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Preface

The overall goal of this book is to fill a void that has appeared in the instruction of digital circuits over
the past decade due to the rapid abstraction of system design. Up until the mid-1980s, digital circuits
were designed using classical techniques. Classical techniques relied heavily on manual design
practices for the synthesis, minimization, and interfacing of digital systems. Corresponding to this design
style, academic textbooks were developed that taught classical digital design techniques. Around 1990,
large-scale digital systems began being designed using hardware description languages (HDL) and
automated synthesis tools. Broad-scale adoption of this modern design approach spread through the
industry during this decade. Around 2000, hardware description languages and the modern digital
design approach began to be taught in universities, mainly at the senior and graduate level. There
were a variety of reasons that the modern digital design approach did not penetrate the lower levels of
academia during this time. First, the design and simulation tools were difficult to use and overwhelmed
freshman and sophomore students. Second, the ability to implement the designs in a laboratory setting
was infeasible. The modern design tools at the time were targeted at custom integrated circuits, which
are cost- and time-prohibitive to implement in a university setting. Between 2000 and 2005, rapid
advances in programmable logic and design tools allowed the modern digital design approach to be
implemented in a university setting, even in lower-level courses. This allowed students to learn the
modern design approach based on HDLs and prototype their designs in real hardware, mainly field
programmable gate arrays (FPGAs). This spurred an abundance of textbooks to be authored teaching
hardware description languages and higher levels of design abstraction. This trend has continued until
today. While abstraction is a critical tool for engineering design, the rapid movement toward teaching only
the modern digital design techniques has left a void for freshman- and sophomore-level courses in digital
circuitry. Legacy textbooks that teach the classical design approach are outdated and do not contain
sufficient coverage of HDLs to prepare the students for follow-on classes. Newer textbooks that teach
the modern digital design approach move immediately into high-level behavioral modeling with minimal
or no coverage of the underlying hardware used to implement the systems. As a result, students are not
being provided the resources to understand the fundamental hardware theory that lies beneath the
modern abstraction such as interfacing, gate-level implementation, and technology optimization.
Students moving too rapidly into high levels of abstraction have little understanding of what is going
on when they click the “compile and synthesize” button of their design tool. This leads to graduates who
can model a breadth of different systems in an HDL but have no depth into how the system is
implemented in hardware. This becomes problematic when an issue arises in a real design and there
is no foundational knowledge for the students to fall back on in order to debug the problem.

This book addresses the lower-level foundational void by providing a comprehensive, bottoms-up
coverage of digital systems. The book begins with a description of lower-level hardware including binary
representations, gate-level implementation, interfacing, and simple combinational logic design. Only
after a foundation has been laid in the underlying hardware theory is the VHDL language introduced. The
VHDL introduction gives only the basic concepts of the language in order to model, simulate, and
synthesize combinational logic. This allows the students to gain familiarity with the language and the
modern design approach without getting overwhelmed by the full capability of the language. The book
then covers sequential logic and finite-state machines at the component level. Once this secondary
foundation has been laid, the remaining capabilities of VHDL are presented that allow sophisticated,
synchronous systems to be modeled. An entire chapter is then dedicated to examples of sequential
system modeling, which allows the students to learn by example. The second part of the textbook
introduces the details of programmable logic, semiconductor memory, and arithmetic circuits. The book
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culminates with a discussion of computer system design, which incorporates all of the knowledge gained
in the previous chapters. Each component of a computer system is described with an accompanying
VHDL implementation, all while continually reinforcing the underlying hardware beneath the HDL
abstraction.

Written the Way It Is Taught

The organization of this book is designed to follow the way in which the material is actually learned.
Topics are presented only once sufficient background has been provided by earlier chapters to fully
understand the material. An example of this learning-oriented organization is how the VHDL language is
broken into two chapters. Chapter 5 presents an introduction to VHDL and the basic constructs to model
combinational logic. This is an ideal location to introduce the language because the reader has just
learned about combinational logic theory in Chap. 4. This allows the student to begin gaining experience
using the VHDL simulation tools on basic combinational logic circuits. The more advanced constructs of
VHDL such as sequential modeling and test benches are presented in Chap. 8 only after a thorough
background in sequential logic is presented in Chap. 7. Another example of this learning-oriented
approach is how arithmetic circuits are not introduced until Chap. 12. While technically the arithmetic
circuits in Chap. 12 are combinational logic circuits and could be presented in Chap. 4, the student does
not have the necessary background in Chap. 4 to fully understand the operation of the arithmetic
circuitry, so its introduction is postponed.

This incremental, just-in-time presentation of material allows the book to follow the way the material
is actually taught in the classroom. This design also avoids the need for the instructor to assign sections
that move back and forth through the text. This not only reduces course design effort for the instructor but
allows the student to know where they are in the sequence of learning. At any point, the student should
know the material in prior chapters and be moving toward understanding the material in
subsequent ones.

An additional advantage of this book’s organization is that it supports giving the student hands-on
experience with digital circuitry for courses with an accompanying laboratory component. The flow is
designed to support lab exercises that begin using discrete logic gates on a breadboard and then move
into HDL-based designs implemented on off-the-shelf FPGA boards. Using this approach to a laboratory
experience gives the student experience with the basic electrical operation of digital circuits, interfacing,
and HDL-based designs.

Learning Outcomes

Each chapter begins with an explanation of its learning objective followed by a brief preview of the
chapter topics. The specific learning outcomes are then presented for the chapter in the form of concise
statements about the measurable knowledge and/or skills the student will be able to demonstrate by the
end of the chapter. Each section addresses a single, specific learning outcome. This eases the process
of assessment and gives specific details on student performance. There are over 1000 assessment tools
in the form of exercise problems and concept check questions that are tied directly to specific learning
outcomes for both formative and summative assessment.

Teaching by Example

With nearly 250 worked examples, concept checks for each section, 200+ supporting figures, and
1000+ assessment problems, students are provided with multiple ways to learn. Each topic is described
in a clear, concise written form with accompanying figures as necessary. This is then followed by
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annotated worked examples that match the form of the exercise problems at the end of each chapter.
Additionally, concept check questions are placed at the end of each section in the book to measure the
student’s general understanding of the material using a concept inventory assessment style. These
features provide the student multiple ways to learn the material and build an understanding of digital
circuitry.

