 6,6(V-V6) =1 +20,)G", ly==-
pr= llc,éfﬂ(ﬂ. K€, W)
Py = m{Vu:(Vu + (Vu)T)]

v Physical Model

Compressibility:

[Incompressible flow ']

Turbulence model type:
(Rans 2

Turbulence model:

[Low Reynolds number k- ']
FIGURE 2.17: COMSOL Low-Re k-¢ model equations for incompressible fluids.

At this point, it seems useful to have a closer look at the damping
functions and their functional forms. Both functions are functions
of density, viscosity, turbulent kinetic energy and its dissipation rate,
and distance to the wall. Mathematically, we have:

fu = Function (p,p.k.e.y)

fe = Function (p,p.k.e,y)
By using Kolmogorov velocity scale u, = (uep)” we can define a
dimensionless wall distance as y* =(pu.y)/u and a local turbulence

2
Reynolds number as Rer = ‘i/—T = % Using these non-dimensional

variables, the explicit functional forms of damping functions read [72]:

e 5] o
_k 2 e 2
fe ={1_6XP(3_?./1H {1—0.3 exp {—(%j :I} (2.49)
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In COMSOL [55], distance from the wall is designated as [,,, hence
y = l,, and dimensionless wall distance as [* hence y* = [*.

Boundary and Initial Conditions: no-slip boundary condition
could be applied for velocity and hence, k = 0, at the wall. Boundary
condition for e is not defined at the wall, rather at the cell adjacent to

the wall at a distance of 2‘“—];. These are default values at the wall

and set automatically in COI\;[LSOL. Boundary conditions at inlet are
selected similar to what was discussed for the k-¢ model, such as
turbulent intensity and length scale. Initial values are similar to the
k-e¢ model. However, it is recommended [55] to solve the problem
at hand using the k-&¢ model and then use the results as initial values
for the Low-Re k-&¢ model. This approach helps convergence of the
numerical solution. According to the COMSOL manual, the proce-
dure is as follows:

1. Solve the model using the k- model.
2. Change the turbulence model to a Low-Re k- model.

3. Add a new study using Stationary with Initialization and set
Values of variables not solved for to Solution from the first
study.

4. Solve for new study.

The Turbulent Flow, Low Re k-¢ interface in COMSOL can be used
for stationary and time-dependent analysis. The physics interface
is suitable for incompressible flows and compressible flows at low
Mach number flows (typically less than 0.3).

SPALART-ALLMARAS MODEL

In this section, we summarize all the equations for the Spalart-
Allmaras (S-A) model and compare them with those available in
the COMSOL CFD module [55]. We also discuss general aspects
of boundary conditions for extra variables involved as well as the
related constraints and types of turbulent flows for which the S-A
model could be applied with acceptable engineering ‘accuracy.” In
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Chapter 4, we apply the COMSOL S-A model and discuss details of
some problem examples.

The S-A model is a relatively recent turbulent model, developed
by Spalart and Allmaras [79]. This model is a one-equation model
type and uses a single conservation equation for a variable in order
to calculate eddy viscosity, using Boussinesq’s hypothesis. As men-
tioned in the previous sections, the objective of all RANS models,
at least those using Boussinesq’s hypothesis, is to calculate turbu-
lent eddy viscosity using relevant turbulence scales. The S-A model
approach is to shortcut this requirement, and it directly aims to cal-
culate for eddy viscosisty. Of course, the requirement for determin-
ing a length scale for treatment of flow close to walls remains and the
model depends on the distance to the closest wall.

There are many versions of the S-A model available, as listed in
the NASA Turbulence Modeling Resources website [80]. The model
is computationally economical with relatively good performance for
aerodynamic type of applications involving flow around airfolis,
wings, etc., external flows with mild flow separation, wall-bounded
flows, and turbomachinery applications. The model has shown relat-
tively good results for boundary layers with adverse pressure gradi-
ent, or positive pressure gradient in the direction of the flow. The
model does not perform well for free shear flows. However, the
model is robust and converges with reasonable coarse mesh. It is
sometimes used for obatining initial values for more advanced tur-
bulenece models, for example, the Low-Re k-&¢ model. This model
is also a low-Re’ and hence, does not need application of wall func-
tions and it models the flow all the way down to the wall.

Highly-populated-parameter S-A model development includes
a transport equation for a working variable, v, which is used for
calculating eddy viscosity,as uy = pv f,,;. The function f,; is a damp-
ing function and f,; — 1 for high Reynolds numbers and f,; — 0
when a solid wall is approached. The variation of f,, is favorable,due
to high Reynolds numbers region v =v;, which recovers the kine-
matic eddy viscosity. In COMSOL, a standard S-A model without
trip terms [20] is available.

The model equations consist of five equations, governing five
unknowns (i.e.7;,p,v). For the length scale, [,, =  is selected and is
defined as the distance to the closest wall. The transport equation for,
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along with continuity and momentum equations are the S-A model
equations (2.50-52) for Newtonian incompressible fluids, as follows:

u; ;=0 (2.50)

P(ﬁﬂq —j:— ax, +(U+ﬂT)W (2.51)

v ov 1 ov ov
E+UJW_PV_D‘7+G_|:&]((V+V)8?C ]‘f‘cbg&“ o :|(252>

oy 5
Where p*=ﬁ+§pk7 PVZCbISV> D\7=Cwl w(K_y) > ‘uT_pvab
x 4 C, 1+C
_ L= -7 ! +Cpo
u=pv, fu= P AC ATy =g =2,

1/6
1+C 6 v
ﬁv :g|:—w:3:| > g:r—i_CwZ(r —1">, r = min .,—,10 5
g +CwS SK'ZyZ

f=1 —#, Cp1 = 0.1355, Cjy = 0.622, G, = 7.1, 0, = 2/3,

Cw2=03,Cu3=2,k=041,and Cpyy =2

The only parameter that remains to be defined is the magnitude
of modified vorticity S. Recall rotation tensor (or asymmetric part

au 611]
o) J Then

of the velocity gradient) was defined as, ;= [
S=&+ f 2., where & = [§;] is the magnitude of vorticity (defined
}’

as Q in COMSOL).The definition of § is further modified to sat-
isfy the requirement of S >0 and no smaller than 30% of &, [80].In
COMSOL [55] this is satisfied by using a more complex relation as

S = max [[é +Cpyymin (0,S-&)+ Vf J 0. 35} where S is the mag-
y
nitude of mean rate of strain tensor.

The corresponding S-A model equations (in vector notation)
used in COMSOL is shown in Figure 2.18. By comparison, read-
ers can identify equivalent terms in equations and benefit from the
discussions, given in this section. For converting tensor notation to
vector notation (or vice versa) please see [41].
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Equation form:
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FIGURE 2.18: COMSOL Spalart-Allmaras model equations for incompressible fluids.

The author' discovered two errors/typos associated with the S-A
model equations in COMSOL, which were reported to COMSOL
and corrected in COMSOL, version number 4.4.0.248 and beyond.
Readers should check their installed COMSOL software version
number to make sure that they have the latest version. If the version
number is older than 4.4.0.248, then an updated version should be
downloaded or, otherwise, make corrections, for C,,; and r, accord-
ing to their relations given under equation (2.52) or in Figure 2.18.

Boundary and Initial Conditions

Boundary conditions for velocity and v are set to zero at the
stationary solid wall. The boundary conditions at a symmetry plane

for v is of Neumann type,or v _ 0 and for free stream V = (3 to
on

12 Here, we would like to acknowledge the quick response and professional atten-
tion received from the COMSOL support team pertinent to this communication
(March 19, 2014). The errors/typos are corrected in version number 4.4.0.248 and
beyond.
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5)v. The initial value for v is set by default using a scale parameter
of 5 x 10° m¥s. For other variables, absolute scales like those used

for the k-& model apply [55].

Finally, we should mention that the Spalart-Allmaras interface
in COMSOL can be used for simulating single-phase flows at high
Reynolds numbers for incompressible flows, and compressible flows
at low Mach number flows (typically less than 0.3). The interface can
also be used for stationary and time-dependent analysis.

ALGEBRAIC yPLUS MODEL

In this section, we summarize the governing equations for the
Algebraic yPlus model. This model is categorized under zero-equa-
tion group. It is a fast’ and low-demanding model in terms of com-
puter resources and useful for 2D flow without boundary layer sepa-
ration or flow with mild curvature.

The yPlus turbulent model is based on Prantl’s mixing length
model ([67], [42]), which uses algebraic relation for calculating the
eddy viscosity. Prantl’s mixing-length theory is based on analogy
borrowed from the kinetic theory of gases, that is, assuming a
length scale for turbulent flow within which turbulent momen-
tum exchange/transfer occurs. This length scale is called mixing-
length, [,, Using dimensional analysis for eddy viscosity, we can write

i—u. By using this model we can calculate eddy viscosity
ay

using gradient of average velocity, once [, is known. But the mix-
ing length, or the length scale of turbulence, is not constant and, as
discussed previously, turbulence has a range of length scales. In the
yPlus model a non-linear algebraic equation is solved (as a function
of position, or at each node pint of the finite element domain) for
the dimensionless wall distance y*, that is in turn used to calculate
the eddy viscosity in its dimensionless form (see the COMSOL 5
manual). The governing equations for this model are those given by
equations (2.13 and 2.14), which are repeated here for convenience.

ur = ply,

ou, _ ou; p o*u,
p(—+u'—ﬂj=——+ U+ )= (2.13)
ot J 5&, Ox; ( T)&“‘_iax]'
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=0 (2.14)
The yPlus model requires defining a wall distance, which is automati-

cally solved in COMSOL using the parameter [, (see the COMSOL
Manual).

L-VEL MODEL

In this section, we summarize the governing equations for the
L-VEL model. This model is categorized under zero-equation group
and is an extension of the logarithmic law of the wall. It is a “fast’ and
low-demanding model in terms of computer resources. It is usually
used for turbulent flow modeling in a region close to a wall with
multi-scale features, like electronic circuit board cooling design. It
was developed by Agonafer et al. [53] and solves for local turbu-
lent viscosity for a given distance from the wall. Once eddy viscosity
is known at each node, then the governing equation for L-VEL or
RANS, given by equations (2.13 and 2.14), can be solved.

As mentioned previously (see Wall Functions section), in the log-

YUw
v

layer the dimensionless distance to the wall, y* = and dimen-

u

sionless velocity u* = are related through a logarithmic relation,

ulU
or the log law of the wall, as given by equation (2.41). We repeat
these equations here for convenience, with its coefficient expressed
explicitly.

+ 1 +
u =E1ny +B (2.41)

Spalding [68] expanded on this law by using a Taylor expansion of
the y* as an exponential function of u* and including the linear sub-
layer, as well. In doing so, only five terms of the Taylor expansion was
considered, which leads to the so-called Spalding’s law of the wall, as

(Ku+2 (Ku+)3 (Klt+)4
2)_ 6 24 (2.53)

+ +

., +
yr=ut = e —l-ku" -

tx| —

N
from Taylor expansion of e*"
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Where constant E = ¢**, is 8.6 (for k = 0.417 and B = 5.16). By dif-
ferentiating equation (2.53) a relationship for eddy viscosity can be
derived, since shear stress is proportional to gradient of velocity, as
given in equation (2.54):

2 3
vt =1+%[eku+—1—l(u+—(,ﬂ; ) _(Klé ) ] (2.54)

. . . v . .
Where effective viscosity v* = TT or ratio of turbulent eddy viscos-

ity over fluid kinematic viscosity. Using this equation, one can cal-
culate the effective viscosity, once u* is known. This is achieved by

+
[/

defining a local Reynolds number Re =u*y

& :u{w L1 (e PR (720 N < A0 (<0 B (2.55)

, Or

E 2 6 24

Using an iterative procedure, like Newton-Raphson, we can calculate
u* from (2.55) at each node and use equation (2.54) to calculate v*

The L-VEL model requires defining a wall distance, which is
automatically solved in COMSOL using the parameter [ (see the
COMSOL 5 Manual).

General Guideline for Turbulent Models Application

No turbulence model is universally accepted as the superior
model. However, each model, based on its development and calibra-
tion, has merits and could be more suitable for certain types of flows
than others. Before choosing a model it is recommended to calcu-
late the flow Reynolds number and understand the flow physics and
behavior. The following guideline might be helpful in choosing a
‘suitable’ turbulent model.

e The k-&¢ model with wall function for flow with no adverse
pressure gradient or strong separation.

e If more accurate results (e.g. heat transfer, drag, lift) are
needed for flow near the wall, use low-Re k-¢. In such a case,
the k- model could be used for finding an initial solution to
help the convergence.

e The k-w model could be used, along with wall function
when boundary layer separation and boundaries with flow
curvature exist.
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e The SST model is more comprehensive, which combines the
strengths of k-¢ and k-w, without using a wall function. This
model is relatively more demanding in terms of computer
resources.

e The S-A model is a relatively simpler model and more suit-
able for flow around airfoil and blades, using separated flows
rather than free-shear flows. This model is relatively less
demanding in terms of computer resources compared to k-¢
or k-w models.

e For an initial solution the k-& model could be used and then
upgraded to k-w, SST, or S-A models, if needed.

The choosing-by-elimination method could be more useful and
less confusing when a turbulence model selection is in question.
For example for an internal flow with no or mild curvature and
no separation, either the k-¢ or k-w model could be used. When
adverse pressure gradient of strong flow separations exist (e.g. flow
in a diverging pipe) the k-¢ model is not suitable. When turbulence
close to a wall is important (e.g. heat transfer) the Low Re k-¢
model would be more useful. For internal or external flow, SST is
suitable while considering the cost of required computer resources
and time. For flow around wings, airfoils, and when a fast and less
expensive solution is sought, S-A could be used. In any case, users
should possibly validate their results against published results, either
experimental or numerical.

Table 2.3 summarizes, relatively, features and applications, but
not limited to the turbulence models available in COMSOL.
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TABLE 2.3: Features and applications of turbulence RANS models

available in COMSOL.

Computational

Advantages/ Shortcomings/ Wa! : cost/iteration
Model function .
flows flows (rank: 1is
need
least)
k-¢ Well established | Flow separa- Yes 3
and validated, tion, streamline
common, suit- curvature
able for fully
turbulent flows
k-w Close-to-wall, Sensitive to Yes 4
separation, flow | values at free
with curvature, boundaries
complex bound-
ary layer flows
SST Near wall and Computer time No 6
free stream, more | and resource
comprehensive
Low-Re k-¢ | More detailed Computer time No 5
near-wall turbu- and resource
lence and transfer
S-A Airfoil, wings, Free-shear flow, No 2
boundary layer 3D flow
with pressure
gradient
yPlus Low demand on | Complex flow No 1
computer power, | with separation,
quick-fast results, | non-local tur-
simplicity, 2D bulence effects,
attached flow, single length
economical scale, lack of
turbulence non-
local effects
L-VEL Low demand on | Complex flow No 1

computer power,
quick-fast results,
simplicity, 2D/3D
attached flow,
economical

with separation,
non-local tur-
bulence effects,
single-length
scale, lack of
turbulence non-
local effects




CHAPTER

COMSOL
MULTIPHYSICS®—
OVERVIEW AND CFD
MODULE

OVERVIEW

In this chapter, we introduce COMSOL and its features as a
software tool for modeling. The objective is to provide a “tour” of
this software package, with emphasis on CFD module through using
an example model, and introduce its main features, modules, and
facilities as well as provide some guidelines for building models
using COMSOL. To demonstrate COMSOL module applications,
we will provide several modeling examples in detail in the next chap-
ter. Because it would be exhaustive to include all features available
in COMSOL in a single book, our main objective is to provide a
collection of examples and modeling guidelines through which read-
ers could build their own models. For those users who are new to
COMSOL, we recommend to learn about, at least some of, the vast
features of this tool by using its support resources, and consulting
references like Tabatabaian [81]. In this overview we aim to cover
COMSOL versions 4.4, and the recently published version 5. The
main additions in version 5 relative to this book, are the Application
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Builder tool and two new turbulence models (i.e. yPlus and L-VEL).
For CFD modules, in version 5, tools for turbulent flow modeling
through fans and grilles and automatic pipe connections to a 3D flow
domain are available. Readers are referred to relevant COMSOL
webinars and http://www.comsol.com/release/5.0 for highlights of
new features in version 5.

COMSOL is a flexible software multiphysics modeling tool,
capable of modeling for example; structural mechanics, fluid flow,
heat transfer, electromagnetic, and chemical reactions types of
physics. It has many ready-to-use modules, for example CFD, yet
it allows users to build their own models using its equation-solver
facilities. COMSOL, which is a finite-element-based modeling tool,
has a well-developed graphic user interface and several modules
for modeling common and advanced types of physics involved in
engineering and applied science fields. Recently the graphic user
interface had a major upgrade in COMSOL 4.4, with some modifi-
cation and add-on products in version 5, and with a new tool called
Application Builder. The new interface makes it smoother, relative
to previous versions, and ‘guides’ users to build their models through
a Model Wizard feature. For highlights of version 4.4, please see
http:/www.comsol.com/release/4.4.

Building the geometry of a model is possible either by using
CAD facilities (enhanced with a new product called Design Mod-
ule, in version 5) available in COMSOL or by using live communi-
cation modules, such as LiveLink™. LiveLink is available for major
CAD and computing packages (e.g. Inventor®, SolidWorks®, Excel®,
Revit®, MATLAB®). In addition, users can import a solid model
(part or assembly) in conventional format such as Parasolid, STEP,
IGES, VRML, and STL. See the COMSOL manuals for CAD
import modules, as version 5 allows users to import mesh and create
model geometry from it.

Several Unit Systems of measurement are available in COM-
SOL. When a Unit System (e.g. SI) is chosen as default system, users
can enter the data in different units but COMSOL automatically
converts it to the main selected Unit System, for example SI.

Another majorfeaturein COMSOLis the facilitytosolveany PDE/
ODE that users might have and might not fit into classical governing
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equations (e.g. wave, heat, equilibrium) or relevant existing COM-
SOL modules. This is done by using the Mathematics module. A
new feature since version 4, called 0D allows users to solve prob-
lems that do not have space as a relevant defined dimension, such as
electric circuits, chemical reactions, or thermal equivalent networks.
Another recent feature, available in COMSOL is that users can run
COMSOL directly through a CAD software package interface, such
as SolidWorks® and some Autodesk® products. The author’s experi-
ence with this package includes its ongoing improvement in model-
ing tools and features, especially the rich library of several equation
solvers available, which makes it an efficient modeling tool for small-
to-medium problems (in terms of geometrical size) especially when
multiphysics modeling is involved. Meshing with COMSOL is almost
seamless and ‘automatic,” yet it provides users with the choice of
having custom-designed mesh both for structured and unstructured
types. Users can also import mesh files and create geometry from
the imported mesh. In version 5, a new tool called Form Assembly
is added, which can be used for meshing large assemblies of parts,
and of having non-conforming meshes at the boundary. One of the
features in Mesh facility, is that the intelligence exists based on the
physics of the problem at hand. For example, if fluid flow modeling
is involved then boundary layers elements are automatically gener-
ated close to solid walls, of course with some default settings. Users
then, have the choice of modifying the default settings.

COMSOL has a rich materials property database and yet allows
users to define their own database for their desired materials. In ver-
sion 5, a new tool called Switch has been added, which can be used
to solve a model for different materials by using the Sweep tool. In
COMSOL, users have access and can see the governing equations
related to the type of physics involved, explicitly through the graphic
user interface on their computer screens; a feature that is very help-
ful and desirable, specifically for assigning right values to the vari-
ables and boundary conditions as well as in knowing what type of
equations one is solving using the finite element method. COMSOL
equations solver is capable of solving problems in stationary, time, or
frequency domains, as well as solving a system of equations simul-
taneously or iteratively (segregated). The default solver, usually the
best possible choice, is selected according to the physics of the prob-
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lem at hand, yet users have the option of changing these settings
according to their own choices. The post-processing features allow
users to study, visualize, and build animation of their model results
using color-coded surface graphs and data line graphs, as well as
extracting the numerical results for further analysis. Finally, users
can create a report document for the model problem at hand using
the Reports facility. This feature enables users to generate a file
using modeling results in common word processing formats.

For technical support, COMSOL has comprehensive and rich
Help documentations as well as tutorials, available through its user
interface. COMSOL provides free workshop and webinars for new
users, as well as more extensive training courses available for pur-
chase. In the following sections we will take a tour of COMSOL fea-
tures and modules and introduce some of its features. More infor-
mation about the features, models gallery, and tutorials is available
on the COMSOL website (www.comsol.com).

APPLICATION BUILDER

A major upgrade in version 5 is the Application Builder tool.
Application Builder provides excellent flexibility for communicating
model results to other users so they can change some of the param-
eters/data in the model to evaluate and examine the relevant results.
It is similar to having the built COMSOL model as an ‘engine’ in the
background of the model application and using it ‘implicitly’ to run
the model for different values of model parameters/data. The final
result works like an “App’ which is commonly used with mobile media.
Application Builder enables users to build and edit (currently in Win-
dows® environment) a ‘custom design” Graphic-User-Interface (GUI)
for any model built in COMSOL Mutiphysics. The model Applica-
tion, which can be password protected, can then run independently
from (or jointly with) the original model. Through COMSOL Server™
(another new product that uses Amazon Cloud) users can run a model
Application on their web browser, using a global floating license. Cur-
rently only model Application files can be uploaded to the COMSOL
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Server. Following instructions can lead a user to the COMSOL Server
for uploading/running a model application:

1. Sign in to COMSOL Server: www.comsol.com/try-comsol-
server

2. Follow the instructions given, until you are logged in to the
COMSOL Server page.

3. Run an application model from the Application library, or
Upload a model Application and then run it.

Users can share their model Applications by clicking on the Admin-
istration tab, available on the COMSOL Server web page.

The Application Builder tool provides two Editors to build and
edit the use-interface of the model application: (1) Form Editor, and

(2) Method Editor. Users are referred to the COMSOL Application
Builder Manual for further details.

We will use Application Builder and Form Editor for a model
example given in this chapter. For further details see the COMSOL
Application Builder Manual.

COMSOL MODULES

COMSOL has many ready-to-use modules to handle the model-
ing of most, if not all, commonly occurring engineering problems,
for example Electrical, Mechanical, Fluids, Chemical related ones,
including multiphysics couplings such as Joule heating, thermal
stress, fluid-structure interaction, thermoelectric, and piezoelectric.
In addition, users can solve unconventional governing equations/
PDEs using available Mathematics modules in COMSOL.

Following is a list of COMSOL physics/application modules (i.e.
add-on products) available for purchase or included in the main soft-
ware platform. Additional features and modules are released with

newer versions of the software. For an updated and complete list,
check the COMSOL website (www.comsol.com).

CAD Import Module
Design Module
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CFD Module

Pipe Flow Module

Structural Mechanics Module
Nonlinear Structural Materials Module
Fatigue Module

Multibody Dynamics Module

Heat Transfer Module

Optimization Module

AC/DC Module

Mathematics Module

Chemical Transport Module

Mixer Module

Microfluidics Module

Molecular Flow

Electrodeposition and Corrosion Modules
Acoustics Module

Batteries and Fuel Cells Module
Geomechanics Module

MEMS Module

RF Module

Wave Optics

Plasma and Semiconductor Modules
Subsurface Flow Module

Particle Tracing Module

Ray Optics Module

COMSOL MODEL/APPLICATION LIBRARIES
AND TUTORIALS

After installing COMSOL, many other resources become avail-
able to the users to support their modeling tasks at hand. One of these
resources is the Model Libraries, which offers solved models for
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training, teaching, or modification. Registered users can download
these models and supporting documents (usually in PDF format).
Models available in the libraries are useful in order to start a model
with similar or closely-related physics and modify them according
to a specific/desired modeling problem. A new Application library
is available in version 5, which could be useful for applications built

based on COMSOL models.

There are also two types of Help documents available for users
under the Help button in the toolbar: Documentation and Dynamic
Help. The Help Documentation offers users access to an extensive,
searchable list of documents that explain interface icons and keys as
well as details of modules, physics, meshing, geometry, post-process-
ing, and more. Users at varying levels of expertise can refer to the
documentation to find more details about COMSOL features as well
as answers to their specific questions. The Dynamic Help feature
opens a specific section of the Help documents relevant to the sec-
tion or feature in use at hand. In version5, an Application library is
added and gradually is populated with application model files. Simi-
lar to a COMSOL model, an Application model can be loaded and
used for learning from its features and user interface layout.

COMSOL INTERFACE OR DESKTOP

After purchasing the product license you can install COMSOL
on your machine, either PC or Mac. When launching COMSOL,
the New window similar to the one shown in Figure 3.1 will open.
COMSOL 5 has a new button, Application Wizard, for Application
Builder. The default is for building a new model, either using the
Model Wizard or a Blank Model. Users can also click on the File >
Open, from the menu bar, and open an old file. It is recommended
to start a new model using Model Wizard, since it will guide the
users through the steps necessary for building a model.
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FIGURE 3.1: The New window opens when launching COMSOL 4.4 (left), or 5 (right).

After clicking on the Model Wizard icon in a new window, Select
Space Dimension will open as shown in Figure 3.2. Users can
choose the physical dimension of the model by clicking on the rel-
evant icon, which includes 0D, 1D, and 2D Axisymmetric cases, as
well. In order to proceed with this introductory ‘tour’ we select 2D
Axisymmetric for our model example (laminar flow in a pipe with
contraction, see Example 3.1) presented in this chapter.

IR e

Select Space Dimension

Select Space Dimension

Model  Definitions  Geometry  Materials _Physics

- :
@ T 7 i
it ® ]| @ || m | e |+ —

£ 2

£ 1D
Axisymmetric Axisymmetric

Help €@ Cancel [ Done
= Hep € Concel [ Done

706 MB | 855 MB

FIGURE 3.2: Select Space Dimension window in COMSOL 4.4 (left), or 5 (right).

After clicking on 2D Axisymmetric icon the Select Physics window
opens as shown in Figure 3.3. Users can choose physics or multi-
physics related to the problem at hand and assign it to the model.
Available physics choices depend on the users purchased license,
including Modules.

For our example, we choose Fluid Flow > Single-Phase Flow >
Laminar Flow from the list, as shown in Figure 3.3, and click Add
button. For a selected choice, in this example Laminar flow, a brief
explanation appears on the right side of the corresponding window.
Next, we should select the type of solver for solving the model equa-
tions. In COMSOL, in general, solvers are selected based on the
type of physics involved as default and labeled Study. Yet, users
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FIGURE 3.3: Select Physics window in COMSOL.

have the option to choose a different solver from the available list
in COMSOL. This feature adds to the flexibility of COMSOL, as a
comprehensive modeling tool. For this example click on the Study
button, located at the bottom right corner of the Select Physics
window. The Select Study window appears, as shown in Figure 3.4.
Select Stationary by clicking on the relevant icon. At this stage, users
have the option of going back to previous steps and modifying them
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= Laminar Flow (spf)
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489 MB 658 MB.

FIGURE 3.4: Select Study window in COMSOL.
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if desired, accordingly. For this example, we keep the features that
we have so far selected for this example and click on the Done but-
ton, located at the bottom right corner of the Select Study window.

The main interface or COMSOL desktop will appear. This inter-
face includes a Quick Access Toolbar menu on the top, and a Rib-
bon bar which changes the corresponding ribbon Tabs selected. The
Quick Access Toolbar could be moved to be placed under the Rib-
bon bar, as well. The Ribbon toolbar items are listed according to
the, usual sequence used for building a model; Home (Model in
version 5), Definitions, Geometry, Materials (in version 5) Physics,
Mesh, Study, Results as shown in Figure 3.5. The Ribbon bar under
Home/Model tab lists the modeling sequence actions required, as
well.

—
Bxample for chapter 3.mph - COMSOL Multiphysics.

= ' = Compute + ModeLibnres ([
oo A ~ioStudyl » | {@AddPlotGroup+ | [ More Windows -
4 Meh &

= , | SclaminarFlow - | @ BuildMesh | = Compute il Mode! Libraries =
| #;AddPhysics AMeshl + | ~®dStudyl [EMore Windows +
Layg

Add Plot Group +
Geometry | Materials ~pAdd Study G Add Plot Group

Model Definitions Physic: Mesh Study Results Windows

FIGURE 3.5: Toolbar and Ribbon for selected Home/Model tab in
COMSOL 4.4 Desktop (top), and 5 (bottom).

A useful item in the Ribbon, under Home/Model tab, is the Layout.
Users can choose their Desktop Layout by clicking on this icon, and
choose for example, Reset Desktop. In addition, a COMSOL Desk-
top, as shown in Figure 3.6 for version 5, has three main sections or
sub-windows; Model Builder, Settings, and Graphics which appear
from left to right, respectively in the default Desktop layout. The
Model builder or model tree window works as a registry for book
keeping the model features, data, physics, mesh, study, results, etc.
and can be used to quickly access model features or modify them if
needed. The Settings window changes according to the item selected
in the Model Builder. For example Geometry, as shown in Figure
3.6. Additional Information windows, like Messages, Progress, Log,
Table, and External Process are also available, under More Windows
tab from the Home/Model toolbar tab.

The third window is the Graphics window which shows the
geometry of the model during building the model geometry, allows
selection of domains and boundaries, and shows modeling results
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FIGURE 3.6: COMSOL 4.4 Desktop with Geometry data entry window.

including graphs. Any of these three Windows could be separated
from the Desktop and moved around by making them Float. This
feature is available by right-clicking on the corresponding window’s
title section and selecting Float option.

CFD MODULE

The COMSOL CFD module is available for purchase, in addi-
tion to the base software package for a fee. It contains ready-to-use
modules for modeling a wide range of fluid flow problems, including
single-phase flow, turbulent flow, non-isothermal flow, compressible
flow, two-phase flow, flow in porous media, rotating machinery, thin-
film flow, non-Newtonian flow, conjugate heat transfer, and reacting
flow. The CFD module could be combined with other modules for
multi-physics modeling, for example Fluid-Structure Interaction.
Figure 3.7 shows a list of ready-to-use models available in CFD
module of COMSOL. The list may differ based on modules installed

on a computer.
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FIGURE 3.7: COMSOL CFD module ready-to-use models.

Each model category includes sub-models, for example Single-
Phase Flow contains five turbulent flow models in COMSOL 4.4 or
seven models in COMSOL 5, as shown in Figure 3.8. We will use
these turbulent flow models in the next chapter (Chapter 4) and will
provide worked-out examples to demonstrate their applications.

Select Physics Select Physics

Search

2% Chemical Species Transport

24" Chemical Species Transport ‘ 4 == Fluid Flow

45 Fluid Flow 4 == Single-Phase Flow
4 == Single-Phase Flow Laminar Flow (spf)

= Laminar Flow (spf)
4 2 Turbulent Flow
27 Turbulent Flow, k- (spf)
%7 Turbulent Flow, k-w (spf)
&2 Turbulent Flow, SST (spf)
227 Turbulent Flow, Low Re k-£ (spf)
& Turbulent Flow, Spalart-Allmaras (spf)
== Creeping Flow (spf)

Turbulent Flow

2l Turbulent Flow, Algebraic yPlus (spf)
21 Turbulent Flow, L-VEL (spf)

Turbulent Flow, k- (spf)

Turbulent Flow, k-w (spf)

Turbulent Flow, SST (spf)

Turbulent Flow, Low Re k-z (spf)
Turbulent Flow, Spalart-Allmaras (spf)

== Creeping Flow (spf)

FIGURE 3.8: COMSOL 4.4 (left) and 5 (right) CFD module
ready-to-use turbulent flow models.
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Example 3.1: Laminar flow in a sudden pipe contraction

We continue with details of our example model to demonstrate,
in general, the process and steps for building a model in COMSOL
using the CFD module. Either versions, 4.4 or 5, could be used
for building this example model, however version 5 provides the
Application Builder tools. The problem considered here is flow of a
fluid in a pipe with a sudden contraction. The flow is axisymmetric
about the pipe axis, as shown in Figure 3.9, along with pipe sizes and
lengths and coordinates system (1; z). The origin of the system of
coordinates (r, z) is set to be at the centerline of the pipe with r-axis
coinciding with pipe contraction location.

300 mm 300 mm
L N| |
F T ‘

D =19.1 mm
r d=10.2 mmL (\

rq

FIGURE 3.9: Geometry and dimensions for Example problem 3.1.

The boundary condition at the inlet of the pipe is considered as a
fully-developed flow. Reynolds number based on the average fluid
velocity Uy, and diameter D, related to the large-diameter pipe
section is Re = 372. We calculate normalized velocity profile across
the pipe, w(r)/U,, versus dimensionless distances along the center-
line of the pipe, i.e. z/D (or z/d). We also validate the model results
against experimental results of Durst et. al. [82].

Solution:

1. Launch COMSOL and click on the Model Wizard icon.
From the Select Space Dimensions window options, click on
the 2D Axisymmetric icon. The Select Physics window will
open. Locate the Fluid Flow > Single-Phase Flow > Laminar
Flow (spf) from the list and click on it and then click the Add
button. The Laminar Flow (spf) will appear in the space
under Added physics space. Then click on Study icon to
move to Select Study window. In this window select Station-
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ary and click on the Done button. The COMSOL Desktop
window will appear. Save the file as Example 3.1.

2. Locate the Length unit selection in the Geometry/Settings
window and change the unit to mm. For having all variables
and dimensions, we use Parameters option, located in the
Home/Model Ribbon tab option. Click on the Parameters
icon and enter the data (case sensitive) as shown in Figure
3.10. Alternatively corresponding data could be loaded by
clicking on Load from the File icon and open file params-
example3.1.txt from the accompanying disc media.

P iramerters VAT
v Parameters
" Name  Expression Value Description
DL 19.1[mm)] 0.019100 m large pipe diameter
DS 10.2[mm] 0.010200 m small pipe diameter
LL 300[mm)] 0.30000 m large pipe length
LS 300[mm)] 0.30000 m small pipe length
vis 1.5e-3[Pa*s] 0.0015000 Pa:s |dyn. viscosity
dens le3[kg/m*3] 1000.0 kg/m*  |density
Re 372 372.00 Reynolds number
Re*vis/dens/DL  0.029215 m/s  average velocity in large pipe

FIGURE 3.10: Flow parameters for Example problem 3.1.

3. Now we build the geometry of the pipe. Click on the Geom-
etry tab in the Ribbon toolbar, select Rectangle, and move
the cursor to the Graphics window and draw an arbitrary
rectangle. The Rectangle 1 (r1) node will appears in the
Model Builder window, under Geometry 1 node. Repeat
the operation to create another rectangle, which will create
Rectangle 2 (r2) node. (Alternatively, users can right-click
on the Geometry 1 node in the Model Builder window and
select Rectangle from the list). In the corresponding Rect-
angle/Settings windows enter the variables related to the
dimensions of the pipe diameters with choosing Corner for
the Base, as shown in Figure 3.11. Then, click on the Build
All Objects button. Zoom in/out may be needed to see all
the built pipe geometry in the Graphics window. To create
the pipe contraction, click on the Graphics window and hit
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Ctrl+A buttons, simultaneously on your keyboard. Then click
on Difference (in version 5 this appears under the Booleans
and Partitions tab) button in the Ribbon bar under Geometry
Tab. The final 2D axisymmetric pipe geometry should be as
shown in Figure 3.12. In this window the z-axis is in vertical
direction, the r-axis is in horizontal direction, and the dash-
dot line is the axisymmetric axis, located at r = 0.

Rectangle ~ + || Rectangle St
{8} Build Selected [ Build All Objects 18 Build Selected [ Build All Objects

¥ Object Type ¥ Object Type

Type: [Solid | || Type: [Solid >
v Size v Size

Width:  DL/2 mm || Width:  (DL-DS)/2 mm
Height:  LL+LS mm || Height: LS mm
~ Position ~ Position

Base: [Comel v] Base: |Corner v

3 0 mm [3 DS/2 mm
z -(LL+LS)2 mm ||z 0 mm

FIGURE 3.11: Dimensions for flow geometry for Example problem 3.1.
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FIGURE 3.12: Pipe 2D-Axissymetric geometry for Example problem 3.1.
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4. To define material properties of the fluid, click on the Fluid
Properties 1 node in the Model Builder tree. In the Fluid
Properties/Settings window locate the Fluid Properties sec-
tion and select User defined option for both Density and
Dynamic viscosity, and enter dens and vis, respectively, as
shown in Figure 3.13. These entries should be the same as
those defined in Parameters (i.e. they are case sensitive).

Fluid Properties =
Domain Selection
Selection: | All cl.cmains

[onE] | |1 %+

Active ﬁi -'E:']

ik
I

Override and Contribution
Equation
Model Inputs &

= Fluid Properties

Density:
F | User defined -
dens kg/m?

Dynamic viscosity:

H [User_deﬁned - |

vis Pa-s

FIGURE 3.13: Fluid properties data for Example problem 3.1.

5. Now we define the boundary conditions. Click on the Physics
tab in the Ribbon bar and from the list under Boundaries
button select Inlet. In the Inlet/Settings window, add the
inlet edge of the pipe (i.e. the lower edge of the pipe) to the
Active list by moving the cursor to the Graphics window and
clicking the corresponding edge located at z = =300.
Boundary number 2 will appear in the list. Locate the
Boundary condition section and select Laminar inflow from
the list. Enter U, in the space below Average velocity, and
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5*Re*DL#0.06 in the space under Entrance length. The
Entrance length selection provides a fully developed flow at
the entrance of the pipe. Finally, in the same Inlet window,
check the box for Constrain endpoints to zero. Similarly, cre-
ate an Outlet boundary with zero pressure, i.e. default value
and assign pipe exit or boundary edge number 3 located at

z = 300 to it, as shown in Figure 3.14. The remaining
boundaries are no-slip wall type, selected by default. Users
can check this by clicking on the Walll node in the Model
Builder tree.

n -1
folct Outlet -
Boundary Selection X
Boundary Selection
Selection: (Manual -
2 % + | [ Selection: (Manual -
B || [ %+
Active (]
& B -
Active m N
&
Override and Contribution
Equation
~ Boundary Condition Override and Contribution

Boundary condition: Equation

[+ Boundary Condition

[Pressure

~ Pressure Conditions
Pressure:
mis|| po 0 Pa

[ Normal flow

[¥] Suppress backflow
[¥] Constrain endpoints to zero

FIGURE 3.14: Boundary conditions for Example problem 3.1.

6. With the geometry and boundary conditions set up, we will
now build a mesh. Click on the Mesh 1 node in the Model
Builder window. From the Mesh/Settings window locate
Element size section and select Coarse from the list and click
the Build All button. The total number of elements, includ-
ing boundary layer type elements, appears in the Message
window. Note the default mesh Sequence type, i.e. Physics-
controlled mesh. This type is selected by default according
to the physics set for the model. In this example a mesh with
dense element distribution is built close to the pipe walls
suitable for modeling the boundary layer region with high
velocity gradient. A close-up of the elements close to the pipe
contraction is shown in Figure 3.15.
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FIGURE 3.15: Boundary and domain hybrid mesh close to pipe contraction for
Example problem 3.1.

7. Now we start the computation by running the model. Click
on the Home/Model tab in the Ribbon bar and select Com-
pute. Default results for Velocity, Pressure contour, and
Velocity 3D will appear, after computation is finished. These
results are shown in the Graphics window, by clicking on
corresponding nodes located under Results in the Model
Builder tree. Figure 3.16 show typical results close to the
pipe contraction. Objects can be moved and zoomed in/out,
etc., using tools located in the Graphics window’s toolbar.

8. In order to compare the results with experimental ones and
demonstrate post-processing Line Graph tools, we manipu-
late the obtained results by calculating the dimensionless
fluid velocity profiles at several cross-sections along the pipe
axis. Click on the Results tab from the Ribbon tool bar and
select 1D Plot Group. A new node (1D Plot Group 4) will
appear under the Results node, in the Model Builder win-
dow. Rename this node Upstream graphs. Click on the Line
Graph button from the list under the Upstream graphs tab,
in the Ribbon tool bar. In the Line Graph/Settings window,
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FIGURE 3.16: Model results for velocity and pressure contour close to the
pipe contraction region.

locate the y-axis Data section and type 1/(DL/2) in the space
provide under Expression. In the same window locate the
x-Axis Data section and select Expression from the list under
Parameters. Enter w/U,, in the space under Expression.
Rename the Line Graphl node velocity at z/D = —0.523.

9. To extract data from the model Solution at this location along
the axis of the pipe, we should define a cross-section or a Cut
Line 2D. Expand the list under the Results node and right-
click on Data Sets and select Cut Line 2D. A new node (Cut
Line 2D 1) will appear in the Model Builder window. Rename
it Data at z/D = —0.523, click on it, and in the Cut Line 2D/
Settings window locate the Line Data section, select Point
and direction from the list (in front of Line entry method) and
enter 0 for r, and —0.523*DL. for z. This will extract numeri-
cal values for a cross-section at z — 0.523 x DL = 9.9893 mm
upstream from the pipe contraction. Now we assign this data
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set to the line graph that we have created. Click on velocity at
z/D = —0.523 node under Upstream graphs and in the cor-
responding Line Graph window locate the Data section and
select Data at z/D = —0.523. To change the line style and
create markers, Expand Coloring and Style section and enter
2 for Width and select Plus sign for marker from the Marker
selection. All data and set ups are ready for this graph; click
Plot. The result line graph is shown in Figure 3.17. Graph and
Axes titles and scales can be changed using the tools available
in 1D Plot Group and Line Graph windows.

Upstream v X
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FIGURE 3.17: Model results for velocity across the pipe at upstream
from the pipe contraction.

10. Repeat instructions given in Steps 8-9, to create Velocity
profiles at five more locations along the pipe axis, according
to Figure 3.18. Final graphs are shown in Figure 3.19. Graph
title and axis scales are modified according to the range of
variables involved.
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FIGURE 3.18: Model line graphs data set up for velocity profiles.
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FIGURE 3.19: Model results for velocity profiles across several locations along the pipe axis.

Finally, we compare the model results, for dimensionless axial veloc-
ity, against existing experimental ones [82], as shown in Table 3.1
(numerical values may show small variations depending on calcu-
lation precisions and/or mesh resolution used). In order to extract
numerical values from the model solution we should create the
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physical points in the geometry and evaluate the numerical values of
the desired variables, for example for velocity, at these points.

TABLE 3.1: Comparison of model against existing experimental results [82],

for dimensionless axial fluid velocity.