Course Design

The book can be used in multiple ways. The first is to use the book to cover two, semester-based
college courses in digital logic. The first course in this sequence is an introduction to logic circuits and
covers Chaps. 1, 2, 3, 4, 5, 6, and 7. This introductory course, which is found in nearly all accredited
electrical and computer engineering programs, gives students a basic foundation in digital hardware and
interfacing. Chapters 1, 2, 3, 4, 5, 6, and 7 only cover relevant topics in digital circuits to make room for a
thorough introduction to VHDL. At the end of this course, students have a solid foundation in digital
circuits and are able to design and simulate VHDL models of concurrent and hierarchical systems. The
second course in this sequence covers logic design using Chaps. 8, 9, 10, 11, 12, and 13. In this second
course, students learn the advanced features of VHDL such as packages, sequential behavioral
modeling, and test benches. This provides the basis for building larger digital systems such as registers,
finite-state machines, and arithmetic circuits. Chapter 13 brings all of the concepts together through the
design of a simple 8-bit computer system that can be simulated and implemented using many off-the-
shelf FPGA boards.

This book can also be used in a more accelerated digital logic course that reaches a higher level of
abstraction in a single semester. This is accomplished by skipping some chapters and moving quickly
through others. In this use model, it is likely that Chap. 2 on number systems and Chap. 3 on digital
circuits would be quickly referenced but not covered in detail. Chapters 4 and 7 could also be covered
quickly in order to move rapidly into VHDL modeling without spending significant time looking at the
underlying hardware implementation. This approach allows a higher level of abstraction to be taught but
provides the student with the reference material so that they can delve in the details of the hardware
implementation if interested.

All exercise and concept problems that do not involve a VHDL model are designed so that they can
be implemented as a multiple-choice or numeric entry question in a standard course management
system. This allows the questions to be automatically graded. For the VHDL design questions, it is
expected that the students will upload their VHDL source files and screenshots of their simulation
waveforms to the course management system for manual grading by the instructor or teaching assistant.

Instructor Resources

Instructors adopting this book can access a growing collection of supplementary learning resources
including YouTube videos created by the author, a solutions manual, a laboratory manual, and VHDL test
benches for all problems. Additional resources are made available as demand grows. The YouTube
videos cover every section in the book and can provide supplementary learning materials for students or
facilitate fully online or flipped delivery of this material. The videos are found at https://www.youtube.com/
c/DigitalLogicProgramming_LaMeres. The solutions manual contains a graphic-rich description of select
exercise problems. A complementary lab manual has also been developed to provide additional learning
activities based on both the 74HC discrete logic family and an off-the-shelf FPGA board. This manual is
provided separately from the book in order to support the ever-changing technology options available for
laboratory exercises.


https://www.youtube.com/c/DigitalLogicProgramming_LaMeres
https://www.youtube.com/c/DigitalLogicProgramming_LaMeres
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What’s New in the Second Edition

The most common request from adopters of the first edition of this book was more assessment
problems and accompanying videos. As a result, the second edition now contains over 1000 assess-
ment questions, and YouTube videos have been created for every section of the book. Additionally, more
worked examples have been added so that every section has abundant examples of how to apply the
content to designing and analyzing digital circuits.

Bozeman, MT, USA Brock J. LaMeres
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Chapter 1: Introduction:
Analog vs. Digital

We often hear that we live in a digital age. This refers to the massive adoption of computer systems
within every aspect of our lives from smartphones to automobiles to household appliances. This
statement also refers to the transformation that has occurred to our telecommunications infrastructure
that now transmits voice, video, and data using 1’s and O’s. There are a variety of reasons that digital
systems have become so prevalent in our lives. In order to understand these reasons, it is good to start
with an understanding of what a digital system is and how it compares to its counterpart, the analog
system. The goal of this chapter is to provide an understanding of the basic principles of analog and
digital systems.

Learning Outcomes—After completing this chapter, you will be able to:

Describe the fundamental differences between analog and digital systems.

1.1
1.2 Describe the advantages of digital systems compared to analog systems.

1.1 Differences Between Analog and Digital Systems

Let's begin by looking at signaling. In electrical systems, signals represent information that is
transmitted between devices using an electrical quantity (voltage or current). An analog signal is defined
as a continuous, time-varying quantity that corresponds directly to the information it represents. An
example of this would be a barometric pressure sensor that outputs an electrical voltage corresponding
to the pressure being measured. As the pressure goes up, so does the voltage. While the range of the
input (pressure) and output (voltage) will have different spans, there is a direct mapping between the
pressure and voltage. Another example would be sound striking a traditional analog microphone. Sound
is a pressure wave that travels through a medium such as air. As the pressure wave strikes the
diaphragm in the microphone, the diaphragm moves back and forth. Through the process of inductive
coupling, this movement is converted to an electric current. The characteristics of the current signal
produced (e.g., frequency and magnitude) correspond directly to the characteristics of the incoming
sound wave. The current can travel down a wire and go through another system that works in the
opposite manner by inductively coupling the current onto another diaphragm, which in turn moves back
and forth forming a pressure wave and thus sound (i.e., a speaker or earbud). In both of these examples,
the electrical signal represents the actual information that is being transmitted and is considered analog.
Analog signals can be represented mathematically as a function with respect to time.

In digital signaling the electrical signal itself is not directly the information it represents; instead, the
information is encoded. The most common type of encoding is binary (1’s and 0’s). The 1’s and 0’s are
represented by the electrical signal. The simplest form of digital signaling is to define a threshold voltage
directly in the middle of the range of the electrical signal. If the signal is above this threshold, the signal is
representing a 1. If the signal is below this threshold, the signal is representing a 0. This type of signaling
is not considered continuous as in analog signaling; instead, it is considered to be discrete because the
information is transmitted as a series of distinct values. The signal transitions between a 1 to 0 and 0 to
1 are assumed to occur instantaneously. While this is obviously impossible, for the purposes of
information transmission, the values can be interpreted as a series of discrete values. This is a digital
signal and is not the actual information but rather the binary encoded representation of the original
information. Digital signals are not represented using traditional mathematical functions; instead, the
digital values are typically held in tables of 1's and O’s.
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Examples of Analog Signals and Systems: The human interface to a computer; the electrical
signal representing sound that travels down the wire of a set of headphones; the actual sound coming out
of headphones; electricity coming out of a wall outlet; the voltage from a battery or solar cell.