U/Uavg

z/D -0.523 -0.236 -0.026
2r/D | Model Exp. Model Exp. Model Exp.
0.08 2.02612 2.091 2.33699 2.410 3.46273 3.409
0.24 1.91191 1.977 2.16949 2.245 3.37023 3.306
0.52 1.46458 1.524 1.51 1.565 1.96339 1.864
0.76 0.83488 0.824 0.7359 0.762 0.10423 0.062
0.98 0.07559 0.051 0.04821 0.051 -6.47E-04 | -0.010

11. Click on the Geometry tab, and from the list under More

Primitives select Point. Then click anywhere in the flow
domain. A new node, Point 1(pt1), will appear under Geom-
etry 1 in the Model Builder tree. Click on the Point 1 (pt1)
node and in the Point/Settings window enter 0.08*DL/2 and
—0.523*DL for r and z, respectively. Click the Build Selected
button; a physical node will appear (may require zoom in/
out and a click on Geometry 1 node) in the flow domain

at and , which is exactly what we want to have, according

to Table 3.1. Click the Compute button (located in Home
tab selections). To evaluate the value of axial velocity at this
Point, right-click on the Derived Values node, located under
Results, and select Point Evaluation from the list. In the
corresponding window, add Point 1 to the Selection list, by
clicking on it, in the Graphics window. Locate the Expres-
sion section and enter w/U,,. Click the Evaluate button,
located on the top of Point Evaluation window. The result
will appear in the Table 1 window as 2.02612. This numerical
value is compared against the corresponding experimental
value, 2.091. amd measured at the same point [S2]. Results
for numerical values may differ based on the mesh resolu-
tion and, in general could be improved to match closer to the
experimental results.

Another tool, which could be used, is the tool Results >Data
Sets >Cut Point 2D. This tool extracts data at desired physical
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points in the flow domain from the solution and in conjunc-
tion with the tool Results >Derived Values >Point Evaluation
we can calculate the result. This way, we don’t need to run the
model after each node is created in the geometry. Therefore
we save several runs, but we don't see the physical points in
the Graphics window (as shown in Figure 3.20, for V4.4).

12. Repeat instructions given in Step 11, to create 14 more
points and evaluate their corresponding fluid axial veloci-
ties. Renaming the nodes created in the Model Builder tree
would be useful and are recommended. The final result is
shown in Figure 3.20.
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2004
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FIGURE 3.20: Set up for evaluation of numerical values of axial
velocity at several locations along the pipe axis.

This concludes this example; users may enhance the accuracy
of the results by examining different mesh resolutions and types, as
well as evaluating the involved variables at cross-sectional locations
downstream of the pipe contraction.

USING APPLICATION BUILDER FOR EXAMPLE 3.1

In this section, we use this tool for creating an Application for
the model Example 3.1. Users who are using COMSOL4.4 should

upgrade toversion 5, in order to have the Application Builder facilities



98 « CFD Module Turbulent Flow Modeling

available to them. However if a model is built in version 4.4, it can
be uploaded/opened in version 5, however the uploaded file (once
saved) can’t be opened again in version 4.4 (i.e. COMSOL model
files are not retroactive).

Solution:

1. Launch COMSOL 5 and click on the Application Wizard
icon. In the Select Model for Application window, click on
the Browse icon and locate/select that which was saved for
Example 3.1. The New Form window appears, as shown in
Figure 3.21. Save the file as App-Example 3.1.

T
o INm KR 9CEHEEN | App-Example 3.1.mphapp - COMSOL Multiphysics (Trialversiday IR
Application Model Definitions Geometry Materials Physics Mesh Study Results a

New Form

Formtitle  Form1 [7] Labels on top

Tnputsrotputs | Gaphic | Batins]

Available: Selected:
4 % Model -
4 @ Global
4 () Definitions
4 Pi Parameters {param}
123 large pipe diameter (DL)
123 small pipe diameter (DS)
123 large pipe length (LL)
123 small pipe length (LS)
123 dyn, viscosity (vis)
123 density (dens)
123 Reynolds number (Re)
123 average velocity in large pipe (|
4 (B Results

4 E Derived Values
¢ Average velocity {av2}
2 Velocities-Node at 2/DL=-0.523 {pe

235 \alncitisc.Nnds 2t 2/D1 .0 726 Iner
" »

Help € Cancel [ pone

876 MB | 1027 MB

FIGURE 3.21: Application Builder New Form window for Example 3.1.

2. Change the Form title to Laminar flow in a sudden pipe
contraction. Check the box for Label on the top. Under the
Inputs/outputs tab, double click on the Reynolds number
(Re) node in the Available list, in order to move it to the
Selected list. Also, under Results, double click on Velocities-
Node at z/DL = —0.523, Velocities-Node at z/DL = —0.236,
and Velocities-Node at z/DL = —0.026. The result is shown
in Figure 3.22.
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FIGURE 3.22: Application Builder Selected Input/outputs for Example 3.1.

3. Click on the Graphics tab, in the New Form window. From
the Available list, double click on Velocity 3D (spf),
Upstream graphs, and Downstream graphs, to move them to
the Selected list.

4. Click on the Buttons tab, in the New Form window. From
the Available list, double click on Compute Study 1, in order
to move it to the Selected list. Click on the Done icon. The
Form Editor Desktop (or Application Builder Desktop)
appears, as shown in Figure 3.23.
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FIGURE 3.23: Application Builder Desktop window for Example 3.1.
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5. Rearrange/resize the Graphics windows, to a desired layout
format by drag-and-drop operations. Also move the Compute
button to the top. Now we assign a picture to the Compute
button. Click on the Compute button and from the Settings
window locate Picture and select compute_32.png and from
Size select large. Occasionally click on the Test Form button
in the ribbon toolbar to see the result layout. Now click on
the Test Application button. The App window will appear, as
shown in Figure 3.24. In this window, change the Reynolds
number to 196 and click on the Compute button. Watch
the graphs and outputs that will change after computation is
done. Users can use the toolbars associated with each graphic
window, such as Zoom in/out, etc., to manipulate the graphs.
Save the file. As mentioned in the previous section, users
may share this model Application example by uploading it to
the COMSOL Server.
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FIGURE 3.24: Application for Example 3.1, built by COMSOL 5 Application Builder tool.
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GENERAL GUIDELINES FOR BUILDING A MODEL
IN COMSOL

In general, major sequential steps for building a model using
COMSOL for a given problem are as follows:

1.

11.
12.

Define the problem, including physics and materials in-
volved.

. Identify the governing equations and boundary conditions

to have a clear understanding of the scope of the problem’s
solution.

. Launch COMSOL.
. Use COMSOL features to assign the dimension (1D, 2D,

3D, etc.), the physics involved, and the temporal (steady or
transient, etc.) of the problem.

. Build the geometry of the problem (if required), import your

CAD file, or use LiveLink to access your model geometry.

. Assign material properties to the built geometry blocks of the

problem.

. Add physics and boundary conditions according to steps 1

and 2.

. Create a mesh or finite elements for the built geometry.
. Solve/run the model and verify the results.

. Visualize the results and validate them, either using hand

calculations or comparing to known results, either analytical,
experimental, or validated numerical ones.

Create a model Application, available in COMSOL 5.

Create a report for the model that includes its specifications.
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EXERCISES

3.1.

3.2.

3.3.

3.4.

H 300 mm + 300 mm ——

Using the Instructions given in Chapter 3, build the
model example given for Example 3.1.

Using the model solution for Example 3.1, create two
more meshes with higher resolutions for this model and
investigate the mesh independency of the results, as well
as validating them against experimental results given in
Table 3.1.

For Example 3.1, create points across the pipe at two lo-
cations upstream the pipe contraction and draw the fluid
axial velocity profiles at these locations.

Modify Example 3.1, with adding another pipe sec-
tion downstream to its existing small-diameter pipe and
model the new problem.

300 mm ——

D =19.1 mm

I r t] =10.2 mm

Modity Example 3.1, by adding another large—diameter

pipe section upstream to its existing large-diameter pipe,
and model the new problem.

L 300 mm L 300 mm L 300 mm |
I N N ‘
D =19.1 mm
r I J;d =10.2 mm
3.6. Using the Application Builder tool (available in

COMSOL 5), build an application for Example 3.1. Try
several layouts using Form Editor Desktop tool.



CHAPTER

TURBULENT FLOW
MODELS—
APPLICATIONS

OVERVIEW

In this chapter, we present applications of turbulent models
available in COMSOL through worked-out examples. Different
types of flows including; internal flow, flow around objects and
airfoils, free flow, and flow with separation will be modeled. The
emphasis will be on industrial flows and examples with potential
practical applications. For the purpose of comparison and valida-
tion, the obtained modeling results of the examples provided are
compared against existing experimental data or numerical solu-
tions, where and when available. Users might make use of several
resources available, mainly those from NPARC (National Program
for Applications-Oriented Research in CFD) Alliance of NASA.
NPARC archive [83] offers a comprehensive list of cases for differ-
ent flows. In order to define V&V (i.e. verification and validation),
we refer to “AIAA Guidelines” [84]. In this Guideline verification
is defined as: The process of determining that a model implementa-
tion accurately represents the developer’s conceptual description of
the model and the solution to the model, and Validation is defined
as: The process of determining the degree to which a model is an
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accurate representation of the real world from the perspective of the
intended uses of the model.

We recommend that users familiarize themselves with the
COMSOL interface or Desktop and tools available with it, before
trying the examples provided in this chapter. COMSOL provides
webinars which could be used for this purpose and are available
online.

Example 4.1: Modeling of turbulent flow for an asymmetric diffuser

For this example we model the turbulent flow in an asymmet-
ric planar diffuser which has a reliable experimental database, after
Buice [85]. Fluid flow from the narrow section of a diffuser enters
into the wider section and hence flow separation happens due to
adverse pressure gradient which in turn results from flow decelera-
tion. The overall increase in drag force, in addition to the size of the
separation, pressure variation, and energy losses are of interest for
industrial applications. Capturing the detachment and reattachment
point of the separation region is challenging, and a suitable turbu-
lence model which can capture the flow in the diffuser zone should
be selected. To capture the flow separation we have the choices of
the k-wmodel, SST model, or S-A model (see Chapter 2). We choose
the SST model for this example. However, it is recommended that
users try k-@ model and/or S-A model as well, for comparison [86].
Recall that SST model (i.e. the version available in COMSOL) does
not require a wall function whereas the k- model requires applica-
tion of a wall function.

A schematic of the diffuser geometry considered for this exam-
ple is shown in Figure 4.1, with H = 1.5 cm, [85]. Reynolds number,
based on upstream data is 20,000.

H-15cm ] - _I;m

< 73 H : 21 H . 56 H |

FIGURE 4.1:  Schematic geometry of planar asymmetric diffuser.
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Solution:

1. Launch COMSOL and from File>Save as, in the New
window, save the model as Example 4.1. Click on the Model
Wizard icon.

2. From the Select Space Dimension window, click on the 2D
icon. The Select Physics window will appear. Select Fluid
Flow>Single-Phase Flow>Turbulent Flow>Turbulent Flow,
SST (spf). Then click on the Add icon. Figure 4.2 shows the
Select Physics window and options selected. Note the list of

dependent variables.
hy Mesh  Study  Results a
Select Physics Review Physics

=S Turbulent Flow, SST (spf)
O Recently Used = Dependent Variables
XA

Velocity feld:
Velocity field components: 1

‘Added physics:
= Turbulent Flow, SST (spf)

Remove
@ spece Dimension © suey
iy @) Conce [ vone

676 MB 816 MB

FIGURE 4.2: Select Physics window and options for Example 4.1.

3. Click on the Study icon/arrow and, from the Select Study
window, under Preset Studies, click on Stationary with Ini-
tialization. Click on the Done icon. The COMSOL Desktop
interface appears, as shown in Figure 4.3. In the Geometry
window, locate Units section and change the Length unit to
cm.
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FIGURE 4.3: COMSOL Desktop interface for Example 4.1.

4. Now we make a list of input data used for this model as
parameters. From the Home /Model tab ribbon, click on
Parameters. In the Parameters window, enter the data (case
sensitive) as shown in Figure 4.4. Alternatively this data can
be imported from the accompanying disk.

Parameters

¥ Parameters

Name Expression Value Description

H 1.5[cm] 0.015000 m inlet channel height I
Re 2ed 20000 Reynolds number }
Air_dens  |1.204[kg/m*3] 1.2040 kg/m*® |air density

Air_vis 1.806e-5[Pa”s] 1.8060E-5 Pas |air viscosity I
Ub Re*Air_vis/(Air_dens*H) 20.000 m/s bulk inlet velocity I

FIGURE 4.4: Parameters data for Example 4.1.

5. To build the geometry of the diffuser, click on the Geom-
etry tab in the Ribbon and select the Draw Line tool from
the list. Then move the cursor to the Graphics window and
draw a straight horizontal line. To release the cursor, right-
click. In the Model Builder window, expand the Geometry
1 node and click on the Bezier Polygon 1 (b1) node. In the
corresponding Bezier Polygon window, locate Polygon Seg-
ments and click on Segment 1 (linear). Enter the data in the
Control points, according to Figure 4.5, and click on Build
Selected. You may have to zoom in for the line to appear in
the Graphics window. To add more lines, click on the Add
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Linear button four times, and enter the data for Segment
2(linear) to Segment 5(linear), as shown in Table 4.1. Click
on Build All Objects. The final Geometry of the diffuser is
shown in Figure 4.6, as it appears in the Graphics window.

——t———{ ||
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FIGURE 4.5: Geometry data and interface window for Example 4.1.

TABLE 4.1: Coordinates for line segments of diffuser geometry.

Line Control points
Segment 1 (linear) X y
1 -73*H 47*H cm
2 20H+56H 47H em
Segment 2 (linear) x y
1 21"H+56*H 47*H cm
2 21*H+56*H 0 cm
Segment 3 (linear) X ¥
1 21*H+56*H 0 m
2 2AH 0 cm
Segment 4 (linear) x ¥y
1 21%H 0 cm
2 0 4.7*H-H €m
Segment 5 (linear) X ¥
10 47*H-H cm
2 -3 47*H-H cm
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FIGURE 4.6: Geometry of diffuser shown in Graphics window.

6. To assign fluid properties to the flow domain, click on the
Turbulent Flow, SST (spf)>Fluid Properties 1 node in the
Model Builder window. In the corresponding window, locate
section Fluid Properties and select User defined from Den-
sity list and enter Air_dens. Similarly for Dynamic viscosity,
enter Air_vis. See Figure 4.7. The Reference length scale:
Liet, is left as default [55], which gives a value of one-tenth of
the smallest diffuser length scale, i.e. 1.5 mm.

¥  Fluid Properties

Density:

P (User defined v
Air_dens kg/m?

Dynamic viscosity:

H [Userdefined V]
Air_vis Pa's

v Distance Equation

Reference length scale:

Iref | Automatic vl

FIGURE 4.7: Fluid properties data entry section.

7. For boundary conditions at the inlet, click on the Physics tab
and select Input from the list under Boundaries. In the cor-
responding window for Inlet, assign boundary 1 by clicking
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on the corresponding edge of the diffuser geometry. Enter
0.05 for Turbulence intensity and 0.07#3*H/2, (see Table
2.2), for Turbulence length scale and Ub for Velocity, as
shown in Figure 4.8. Similarly, create the Outlet and assign
boundary 6 to it. We leave pressure at default value of zero.

114 M1z 110 M0 06 M5z M0z 100 'ee” 8¢

ress Log Tablex

4L mph

908 %2M8

FIGURE 4.8: Inlet data entry section and boundary assigned.

So far we have built geometry, physics, and boundary condi-
tions. The model is ready for building the mesh.

8. Click on the Mesh 1 node in the Model Builder window. In
the Mesh window, leave the default for Sequence type as
Physics-controlled mesh, and for Element size as Normal.
Users may want to create a coarser or Mapped mesh first
and use the corresponding model result as initial solution
for a relatively finer mesh. Click on Build All to build a total
of 175,736 hybrid elements, consisting of 5,020 boundary
layer elements. A zoom-in of the mesh at the diffuser ramp is
shown in Figure 4.9.
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FIGURE 4.9: Mesh built consisting of boundary-layer and triangular elements.

9.

10.

The model is ready for computation. Right-click on the Study
1 node, in the Model Builder and click on Compute. Users
can open the Convergence Plot 1 window to see the progress
of the solution convergence per iteration numbers. On a
typical computer, it takes close to one hour for computation
to finish. High demand on computer power and time is one
of the ‘characteristics” of the SST model. To minimize these
requirements, users may want to run the model using the k-&
model and then use the result as the initial solution for SST
model. This approach also helps the convergence. A user-
defined mesh could also help with these constraints.

Default results for mean velocity magnitude appear in the
Graphics window, along with corresponding nodes for
pressure and wall resolution (dimensionless distance to cell
center) that appear in the Model Builder window. A zoom-in
set of results for velocity and pressure contours are shown in
Figure 4.10.
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11

FIGURE 4;10: Mean velocity and pres;uré cc;néours along diﬁ"userl.
In order to compare our results with the existing experi-
mental results [85] and [83], we create line graphs at certain
cross-sectional locations of the diffuser. We plot the axial
velocity profiles at these locations for the purpose of com-
parison with the experimental results. The selected locations
are at
% =-5.82,2.5558,5.9442,13.468,16.836,
26.227,33.931,66.94.

. To extract data for desired cross sections, expand the Results

> Data Sets node, in the model tree, and right-click on Data
Sets to select Cut Line 2D. The Cut Line 2D 1 node appears.
In the corresponding settings window, locate the Line Data
section and choose Point and direction from the Line entry
method list. Enter the data as shown in Figure 4.11. Similar-
ly, generate seven more cross-sections by creating Cut Line
2D 2 to 8, and by using data given for selected locations (i.e.,

% =2.5558,5.9442,13.468,16.836,26.227,33.931, 66.94)
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FIGURE 4.11: Window for cross-sectional data entry, data for Cut Line 2D 1 is shown.

12. Now having the data for each cross-section, build line graphs

for each one. Click on the Results tab in the toolbar, and
select the 1D Plot Group. From the list, select Line Graph.
In the Line Graph window, locate the Data section and
select Cut Line 2D 1 from the list. Enter the data according
to Figure 4.12 for y-Axis Data and x-Axis Data sections. The
Coloring and Style section is optional for manipulation of the
appearance of the graphs. Click on the Plot icon, located on
the top of window. Similarly, create seven more Line Graph
2-8. Note that for each graph corresponding cross-sectional
data should be used (i.e. for Line Graph 2 use Cut Line 2D
2, etc.). Results for dimensionless mean axial velocity u/Ub
are shown at desired cross sections. For demonstration and
comparison purposes, a factor of 10 and location distance of
x/H is used. Figure 4.13 shows a comparison of the model
results against those of Study #1 of NPARC [83], which are
in good agreement.
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FIGURE 4.13: Model results (right), NASA results (left [Slater 1993] )
for mean axial velocity profiles.
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13. One of the flow features for the diffuser is the flow detach-
ment and reattachment which result in a recirculation zone.
To demonstrate this, we draw streamlines. Right-click on the
Velocity node, and select Streamline in the Model Builder
window. In the Streamline window, locate the Streamline
Positioning section and select Start point controlled from
the list for Positioning, Enter 20 for Points, and select Cut
Line 2D 5 for Along line. Right-click on the Streamline 1
node and select Color Expression. Click Plot. To see the
streamlines more clearly, disable Surface 1 by right-clicking
on it and select Disable. The result, as shown in Figure 4.14,
clearly shows the recirculation zone, specifically the detach-
ment and re-attachment locations of the separated boundary
layer on the ramp of the diffuse.

Graphics
aaa@ - a8

FIGURE 4.14: Streamlines along the diffuser showing the
flow separation and re-attachment.
Ty
2

for upper and lower walls

Other quantities like Coefficient of friction, C = and

PP
0.5pU;
can be extracted from the model results. P, is the static pres-

coefficient of pressure C, =

X
H
shown in Figure 4.15. Please refer to the built model available on
the accompanying disk.

sure at the point =-1.7. Results for coefficient of friction are
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FIGURE 4.15: Coefficient of friction for the diffuser top and bottom walls.

Example 4.2: Modeling of turbulent flow around the S809 airfoil

For this example, we model flow around an airfoil. Airfoils are
used in many industries, including aerospace, wind turbine, and
turbo-machinery. Proper design and prediction of airfoil character-
istics are of major importance for their desired performances. For
this example we choose an S-type airfoil, specifically S809, whose
aerodynamic performance are representative of typical horizontal-
axis wind turbine blades with a rotor diameter of 20-30 m [87]. S809
is a 21%-thick airfoil designed by Somers [88] to achieve maximum
lift, low profile drag, and insensitivity to surface roughness. Experi-
mental data for the airfoil section geometry and aerodynamic coef-
ficients are taken from Somers [88] and NREL [89], for the pur-
pose of comparison and validation of the modeling results. Figure
4.16 shows a sketch of the airfoil section. For our example the airfoil
chord C = 600 mm.



116 ¢ CFD Module Turbulent Flow Modeling

0.2

01
/-
2 oo
—
/
01 \'\‘,ﬁ__;/

-0.2

0.0 01 0.2 03 04 05 06 0.7 08 09 10
xlc

FIGURE 4.16: S809 airfoil profile

We select and use the S-A turbulent model for this example. The
flow domain is considered to be about 100 times bigger than the
chord in 2D space, in order to minimize the effect of applied bound-
ary conditions on the airfoil performance. All calculations are per-
formed for a chord-based Reynolds number of 2 x 10° which is
equivalent to a bulk air speed of 50 m/s with density of 1.204 kg/m?
and viscosity of 1.806 x 10-° Pa.s.

Solution:

1. Launch COMSOL and from File>Save as, in the New
window, save the model as Example 4.2. Click on the Model
Wizard icon.

2. From the Select Space Dimension window, click on the 2D
icon. The Select Physics window will appear. Select Fluid
Flow>Single-Phase Flow>Turbulent Flow>Turbulent Flow,
Spalart-Allmaras (spf). Then click on the Add button.

3. Click on the Study icon/arrow and, from Select Study win-
dow, under Preset Studies, click on Stationary with Initial-
ization. Click on the Done icon. The COMSOL Desktop
interface appears. In the Geometry window locate the Units
section and change the Length unit to mm.

4. Now we make a list of input data used for this model as pa-
rameters. From the Home tab ribbon, click on Parameters.
In the Parameters window, enter the data (case sensitive) as
shown in Figure 4.17. Alternatively this data can be imported
from the accompanying disk.
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Parameters

¥ Parameters

" Name
C
Re
Air_dens
Air_vis
Ub
alpha

Expression Value
600[mm)] 0.60000 m
2¢b 2.0000E6
1.204[kg/m*3] 1.2040 kg/m*

1.806e-5[Pa*s]
Re*Air_vis/(Air_dens*C) |50.000 m/s
0

0

1.8060E-5 Pa:s

Description
airfoil chord
Reynolds number
air density
air viscosity
bulk inlet velocity
angle of attack

FIGURE 4.17: Parameters data for Example 4.2.

5. We build a half-circle for the flow domain covering the up-
stream and including the airfoil. Right-click on the Geometry 1
node in the Model Builder window, and select Circle from the
list. In the Circle settings window, as shown in Figure 4.18, en-
ter 50*C for Radius and 180 for Sector angle. Choose Center
from the Base list and enter C for x. for Rotation, enter 90.

Circle
{2 Build Selected & Build All Objects

¥ Object Type

Type: |Solid

¥ Size and Shape

Radius: 50 C

Sector angle: 180

¥ Position

Base: |Center

X C

y: 0

¥ Rotation Angle
Rotation: 90

Layers

v Selections of Resulting Entities

[] Create selections

Contribute to: |None

FIGURE 4.18: Data entry for quadrant domain.
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6. To build the geometry of the airfoil right-click on the Geom-
etry node, in the model tree, and select Interpolation Curve
from the list. In the corresponding window enter the data for
the Upper surface as given in Table 4.2 [88]. Alternatively
this data can be imported from the accompanying disk. Click
on the Build Selected icon. Zoom in to see the curve airfoil
upper-surface curve created. Similarly, create another Inter-
polation Curve and enter data for Lower surface, and then
click on Build All Objects. Use the Zoom In button to see the
airfoil curves in the Graphics window. Alternatively, users
can import the data provided through the accompanying disk
into the corresponding tables. The cross section of the airfoil
can be built by using these curves. This is done by convert-
ing the enclosed area by these curves to a solid. Click on the
Geometry tab and select Convert to Solid, from the list under
Conversions. In the corresponding window add the upper
and lower curves (i.e. icl and ic2) into the Input objects by
clicking on them in the Graphics window (using the Select
Box from the Graphics toolbar might help). Then click on
Build Selected.

TABLE 4.2: Coordinates for the Upper and the Lower surfaces of
S809 airfoil [88].

Upper surface/curve Lower surface/curve
x(mm) y(mm) x(mm) y(mm)

0 0 0 0
0.00037+C 0.00275*C 0.0014*C —0.00498x*C
0.00575%C 0.01166+C 0.00933*C -0.01272%C
0.01626+*C 0.02133*C 0.02321+C —-0.02162%C
0.03158+C 0.03136+C 0.04223+C —0.03144x*C
0.05147+C 0.04143+C 0.06579+C —-0.04199+C
0.07568+C 0.05132xC 0.09325+C -0.05301+C
0.10390*C 0.06082+C 0.12397*C —0.06408*C
0.13580*C 0.06972xC 0.15752*C —-0.07467+C
0.17103*C 0.07786x*C 0.19362*C —-0.08447+C
0.2092*C 0.08505+C 0.23175%C —-0.09326+C
0.24987+C 0.09113xC 0.27129+C -0.1006*C
0.29259xC 0.09594+C 0.31188+C -0.10589*C
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Upper surface/curve Lower surface/curve
x(mm) y(mm) x(mm) y(mm)

0.33689+C 0.09933+C 0.35328+C —-0.10866*C
0.38223+C 0.10109%C 0.39541+C —0.10842*C
0.42809+C 0.10101*C 0.43832xC -0.10484*C
0.47384+C 0.09843+C 0.48234+C —-0.09756+C
0.52005+C 0.09237+C 0.52837+C —-0.08697+C
0.56801+C 0.08356+C 0.57663*C -0.07442xC
0.61747+C 0.07379+C 0.62649+C -0.06112+C
0.66718+C 0.06403+C 0.67710+C —-0.04792+C
0.71606+C 0.05462+C 0.72752%C —0.03558+C
0.76314+C 0.04578+C 0.77668+C —-0.02466+C
0.80756+C 0.03761+C 0.82348+C —-0.01559+C
0.84854+C 0.03017+C 0.86677+C —0.00859+C
0.88537+C 0.02335+C 0.90545+C —0.0037+C
0.91763+C 0.01694+C 0.93852+C —-0.00075+C
0.94523+C 0.01101=C 0.96509+C 0.00054+C
0.96799+C 0.006+C 0.98446+C 0.00065+C
0.98528+C 0.00245+C 0.99612+C 0.00024+C
0.99623+C 0.00054+C 1+C 0

1.xC 0 _ —

FIGURE 4.19: S809-built geometry with partial flow domain.
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7. Now we subtract the airfoil from the semi-circle domain to
create the flow domain around the airfoil. Click on Differ-
ence, located in the ribbon under the Geometry tab. In the
corresponding window select and add domain (c1) to list for
Objects to add, and airfoil (csol1) to the Objects to subtract
(again using the Select Box from the Graphics toolbar might
help). Users may have to toggle the Active button to turn it
on. Click on Build Selected. For further meshing use, we
draw a line to divide the semi-circular flow domain into two
sections. Right-click on the Geometry node, in the Model
Builder window, and select the Bezier Polygon. In the cor-
responding settings window, click on the Add Linear button
and enter coordinates (0, 0) for control point 1 and (-49°C,
0) for point 2. Click on Build Selected. Figure 4.19 shows the
result.

8. To build the remaining of the flow domain geometry for the
downstream, right-click the Geometry 1 node in the model
tree and select Rectangle from the list. In the correspond-
ing window locate the Size section and enter 100*C for the
Width, and 50*C for Height. Locate the Position section and
enter C for x: and click on the Build Selected icon. Click on
Mirror in the Geometry tab and in the corresponding win-
dow, add Rectangle (r1) to the list and select the Keep input
objects check-box. Locate Normal vector to Line of Reflec-
tion section and enter 0 for x, and 1 for ¢. Click on Build
Selected. Click on the Zoom Extents button, located in the
Graphics window toolbar, to view the whole flow domain ge-
ometry. The final flow domain geometry is shown in Figure
4.20, Zoom-in to see the airfoil in the middle.

9. To set up the inner boundaries for mesh control purposes
(a feature to be used for user defined mesh), click on the
Geometry tab and select Virtual Operations>Mesh Control
Edges. Add all inner boundaries (1, 2, 4, 5) to the Input list.
Click the Build Selected button. These boundaries will disap-
pear from the geometry, but will be visible during meshing
operation.
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FIGURE 4.20: Built geometry for flow domain around S809 airfoil.

Now we specify the fluid properties. Click on the Fluid
Properties 1 node, located under Turbulent Flow, Spalart-
Allmara (spf). In the corresponding window, locate the Fluid
Properties section and select User defined from the list for
both Density and Dynamic viscosity and enter Air_dens and
Air_vis, respectively. Locate the Distance Equation section
to define [,.f; this variable is used to control the distance to
the wall equation. Any object smaller than its defined value
is diminished and only larger objects or walls are considered
[55]. For having the airfoil included we assign 0.1 m (< C =
0.6 m) for this variable. We leave the remaining selections
from this window as defaults.

To set up the physics, click on the Turbulent Flow, Spalart-
Allmara (spf) node in the Model Builder window. In the cor-
responding window, make sure that domain 1 is selected and
listed in the Domain Selection section. Users are encouraged
to open the Equation section and familiarize themselves with
the governing equations (see Chapter 2).

To set up flow boundary conditions, click on the Physics tab
and select Inlet from the list under Boundaries, located in
the ribbon bar. In the Inlet settings window, click on edge
(boundary 1) of the flow domain and add them to the list un-
der Boundary Selection. Also locate the Velocity section and
select Velocity field option. Enter Ub*cos(alpha*pi/180) and
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13.

14.

Ub*sin(alpha*pi/180) for velocity vector u, components x and
y, respectively. Note that for these entries we should exactly
use the variables as defined in the Parameters (i.e. case sensi-
tive). Similarly, create an open boundary for the outlet, by
selecting Open Boundary from the list under Boundaries and
assign the right edge (boundary 2) of the flow domain to it.
COMSOL, by default, assigns all other boundaries (i.e. airfoil
surfaces) as no-slip walls, which can be checked out by
clicking on the Wall 1 node, in the Model Builder window.

To help the convergence of numerical results we set an initial
value for the velocity field. Click on the Initial Values 1 node,
and in the corresponding Initial Values settings window
locate the Initial Values section. Enter Ub*cos(alpha*pi/180)
and Ub’sin(alpha*pi/180) for velocity vector u, components x
and y, respectively.

To build a mesh, click on the Mesh 1 node in the Model
Builder window. In the Mesh window leave the Physics-con-
trolled mesh as a default selection and select Extremely fine
option for Element size. Right-click on the Mesh 1 node and
select Edit Physics-Induce Sequence, from the list. Click on
Boundary Layers 1>Boundary Layer Properties 1. In the cor-
responding settings window select and add airfoil boundaries
(edges 3, 4) to the list. Change the Number of boundary
layers to 20 and enter 1.1 for Boundary layer stretching
factor. Click on the Boundary Layer 1 node, in the Model
Builder window, and locate the Corner Settings section

in the corresponding settings window. Select Splitting for
Handling of sharp corners. Click on the Build All button. A
hybrid mesh consisting of 814 quadrilateral boundary-layer
elements and 114,368 triangular elements is built. Figure
4.21 shows the built elements around the leading edge of the
airfoil. Note the boundary-layer type elements close to the
airfoil surface. A more detailed and comprehensive mesh
could be built for further detailed studies.
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FIGURE 4.21: Hybrid mesh built around the leading edge of the S809 airfoil.

1S5.

16.

To set the model to run for several values of angle of attack,
click on the Study 1>Step 2: Stationary node in the Model
Builder window. In the Stationary settings window locate and
expand Study Extensions (see Figure 4.22). Select the Aux-
iliary sweep check box. Click add (i.e. plus button located at
the bottom of this section) and select alpha (angle of attack),
from the list under Auxiliary parameter. Enter range (0,2,14)
under the Parameter value list. This will set the model to run
for a range of values from 0 to 14 with an increment of 2°, for
the angle of attack.

It is useful and instructive to plot the solution during the
computation. Click on the Study tab from the toolbar and
click on Get Initial Value in the ribbon. Expand the Results
node in the model Builder window and click on Velocity
(spf). From the corresponding settings window locate the
Plot Settings section and select View 1 from the list for View.
In the Model Builder window click on the View 1 node under
Component 1>Definitions, then in the View settings window
select the Lock axis check-box. To draw the streamlines,
right-click on Velocity (spf) node in the Model Builder win-
dow and select Streamline from the list. In the corresponding
window locate Streamline Positioning and select Start point
controlled from the list for Positioning option. Select Coordi-
nates for Entry method and enter C and range(—600,15,600)
forx and y, respectively. With this setting we can plot
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streamlines close to the airfoil during the solution and for
final results (see Figure 4.22).

Stationary 2 Streamline N
v Study Settings 4 Plot
v Data -
¥ Results While Solving -
Data set: [From parent ']
[£] Plot
~ Expression +v %

Plot group: |Velocity (spf) S

x component:

Probes: [AII v u e
v Physics and Variables Selection = y component:
[C] Modify physics tree and variables for study step v )
Physics Sol Discretization @ Description: A
Turbulent Flow, Spalart-Al..| _, Velocity field 1
<[ ", ) » b Title
Values of Dependent Variables v Streamline Positioning
Mesh Selection L Positioning: [Start point controlled ']
¥ Study Extensions Entry method: [Coordinates ']
Auxiliary sweep x c mm
Sweep type: ¥ range(-600,20,600) mm
Auxiliary parameter Parameter value list v Coloring and Style m
Eacond || | prove— 2
11 +5m L Color: [Black v]

FIGURE 4.22: Data entry for angle of attack solver sweeping parameter and
streamline close to the airfoil.

17.To visualize the results during computation, expand Study 1
> Solver Configuration > Solver 1 > Stationary Solver 2 and
then click on the Segregated 1 node. In the corresponding
Segregated settings window expand Results While Solving
and select the Plot check-box.

18. The model is ready for computation. Users may detach the
Graphics window by making it Float and by resizing it (using
Zoom In/Out tools) to clearly see the streamlines around the
airfoil during computation. Click on the Study tab and Com-
pute button ribbon. After computations end, default results
are shown for velocity and pressure contours. Figure 4.23
shows the results close to the leading edge for the angle of
attack of 8° and Figure 4.24 shows the results for the whole
airfoil at 14°.
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leading edge at angle of attack of 8°.
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FIGURE 4.24: Velocity, streamlines, and pressure contour around S809 airfoil
at angle of at attack of 14°.

To verify the results, we calculate the drag, lift, and pressure
coefficients. These coefficients are defined as

6

Cp = . )
C(0.5x Air_densxUy)

~Pp
b c<o.5xAir_denst,§)X["y sin (&) + nx. cos ()]

-yp
"7 C0.5x Air_dens x U?) x[ny.cos(a)+nx.sin (a)]
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where nx and ny are components of element surface normal
vector, as defined in the COMSOL manual by nxmesh and
nymesh, respectively. Line integrals are taken over the airfoil
boundary curves.

Right-click on Results > Derived Values and select
Integration>Line Integration. In the corresponding settings
window, select and add airfoil curves (curves 3, 4) to the
Selection list. Locate the Expression section and type in p/
(0.5*Air_dens*Ub"2)/Cx*(spf.nymesh*sin(alpha*pi/180)+spf.
nxmesh*cos(alpha’pi/180)). Select the Description check box
and type in Drag coeff. Cd. Click on the Evaluate button. Re-
sults for drag coefficients for all values of angle of attack will
appear in the Table 2 window. In the Table window toolbar,
click on the Table Graph icon. The results will appear as a
graph in the Graphics window. In the Table Graph window,
locate the Line markers section and select Point for Marker
and In data points for Positioning. Click the Plot button.
Figure 4.25 shows the model results.

Graphics

Table 2 X | laaam uE aa

FEANE- 1=1-X K
008

alpha Drag coeff. Cd (1)
o075 [ orag cost ca
007

0 0.01147
2 0.01162
4 0.01315
6 0.01654
8 0.02344
10 0.03883
12 0.05825
14 0.07954

alpha

FIGURE 4.25: Model results for Drag coefficients of airfoil S809 versus angle of attack.

20. Repeat Instructions given in step 19 in order to create an-

other line integrations and graph for Lift coefficient. For Lift
type in the following expression in the Expression section;
p/(0.5*%Air_dens*Ub”2)/C#(spf.nymesh#cos(alpha*pi/180)-
spf.nxmesh*sin(alpha*pi/180)).

Results are shown in Figure 4.26.



Turbulent Flow Models-Application Examples ¢ 127

= ot
Table 3 Xl |aanm ue aa
EHyxalBEE® - e
L0s
alpha Lift coeff. CL (1) i
0 loog227 0o
2 032804 o0
4 |oseos7 oo
6 0.78161 :7:
8 l097% 07
10 [1049 | oss
12 [100812 5 o
H 0.55
14 103061 M

o 2 0 O g 10 12 14
alpha

FIGURE 4.26: Model results for Lift coefficients of airfoil S809 versus angle of attack.

21. Repeat Instructions given in step 19, to create another line
integration and graph for pressure coefficient. For pressure,
type the following expression into the Expression section:
(-p/(0.5*Air_dens*Ub”2))/C. Results are shown in
Figure 4.27.

Table 4 Xl |Teas ue ea
By xeEBEE8 -

alpha Pressure coeff. (1) o
0.53495
055216
05942
06576 o7
8 |o73s5 07
10 |077016
12 |o7735
14 0.78775

I

o 2 0 5 g 10 12 14
alpha

FIGURE 4.27: Model results for pressure coefficients of airfoil S809 versus angle of attack.

22. Some experimental results used by Wolfe and Ochs [90].
Comparable modeling results are given in Table 4.3, using
linear interpolation for the values of ¢ given. A finer user-
defined custom mesh seems suitable for more accurate
results.
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TABLE 4.3: Experimental [90] values of drag and lift coefficients. Compared with
model results for S809 airfoil.

o, angle of CL Cd
attack (deg) Model* experiment Model” experiment
[90] [90]
0 0.0923 0.1469 0.01147 0.007
1.02 0.095 0.2716 0.01147 0.0072
5.13 0.877 0.7609 0.015 0.007
9.22 1.022 1.0385 0.0328 0.024
14.24 1.033 1.1104 0.082 0.09

23. It is also useful to compare the pressure coefficient at a given
angle of attack over the airfoil boundary. Click on the Results
tab and select 1D Plot Group. From the ribbon select Line
Graph. In the Line Graph settings window, select and add
airfoil boundaries (3, 4) to the Selection list. Locate the Ex-
pression section and type in p/(0.5*Air_dens*Ub”2). Locate
the Data section and select Solution 1 from the list. Select
‘From list” from the selections for Parameter selection (al-
pha) and click on 0 in the list. Locate x-Axis Data section and
choose Expression from the list under Parameter. Type in x/¢
for the Expression. Locate the Legend section and select the
Show legend check box. Duplicate Line Graph 1. The node
Line Graph 2 will be created. In the corresponding window,
modify the settings for angle of attack equal to 14, by selec-
tion 14 from the list under Parameter values (alpha). Click on
Plot. Results are shown in Figure 4.28.
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FIGURE 4.28: Pressure coefficients at two values of angle of attacks (0, 14) for airfoil S809.

Example 4.3: Modeling of turbulent flow in a pipe with 90° bend

In this example we model the turbulent flow through a pipe with
a 90° bend, as shown schematically in Figure 4.29. The introduction
of a ‘simple” bend in a straight pipe makes the flow pattern more
complex and has physical consequences like excessive corrosion and
erosion. Examples of this type of flow can be found in human arter-
ies, rivers, industrial pipe networks, and internal combustion engines.
The Reynolds number Re is a parameter which can be interpreted
as the ratio of momentum flux (i.e. inertial forces per unit area) over
the wall shear stress (i.e. viscous forces), perhaps in the straight sec-
tion of a pipe with diameter D. When the pipe is curved (with radius
of curvature R, in the plane of the pipe) then the centripetal accel-
eration changes the balance of acting forces (i.e. inertia, viscous and
centrifugal) on the fluid and hence different flow pattern develops
through the bend, which has upstream and downstream effects, as
compared to the straight section of the pipe. Among the effects is
the development of secondary flows at the bend which are demon-
strated by two counter-rotating vortices at a plane perpendicular to
the center-line axis of the pipe. Dean [91] discovered the second-
ary flow, for a laminar flow, and also introduced a parameter that

dynamically defines such flows, i.e. Dean number D, =R, /%
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Dean number could be interpreted as the ratio of centripetal and
inertia forces over viscous forces.

For the model input data and validation we use the data reported
by Homicz [92], who used the k- turbulent model for his model of
this problem. In this example we use the k-w model, to capture the
flow separation and curvature, relatively more accurately. COMSOL
has provided a similar model,'® available to registered users through
their website. However, we don't exactly follow the solution pro-
vided by COMSOL for this model example.

Yy

x -
D_35‘5mmI—‘ }—»—-::> _____________ :

300 mm

FIGURE 4.29: The pipe bend geometry and dimensions (sketch).

Solution:

1. Launch COMSOL and from File>Save as, in the New
window, save the model as Example 4.3. Click on the Model
Wizard icon.

2. From the Select Space Dimension window, click on the 3D
icon. The Select Physics window will appear. Select Fluid
Flow>Single-Phase Flow>Turbulent Flow>Turbulent Flow,
k- (spf). Then click on the Add button.

3. Click on the Study icon/arrow and, from the Select Study
window, under Preset Studies, click on Stationary. Click on
the Done icon. The COMSOL Desktop interface will appear.
In the Geometry window locate the Units section and change
the Length unit to mm.