Examples of Digital Signals and Systems: Information stored on a computer; the computer
hardware that processes information; devices such as computers, tablets, and smartphones are also
considered digital systems because their hardware and information being processed are digital; the
information being transmitted over the Internet and wireless networks is digital.

Figure 1.1 shows an example analog signal (left) and an example digital signal (right). While the
digital signal is in reality continuous, it represents a series of discrete 1 and 0 values.

Analog vs. Digital Signals
An “analog” signal is a continuous, time-varying electrical quantity that represents the
actual information. A “digital” signal is a discrete representation of the information.
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Analog (left) vs. digital (right) signals

CC1.1 Ifadigital signal is only a discrete representation of real information, how is it possible to
produce high quality music without hearing “gaps” in the output due to the digitization

process?

A) The gaps are present, but they occur so quickly that the human ear can’t
detect them.

B) When the digital music is converted back to analog sound the gaps are
smoothed out since an analog signal is by definition continuous.

C) Digital information is a continuous, time-varying signal so there aren’t gaps.

D) The gaps can be heard if the music is played slowly, but at normal speed, they
can't be.
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1.2 Advantages of Digital Systems over Analog Systems

There are a variety of reasons that digital systems are preferred over analog systems. First is their
ability to operate within the presence of noise. Since an analog signal is a direct representation of the
physical quantity it is transmitting, any noise that is coupled onto the electrical signal is interpreted as
noise on the original physical quantity. An example of this is when you are listening to an AM/FM radio
and you hear distortion of the sound coming out of the speaker. The distortion you hear is not due to
actual distortion of the music as it was played at the radio station but rather electrical noise that was
coupled onto the analog signal transmitted to your radio prior to being converted back into sound by the
speakers. Since the signal in this case is analog, the speaker simply converts it in its entirety
(noise + music) into sound. In the case of digital signaling, a significant amount of noise can be added
to the signal while still preserving the original 1’s and 0’s that are being transmitted. For example, if the
signal is representing a 0, the receiver will still interpret the signal as a 0 as long as the noise doesn’t
cause the level to exceed the threshold. Once the receiver interprets the signal as a 0, it stores the
encoded value as a 0 thus ignoring any noise present during the original transmission. Figure 1.2 shows
the exact same noise added to the analog and digital signals from Fig. 1.1. The analog signal is distorted;
however, the digital signal is still able to transmit the 0’s and 1’s that represent the information.

Analog vs. Digital Signals in the Presence of Noise

Since an analog signal is a direct representation of the information being transmitted, any
noise that is present directly corrupts the information. Since a digital signal is a discrete
representation, the original values transmitted can be recovered in the presence of noise.
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Noise on analog (left) and digital (right) signals

Another reason that digital systems are preferred over analog ones is the simplicity of the circuitry. In
order to produce a 1 and 0, you simply need an electrical switch. If the switch connects the output to a
voltage below the threshold, then it produces a 0. If the switch connects the output to a voltage above the
threshold, then it produces a 1. It is relatively simple to create such a switching circuit using modern
transistors. Analog circuitry, however, needs to perform the conversion of the physical quantity it is
representing (e.g., pressure, sound) into an electrical signal all the while maintaining a direct correspon-
dence between the input and output. Since analog circuits produce a direct, continuous representation of
information, they require more complicated designs to achieve linearity in the presence of environmental
variations (e.g., power supply, temperature, fabrication differences). Since digital circuits only produce a
discrete representation of the information, they can be implemented with simple switches that are only
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altered when information is produced or retrieved. Figure 1.3 shows an example comparison between an
analog inverting amplifier and a digital inverter. The analog amplifier uses dozens of transistors (inside
the triangle) and two resistors to perform the inversion of the input. The digital inverter uses two
transistors that act as switches to perform the inversion.

Analog vs. Digital Circuit Complexity

Analog Inverter Digital Inverter
R2 V+

) I Switch closed when In=0
Switch open when In=1

R1 ut

Swilch closed when In=1
\I Switch open when In=0

V- V-

Out

Fig. 1.3
Analog (left) vs. digital (right) circuits

A final reason that digital systems are being widely adopted is their reduced power consumption.
With the advent of complementary metal oxide transistors (CMOS), electrical switches can be created
that consume very little power to turn on or off and consume relatively negligible amounts of power to
keep on or off. This has allowed large-scale digital systems to be fabricated without excessive levels of
power consumption. For stationary digital systems such as servers and workstations, extremely large
and complicated systems can be constructed that consume reasonable amounts of power. For portable
digital systems such as smartphones and tablets, this means useful tools can be designed that are able
to run on portable power sources. Analog circuits, on the other hand, require continuous power to
accurately convert and transmit the electrical signal representing the physical quantity. Also, the circuit
techniques that are required to compensate for variances in power supply and fabrication processes in
analog systems require additional power consumption. For these reasons, analog systems are being
replaced with digital systems wherever possible to exploit their noise immunity, simplicity, and low power
consumption. While analog systems will always be needed at the transition between the physical (e.g.,
microphones, camera lenses, sensors, video displays) and the electrical world, it is anticipated that the
push toward digitization of everything in between (e.g., processing, transmission, storage) will continue.

CC1.2 When does the magnitude of electrical noise on a digital signal prevent the original
information from being determined?

A) When it causes the system to draw too much power.

B) When the shape of the noise makes the digital signal look smooth and
continuous like a sine wave.

C) When the magnitude of the noise is large enough that it causes the signal to
inadvertently cross the threshold voltage.

D) Itdoesn’t. A digital signal can withstand any magnitude of noise.
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Summary

An analog system uses a direct mapping
between an electrical quantity and the infor-
mation being processed. A digital system, on
the other hand, uses a discrete representa-
tion of the information.

Exercise Problems

Sec
and
111

1.1.1
111

111

tion 1.1: Differences Between Analog
Digital Systems

If an electrical signal is a direct function of a
physical quantity, is it considered analog or
digital?

If an electrical signal is a discrete representa-
tion of information, is it considered analog or
digital?

What part of any system will always require an
analog component?

Is the sound coming out of earbuds analog or
digital?

Is the MP3 file stored on an iPod analog or
digital?

Is the circuitry that reads the MP3 file from
memory in an iPod analog or digital?

Is the electrical signal that travels down ear-
phone wires analog or digital?

Is the voltage coming out of the battery in an
iPod analog or digital?

Is the physical interface on the touch display of
an iPod analog or digital?

0 Take a look around right now and identify two
digital technologies in use.

1 Take a look around right now and identify two
analog technologies in use.

2 Using the terminology from this chapter,
describe the difference between an analog
clock with a smooth moving second hand and
a digital clock.

1.1.1

Sec
Sys
1.21
1.2.2
1.2.3

1.2.4

1.2.5

1.2.6

1.2.7

Using a discrete representation allows the
digital signals to be more immune to noise
in addition to requiring simple circuits that

require less power to perform the
computations.
3 Using the terminology from this chapter,

describe the difference between an analog
and digital thermometer.

tion 1.2: Advantages of Digital
tems over Analog Systems

Give three advantages of using digital systems
over analog.

Name a technology or device that has evolved
from analog to digital in your lifetime.

Name an analog technology or device that has
become obsolete in your lifetime.

Name an analog technology or device that has
been replaced by digital technology but is still
in use due to nostalgia.

Name a technology or device invented in your
lifetime that could not have been possible with-
out digital technology.

In this chapter it was discussed that in digital
circuits, a transistor is used to create a simple
switch. Doing a quick internet search, about
how many ftransistors are in a modern
microprocessor?

In this chapter it was discussed that in analog
circuits the circuit design is more complex and
as a result, fewer transistors are used. The
analog circuit shown in Fig. 1.3 is based on
an analog device called an operational ampli-
fier. Doing a quick internet search, about how
many transistors are in an operational amplifier
device?
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Chapter 2: Number Systems

Logic circuits are used to generate and transmit 1’s and 0’s to compute and convey information. This
two-valued number system is called binary. As presented earlier, there are many advantages of using a
binary system; however, the human brain has been taught to count, label, and measure using the
decimal number system. The decimal number system contains 10 unique symbols (0 — 9) commonly
referred to as the Arabic numerals. Each of these symbols is assigned a relative magnitude to the other
symbols. For example, 0 is less than 1, 1 is less than 2, etc. It is often conjectured that the 10-symbol
number system that we humans use is due to the availability of our 10 fingers (or digits) to visualize
counting up to 10. Regardless, our brains are trained to think of the real world in terms of a decimal
system. In order to bridge the gap between the way our brains think (decimal) and how we build our
computers (binary), we need to understand the basics of number systems. This includes the formal
definition of a positional number system and how it can be extended to accommodate any arbitrarily large
(or small) value. This also includes how to convert between different number systems that contain
different numbers of symbols. In this chapter, we cover 4 different number systems: decimal
(10 symbols), binary (2 symbols), octal (8 symbols), and hexadecimal (16 symbols). The study of
decimal and binary is obvious as they represent how our brains interpret the physical world (decimal)
and how our computers work (binary). Hexadecimal is studied because it is a useful means to represent
large sets of binary values using a manageable number of symbols. Octal is rarely used but is studied as
an example of how the formalization of the number systems can be applied to all systems regardless of
the number of symbols they contain. This chapter will also discuss how to perform basic arithmetic in the
binary number system and represent negative numbers. The goal of this chapter is to provide an
understanding of the basic principles of binary number systems.

Learning Outcomes—After completing this chapter, you will be able to:

2.1 Describe the formation and use of positional number systems.
2.2 Convert numbers between different bases.

2.3 Perform binary addition and subtraction by hand.

24 Use two’s complement numbers to represent negative numbers.

2.1 Positional Number Systems

A positional number system allows the expansion of the original set of symbols so that they can be
used to represent any arbitrarily large (or small) value. For example, if we use the 10 symbols in our
decimal system, we can count from 0 to 9. Using just the individual symbols, we do not have enough
symbols to count beyond 9. To overcome this, we use the same set of symbols but assign a different
value to the symbol based on its position within the number. The position of the symbol with respect to
other symbols in the number allows an individual symbol to represent greater (or lesser) values. We can
use this approach to represent numbers larger than the original set of symbols. For example, let’'s say we
want to count from 0 upward by 1. We begin counting from 0, 1, 2, 3, 4, 5, 6, 7, 8, to 9. When we are out of
symbols and wish to go higher, we bring on a symbol in a different position with that position being valued
higher and then start counting over with our original symbols (e.g., ..., 9, 10, 11,... 19, 20, 21,...). This is
repeated each time a position runs out of symbols (e.g., ..., 99, 100, 101... 999, 1000, 1001,...).

First, let's look at the formation of a number system. The first thing that is needed is a set of symbols.
The formal term for one of the symbols in a number system is a numeral. One or more numerals are used
to form a number. We define the number of numerals in the system using the terms radix or base. For
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example, our decimal number system is said to be base 10 or have a radix of 10 because it consists of
10 unique numerals or symbols.

Radix = Base = the number of numerals in the number system

The next thing that is needed is the relative value of each numeral with respect to the other numerals
in the set. We can say 0 < 1 < 2 < 3 etc. to define the relative magnitudes of the numerals in this set. The
numerals are defined to be greater or less than their neighbors by a magnitude of 1. For example, in the
decimal number system, each of the subsequent numerals is greater than its predecessor by exactly
1. When we define this relative magnitude, we are defining that the numeral 1 is greater than the numeral
0 by a magnitude of 1; the numeral 2 is greater than the numeral 1 by a magnitude of 1, etc. At this point
we have the ability to count from 0 to 9 by 1’s. We also have the basic structure for mathematical
operations that have results that fall within the numeral set from0to 9 (e.g., 1 + 2 = 3). In order to expand
the values that these numerals can represent, we need define the rules of a positional number system.