13 CFD_Module/Single-Phase_Benchmarks/pipe elbow.
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4. Now we make a list of input data used for this model as pa-
rameters. From the Home tab ribbon, click on Parameters.
In the Parameters window, enter the data (case sensitive) as
shown in Figure 4.30. Alternatively this data can be imported
from the accompanying disk.

Parameters v

v Parameters

Name Expression Value Description
D 35.5[mm] 0035500 m pipe diameter |
Re 50[mm] 0050000 m bend radius of curvature |
Fluid_dens |965.35[kg/m*3] 96535 kg/m® fluid density [
Fluid_vis  |3.14e-4[Pa"s) 3.1400E-4Pas [fluid viscosity [
Ub S[m/s] 5.0000 m/s bulk speed |
L 200[mm] 0.20000 m length scale |
Re Fluid_dens"Ub*D/Fluidvis  |54570E5 Reynolds no. [
Lturb 0.16/Re”(1/8) 0030690 turbulece intensity |
L_turb 0.07*D/2 00012425m _turbulence length scale }

FIGURE 4.30: Parameters data for Example 4.3.

We use drawing tools available in COMSOL for building the
pipe geometry. However, users may want to build it in their
own favorite CAD software and import it into this model. For
reference we place the origin of the coordinates system at the
center of inlet of the pipe, as shown in Figure 4.29. Due to
geometry and flow symmetries we only model the upper half
of the pipe. Hence the symmetry plane lies on the plane at
z=0.

5. We build a half-circle for the inlet of the pipe. Right-click
on the Geometry 1 node, in the Model Builder window,
and select Work Plane. In the Work Plane settings window,
locate the Plane Definition section and select yz-plane from
the list for Plane. Right-click on the Plane Geometry node,
in the Model Builder window, and select Circle from the list.
In the Circle settings window, enter D/2 for Radius and 180
for Sector angle. Click on the Build Selected icon. To build
the section of the pipe upstream of the bend, we extrude the
half-circle, just built. From the ribbon under Geometry tab,
click on Extrude. In the Extrude settings window locate Dis-
tances from Plane section and enter 1.5*L, under Distances
(m). Click on the Build Selected icon.

6. To build the pipe bend, we use the Revolve tool. Click on
Work Plane in the ribbon toolbar, under the Geometry tab.
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In the Work Plane settings window, locate the Plane Defini-
tion section and select Coordinates from the list for Plane
type. Enter the following coordinates for Point 1: (1.5*L,0,0),
for Point 2: (1.5*1.,D/2,0), and for Point 3: (1.5%L,0,D/2).
Right-click on the Plane Geometry node, under Work Plane
2, and Select Circle from the list. In the Circle settings
window, enter D/2 for Radius and 180 for Sector angle.
Right-click on the Work Plane 2 node in the Model Builder
window, and select Revolve. In the Revolve settings window,
locate the Revolution Angles section and enter 0 and 90 for
Start angle and End angle, respectively. In the Revolution
Axis section, select 3D for Axis type and enter following coor-
dinates data. Click on Build All Objects.

¥ Revolution Axis

Axis type: IBD -
Point on the revolution axis

x 1.5 m

y: Re m

z 0 m
Direction of revolution axis

X 0

y: 0

z 1

7. Similarly, we build the last section of the pipe, downstream
of the bend. Right-click on the Geometry 1 node in the
Model Builder window, and select Work Plane. In the Work
Plane window, locate the Plane Definition section and select
Face Parallel for Plane type. Add the semi-circle face of the
bend (rev1-6) to the Plane face list. Locate and expand the
Local Coordinate System section and select Vertex projec-
tion for Origin, then add the origin of half-circle from the
bend section to the Vertex for origin. Right-click on Plane
Geometry, under the Work Plane 3 node, and select Circle.
Enter D/2 for its Radius and 180 for Sector angle. Click the
Build Selected icon. Right-click on the Work Plane 3 node
and select Extrude. In the Extrude window, locate the Dis-
tance from Plane section and enter L under Distances (mm).
Click on the Build All Objects icon.
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Final geometry of the flow domain, using symmetry, is show
in Figure 4.31.
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FIGURE 4.31: Upper half of the pipe geometry as built in COMSOL.

8. To set up the fluid properties, click on the Fluid Properties 1
node, in the Model Builder window, and in the Fluid Prop-
erties settings window locate the Fluid Properties section.
Select User defined for both Density and Dynamic viscosity
and enter Fluid_dens and Fluid_vis, for p and u, respec-
tively.

9. To apply boundary conditions, click on the Boundaries
button located in the ribbon under the Physics tab. From
the list, select Inlet. In the Inlet settings window, select
boundary 1 (i.e. pipe entrance) and add it to the list under
the Selection section. Locate the Velocity section and enter
Ub for U,. We should also specify the turbulence intensity
and length scale. In the Inlet settings window, locate the
Boundary Condition section and enter I_turb and L_turb
(as the same format as defined in the Parameters) for I; and
Ly, respectively. Similarly, create an Outlet boundary and
assign boundary 14 (i.e. pipe exit) to it. In the Outlet settings
window, locate the Pressure Conditions section and enter
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10.

20[bar] for Py. To apply the symmetry, click on the Bound-
ary button again and select Symmetry. In the Symmetry
settings window, add all boundaries (2, 4, 7,9, 11, 15) of the
pipe located at flat bottom surface of the pipe (i.e. atz = 0) to
the Selection list. We also define initial values for easing the
convergence of the numerical solutions. Click on the Initial
Values 1 node in the Model Builder window. In the Initial
Values settings window, locate the Initial Values section and
enter 20.1[bar] for P.

The physics of the model is complete at this stage of the
model building process. Now we should create a mesh. For
this purpose, we start with automatic meshing tool available
in COMSOL and determine a user-defined mesh as an exer-
cise problem that users can built then compare the results.
Homicz’s report [92] suggests a mesh which contains more
than half a million elements. Another issue for this mesh,
since this model is 3D, is the high demand for computer
power, both RAM and CPU. In COMSOL there is a tool (i.e.
Update Solution) to ease on this requirement, with which we
can solve the model using a relatively coarser mesh and then
update the solution for a finer mesh using interpolation tech-
nique. This way we introduce some relative approximation
to the solution, as compared to solving the model for a finer
mesh, but it saves us computer power. If users have access
to a ‘workstation’-type computer, we recommend solving this
model with Extra fine or Extremely fine mesh, otherwise use
the method presented in the following steps.

Click on the Mesh 1 node, in the Model Builder window, and
from the Mesh settings window select Fine for Element size.
Click on the Build All button. This creates a total of more
than 600 thousand volume elements. A close-up of the mesh
at the pipe entrance and near the bend are shown in

Figure 4.32.
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FIGURE 4.32: A Fine-resolution hybrid mesh built for the pipe, left) surface elements
around the bend, right) close-up at the inlet.

11. To run the model click on the Study tab button and select
Compute from the ribbon. It takes a while for computations
to finish (about 3 hours on a typical computer). The first
result quantity to check is the Wall resolution (see Chapter
2). This quantity is the dimensionless distance from the wall
and COMSOL suggests that it should be much larger than
11.06. Click on the Wall Resolution (Spf) node, in the Model
Builder window. The values of variable 8y, (i.e. spf.d_w_
plus) are shown in the Graphics window. The maximum
value is about 60. This seems high and we should resolve
the mesh and run the model again, using the resolved mesh.
However, we create an Extra fine mesh but instead of run-
ning the model using this mesh (and merely for saving com-
puter power and time) we use an interpolation technique for
finding the solution using the existing solution (i.e. the results
for Fine mesh, already obtained). Click on the Mesh 1 node,
in the Model Builder window and from the Mesh window
select Extra fine for Element size. Click on Build All button.
A mesh which consists of more than 3 million elements is
built. Now click on the Study tab and from the corresponding
ribbon list click on the Update Solution button. After results
become available, click on the Wall Resolution (Spf) node in
the Model Builder window. The values of variable &y, (i.e.
spf.d_w_plus) are shown in Graphics window. The maximum
value is about 34. We accept this value (users may want to
improve on this or, as mentioned, run the model using the
refined mesh) and move forward to build more graphs using
the results.
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12.

The default results show the Velocity and pressure contours.
We would like to show the velocity magnitude on horizontal
surfaces, parallel to the symmetry plane of the pipe. Click on
the Slice 1 under Velocity (spf) node in the Model Builder
window. Right-click on it and rename it Slice 1 atz = 0. In
the Slice settings window locate the Title section and select
None from the list for Title type. Also locate the Plane Data
section and select xy-planes for Plane, and Coordinates for
Entry method. Enter 0 for z-coordinates. In order to show
the results at the bend and downstream from it, we create a
filter. Right-click on the Slice 1 at z = 0 node, in the Model
Builder window, and select Filter from the list. In the Filter
settings window type in x>1.5"L for the Logical expression
for inclusion. For the purpose of visualization we move the
slice downward. Right-click on the Slice 1 atz =0

node and select Deformation from the list. In the Defor-
mation settings window locate the Expression section and
enter -1[mm] for x component and -1[mm] for z component.
Check the Scale factor box and enter 20. Similarly, build two
more slices at z = D/4 and z = 3D/8, respectively. The latter is
displaced by 1[mm] for x component and 1[mm] for z com-
ponent. The final velocity graphs are shown in Figure 4.33.

4 @ Velocity (spf)
4 I Slice1 atz=0
=S Deformation 1
¥ Filter1
4 I Slice 2 at z=D/4
¥ Filter1
W Slice 3 at z=3D/8
=y Deformation 1

¥ Filter1

4

FIGURE 4.33: Velocity magnitudes shown at surface z = 0 (bottom), z = D/4 (middle), and

13.

z=3D/8 (top) at and downstream of the pipe bend.

Contours of axial velocity at the entrance of the bend
(6=0), at its mid-plane (6= 45°), and at its exit (6 =90°) are
desirable results. For building these results we first extract
corresponding values from the solution. Click on the Results
tab and then click on Cut Plane, located in the Data Set
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group in the ribbon. In the Model Builder window, rename
Cut Plane 1 node to Cut Plane 1-bend entrance. In the Cut
Plane settings window locate the Plane Data section and
select yz-planes for Plane and enter 1.5°L for x-coordinate.
Similarly create another cut plane and rename it Cut Plane
2-bend middle. In the corresponding Cut Plane settings,
modify the relevant values according to Figure 4.34. The cut
plane at the exit can be built similarly, by setting a xz-plane
located at R, for its y-coordinate value, as shown in

Figure 4.34.

Cut Plane

Plot

v Data =

Data set: (Solution 1 -

v Plane Data

Plane type:

Plane entry method: |Paint and normal x|}
Cut Plane - Point Cut Plane
3] Plot 157 m [l Plot
v Data o R - v Data
Data set: z 0 m Data set: [Solution1 =) (@)
~ Plane Data 1 Normal v Plane Data I
Plane type:  (Quick - * cospi/d) 2 Plane type:  [Quick =
Pane " st R O —
x-coordinate:  15°L m z 0 1 y-coordinate: Rc m

FIGURE 4.34: Settings for building three planes at the entrance (left); mid-section

14.

(middle), and exit (right) of the pipe bend.

Now we use these extracted data sets for visualization the
axial velocity contours.

Click on the Results tab and then on the 3D Plot Group
button, located in the Plot Group. Right-click on the 3D
Plot Group 4 node, in the Model Builder window, and select
Contour from the list. Rename the Contour 1 node Contour
1-bend entrance. In the Contour settings window, locate the
Data section and select Cut Planel-bend entrance, from the
list. Type u, for Expression. To scale the legend according

to the velocity magnitude, right-click on Contour 1-bend
entrance node and select Color Expression. For the purpose
of merely clear visualization we displace the contour graph.
Right-click on the Contour 1-bend entrance node and select
Deformation. In the Deformation settings window, enter -1
[mm] for x component and 20 for the Scale factor, by clicking
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on the Scale factor check box. Similarly, create two more
Contours for the bend mid-section and bend exit using their
corresponding cut planes. Users may edit the legends and
titles for each graph. Final contours are shown in

Figure 4.35.
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FIGURE 4.35: Contours of axial velocity at the entrance (8= 0°), middle (6=45°), and
exit (8= 90°) of the pipe bend.

A quantity of interest is the so-called diametrical pressure
coefficient, ¢, [93], defined as
730 - 7_)1'
cp =2 LL
"7 0.5pU7
where Po and Pi are the pressures at the points of intersec-
tion of the symmetry plane and the mid-section plane of the
pipe bend at the outer and inner radii, respectively. Another
relation for ¢; could be derived using Dean number D, ;

2
Cy =4(lﬂ?e)

The experimental data are approximately correlated by
¢y 22D /R, for the range of the Reynolds number larger
than 5 x 10°, [93]. Therefore for our model (Re = 5.457 5 x

% =1.42. We make use of

10°) we have a value of ¢, =



1S5.

16.

17.
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this value in order to validate our model. We should also men-
tion that Homicz [92] reports a value of ¢, = 1.36 and COM-
SOL a value of ¢; = 1.56 for their respective modeling results.

We create two points for extracting the values of pressures
Po and Pi Click on the Geometry tab, expand the More
Primitives button, and select Point from the list. Rename
the Point 1 node, created under Geometry 1 in the Model
Builder window, to Point 1-Pi. In the Point window enter
1.5*°L+(Re-D/2)*cos(pi/4) for x, and Re-(Re-D/2)*sin(pi/4)
fory. Similarly create another point, rename it Point 2-Po,
and enter 1.5°L+(Rc-D/2)*cos(pi/4)+D*cos(pi/4) for x, and
Re-(Re-D/2)*sin(pi/4)-D*cos(pi/4) for y. For both of these
two points z = 0. lick the Build All Objects tab. Click on the
Study button and then click on the Update Solution button in
the ribbon.

Extract the pressure values at the two points created in step
15, click on the Results tab, and then on the Point Evaluation
button in the Derived Values group. In the Point Evalua-
tion settings window, select the two points (9 and 12) and
add them to the list under the Selection section. Enter p for
Expression and click on Evaluate. The values of the pressures
appear in the Table 1 window as Po = pressure at point 12 =
2.00781 Mpa and p; = pressure at point 9 = 1.988 Mpa. Us-
(2.00781-1.988)x10°
0.5%x965.35 x5
We accept this value as a close approximation of the experi-
mental value of 1.42, in view of the fact that some scattering
in experimental data is noted for sharp bends (i.e. Re/D > 2)
[93]. However, the accuracy of the modeling results can be
improved by refining the mesh and run the model again.

ing these values we get ¢, = =1.642.

It is useful to visualize the streamlines, specifically close to
the bend. Click on the Results tab and select the 3D Plot
Group from the ribbon in the Plot Group. In the ribbon for
3D Plot Group, click on Streamline. In the Streamline set-
tings window locate the Selection section, then select and
add inlet surface of the pipe (boundary 1) to the list. Locate
the Coloring and Style section and select Tube for Line type.
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In order to set the color scheme based on velocity magni-
tudes, right-click on the Streamline 1 node and select Color
Expressions. The result for streamlines is shown in

Figure 4.36.
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FIGURE 4.36: Streamlines close to the pipe bend, color scaled with velocity magnitude.

Several graphs could be built based on the objectives for
a study, for example, pressure contours at the bend are
superimposed on the pressure surface values, as shown in
Figure 4.37.

Graphics
Qa @ Loyl @ 8

Gphics
QaAR@B L-ziz o &8

FIGURE 4.37: Pressure contours on the surface of the pipe bend;
inside view (left), plan view (right).
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Finally we plot the pressure and velocity magnitude on the
mid-section plane at the bend for the whole pipe, with using
the existing results.

18. Click on the Results tab and from the Data Set group expand
the More Data Sets list and select Mirror 3D. In the Mirror
3D window, locate Plane Data and select xy-planes for Plane.
This operation will create a data set which is a ‘mirror image’
of the solution with respect to the symmetry plane. To get
the solution for whole pipe at the bend mid-section plane
click on the Cut Plane 2-bend middle node, located under
the Data Sets node in the Model Builder window, and from
the corresponding Cut Plane window select Mirror 3D 1 for
the Data set. Now we can use this data for visualization on a
surface.

19. Create another 3D Plot Group (similar procedure as ex-
plained in above mentioned step 17) and assign Mirror 3D
Ifor its Data set. Create a Surface plot and assign Cut Plane
2-bend middle for its Data set, and type in p for its Expres-
sion. Also create a Contour plot and again assign Cut Plane
2-bend middle for its Data set, and type in p for its Expres-
sion. Click the Plot icon button. Similarly, create a surface
plot and a contour plot using velocity magnitude spf.U.
Results are shown in Figure 4.38.
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FIGURE 4.38: Pressure (left) and velocity magnitude (right) surface and contour plots at
the pipe bend mid-section plane (8 =45°).
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Example 4.4: Modeling of turbulent flow in a ventilated room

Many industrial and residential space heating and ventilation sys-
tems are displacement type. For displacement ventilation air enters
the room from the floor level and pushes the staled air out of the
space. The heat source may be electric or the warmed up fresh air
entering the room. The variations of temperature and velocity field
are important design parameters for the ventilation system and com-
fort of the room occupants. In this example we model the turbulent
flow and temperature variation in a typical-sized ventilated room.

Flow in a heated room could be forced convection, natural con-
vection, or a combination of both. For an iso-thermal flow the ratio
of inertia and viscous forces determines the flow status. That is, for
high or low Reynolds number. When air is heated its density changes
and buoyancy force is exerted on it. Two dimensionless numbers,
Reynolds and Grashof, are usually used for identifying the flow sta-

goATL}
2

tus. The Grashof number Gr = , can be interpreted as the

ratio of buoyancy force over viscous force. Similarly, the Reynolds
UL . . . .
number Re =—,~ can be interpreted as the ratio of inertia force

over viscous force. Where ¢ is gravitational acceleration, U and L
velocity and length scales, respectively, o volumetric thermal expan-
sion coefficient (~1/T, for ideal gases), AT temperature difference,
and v kinematic viscosity of the fluid. We may define a new com-
Gr _ goAT
Re® U?/L’
key dimensionless parameter that can be interpreted as the ratio of
buoyancy force over inertia force. When GRe is less than unity then
the buoyancy forces are negligible and natural convection is weak
or negligible and Reynolds number should be used for identifying
the laminar or turbulence conditions. But when GRe is larger than
unity, buoyancy force dominates and the Grash of number should
be used for identifying the laminar or turbulence conditions. We
will use these dimensionless numbers to investigate the flow status
in the ventilated room.

bined dimensionless number GRe = which is the

For this model example we rebuild a relevant model available in
the COMSOL Library (i.e. CFD_Module/Non-Isothermal_Flow/
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displacement_ventilation)™. We modify, to some extent, the COM-
SOL model’s building sequences including parameters, features, the
result analysis, and post-processing.

The model geometry is a room with 3m height, 2.5m depth, and
3.65m width. A warm stream of air (0.028 m?¥s, 45°C) enters the
room from an inlet located at the floor center. Fresh air (0.05 m?/s,
21°C) is supplied through a wall inlet. Heated air exits the room
through an exhaust located in the center of the ceiling. The walls of
the room are almost perfectly insulated. Symmetry of the geometry
and flow boundary conditions reduces the modeling domain to half
of the original size, as shown/depicted in Figure 4.39.

Exhaust/outlet

Symmetry plane

Fresh air
inlet(diffuser) o

Warm air inlet

&l
FIGURE 4.39: Room dimensions and modeling domain geometry using symmetry.

1
9.81x(5~~)x20
2300 =1.308 >1, therefore
1772
buoyancy force dominates and the turbulence status is define by the

9.81x (k)% 20x2]
Grashof number, Gr = S00°_— ~9044x10'. This
(1.6x107)

surely indicates a turbulent air flow in the room.

For the given data, GRe =

* Model made using COMSOL Multiphysics®, and is provided courtesy of COM-
SOL. COMSOL materials are provided “as is” without any representations or war-
ranties of any kind including, but not limited to, any implied warranties of mer-
chantability, fitness for a particular purpose, or noninfringement.
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Solution:

1. Launch COMSOL and from File>Save as, in the New
window, save the model as Example 4.4. Click on the Model
Wizard icon.

2. From Select Space Dimension window, click on the 3D icon.
The Select Physics window will appear. Select Fluid Flow >
Non-Isothermal Flow > Turbulent Flow > Turbulent Flow,
k- (nitf). Then click on the Add icon.

3. Click on the Study icon/arrow and, from the Select Study
window, under Preset Studies click on Stationary. Click on
the Done icon. The COMSOL Desktop interface appears.

4. Now we make a list of input data used for this model as
parameters, mainly geometry dependent. From the Home
tab ribbon, click on Parameters. In the Parameters window,
enter the data (case sensitive) as shown in Figure 4.40. Al-
ternatively this data can be imported from the accompanying

disk.

Parameters v

v Parameters
Name Expression Value Description |
H 3[m] 3.0000 m Room height [ 7
w 25[m] 25000 m Room width [
D 3.65[m] 3.6500 m Room depth ‘ —
Hd 0.5[m] 0.50000 m Diffuser inlet height \

Ad 1.7[m*2] 1.7000 m* Diffuser inlet area ‘

As 0.0324[m*2] 0.032400 m* Source inlet area ‘

Ao 0.04[m*2] 0.040000 m* Outlet area ‘

FIGURE 4.40: Parameters data for Example 4.4.