2.1.1 Generic Structure

In order to represent larger or smaller numbers than the lone numerals in a number system can
represent, we adopt a positional system. In a positional number system, the relative position of the
numeral within the overall number dictates its value. When we begin talking about the position of a
numeral, we need to define a location to which all of the numerals are positioned with respect to. We
define the radix point as the point within a number to which numerals to the left represent whole numbers
and numerals to the right represent fractional numbers. The radix point is denoted with a period (i.e., “.”).
A particular number system often renames this radix point to reflect its base. For example, in the base
10 number system (i.e., decimal), the radix point is commonly called the decimal point; however, the term
radix point can be used across all number systems as a generic term. If the radix point is not presentin a
number, it is assumed to be to the right of number. Fig. 2.1 shows an example number highlighting the
radix point and the relative positions of the whole and fractional numerals.

Definition of Radix Point 1 3 2.6 5 4

7 ~
Whole Numbers Radix Point Fractional Numbers

Fig. 2.1
Definition of radix point

Next, we need to define the position of each numeral with respect to the radix point. The position of
the numeral is assigned a whole number with the number to the left of the radix point having a position
value of 0. The position number increases by 1 as numerals are added to the left (2, 3, 4...) and
decreased by 1 as numerals are added to the right (—1, —2, —3). We will use the variable p to represent
position. The position number will be used to calculate the value of each numeral in the number based on
its relative position to the radix point. Figure 2.2 shows the example number with the position value of
each numeral highlighted.

Definition of Position

1 3 2
T T %
:E 41 ®

Position (p)

Fig. 2.2
Definition of position number (p) within the number
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In order to create a generalized format of a number, we assign the term digit (d) to each of the
numerals in the number. The term digit signifies that the numeral has a position. The position of the digit
within the number is denoted as a subscript. The term digit can be used as a generic term to describe a
numeral across all systems, although some number systems will use a unique term instead of digit which
indicates its base. For example, the binary system uses the term bit instead of digit; however, using the
term digit to describe a generic numeral in any system is still acceptable. Figure 2.3 shows the generic
subscript notation used to describe the position of each digit in the number.

Digit Notatior
d; dy dp .dsd2ds
The position is denoted
as a subscript I T I 1; E r Position (D)

Fig. 2.3
Digit notation

We write a number from left to right starting with the highest position digit that is greater than 0 and
end with the lowest position digit that is greater than 0. This reduces the number of numerals that are
written; however, a number can be represented with an arbitrary number of 0’s to the left of the highest
position digit greater than 0 and an arbitrary number of 0’s to the right of the lowest position digit greater
than 0 without affecting the value of the number. For example, the number 132.654 could be written as
0132.6540 without affecting the value of the number. The O’s to the left of the number are called leading
0’s and the 0’s to the right of the number are called trailing 0’s. The reason this is being stated is because
when a number is implemented in circuitry, the number of numerals is fixed, and each numeral must have
a value. The variable n is used to represent the number of numerals in a number. If a number is defined
with n = 4, that means 4 numerals are always used. The number 0 would be represented as 0000 with
both representations having an equal value.

2.1.2 Decimal Number System (Base 10)

As mentioned earlier, the decimal number system contains ten unique numerals (0, 1, 2, 3,4, 5, 6, 7,
8, and 9). This system is thus a base 10 or a radix 10 system. The relative magnitudes of the symbols are
0<1<2<3<4<5<6<7<8<09.

2.1.3 Binary Number System (Base 2)

The binary number system contains two unique numerals (0 and 1). This system is thus a base 2 or
a radix 2 system. The relative magnitudes of the symbols are 0 < 1. At first glance, this system looks very
limited in its ability to represent large numbers due to the small number of numerals. When counting up,
as soon as you count from 0 to 1, you are out of symbols and must increment the p + 1 position in order to
represent the next number (e.g., 0, 1, 10, 11, 100, 101, ...); however, magnitudes of each position scale
quickly so that circuits with a reasonable amount of digits can represent very large numbers. The term bit
is used instead of digit in this system to describe the individual numerals and at the same time indicate
the base of the number.

Due to the need for multiple bits to represent meaningful information, there are terms dedicated to
describing the number of bits in a group. When 4 bits are grouped together, they are called a nibble.
When 8 bits are grouped together, they are called a byte. Larger groupings of bits are called words. The
size of the word can be stated as either an n-bit word or omitted if the size of the word is inherently
implied. For example, if you were using a 32-bit microprocessor, using the term word would be
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interpreted as a 32-bit word. For example, if there was a 32-bit grouping, it would be referred to as a 32-bit
word. The leftmost bit in a binary number is called the most significant bit (MSB). The rightmost bit in a
binary number is called the least significant bit (LSB).

2.1.4 Octal Number System (Base 8)

The octal number system contains eight unique numerals (0, 1, 2, 3, 4, 5, 6, 7). This systemis thus a
base 8 or a radix 8 system. The relative magnitudes of the symbolsare 0 <1<2<3<4<5<6<7.We
use the generic term digit to describe the numerals within an octal number.

2.1.5 Hexadecimal Number System (Base 16)

The hexadecimal number system contains 16 unique numerals. This system is most often referred
to in spoken word as “hex” for short. Since we only have ten Arabic numerals in our familiar decimal
system, we need to use other symbols to represent the remaining six numerals. We use the alphabetic
characters A—F in order to expand the system to 16 numerals. The 16 numerals in the hexadecimal
systemare 0,1,2,3,4,5,6,7,8,9, A, B, C, D, E, and F. The relative magnitudes of the symbols are
0<1<2<3<4<5<6<7<8<9<A<B<C<D<E<F We use the generic term digit to describe the
numerals within a hexadecimal number.