5. We define some variables, which are independent of the
room geometry. Right-click on the Component 1 (compl)
> Definitions node, in the model tree, and select Variables.
In the Variables settings window, enter the data (case sensi-
tive) as shown in Figure 4.41. Alternatively this data can be
imported from the accompanying disk.
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Variables v
Geometric Entity Selection =
Geometric entity level: |Entire model i
[on )
Active 5
v Variables
Name Expression Unit Description
Ms 0.028[m*3/s] m’/s Volume flow rate at source —
Md 0.051[m*3/s] m*/s Volume flow rate at diffuser
Us Ms/As m/s Source inlet velocity ‘
Ud Md/Ad m/s Diffuser inlet velocity
Tdiff 21[degC] K Diffuser air temperature
Tsource 45[degC] K Source air temperature
Tout 17[degC] K Outside temperature ‘

FIGURE 4.41: Variables list for Example 4.4.

Now we build the geometry of the computational domain,
including the ventilation inlets and outlet. For meshing
purposes and minimize the computation time we make use
of symmetry and divide the room size in half, as shown in
Figure 4.39.

. From the Geometry tab toolbar select Block. In the Block
settings window locate the Size section and enter the data
as shown in Figure 4.42 (left picture). This block is the main
room space. Similarly, build another Block and enter the
dimensions as shown in Figure 4.42 (right picture). Rename
these Blocks by right-clicking on the Blockl and Block2,

in the Model Builder window, to room and inlet-fresh air,
respectively. To combine these two domains, click on Union
in the Geometry tab and select both domains (blk1 and blk2)
and add them to the list in the Union window. Clear the
Keep interior boundaries check box (an important step for
building a better mesh later on) and click on Build Selected.



146 ° CFD Module Turbulent Flow Modeling

Block - Object Type
[ Build Selected & Build All Objects
° b: [Solid v
¥ Object Type
Type: [Solid - Size
v Size th:  0.05 n
Width: W m th:  Ad/Hd n
Depth: D 0 ht: 2*Hd n
Height: 2'H m
Position
v Position
Base: Comer - : (Gomes z
0 m -0.05 n
y: -D/2 [kl -Ad/Hd/2 n
K m
: -Hd b
v Axis
Axis
Auis type: (z-axis -]
. (== -l
~ Rotation Angle type: (SRS
Rotation: 0 deg Rotation Angle
Layers tion: 0 de
w Selections of Resulting Entities
Layers
[C] Create selections 5 5 o
Selections of Resulting Entities
Contribute to: |None =

FIGURE 4.42: Data for geometry of the main and inlet spaces.

7. Now we build two blocks to cut the existing built ones, in
order to create final computational domain using the symme-
try. Create Block3, and in the Block window, under the Size
section, enter 4 for all Width, Depth, and Height. Under the
Position section, enter -1, -2, -4 for x, y, and z, respectively.
The Base selection should read Corner. In order to perform
the Boolean cut operation, click on Difference in the Geom-
etry tab. In the Difference window, add unil to the list for
Objects to add section, and blk3 to the Objects to subtract
section. Users may need to activate the on/off buttons. Clear
the Keep interior boundaries check box and click on the
Build Selected icon. Similarly, create Block4 and in the Block
window, under Size section enter 3, 2, 5 for all Width, Depth,
and Height, respectively. Under Position section, enter -0.2,
-2, -1 for x, y, and z, respectively. The Base selection should
read Corner. Click on Difference in the Geometry tab. In
the Difference window, add dif1 to the list for Objects to add
section, and blk4 to the Objects to subtract section. Clear the
Keep interior boundaries check box and click on the Build
All Objects icon.
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8. Now we build the geometry for the warm air inlet and ven-
tilation outlet. Create two more blocks (Block5 and Block6)
and enter their dimensions, as shown in Figure 4.43. Click on
the Build All Objects button.

Block b Block ¥,
I Build Selected & Build All Objects [ Build Selected & Build All Objects
v Object Type = ¥ Object Type d
Type: |Solid N2 Type: [Sohd .2
v Size v Size
Width:  sqrt(As) m Width:  sqrt(Ao) m
Depth:  sqrt{As)/2 m Depth:  sqrt(Ac)/2 m
Height:  H/2 m Height: 045 m
¥ Position ¥ Position
Base: |Corner 7 Base: |Corner v
X W/2-sqrt(As)/2 m x W/2-5qrt(Ao)/2 m
¥ 0 m (g ¥ 0 m (g
z -0.05 m z H-0.3 m
v Axis ¥  Axis
Avis type: [z-axis - Avis type: [z-axis -
¥ Rotation Angle ¥ Rotation Angle
Rotation: 0 deg Rotation: 0 deg
Layers b Layers

¥ Selections of Resulting Entities ¥ Selections of Resulting Entities

[T] Create selections [T] Create selections

Contribute to: |None m Contribute to: |None -

FIGURE 4.43: Data for the dimensions of warm air inlet and ventilation outlet.

For quality meshing purposes we make use of the Virtual
Operations facility. This type of operation merges the adja-
cent domains in the model geometry but keep them, as virtual
surfaces/edges, for meshing. It is useful to assign the sections
of the ventilation inlet and exhaust outlet which are inside the
room for meshing control purposes.

9. In the Geometry tab, click on Virtual Operations and select
Mesh Control Domains. In the corresponding window, select
and add domains 2 and 5 (the sections located inside the
room domain) to the Input list. Click on the Build All icon.
The Final geometry is shown in Figure 4.44.
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FIGURE 4.44: Geometry of the ventilated room with warm air inlet,
exhaust, and fresh air inlet.

10. To add material properties, From the Home tab, click on

11.

Materials and select Add Material. Click on Built-In>Air

and then click on the Add to Component button. Since we
have heated air moving in the room, we keep the density as a
function of temperature, but for now consider the viscosity as
a constant. Click on the Fluid 1 node under the Non-Isother-
mal Flow (nitf) in the Model Builder window. In the Fluid
window, locate Dynamic viscosity section and select User
defined and enter 5e-4. Close the Add Material window.
Users may notice that the viscosity of air (at room tempera-
ture, 300K) is about 1.983e-5 Pa.s, which is about 25 times
less than what we entered for the constant viscosity. This
method is used, and recommended by the COMSOL model
document, for calculating an initial guess/solution before cal-
culating the final solution to help the convergence of the final
solution, especially when the Reynolds number is relatively
low.

Now we add the buoyancy force per unit volume.

Click on the Physics tab and from the ribbon click on Do-
mains and select Volume Force. In the corresponding set-



12.

13.

14.
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tings window, add domain 1 to the Selection list. Locate the
Volume Force section and enter -g_constnitf.rho for the
z-component of F.

Now we define the fluid flow boundary conditions. For warm
air inlet, from the Physics tab click on Boundaries and select
Inlet. In the Inlet window, select and add inlet boundary

13 to the Selection list. Locate Boundary conditions section
and enter 0.13 for Turbulent intensity (since a high level of
turbulence coming in with the warm air jet flow) and 0.01[m]
for Turbulent length scale. In the Velocity section enter Us
for Normal inflow velocity. Similarly for the fresh air inlet,
create another Inlet and select boundary 1 and velocity Ud
for it and leave other entries as default. We now set the outlet
boundary condition. From the Physics tab click on Boundar-
ies and select Outlet. In the Outlet window, select and add
exhaust boundary 10 to the Selection list. Locate the Pres-
sure Conditions section and select the Normal flow check

box.

Now we define the heat transfer boundary conditions. For
thermal condition at the warm air inlet, click on the Physics
tab and from Boundaries select Temperature. In the Tem-
perature settings window select, and add inlet boundary 13
to the Selection list. Locate the Temperature section and
enter Tsource for T, field. Similarly, for the fresh air inlet
create another Temperature boundary and assign boundary

1 to its Selection list and Tdiff for its Temperature. We also
define the convective heat flux condition for the walls. From
the Physics tab, click on Boundaries and select Heat Flux. In
the Heat Flux settings window add wall boundaries 6, 8, 17
(i.e. all side walls except the symmetry plane) to the Selection
list. Locate the Heat Flux section and select the Inward heat
flux check box and enter 0.4 for h and Tout for T,y. For the
exhaust outlet thermal condition, on the Physics toolbar, click
Boundaries and choose Outflow. In the Outflow settings win-
dow, add boundary 10 of the exhaust to the Selection list.

Symmetry is now defined. On the Physics toolbar, click
Boundaries and choose Symmetry, Flow. In the settings
window, add boundary 2 (the symmetry plane) to the Selec-
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tion list. Similarly create a Symmetry, Heat boundary and
assign boundary 2 to it.

15. We set the initial condition for the pressure. Click on the

Initial Values node in the Model Builder window. In the
Initial Values settings window, locate the Initial Values sec-
tion and enter 1.2[kg/m”3]*9.81[m/s"2]*(H+0.15[m]-z) for
Pressure p.
The model physics setting is complete. Now we recommend
building two meshes for this model. Mesh 1 is an automatic
physics-controlled and relatively a finer mesh, and Mesh 2
is a user-defined mesh based on the instructions given by
the COMSOL model manual. We use Mesh 2 for this exam-
ple and explain why a relatively finer mesh (like Mesh 1) is
required for further study.

16. Click on the Mesh 1 node in the Model tree, and in the Mesh
settings window select Fine for Element size. Click on Build
All. Tt takes few minutes to build this mesh, which consists of
more than 800 thousand elements. A close up of Mesh 1
near the vent exhaust and the symmetry wall is shown in

Figure 4.45.
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FIGURE 4.45: Mesh 1 close-up near the ventilation exhaust outlet.

17. Click on the Mesh tab and from the ribbon bar click on Add
Mesh. The Mesh 2 node appears in the model tree. In the
Mesh settings window, select Fine for Element size. Right-
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click on the Mesh 2 node and select Edit Physics-Induced
Sequence. Click on the Size 1 node. In the Size settings
window, clear all boundaries selection from the list, located
under the Geometric Entity Selection section. Select and
add boundaries 4, 5,9, 11, 12, 14, 15, 16 to the Selection list.
These are boundaries on the sides of the both inlets (i.e. 4,
5,12, 14, 15) and exhaust (i.e. 9, 11, 16) to the room. Locate
the Element Size section and select the Custom check box.
Locate the Element Size Parameters section and select the
Maximum element size check box and edit the field by enter-
ing 0.015. Now we set the parameters for meshing the warm
air inlet and ventilation exhaust domains. Click on Mesh
2>Free Tethrahedral 1>Sizel (if Size 1 node does not exist,
create one). In the Size window select domains 2, 3, 4, 5. Lo-
cate the Element Size section and select the Custom check
box. Under the Element Size Parameters section, select the
Maximum element growth rate check box and edit the field
by typing in 1.05. Finally we set the parameters for boundary
layer mesh. Click on Mesh 2>Boundary Layer 1>Bound-
ary Layer Properties1. In the Boundary Layer Properties
window, locate the Boundary Layer Properties section and
edit the Number of boundary layers field to 4, and Thick-
ness adjustment factor to 3. Click on the Build All button. It
takes few minutes to build this mesh, which consists of more
than 600 thousand elements. A close-up of Mesh 2 near the
ventilation exhaust is shown in Figure 4.46.
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18.

19.

20.

Right-click on the Studyl node in the Model Builder window
and rename it Study 1-Constant viscosity mu=>5e-4[Pa’s].
This is optional, but useful to easily identify this Study against
another one that we will build later for this model. Since we
have two types of meshes (i.e. Mesh 1 and Mesh 2), selec-
tion should be made for running the model using both in
sequence. Click on the Step 1: Stationary node and in the
corresponding window locate the Mesh Selection section.
Under the Mesh list, users can choose between Mesh 1 or
Mesh 2. Select Mesh 2. Recall Mesh 2 is a user-defined fine
resolution mesh.

The model is ready to run. It is useful, but optional, to cancel
the automatic update of plotting the results during compu-
tation. Click on the Results node and in the corresponding
window clear Automatic update of the plots check box. From
the Home tab, click on Compute. It takes about 5 hours for
computations to finish on a typical computer. Therefore, a
workstation-level computer power is highly recommended
for practical applications.

Default results may not appear in the Graphics window,
since automatic updates of the plots was turned off. Click on
the Results node in the model tree, and check the box for
Automatic update of plots. In order to have a measure of the
mesh resolution adequacy, it is useful to plot the cell Reyn-
olds number. This is defined based on element sizes and var-
ies through the flow domain. If it is too large then the mesh
is coarse. Click on the Slice 1 node and in the Slice settings
window replace Expression with nitf.cellRe. The main flow
domain has a maximum cell Reynolds number close to 18,
which indicates that mesh resolution is fine enough.

Figure 4.47 shows the result.
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FIGURE 4.47: Cell Reynolds number for constant viscosity fluid flow.

Having the solution for constant viscosity, we now solve the
model using a temperature dependent viscosity.

21.To set the viscosity of the fluid, click on the Fluid 1 node,
under Non-Isothermal Flow (nitf). In the Fluid settings
window locate the Dynamic viscosity section and select From
material, for p.

22.We add another study case for running the model. Click on
the Study tab and then on the Add Study button, in the Study
ribbon group. In the Add Study window, select Stationary for
the list under Studies and click on the Add Study icon. Click
on the Add Study button in the ribbon. A new Study 2 node
appears in the model tree. Rename this to Study 2-Viscosity
from material. To use the existing solution (i.e. Study 1) as
the initial condition, click on Step 1: Stationary node, located
under Study 2-Viscosity from material, and in the Stationary
settings window locate the Values of Dependent Variables
section. Check the box for Initial values of variables solved
for, and select Solution, for Method and Study 1-Constant
viscosity mu=5e-4[Pa’s], for Study.

23. The model is now ready for computation. Click on the Com-
pute button in the Study toolbar.

24. Default results appear in the Graphics window. We plot the
streamlines inside the room. Right-click on Temperature
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(nitf)1 >Surface 1 and select Disable. Right-click on Tem-
perature (nitf)1 and select Streamline. In the Streamline
settings window locate the Data section and choose Solution
2 from the Data set list. Locate the Streamline Positioning
section and choose Uniform density from the Positioning list
and enter 0.07 for Separating distance. Locate the Coloring
and Style section and choose Ribbon for Line type. To set
the streamline coloring scale as the temperature, right-click
on Temperature (nitf) 1 node and select Color Expression. In
the Color Expression window expand the Range section and
check the Manual color range box. Type in 293 and 300 for
Minimum and Maximum, respectively. Locate the Coloring
and Style section and choose the Thermal from Color table
list. Click the Plot button. Click on the Transparency button
in the Graphics toolbar. The result is shown in Figure 4.48.
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FIGURE 4.48: Streamlines visualizing the velocity field, colored by the temperature scale.

25. Now we draw some isothermal surfaces to show the strati-
fied air layers in the room. Click on the Results tab in the
toolbar and then select 3D Plot Group from the ribbon, in
the Plot Group list. In the 3D Plot Group settings window
locate the Data section and choose Solutions 2 from Data set
list. From the 3D Plot Group 5 ribbon choose Isosurface. In
the Isosurface settings window, locate the Expression sec-
tion and choose degC from Unit list. Locate Levels section
and choose Levels from the Entry method list and type in 22,
23, 24, 25, 26 for Levels. In the Coloring and Style section,
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choose ThermalLight from the Color table list. Click on the
Plot button. The result is shown in Figure 4.49.
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FIGURE 4.49: |sosurfaces of the temperature visualizing stratified air layers.

To validate the model against experimental data [94] we graph
the temperature through the center line of the inlet into the
room and extending up to the exhaust. The experimental data
are depicted in Table 4.4.

TABLE 4.4: Experimental data for temperatures measured
along the room height from inlet [94].

Z (m) T(°C) Z(m) T(°C)
01073 | 44.5917 | 0.2042 | 43.5027
02732 | 41.8693 | 03285 | 40.4174
0.3698 | 38.9655 | 0.425 | 37.3321
0.4941 | 36.0617 | 0.5494 | 34.6098
0.6323 | 331579 | 0.7153 | 31.8875
0.826 | 30.98 0.9229 | 30.0726
1.0336 | 28.9837 | 1.1444 | 28.4392
1.2551 | 27.7132 | 13659 | 27.5318
1.5045 | 27.1688 1.6291 | 26.8058
17538 | 26.6243 | 1.8923 | 26.4428
20171 | 26.4428 | 21417 | 26.0799
22803 | 26.0799 | 2.4189 | 26.0799
2.5574 | 25.8984 | 2.6405 | 25.8984
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26. First we plot a graph using the experimental data. Click on
the Results>Tables>Tablel node in the model tree. In the
Table settings window click on the Import button. Locate
and import the file “displacement_ventilation_exp.txt". This
file is available on the accompanying disk, or users can build
a*.txt format file using the data provided in Table 4.4. The
values will appear in the Table 1 window. Click on the Table
Graph icon in the Table window toolbar. A new node 1D Plot
Group 6>Table Graph 1 will appear in the model tree. Click
on the Table Graph 1 node. In the Table Graph settings
window locate the Data section and choose Column 2 for
x-axis data. Locate the Coloring and Style section and choose
None for Line, and Circle for Marker, and In data points for
Positioning. Expand the Legends section and check the Show
legends box. Choose Manual for legends and enter Exp.
Data, under Legends. Click Plot.

27.Now we extract data for a line starting from the center of the
inlet and ending at the exhaust. Right-click Data Sets and
select Cut Line 3D from the list. In the Cut Line 3D settings
window, choose Solutions 2 for Data set and enter W/2 for
Point 1 x: and W/2 and H for Point 2 x: and z:, respectively.

Cut Line 3D 4
Plot
~ Data
Data set: [Solution 2 =) (&

~ Line Data

Line entry method: |[Two points ~|

x y: z
Point1l: W/2 0 o} m
Point2:  W/2 4] H m

[#] Bounded by points

28.To draw the solution on the cut line, right-click on the 3D
Plot Group 5 node, in the model tree, and select Line Graph.
In the Line Graph settings window, locate y-Axis Data sec-
tion and enter z. Locate the x-Axis data section and choose
Expression from the list for Parameter. Enter T for Expres-
sion and degC for Unit. Locate the Coloring and Style sec-
tion and enter 3 for Width. Expand the Legends section and
check Show legends box. Choose Manual for legends and
enter Model under Legends. Click on 1D Plot Group 6 and
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locate the Plot Settings section. Check the boxes and enter
T[degC] for x-axis label and z[m] for y-axis label. Locate the
Axis section and check the box for Manual axis limits. Enter
0 and 46 for x minimum and x maximum, respectively, and 0
and 3 for y minimum and y maximum, respectively. Click the
Plot button. The final results are shown in Figure 4.50. The
graph shows that the experimental data drops faster along the
height distance in the room compared to modeling results.
The discrepancies in temperatures are a few degrees, and
the cause could be the insulation of the wall and/or radiation
effects [94] that cools the room faster as moving up in the
room. For further investigation we could use a finer mesh
(may be Mesh 1) for existing model or another turbulence

model, like low-Re k-&. This is left as exercise problems for
users.
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FIGURE 4.50: Experimental data and modeling results for temperatures
along a line in the center of the room.

Example 4.5: Modeling of turbulent flow for a jet in cross-flow

For this example, we model the flow of a jet stream which is
injected into another main stream flow. Usually the jet enters the
main stream flow with higher momentum due to its higher average
velocity relative to that of the main stream. This type of flow occurs in
many industrial and natural applications, for instance during landing
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and take-off of airplanes, oil refinery piping, waste discharge into
reservoirs or atmosphere. In any of these flow types turbulence
occurs and enhances mixing or, in general, the exchange of mass
and energy between the jet and the mainstream flows. Karvinen and
Ahlstedt [95] modeled the experimental work of Ozcan and Larsen
[96] done for a similar settings. Former authors used several tur-
bulence models (i.e. k-g versions of k-@, versions of low-Re k- &,
and Reynolds stress) for the purpose of comparison and validation
with those experimental results of the latter. We use the above men-
tioned references for validation of our modeling results, using the
k-& model, for this example. The main channel and jet flow domains
(with a diameter of 24 mm) are shown in Figure 4.51, schematically.

Symmetry plane

xflow inlet Yy 11D
1

125D T
75D
l —
,P(M\ pipe inlet

FIGURE 4.51: Schematic of cross-flow and jet flows geometry (not-to-scale). All dimen-
sions are given as multiples of pipe diameter, D = 24 mm.

50D

. D

The center of coordinate system is located at the center-line of the
pipe, x=0 located at the bottom of the channel. The mainstream
cross-flow enters from left into the domain and jet flow enters
through the pipe moving upwards (i.e. in positive y-direction).

Solution

1. Launch COMSOL and from File>Save as, in the New win-
dow, and save the model as Example 4.5. Click on the Model
Wizard icon.

2. From the Select Space Dimension window, click on the 2D
icon. The Select Physics window will appear. Select Fluid
Flow>Single-Phase Flow>Turbulent Flow>Turbulent Flow,
k-g (spf). Click on Add icon.

3. Click on the Study icon/arrow, and from the Select Study
window, under Preset Studies, click on Stationary. Click on



Turbulent Flow Models-Application Examples ¢ 159

the Done icon. The COMSOL Desktop interface will appear.
In the Geometry settings window locate the Units section
and change the Length unit to mm.