At this point, it becomes necessary to indicate the base of a written number. The number 10 has an
entirely different value if it is a decimal number or binary number. In order to handle this, a subscript is
typically included at the end of the number to denote its base. For example, 104, indicates that this
number is decimal ‘ten.” If the number was written as 10,, this number would represent binary “one zero.”
Table 2.1 lists the equivalent values in each of the four number systems just described for counts from
040 to 154¢. The left side of the table does not include leading 0 s. The right side of the table contains the
same information but includes the leading zeros. The equivalencies of decimal, binary, and hexadecimal
in this table are typically committed to memory.

Equivalency Between Different Number Systems
Decimal Binary Octal Hex Decimal Binary Octal Hex
0 0 0 0 00 0000 00 0
1 1 1 1 01 0001 01 1
2 10 2 2 02 0010 02 2
3 11 3 3 03 0011 03 3
4 100 4 4 04 0100 04 4
5 101 5 5 05 0101 05 5
6 110 6 6 06 0110 06 6
7 111 7 7 07 0111 o7 T
8 1000 10 8 08 1000 10 8
9 1001 1 9 09 1001 11 9
10 1010 12 A 10 1010 12 A
11 1011 13 B 11 1011 13 B
12 1100 14 G 12 1100 14 C
13 1101 15 D 13 1101 15 D
14 1110 16 E 14 1110 16 E
15 1111 17 F 15 1111 17 F
(Without Leading 0's) (With Leading 0's)

Table 2.1
Number system equivalency
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CC2.1 The base of a number system is arbitrary and is commonly selected to match a particular
aspect of the physical system in which it is used (e.g., base 10 corresponds to our
10 fingers, base 2 corresponds to the 2 states of a switch). If a physical system
contained 3 unique modes and a base of 3 was chosen for the number system, what
is the base 3 equivalent of the decimal number 37?

A)310= 13 B) 310 =33 C) 310 =103 D) 310 =213

2.2 Base Conversion

Now we look at converting between bases. There are distinct techniques for converting to and from
decimal. There are also techniques for converting between bases that are powers of 2 (e.g., base 2, 4,
8, 16, etc.).

2.2.1 Converting to Decimal

The value of each digit within a number is based on the individual digit value and the digit’s position.
Each position in the number contains a different weight based on its relative location to the radix point.
The weight of each position is based on the radix of the number system that is being used. The weight of
each position in decimal is defined as:

Weight = (Radix)?

This expression gives the number system the ability to represent fractional numbers since an
expression with a negative exponent (e.g., x ) is evaluated as one over the expression with the
exponent change to positive (e.g., 1/x¥). Figure 2.4 shows the generic structure of a number with its
positional weight highlighted.

Definition of Positional Weight d, dq do . dqdyds
" _ sy (radix}z I {radi)()0 (radix}'2
Weight = (radix) (radix)’ (radix)’  (radix)®
Fig. 2.4
Weight definition

In order to find the decimal value of each of the numerals in the number, its individual numeral value
is multiplied by its positional weight. In order to find the value of the entire number, each value of the
individual numeral-weight products is summed. The generalized format of this conversion is written as:

pmax .
Total Decimal Value = > d;- (radix)’

1=Pmin
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In this expression, pmax represents the highest position number that contains a numeral greater than
0. The variable pnmi, represents the lowest position number that contains a numeral greater than 0. These
limits are used to simplify the hand calculations; however, these terms theoretically could be +co to —oco
with no effect on the result since the summation of every leading 0 and every trailing 0 contributes
nothing to the result.

As an example, let’s evaluate this expression for a decimal number. The result will yield the original
number but will illustrate how positional weight is used. Let’s take the number 132.654,. To find the
decimal value of this number, each numeral is multiplied by its positional weight, and then all of the
products are summed. The positional weight for the digit 1 is (radix)” or (10). In decimal this is called the
hundred’s position. The positional weight for the digit 3 is (10)", referred to as the ten’s position. The
positional weight for digit 2 is (10)°, referred to as the one’s position. The positional weight for digit 6 is
(10)~", referred to as the tenth’s position. The positional weight for digit 5 is (10)~2, referred to as the
hundredth’s position. The positional weight for digit 4 is (10)~3, referred to as the thousandth’s position.

When these weights are multiplied by their respective digits and summed, the result is the original
decimal number 132.654 5. Example 2.1 shows this process step-by-step.

Example: Convert 132.654,, to Decimal:

1 3 2.6 5 44
IR AR 2R
Position (p) —» 2 1 0 -1 2 -3

N 2R R T R

Weight —» (10)? (10)" (10)° (10)"(10)2(10)3

'
Value = Zz d:‘ ]0’

i=-3
v

Value = 1-10% + 3:10" + 2:10° + 6:10"" + 5:10°% + 4-10°

y

Value = 1-(100) + 3-(10) + 2-(1) + 6+("/10) + 5-("/100) + 4*(Y1000)

4

Value =100+ 30+ 2 + 0.6 + 0.05 + 0.004

Value = 132.6544¢

Example 2.1
Converting decimal to decimal

This process is used to convert between any other base to decimal.

2.2.1.1 Binary to Decimal

Let’s convert 101.11, to decimal. The same process is followed with the exception that the base in
the summation is changed to 2. Converting from binary to decimal can be accomplished quickly in your
head due to the fact that the bit values in the products are either 1 or 0. That means any bit thatis a 0 has
no impact on the outcome and any bit that is a 1 simply yields the weight of its position. Example 2.2
shows the step-by-step process converting a binary number to decimal.
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Example: Convert 101.11; to Decimal:

—
L¢]

1
¢
2

Position (p) —»

—a—
“— O 4—
“— L — -
-— 8 +—

Weight — (2 (2)' (2° (2" 2?

» ¥

Value = Z d,— .2"'

i=-2
Value =122 402" +1-2°+ 1:27 + 1.27
Value = 1:(4) + 0:(2) + 1-(1) + 1:("/2) + 1-("/s)
Value=4+0+1+0.5+0.25

Value = 5.754

Example 2.2
Converting binary to decimal

2.2.1.2 Octal to Decimal

When converting from octal to decimal, the same process is followed with the exception that the
base in the weight is changed to 8. Example 2.3 shows an example of converting an octal number to
decimal.

Example: Convert 17.175 to Decimal: 1 7 .1 78
R T
Position (p) —» 1 0 -1 -2
Vod v

Weight —» @' (8)° (8)" (8)*

LY
Value = z d.-‘ g

i==2

Value =1-8' + 7-8° + 1-8" + 7-82
Value = 1-(8) + 7-(1) + 1:("/s) + 7-('/sa)

!

Value =8+ 7 +0.125 + 0.109375

V

Value = 15.2343754¢

Example 2.3
Converting octal to decimal



14 + Chapter 2: Number Systems

2.2.1.3 Hexadecimal to Decimal

Let's convert 1AB.EF 4 to decimal. The same process is followed with the exception that the base is
changed to 16. When performing the conversion, the decimal equivalent of the numerals A—F needs to
be used. Example 2.4 shows the step-by-step process converting a hexadecimal number to decimal.

Example: Convert 1AB.EF 5 to Decimal:

1 A B .E Fg

R
Positon(p) —» 2 1 0 -1 -2

R AR

Weight —» (16)% (16)' (16)° (16)"(16)?
5 ¥
- i
Value = E d; .] 6

i=-2

!

Value = 1-16% + A-16" + B-16" + E-16™ + F-162

4

Value = 1+(256) + 10-(16) + 11-(1) + 14-("l) + 15+("/ass)

-

Value = 256 + 160 + 11 + 0.875 + 0.05859375

{

Value = 427.933593751¢

Example 2.4
Converting hexadecimal to decimal

In some cases, it is desired to specify a level of accuracy for the conversion in order to bound the
number of fractional digits in the final result. For example, if the conversion in Example 2.4 was stated as
“convert 1AB.EF 5 to decimal with a fractional accuracy of 2 digits,” the final result would be 427.93.
How rounding is handled can also be specified with the two options being with or without rounding. In the
case where the conversion is performed with rounding, additional fractional digits may need to be
computed to determine if the least significant digit of the new decimal fraction needs to be altered. For
example, let's say the conversion in Example 2.4 is stated as “convert 1AB.EF ¢ to decimal with a
fractional accuracy of 4 digits with rounding.” In this case, the final result would be 427.9336,,. Notice
how rounding was applied to the digit in position p = —3 changing it from a 5 to a 6 based on the value in
position p = —4. Now let’s say the conversion in Example 2.4 is stated as “convert 1AB.EF ¢ to decimal
with a fractional accuracy of 4 digits without rounding.” In this case, the final result would be 427.9335,,.
Notice how without rounding simply drops all of the digits beyond the specified level of accuracy.

2.2.2 Converting from Decimal

The process of converting from decimal to another base consists of two separate algorithms. There
is one algorithm for converting the whole number portion of the number and another algorithm for
converting the fractional portion of the number. The process for converting the whole number portion
is to divide the decimal number by the base of the system you wish to convert to. The division will result in
a quotient and a whole number remainder. The remainder is recorded as the least significant numeral in
the converted number. The resulting quotient is then divided again by the base, which results in a new
quotient and new remainder. The remainder is recorded as the next higher order numeral in the new
number. This process is repeated until a quotient of 0 is achieved. At that point the conversion is
complete. The remainders will always be within the numeral set of the base being converted to.



2.2 Base Conversion + 15

The process for converting the fractional portion is to multiply just the fractional component of the
number by the base. This will result in a product that contains a whole number and a fraction. The whole
number is recorded as the most significant digit of the new converted number. The new fractional portion
is then multiplied again by the base with the whole number portion being recorded as the next lower order
numeral. This process is repeated until the product yields a fractional component equal to zero or the
desired level of accuracy has been achieved. The level of accuracy is specified by the number of
numerals in the new converted number. For example, the conversion would be stated as “convert this
decimal number to binary with a fractional accuracy of 4 bits.” This means the final result would only have
4 bits in the fraction. In cases where the conversion does not yield exactly 4 fractional bits, there are two
approaches that can be used. The first is to have no rounding, which means the conversion simply stops
at the desired accuracy. The second is to apply rounding, which means additional bits beyond the
desired accuracy are computed in order to determine whether the least significant bit reported.

2.2.2.1 Decimal to Binary

Let’s convert 11.3754¢ to binary. Example 2.5 shows the step-by-step process converting a decimal
number to binary.

Example: Convert 11.375; to Binary:

11.37 5

Part 1: Converting the whole number portion:

Quotient Remainder

Step1: 2 f11 5 1 LSB
o ‘

Step2: 2 [ 5 2 1 Next highest order bit
P *

Step3: 2 f 2 1 0 Next highest order bit
B *

Step4: 2 }1 0 1 MSB

Done Converted Whole Number = 1011,

Part 2: Converting the fractional number portion:

Product Whole Number

Step 1:  2-(0.375) 0.75 0 MSB
a *
Step 2:  2-(0.75) 1.50 1 Next lower order bit
ol *
Step 3: 2-(0.5) 1.00 1 LSB
Done Converted Fractional Number = .011,

Part 3: Combine the two components to form the new number:

1011.011;

Example 2.5
Converting decimal to binary
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In many binary conversions to binary, the number of fractional bits that result from the conversion is
more than needed. In this case, rounding is applied to limit the fractional accuracy. The simplest rounding
approach for binary numbers is to continue the conversion for one more bit beyond the desired fractional
accuracy. If the next bitis a 0, then you leave the fractional component of the number as is. If the next bit
is a 1, you round the least significant bit of your number up. Often this rounding will result in a cascade of
roundings from the LSB to the MSB. As an example, let's say that the conversion in Example 2.5 was
specified to have a fractional accuracy of 2 bits. If the bit in position p = —3 was a 0 (which it is not, but
let’s just say it is for the sake of this example), then the number would be left as is, and the final converted
number would be 1011.01,. However, if the bit in position p = —3 was a 1 (as it actually is in Example
2.5), then we would need to apply rounding. We would start with the bit in position p = —2. Since itis a
1, we would round that up to a 0, but we would need to apply the overflow of this rounding to the next
higher order bit in position p = —1. That would then cause the value of p = —1togofromaOtoa 1. The
final result of the conversion with rounding would be 1011.10,.