. Now we will make a list of input data used for this model as

parameters. From the Home tab ribbon toolbar, click on
Parameters. In the Parameters window, enter the data (case
sensitive) as shown in Figure 4.52. Alternatively, this data can
be imported from the accompanying disk.

Parameters -

¥ Parameters

Name Expression Value Description =
D 24[mm] 0.024000 m pipe diameter

Fluid_dens |1.225[kg/m*3] 1.2250 kg/m® |air density

Fluid_vis 1.7894e-5[kg/m/s]*fact 1.7894E-5 kg/(... |air dyn. viscosity

Uinx 1.435[m/s] 14350 m/s x-flow bulk inlet velocity

linx 2.5e-2 0.025000 x-flow turbulece intensity

Uinp 4.95[m/s] 4.9500 m/s |jet bulk inlet velocity

Uinf 1.5[m/s] 1.5000 m/s free stream velocity

fact 1 1.0000 viscosity muliplier

linp 5.2e-2 0.052000 |jet inlet turbulece intensity | «

S.

FIGURE 4.52: Parameters data for Example 4.5.

To draw the geometry, click on the Geometry tab and choose
Rectangle. Draw an arbitrary triangle in the Graphics win-
dow. Click on the Rectangle 1 (r1) node, in the model tree
located under Geometry 1, and in the Rectangle settings win-
dow locate the Size section and enter 125*D+50*D for Width
and 11*D for Height. Locate the Position section and enter
-125+D for x and 0 for y. Create Rectangle 2 (r2), and in its
corresponding settings window, enter D for Width and 75*D
for Height, enter -D/2 for x and -75*D for y. Click on the
Build All Objects button. Users may have to click on Zoom
Extents, in the Graphics window toolbar, to see the whole
built geometry.

. For meshing purposes we create two lines which extend

the pipe boundaries into the cross-flow domain. From the
Geometry toolbar, click on Draw Line and draw an arbi-
trary line in the Graphics window (right-click to release the
cursor). In the Bézier Polygon settings window locate the
Polygon Segments section and click on Segment 1 (linear).



160 ¢ CFD Module Turbulent Flow Modeling

In the Control points section enter -D/2 for x and 0 for y

for point 1, and -D/2 for x and 11*D for y for point 2. Click
Build Selected. Similarly create another line by right-clicking
on the Bézier Polygon 1 (b1) node, in the model tree, and
choose Duplicate. Modify both x coordinates to read D/2.
Click Build Selected. In order to use these lines, just created
for meshing purposes, click on the Virtual Operations button,
located in the ribbon toolbar under the Geometry tab, and
choose Mesh Control Edges. In the Mesh Control Edges
select and add the lines (6 and 10) to the list under Edges to
include. Click on Build Selected. Notice that the two lines
disappear from the geometry in the Graphics window.

7. To add material properties, Click on Turbulent Flow, k-¢&
(spf)>Fluid Properties 1. In the Fluid Properties window lo-
cate the Fluid Properties section and select User defined for
both Density and Dynamic viscosity, and enter Fluid_dens
and Fluid_vis, respectively (note that these entries should
match those given in Parameters, i.e. case-sensitive).

8. Now we apply the boundary conditions. Click on the Phys-
ics tab and expand Boundaries from the toolbar, then select
Symmetry. In the Symmetry settings window select and add
upper boundary (boundary 3) to the Selection list. Similarly,
from Boundaries, choose Outlet, and in the Outlet settings
window, add boundary 9 to the Selection list and check both
boxes for Normal flow and Suppress backflow, located in the
Pressure Conditions section. We have two air inlets, one for
the pipe entrance and the other for the cross-flow entrance.
Click on Boundaries from the toolbar and select Inlet. Right-
click on the Inlet 1 node that appears in the model tree and
rename it Inlet 1-pipe. In the Inlet settings window add pipe
entrance boundary (boundary 5) to the Selection list. Locate
Boundary condition section and enter Iinp for Turbulence
intensity and 0.07*D/2 for Turbulence length scale. In the
Velocity section enter Uinp for U, Similarly, create another
inlet boundary for cross-flow. Click on Boundaries from the
toolbar and select Inlet. When the Inlet 2 node appears in
the model tree, right-click on it, and rename it Inlet 2-xflow.
In the Inlet settings window add cross-flow entrance bound-
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ary (boundary 1) to the Selection list. Locate the Boundary
condition section and enter Iinx for Turbulence intensity and
0.0057 for Turbulence length scale. In the Velocity section
enter Uinx for Uy. We also modify the initial condition, to
help the convergence of the solution. Click on Initial Values
1 node, in the model tree. In the Initial Values window locate
Initial Values section and enter 0.1[bar] for p. The model
physics setting is complete.

. Now we create a mesh. For turbulence models (such as k-¢&),
which use a Wall function, and for the flow in this example,
there exists boundary layer separation and maybe re-attach-
ment in the domain of the cross stream. The mesh resolution
is very important in order to capture the high-gradient quan-
tities close to the wall. To have a control on mesh resolution
we use a structured-mesh type for this model, using mesh
parameters available for Mapped tool. Right-click on the
Mesh 1 node and choose Mapped. In the Mapped settings
window locate the Domain Selection section and choose
Domain for Geometric entity level. Locate the Control sec-
tion and un-check Smooth in the removed control entities
check box. In the Advanced Settings section check box for
Adjust evenly distributed edge mesh. Now we create a series
of mesh controls for boundaries, using the Distribution tool.
Right-click on the Mapped 1 node and choose Distribution.
In the Distribution window select boundaries 1, 9, 12, and 13
(i.e. vertical lines across the main stream) and add them to
the Selection list. Locate the Distribution section and select
Predefined distribution type from the list under Distribution
properties. Enter 132 for Number of elements and 10 for El-
ement ratio. For the Distribution method, choose Geometric
sequence from the list. Similarly, create four more Distribu-
tion nodes. The corresponding parameters are given in Table
4.5. To build the elements, click on the Mapped 1 node and
add desired domains for meshing to the list and click on
Build Selected. This option is useful to examine the elements
and their resolution by building the mesh for each domain,
separately. Alternatively, users may choose All domains, from
Mapped settings window, and build the mesh for all domains
at once, a total of 33,280 elements. A close-up of the resulted
mesh near the jet area is shown in Figure 4.53.
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FIGURE 4.53: A close-up of structured mesh built near the jet area.

TABLE 4.5: Mesh control parameters for boundaries, using Distribution tool.

Mesh Boundaries| Number | Element Attributes
control symbols of ratio
elements
Distribution 1 B1, B2, 132 10 Predefined distribution,
B3, B4 Geometric sequence
Distribution 2 BS, B6 120 10 Predefined distribution,
Geometric sequence
Distribution 3 B7, B8, B9 20 4 Predefined distribution,
Geometric sequence,
Symmetric
Distribution 4 | B10, B11 100 10 Predefined distribution,
Geometric sequence,
Reverse direction
Distribution 5 B12, B13 80 5 Predefined distribution,
Geometric sequence
Reverse direction
| B6 L B11 |
Bl B2| [B3 B4
| B |
B5 B10
B12 B13
BT

10. To help with the convergence, we gradually increase air
velocity at the inlet of the pipe. Click on Study 1> Step 1:
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Stationary node in the model tree. In the Stationary settings
window, expand the Study Extensions section. Check box for
Auxiliary sweep and add (click plus sign) Uinp (jet bulk inlet
velocity) to the list under Auxiliary parameters. Enter 0.5, 2,
4.95 for Parameter value list.

. Click on the Study tab and select Compute from the toolbar.

. Default results for velocity will appear in the Graphics win-

dow, after computation is finished. Among the default results
is the dimensionless wall distance. This value should not be
very large relative to 11.06, as mentioned in the COMSOL
manual. Click on the Wall Resolution (spf) node and in the
2D Plot Group settings window locate the Data section and
choose 4.95 for Parameter value (Uinp). Click Plot. The
Graphics window will show a value of 11.1 for dimensionless
wall distance, which is quite acceptable. The mesh quality
however, could be increased by manipulating the mesh Dis-
tribution controls to have a lower value for wall dimension-
less distances, as well. We leave this as an exercise problem
for users. Default velocity and pressure contours are shown
in Figure 4.54.

13.

FIGURE 4.54: Velocity magnitude (left) and pressure contours
(right) close to jet injection area.

For comparison and validation of the results we extract data
from the solution at cross-sections located in the cross-flow

X
at 7y = 1.5,1.83,3,3.67. We are interested in variations of

velocity components, turbulent kinetic energy, and turbulent
kinetic energy dissipation values at these cross sectional
locations. Click on the Results tab and choose Cut Line
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14.

2D from the ribbon toolbar. In the Cut Line 2D settings
window, locate the Line Data section and choose Point and
direction from the list for Line entry method. For Point enter
1.5*D for x and 0 for y. For Direction enter 0 for x and 1 for
y. Rename Cut Line 2D 1 to Cut Line 2D 1-atx/D =1.5. Cre-
ate three more cut-lines with x = 1.83*D, x = 3*D, x = 3.67*D;
remaining parameters remain the same as Cut Line 2D 1. It
is easier to use the Duplicate tool. Right-click on Cut Line
2D 1- atx/D = 1.5 node, in the model tree, and choose Du-
plicate from the list. In the corresponding settings window
edit x for 1.83*D, and similarly create remaining cut-lines.

To draw the variables at the cut-lines, click on the Results tab
and choose 1D Plot Group, from the ribbon toolbar. In the
toolbar for 1D Plot Group 4, choose Line Graph. Rename
Line Graph 1 to Line Graph 1- at /D = 1.5. In the Line
Graph settings window locate the Data section and choose
Cut Line 2D 1- atx/D = 1.5 for Data set, and Last for Pa-
rameter selection (Uinp). Locate the y-Axis Data section and
enter y/D for Expression. In the x-Axis data section, choose
Expression for Parameter and enter w/Uinf under Expres-
sion. In the Coloring and Style section, enter 3 for Width.

In the Legends section check the box for Show legends

and enter x/D = 1.5 for Legends, after choosing Manual for
Legends. Click Plot. Users may have to adjust the coordi-
nate’s axis scales. Similarly, create more line graphs and
choose associated with the three remaining cut-lines. Results
are shown in Figure 4.55. These results are comparable

with those of Karvinen et al. [95]. The trend of variations,
mainly movement of velocity peak upwards and to the right,
is consistent with similar results reported by the references
mentioned above.
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FIGURE 4.55: Dimensionless velocity component u/U,, at locations
downstream of the jet.

15. For making plots for remaining variables of interest (i.e. v,
k, and €) simply use a duplicate of the plot group made for
velocity component u. Right-click on the 1D Plot Group4-
u profile and choose Duplicate; a new Plot group appears.
Rename this plot group 1D Plot Group 4-v profile and in the
corresponding Line Graph’s change the Expression, under
x-Axis Data to v/Uinf for all four Line Graphs. Similarly
repeat the Duplicate process for k and modify the Expres-
sion under x-Axis Data to k/Uinf*2 for all corresponding four
Line Graphs. Finally, repeat the Duplicate process for € and
modify the Expression, under x-Axis Data to ep/(Uinf*3/D)
for all corresponding four Line Graphs. Results are shown in
Figures 4.56—4.58.
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FIGURE 4.56: Dimensionless velocity component, at locations downstream of the jet.
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FIGURE 4.57: Dimensionless turbulent kinetic energy k /U2,
at locations downstream of the jet.
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FIGURE 4.58: Dimensionless turbulent kinetic energy

dissipation [Zg] at locations downstream of the jet.

16. We draw the streamlines close to the jet injection area. Click
on the Results tab and choose the 2D Plot Group. From the
2D Plot Group choose Streamline. In the Streamline settings
window, locate the Streamline Positioning section and select
Start point controlled from the Positioning list and enter
30 for Points. Select Cut Line 2D- at x/D=10 (users should
create this cut-line or use previously built ones, results vary
accordingly) from the list for Along line. In the Coloring and
Style section, adjust the parameters to get the desired set-
tings. Right-click on the Streamline 1 node in the model tree,
and select Color Expression. Results are shown in
Figure 4.59. This figure clearly shows the recirculating zone,
downstream of the jet injection location.
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FIGURE 4.59: Streamlines close to the jet injection area.

Example 4.6: Modeling of turbulent flow over a circuit board in a duct

For this example, we model turbulent air flow inside a duct of
an electronic package. The physical domain consists of a rectangu-
lar duct and protruding electronic components attached to the bot-
tom of the duct, as shown in Figure 4.60. We use the L-VEL model
for isothermal turbulent flow. Users may want to solve this example
using the yPlus model and compare the results.

Graphics ~o
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FIGURE 4.60: Geometry and dimensions of the duct with electronic heaters

As mentioned in Chapter 2, the governing equations for the tur-
bulent models, used for this example, are those of RANS in addi-
tion to algebraic equations using an enhanced eddy viscosity model
based on the local wall distance. In COMSOL, the physics interface
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therefore includes a wall distance equation. We use COMSOL 5 for
building this model.

Solution:

1. Launch COMSOL and from File>Save as, in the New win-
dow, save the model as Example 4.6-flow in an IC duct-L-
VEL. Click on the Model Wizard icon.

2. From the Select Space Dimension window, click on the 3D
icon. The Select Physics window will appear. Select Fluid
Flow>Single-Phase Flow>Turbulent Flow>Turbulent Flow,
L-VEL (spf). Then click on the Add icon.

3. Click on the Study icon/arrow, and from the Select Study
window, under Preset Studies, click on Stationary with Ini-
tialization. Click on Done icon. The COMSOL Desktop in-
terface will appear. In the Geometry settings window locate
the Units section and change the Length unit to mm.

4. Now we make a list of input data used as parameters for this
models. From the Model tab ribbon toolbar, click on Param-
eters. In the Parameters window, enter the data (case sensi-
tive) as shown in Figure 4.61. Alternatively, this data can be
imported from the accompanying disc media. The data are
also provided for modeling non-isothermal and/or conjugate
heat transfer, covered as exercise problems.

Settings
v Parameters

4 Value
016m
002m
03m
016m
0002 m

Name  Expression
160[mm]
20{mm)]
300[mm]
160[mm]
2(mm]

Description
duct width
duct depth
duct length
substrate width
substrate depth

DuctW
DuctD
DuctH
SubW
SubD

mdot

t i

HeaterTemp 22[degC]

ReD*Air_vis*Pw/4 0.00324 kg/s
29515K

==

SubH 300[mm] 03m substrate length =
HeaterW |S0[mm] 005m heater width

HeaterD  6[mm] 0,006 m heater depth

HeaterH  |50[mm] 005m heater length

ReD 2000 2000 Reynolds number

Pw 2*(DuctW+DuctD) 036 m duct x-section perimeter

Air_vis 18e-5[kg/m/s] |1.8000E-5 kg/(... air viscosity at 20C

air mass flow rate
heater surface temperature

FIGURE 4.61: Parameters data for Example 4.6.
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5. Now we will build model geometry. Click on Block, under
the Geometry tab toolbar. In the Settings window for Block,
enter DuctW, DuctD, DuctH for Width, Depth, and Height,
respectively. In the Position section, select Corner for Base.
Rename the Block 1(blkl) node, in the Model Builder
window, to Duct. Similarly, build more blocks using the data
provided in Table 4.6 and click on the Build All Objects icon.
Reorient the geometry built in the Graphics window and
click on Wireframe Rendering to see all objects. Final results
are shown in Figure 4.60.

TABLE 4.6: Dimensions and data for building geometry Blocks in Example 4.6.

Size Position

Width | Depth | Height X y z Base
Block 1 DuctW DuctD DuctH 0 0 0 Corner
(Duct)
Block 2 HeaterW | HeaterD HeaterH (DuctW-Heat-| 0 25 Corner
(Heater1) erW)/2
Block 3 HeaterW | HeaterD HeaterH (DuctW-Heat-| 0 DuctH- Corner
(Heater2) erW)/2 25-HeaterH
Block 4 HeaterW HeaterD HeaterH 40 0 DuctH/2 Center
(Heater3)
Block 5 HeaterW HeaterD HeaterH DuctW-40 0 DuctH/2 Center
(Heater4)

6. We will now remove/subtract the Heater1-4 from the flow
domain. Click on Booleans and Partitions from the toolbar
under the Geometry tab. Select Difference and in the Set-
tings window add Duct (i.e. blk1) to the selection list for
Objects to add. Click on the Active button in the Objects to
subtract section and add Heater1-4 (i.e. blk1-4) to the. Click
Build All Objects icon. We also make use of the geometry/
flow symmetry and use half of the domain for modeling.

We cut the domain in the middle at a plane parallel to y-z
plane. Create another Block and rename it Symmetry block.
In the Settings window, for this Block, Enter DuctW/2,
10*DuctD, DuctH for Width, Depth, and Height, respec-
tively. Locate Position section, select Corner for Base, and
enter -10"DuctD/2 for y. Click Build Selected. Now click on
Booleans and Partitions from the toolbar under the Geom-
etry tab. Select Difference, and in the Settings window add
flow domain (i.e. dif2) to the selection list for Objects to add.
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Click on the Active button in the Objects to subtract section,
and add Symmetry block (i.e. blk6) to the list. Click the Build
All Objects icon. Half of the model geometry will appear in
the Graphics window.

. To add fluid materials to the model, click on the Materials
tab in the toolbar, and click on Add Material. Type in Air,
and click the Search button. Expand Built-In and click on
Air, then click on the +Add to component button. Click on
the Add Material button in the toolbar to close the Materials
window. Air is automatically added to the flow domain.

. Now we define the boundary conditions for the turbulent
flow physics. Click on the Physics tab in the toolbar, and
select Inlet from the list under Boundaries. In the Settings
for Inlet window, add boundary 3 to the selection list. Locate
the Boundary Condition section and select Mass flow from
the list. Enter mdot for Mass flow rate. Similarly, create an
Outlet and Symmetry boundaries and assign boundaries 8
and 1 to them, respectively. All other boundaries have no-slip
boundary conditions, by default.

. To create finite elements for the flow domain, click on the
Mesh 1 node in the Model Builder window. In the Settings
window, select Extra coarse for Element size. Click Build AlL
A view of created mesh is shown in Figure 4.62.

Graphics
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-

FIGURE 4.62: Mesh created for turbulent flow domain in Example 4.6.
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10. The model is ready to run. Click on the Study tab from the
toolbar, and click on the Compute button. Default results,
for velocity and pressure, appear in the graphics window,
when computations are finished. Users may watch the con-
vergence curve, shown in the Convergence Plot 1 window,
while computations are in progress. Users may run the model
with a finer mesh, however, Wall Resolution is close to 4.5.
See the COMSOL Manual for detail. Velocity at slice sur-
faces and pressure contours are shown in Figure 4.63, after
some modifications to the default results.

FIGURE 4.63: Velocity surfaces at slice planes (left) and
pressure contours (right), ReD=2000.

11. We now run the model for a series of values of Reynolds
number. Click on the Study tab, in the toolbar, and select
Parametric Sweep. In the Settings window, locate the Study
Settings section and add ReD (Reynolds number) to the list
under Parameter name. Enter 2000, 4000, 6000 in the space
under Parameter value list. Click on the Compute button.
The results for ReD = 6000 are shown in Figure 4.64.

FIGURE 4.64: Velocity surfaces at slice planes (left) and
pressure contours (right), ReD=6000.
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12. Build an App for this model using Application Builder. Users
may follow similar instructions given for Example 3.1. A built
App is shown in Figure 4.65.

Reynolds number: 2000

Compute

QaRE L lk=EB

FIGURE 4.65: A built App for model Example 4.6.
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EXERCISES

4.1.

4.2,

4.3.
4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

Model Buice 2D asymmetric diffuser, as mentioned in
Example 4.1, using S-A turbulent model. Compare the
results with the solution for the SST model.

Discuss and extract dimensionless distance from the wall
to the cell center, for model Example 4.1.

Draw the curves for pressure coefficient for Example 4.1.

Repeat model in Example 4.1, by using a finer mesh and
a Mapped mesh. Compare the results with the solution
provided.

Build an application for Example 4.1, using the
COMSOL 5 Application Builder.

Repeat model in Example 4.2 for another user-defined
mesh. Use the Mapped mesh tool for building the mesh.
Investigate the results for pressure, drag and lift coef-
ficients versus existing experimental results. Users may
benefit from the guidelines given in the COMSOL
Model Libraries and by following the instructions given
for naca0021 airfoil and NASA Quest at http://quest.nasa.
gov/people/bios/aerolfjournals/duque/grids.html.

In model Example 4.2, investigate the Wall Resolution
value. This variable is the dimensionless distance from
the wall to the nearest element/cell center. In the
COMSOL manual [55] (i.e. variable [ ) it is recom-
mended to have its value close to unity. Compare the
results of exercise problem 4.5 against model

Example 4.2.

Repeat model Example 4.2 using the SST turbulence
model. Perform mesh sensitivity analysis and compare
the results against Example 4.2.

Build an application for Example 4.2, using the COM-
SOL 5 Application Builder.



4.13.

4.19.

4.20.
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. Repeat model Example 4.3 using the k-£ model and

compare your results with this model example, as well as
of Homicz [92].

. Modify model Example 4.3 by building a new mesh with

user-defined parameters. As a reference you may want to
use CFD_Module/Single-Phase_Benchmarks/pipe_el-
bow available from the COMSOL web site (to registered
users). Solve the example with the new mesh and com-
pare the results.

. Repeat model Example 4.3 by increasing the bulk veloc-

ity to higher values than 5 m/s, hence higher Reynolds
number. Investigate the effect of the Reynolds number
on the flow through the bend pipe, for example, a graph
of Dean number versus Reynolds number, etc.

Build an application for Example 4.3, using the
COMSOL 5 Application Builder.

. Repeat model Example 4.4 using a relatively finer mesh,

like Mesh 1 as mentioned for this example.

. Repeat model Example 4.4 using a different turbulent

model, like k-£ and compare your results with the exist-
ing one.

. Build an application for Example 4.4, using the

COMSOL 5 Application Builder.

. Repeat model Example 4.5 using a finer mesh and com-

pare the results, specifically for turbulent kinetic energy
and its dissipation, as well as mesh statistics and dimen-
sionless wall distance.

. Repeat model Example 4.5 using the SST turbulent

model and compare the results.

Repeat model Example 4.5, having jet as salt water en-
tering fresh water mainstream.

Repeat model Example 4.5, assuming the jet fluid is
hot water, perhaps at a temperature of 85°C, and main
stream is a river, perhaps at a temperature of 10°C. Plot
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4.21.

4.22,

4.23.

4.24,

the temperature variations downstream of the jet and
discuss your results.

Build an application for Example 4.5, using the
COMSOL 5 Application Builder.

Repeat Example 4.6 using the yPlus turbulent model and
compare the results.

Repeat Example 4.6 by adding a substrate to the elec-
tronic heaters and use non-isothermal flow with conju-
gate heat conduction in the substrate.

Build an application for Example 4.6, using the
COMSOL 5 Application Builder.



APPENDIX

DERIVATION OF
GOVERNING
EQUATIONS

This appendix is divided into several sections and is very much
involved with derivations of the main turbulence governing equations,
as presented in the previous chapters. We use tensor notation with Ein-
stein’s summation convention, [41] for presenting these equations and
their derivations. We start with deriving some relations pertinent to
averaging operation, focusing on time averaging, used for Reynolds
decomposition of turbulent quantities. After that we continue with
derivations of the exact forms of the governing equations for RANS,
Reynolds stresses, turbulent kinetic energy, and turbulent kinetic
energy dissipation rate.

AVERAGING RELATIONS

For performing time-averaging operation on the Reynolds-
decomposed terms involved in N-S equations, we require some
relations handy and ready to use. We derive these relations in this
section. We cover only time averaging of variables involved, but
the method could be readily used for other averaging methods,
like ensemble averaging [50]. Without losing generality, we define
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_ 1 T
O(x) = lim TJ.o ®(x,t)dt. In this section, we further define the the

T -0
operator L for the purpose of abbreviation.

L(---)=lim %J‘OT(m)dt

T—>x

Therefore, we have L(®)=®. Preliminary averaging relations for
two arbitrary functions ® and 3 can easily be derived from this defi-
nition:

~ == = = _ 30 0D
(D+l//—q)+l//, (Dl//—q)l[/,q)—@,ﬁ—ﬁ.

Using the averaging definition, we derive averaging relations for
Reynolds-decomposed velocity vector u; =u;+u; as given by
equation (Al):

T =L w) = L0 % +u) =0 + s =T + 1l (A1)

From equation (A1) we conclude that #;=1,; and u'i =0. Now we
derive the averaged expression for a product term, such as uw; (a
tensor of 2" rank):

witty = Lhuuy) = LY (7, +u)) (7T, +u)}

T U T+
= i i + s +
W+ ufu's + 'y + 1 u]

The last two terms are zero, since ;j =u'i=0 (see Equation Al).
Finally we have:

=uu; +u; (A2)
We also derive the average relation for a term such as u; ju;, or

w ;= L(ui,juj ) =}L{(17i +u§),j (; +u'j)}
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= u; +u7u”+u u+uu

l] Lj ij

=u; u; +uul +u; u]+uu”
o

i jhj TU;
)
-0 -0
Therefore, we have
e A3
wsug s =50+ uul (A3)

The next relation is a triple correlation, or averaging a term like
ujuy (a 3™ rank tensor):

wgu Uy = L(uiujuk ) =L{ (; +ui)(w; +u'p) (g +u}<)}

After working out the products and averaging each term, we get

Wil ju =u; ujuk+u u Uk +u uiug +uku u +uju'iul

J

+ul-17ku'j +uj17ku; +uiﬁju}C

=0 =0 =0

’

The last three terms are zero, since u'y = uf=uj
get

=0, and finally , we

>

"up  (A4)

uu j

— —_ ’ ’ —_— ’ ’ —_— ’ ’ ’
i U+ U ug U U+ U uu +uu

J J
Similarly, averaging relations could be derived for higher rank ten-
sors or expressions, if required.

REYNOLDS AVERAGED NAVIER-STOKES
EQUATIONS (RANS)

In order to derive RANS equations, we start from N-S equations
for incompressible fluids. Without losing generality, similar deriva-
tions are applicable for N-S equations for compressible fluids. We
repeat N-S equations (2.4-2.5) here, for convenience:

u.
p (ﬁl + u]-uij =—ptHu,; (24)

Ui, = 0 (25)

After substituting u; =u; +uj, p=p+p’, and p=p we get, from
equation (2.5):
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u;; =(u; +u}), =u;,; +u;; =0,and afteraveraging u; ; = Tii+ (ui); =
7, =0.
Hence both mean velocity (concluded from the latter relation)

and velocity fluctuation (concluded from the former relation) satisty
continuity:

(A5)

or

o(u;) ~oluj) _
P5 P +p (T, +10 puf j +u'in, o+l )
=—p.—pi +uu it l]j>
After averaging, using averaging relations derived in the previous
section, we get

: I}é

=~
o) o) (_ o
pP—g TP+ P\
:\(_2 —()
= —73’1, _p,,i +‘Ll( l]j +u l]])
Or after collecting the non-zero terms, we get
olw;) , _ _ - _ _
Pt U+ puli =P UL
—_—

newterm

=0
g jrulul

The new term, on the L.H.S could be written as

pu'u ;= pluu’y) ; — puju’; ” = p(uju';) ;, after back-substituting for

this term and moving it to the R.H.S, we get the

olu; _ e
p g;l)—i_pu]u P +:uu1]] p(ltiUJ‘),]‘ (A7>

Where Reynolds stress is defined as R; = p(u u’;). Using Boussin-

2
esq’s hypothesis R;; = uy (17 RaOT ) -3 pAdy;, after substituting into

equation (A7) for these relations, we get
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om) , - - T )-2
P+ PU;T =P, +uuljj+uT[ it %]‘gﬂ(fdéy),j

The last term on the R.H.S. could be written as ——p(/&é )y

—% p#)0;= —%p(k,i) (since 0 = 1 fori =}, otherwizse is zero). We
combine this term with the pressure, then _(2‘7+§P/&)i =-p*;

After substituting these terms back into (A7), we get

p <6t)+pu] lj_ p* +(.u+‘uT> zj] (A8>
Equation (A8) along with @, ; = 0 are RANS equations with Boussin-
esq’s hypothesis included and form a system of equations which are
determinate (see Chapter 2).

EXACT EQUATION FOR REYNOLDS STRESS
TRANSPORT

We start from momentum equation for velocity u;, which could
be interpreted as momentum per unit mass. The conservation form
of momentum equation, for an incompressible fluid, is

Ou;
p(ﬁ"‘(“iuk),kj =-pitOpk (A9)

where oy = p(u;x + ug,), is the deviatoric part of the stress tensor.
Now, we multiply both sides by u; and get

6u
,D( o T uj(u Uk)kj:_uﬂo,i +U 0 k (A10)

Similarly, we can start with the momentum equation for velocity u;,
and then multiply it by u;, to get

ou -
p[ui Fj + ui(ujuk))kj =~ j +1,0 ik (A11)
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Now we sum up equations (A10) and (A11), to get

ou Ou
PlUuj—a Tl +p(u]’<ui”k),k +uz’<ujuk>,k) (A12)

= —(ujp,,. +uip)j) + uja,.k,k + ul-O"jk’k

The goal is to manipulate some of the terms in equation (A12), such
that we get an equation for the transport of uu;. The second term,
on the L.H.S. could be written as

puuu) i + uiuur) x) = plugiug) ., since

pluu juy) = pl:uj(uz’uk>,k + u]’,k(”iuk)] = p{“j(“i”k),k +u; (ukuj,k)j|,

=(upu )

where continuity uy; = 0, is used for deriving the last term in the
bracket. Using this expression and back substitute it to equation
(A12), after some manipulation, we get

6(uiuj)
p o + p(uiu]‘uk>,k = _(Ujp,i + UiP,j)+ UiOikk TUO jrk (A13)

Now we perform Reynolds decomposition operation on Eq. (A13)
by substituting for u; =@, +uj, p=p+p’, and p=p, to get

T +uig. +u'
( (u; +ub>t<UJ +u]>] + p[[ (@, +ul) @ + o))y + u@)}!k (A14)

p
= _<17j + U;)(F + P'>,i —(u; + U;)(ﬁ + P,),j
Huj + o + (W +ui)o
The deviatoric stress terms should be decomposed accordingly, for
example:
Oi = ,u(ui,,k + “k,i) = ﬂ[(t_‘i,k + ﬁk,i) + (UZL + U,kz)] We define then,
the two parts of the Reynolds decomposed deviatoric stress, as
O = ﬂ(ﬁi,k + Ek,i)
o = /l(u;,k + u;c,i)
Therefore o =0 + 0, which by substitution into equation (A14),
we get



Appendix: Derivation of Governing Equations ¢ 183

. JTY )+p[(17,-+u:-)(17]-+u_'7-)(17k +u}{)1k

=~ +u)(p+p); — (@ +u)(p+p), (A15)

(6(% +ul)(u; +u';)
p

Hij + 1) (0 +07%) i+ (W +ui)(0 o+ 0 1

Now we perform averaging operation on equation (A15), using the
averaging relatlons (equatlons Al-A4) obtained in the previous sec-
tion (including u'; =u'; = 0), to get

p(&ﬁﬁﬂ+dumﬂJ

ot ot
(A16)

+p(u,u U U U g e e ) uk)

=—(u;+u)(p+p"; —(w+u)(p+p)

+<17]’6-ik,7< + u}o-;k,k> + (171'6]']( + MQG}M)

Notice that ¢'; = u Ji,k +Jk,i) =0 (since u_: = U_§< =0). The terms
on the R.H.S, which involve pressures, are derived further. We
manipulate the first term, and equivalently apply the results to the
second term, as well.

(@ +u)(p+p =u;p; +up, +u]p +u]pl, but the second term,
could be further written as 0 2

(wy+uj)(p+p), —”]Pi+u}(P_m,i:u]’P,f+u]Pz
-

P

%{ﬁl

Therefore, we have () +u; )(p+p) =U;p+uip, and similarly,

(w; +u)(p+p),; =up; +ulp ip.j- After substituting these relations
n (A16

back into equation ), we get

’ ! ! ’ ! ’ ’ ! !
+p(ulu]uk +ulcu]-.uk+ujuiuk+ukuiuj+uiujttk)

k

_ 7 = —
STUGPiTUGPy T UiP WP +<u]'0ik,k +”jaik,k)
Hw0 i +uio’ k)

Equation (A17) involves terms that are averaged velocity correla-

tions, as well as their fluctuations correlations. Therefore if we find
an equation which governs the averaged velocity correlation (or
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mean kinetic energy), and subtract it from (A17), we should get what
we are aiming for, i.e., the transport equation for Reynolds stress.
Now we derive the mean-kinetic energy equation.

Mean-kinetic Energy Equation

We start this derivation from equation (A7), where after re-
arranging some of the terms, using continuity, and changing dummy
indexj — k, we get [13]:

p ot +p(uiuk +uguy )’k =—p.i tUHU; ik

The last term on the R.H.S could be written in terms of averaged

deviatoric stress, since Gy = u(w, +17;“~)’k = (W, gy + Uy ), the
=0

last term is zero due to continuity. Therefore we get

o(u;) R _
P~ +P(”i”k+“iuk)ﬁk:_P,i+0ik,k (A18)

We write equation (A18) for u; (i.e., changing free index i — j) to
get

o) = _
p th + p(ujuk +uug ),k =P +0 jkk (A19)
Now perform a ‘cross-operation’ by algebraically multiplying equa-
tion (AlS)Ey Z and sum it up with equation (A19) when mul-
tiplied by u;. The result is shown with equation (A20), after some
re-arrangements:

P~ Tt p(“i“juk)’k =—Up ; —U;p,;+ (0 — puiur) (A20)

+1,(0 1 — pujui)
By performing a contraction operation (i.e. multiplying by d;), we
get the governing equation for mean-kinetic energy, as
ou;u; __ _ — —

P%"‘ p (“iui”k),k ==2u;p; +2u;(Gy — pujui )k (A21)
To arrive at the Reynolds stress transport equation, we subtract
equation (A20) from equation (A17). The results is:

a(u',-u']-)

+p(17ku;-u’j+u;u’ju§< )’k (A22)

’ ’ !’ ! r ! ror — ! ! —
=Up ;s Up +ujU,-k)k +ui0'jk7k — puuy Ujk— pu]-uk Uik
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Substituting for R;; = = —p(uiu'; ), we get
aR ! ! ’ ’ ! ! !
ot +(“’<R ) p(“i“juk)vk =Up P U0k k (A23)

w0k — Rt — Ryt i
Equation (A23) is the exact equation governing Reynolds stresses
transport. As discussed in Chapter 2, the third term on the L.H.S. is

a new term and clearly shows that calculating Reynolds stress from
N-S equations needs a closure.

EXACT EQUATION FOR TURBULENT KINETIC
ENERGY TRANSPORT

To derive the turbulent kinetic energy equation we perform a
contraction operation (i.e. multiply by ;) on equation (A22), or

o(uju; e —— o
p%+p(ukuiui+uiuiuk ) L= “2uip,; +2ui0% . (A24)

—2puiui;
- - 1—=—
After substituting for kinetic energy £= 5 i (we use symbol £

representing averaged turbulent kinetic energy, in this appendix, to
avoid confusion with index k), we get

p%+ p(ﬁ]/a) 3 p(u'u'u} )k =—wip ; + U0 i

(A25)

’ ! —
—PUUL U
We now manipulate, expand, and rearrange some of the terms in
equation (A25).

—uip,; = —u; (73"‘ 79'),1- =—uip,;—uip; = _(W>z = - (W)k

=0 i—k
The last operation is legitimate, since i is a dummy index and could

be changed to another index, such as k. Also, the second term on the
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R.H.S. could be written as ujo = (11;0;k) \ —uj 0%, which after

substituting for o = u(ufy +uj ), we get

(wioh) , = w(i(wix + ),

ﬂ( B T S T T k”kz)
=0

_ 1,00 T
- /u((Euiui))kk)_i_ nug iy i,

and for —uj 0% =—uuj (u'i,k + u';u-) = —puf ui — pui g ;. There-
fore, finally we get (for the second term on the R.H.S. of [A25]);

wio = U (%u;u;) " — p gy = b = g . After collect-
\__v_d)
)
ing all terms and back-substituting into equation (A25), after some
rearrangements, we get

ok) —— S 1l —— ==
P=gp T Pk fo k= —PUly Ui — Mtk Ui + Mt ki~ | 5 PUMUE + U
*
This equation is a scalar equation, since £ and p’ are scalar quanti-
ties and all other terms have repeated indices (i.e. dummy indices).
We change index k — j and finally, we get (after exposing the dif-

ferentiations)

a/& Ok_  ——0u, ul ou)
p@t @V =—puju ]ax /’tax &\ (A26)

. 7k 0 (1 4
e oo, & 5 PUL p W
Equation (A26) is the exact equation for transport of turbulent
kinetic energy and recovers equation (2.17) from Chapter 2, after
—Oou; ow;
substituting for —pu/u 13, =R;=— o, =P.
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EXACT EQUATION FOR TURBULENT KINETIC
ENERGY DISSIPATION TRANSPORT

The second term on the R.H.S. of equation (A26), after dividing
&t ou
O 6x
energy dissipation per unlt mass for a Newtonian incompressible
fluid in isotropic turbulence flows [21]. Therefore, we define

by fluid density p, is v=—

——+. This term is actually the rate of kinetic

c _vﬁu’i ou

= 6‘x_7 o, (A27)

This term represents the amount of energy dissipated from turbu-
lence and converted to heat (or internal energy) through viscosity.
Its appearance in the kinetic energy transport equation (A26) moti-
vates derivation of an equation which governs . Prior to deriving the
exact equation governing for & transport [13], we would like to men-
tion that the second term on the R.H.S. of Eq. (A25) (i.e. uioj ;)
contains total kinetic energy dissipation rate per unit mass. This can

be shown as follow, after dividing by p:

1 \——— 1\ —— 1\
— o = = |Wioy) —(—)u'i o';.. However, the last term can
(p) o (pj T p )T

. 1
be written as = o =V o) =V +ViT

Using the definition for € (i.e. Equation A27) we get Y= + ujpup,
But last term can be further manipulated, using continuity, as

Y =e+v(ujul) i (A28)

Equation (A28) gives the total rate of dissipation for an incompress-
ible fluid. The second term on the R.H.S. of equation (A28) vanishes
for isotropic/homogeneous turbulence; hence we recover equation
(A27). Also note that this term (i.e. the second term in Equation
A28) is proportional to the second derivative of Reynolds stresses
and when its value is zero, or negligible, we have Y =~ ¢ [21].

To derive the e-equation, we start with equation (A6) and then
subtract equation (A7) from it. The result is

au' — r— ror ’ '
p(ﬁl‘{‘ u]'ui’j +u]u,’] +u]qu = _p,i +,uul"]j +p<u iU ) <A29>
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We perform three operations on equation (A29): first differentiate it
0o
(i.e. N =91 ), second multiply it by u} (inner product), and third,

average it. We write each term of equation (A29) separately while
performing these operations on each, as

P( k(&u’) szﬁ(l(u( k“,‘k)j
l at ’k at 2 1, 1, >
P(U,i,k (17]'”;',]' ),k ) = P(ﬁj,k u;]“;k +ﬁju;,ku;,kj)

— 7 N — 1 i 7
Pl Uj kUl j +U; G Uiklik )
o]

! ! — ! ! _— ! 1 —
p(ui,k (“j%‘,j))k ) = p(“i,k”j,k”i,j T UG UG UG i ),

’ ! ’ ’ ! ’
P( lk( uu z])k):p(“i,k”j,kui,j+ui,kuj“i,jk)

— 1
’ ’ ’
:p[ui,ku] kuzj +uj(2ui,kui,k >
oJ

Wik (=pla ) =—uip'i, and

! ’ ! ’ ’ ’
Hu (Ui,jj ),k = ﬂ(”i,k“i,]‘k )’j — MUy iUy ik

:%M( zkuzk) quz]kuz Jjk

Back-substituting all terms into equation. (A29), multiply both sides
by 2v, and let € =vu; u; . After rearrangement and exposing deriv-
atives notations, we get

o€ _ O€
Par TP e

Qau'au'aa 261/&/3!7 281/,82_ 2au’au’au’
’u&xk&rkﬁx Hon o) oy /”axkfaxaxk Hox, ox ox,

PE
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B o P 0
Oy Owyax, MUK Y G By B oy o o (A30)

D ,

This equation is the exact e-equation, which recovers equation
(2.19). See Chapter 2 for explanations of P, D,, and ®,.

Further, derivation for w-equation (2.29) can be performed
using the exact equation for kinetic equation (A26) and e-equation,
using equation (2.25).

REYNOLDS AVERAGED EQUATION FOR SCALAR
TRANSPORT

Transports of scalar quantities (e.g. temperature, mass) in turbu-
lent flows can be, in general, categorized into two types: active and
passive. An example of and active type is combustion. For passive
type, we may consider, for example, turbulent non-isothermal flows.
In this section, we derive the relevant equation for temperature ©.
The heat transfer equation reads

% + (ui®>,i =00 (A31)

where a=K/pc, is thermal diffusivity, K thermal conductivity, p
density, and ¢, is specific heat. After substituting for ® =®+ @', as
well as for velocity u; = w; + uj, and averaging, we get

P @8),=ab, ~(w®), (A32)
Note the new term on the R.H.S. (/@' ). This term represents the
turbulent heat flux, so-called Reynolds heat flux ( pcpw ), or mean
correlation of fluctuating velocity and temperature. Similar to mod-
eling Reynolds stress term in RANS, several models are available
for turbulent heat flux term (i.e. a closure). One of these models
is expressed as uj® =-T;0; for which the constant T’y is turbu-
lent diffusivity- a flow-dependent property. Analogous to laminar
Prandtl number, a turbulent Prandtl/Schmidt number oy, is used to
relate the turbulent momentum viscosity with turbulent diffusivity
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as 'y = ;—T, where it is usually assumed (and experimentally shown)
T

that the value of oris close to unity (between 0.7 and 1) which
implies that the same turbulent mechanisms carry momentum and
heat (i.e. I'r =vy). Bachelor [97] suggested a diffusivity tensor,
D;; to be considered for an-isotropic turbulence, as /@' = -D, ®
Equatlon (A32), including using a model for the turbulent heat ﬂux
and a turbulence model are governing equations for non-isothermal
turbulent flows. For further detail see the COMSOL manual (turbu-
lent non-isothermal flow theory).
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