2.2.2.2 Decimal to Octal

Let’s convert 10.4¢ to octal with an accuracy of 4 fractional digits. When converting the fractional
component of the number, the algorithm is continued until 4 digits worth of fractional numerals has been
achieved. Once the accuracy has been achieved, the conversion is finished even though a product with
a zero fractional value has not been obtained. Example 2.6 shows the step-by-step process converting a
decimal number to octal with a fractional accuracy of 4 digits.
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Example: Convert 10.44, to Octal with an Accuracy of 4 fractional digits:

10 . 449

Part 1: Converting the whole number portion:

Quotient Remainder

Step1: 8 H 10 1 2 Least significant digit
& +
Step2: 8 f 1 0 1 Most significant digit
Done Converted Whole Number = 125

Part 2: Converting the fractional number portion:

Product Whole Number

Step1: 8-(0.4) 3.2 3 Most significant digit
Step2: 8-(0.2) 1.6 1 Next lower order digit
P *
Step 3: 8- (0.6) 4.8 4 Next lower order digit
e +
Step4: 8-(0.8) 6.4 6 Least significant digit
l Converted Fractional Number = .31463

Done because we have achieved the desired accuracy

Part 3: Combine the two components to form the new number:

12.31463

Example 2.6
Converting decimal to octal

Rounding of octal digits uses a similar approach as when rounding decimal numbers, with the
exception that the middle of the range of the numbers lies between digits 35 and 4g. This means that any
number to be rounded that is 45 or greater will be rounded up. Numbers that are 3g or less will be rounded
down, which means the fractional component of the converted number is left as in.

2.2.2.3 Decimal to Hexadecimal

Let’s convert 254.655, to hexadecimal with an accuracy of 3 fractional digits. When doing this
conversion, all of the divisions and multiplications are done using decimal. If the results end up between
1040 and 154, then the decimal numbers are substituted with their hex symbol equivalent (i.e., A to F).
Example 2.7 shows the step-by-step process of converting a decimal number to hex with a fractional
accuracy of 3 digits.
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Example: Convert 254.655,, to Hexadecimal with an Accuracy of 3 fractional digits:

254 . 655

Part 1: Converting the whole number portion:

Quotient Remainder

Step 1: 16 [254 15 (F16) 14 (Eqg) Least significant digit
‘/
Step2: 16 [15 0 15 (Fis) Most significant digit
Done Converted Whole Number = FE 5

Part 2: Converting the fractional number portion:

Product Whole Number

Step 1: 16-(0.655) 10.48 10 (A4¢) Most significant digit
Step 2: 16 - (0.48) 7.68 7 Next lower order digit
- *
Step 3: 16 - (0.68) 10.88 10 (A6)  Least significant digit
l Converted Fractional Number = A7A;

Done because we have achieved the desired accuracy

Part 3: Combine the two components to form the new number:

FE.A7 A

Example 2.7
Converting decimal to hexadecimal

Rounding of hexadecimal digits uses a similar approach as when rounding decimal numbers, with
the exception that the middle of the range of the numbers lies between digits 71 and 84¢. This means that
any number to be rounded that is 84¢ or greater will be rounded up. Numbers that are 745 or less will be
rounded down, which means the fractional component of the converted number is left as in.

2.2.3 Converting Between 2" Bases

Converting between 2" bases (e.g., 2, 4, 8, 16, etc.) takes advantage of the direct mapping that each
of these bases has back to binary. Base 8 numbers take exactly 3 binary bits to represent all 8 symbols
(i.e., 0g = 0005, 75 = 111,). Base 16 numbers take exactly 4 binary bits to represent all 16 symbols (i.e.,
046 = 00005, F15 = 11115).

When converting from binary to any other 2" base, the whole number bits are grouped into the
appropriate-sized sets starting from the radix point and working left. If the final leftmost grouping does not
have enough symbols, it is simply padded on the left with leading 0’s. Each of these groups is then
directly substituted with their 2" base symbol. The fractional number bits are also grouped into the
appropriate-sized sets starting from the radix point, but this time working right. Again, if the final rightmost
grouping does not have enough symbols, it is simply padded on the right with trailing 0’s. Each of these
groups is then directly substituted with their 2" base symbol.
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2.2.3.1 Binary to Octal

Example 2.8 shows the step-by-step process of converting a binary number to octal.

Example: Convert 10111.01; to Octal:

10111.01;
Part 1: Form groups of 3 bits representing octal symbols.

(010)(111).(010),

v S N

Whole number groupings start at the Fractional number groupings start at
_radix point and work left. the radix point and work right.
Leading 0's are added as necessary. Trailing 0's are added as necessary.

Part 2: Perform a direct substitution of the bit groupings with the equivalent octal symbol.

(010)(111).(010),

~N\ /

27 .23

Example 2.8
Converting binary to octal

2.2.3.2 Binary to Hexadecimal

Example 2.9 shows the step-by-step process of converting a binary number to hexadecimal.

Example: Convert 111011.11111; to Hexadecimal:

111011 . 11111,

Part 1: Form groups of 4 bits representing hex symbols.
(0011)(1011).(1111)(1000),

voS N

Whole number groupings start at the Fractional number groupings start at
radix point and work left. the radix point and work right.
Leading O's are added as necessary. Trailing 0's are added as necessary.

Part 2: Perform a direct substitution of the bit groupings with the equivalent hex symbol.

(0011)(1011).(1111)(1000),

3B.F 84

Example 2.9
Converting binary to hexadecimal
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2.2.3.3 Octal to Binary

When converting to binary from any 2" base, each of the symbols in the originating number are
replaced with the appropriate-sized number of bits. An octal symbol will be replaced with 3 binary bits,
while a hexadecimal symbol will be replaced with 4 binary bits. Any leading or trailing 0’s can be removed
from the converted number once complete. Example 2.10 shows the step-by-step process of converting
an octal number to binary.

Example: Convert 347.12 to Binary:

347 . 124

Part 1: Each of the octal symbols is replaced with its 3 bit binary equivalent.

347.125

ol A

(011)(100)(111).(001)(010),
™

Leading and Trailing 0's can be removed

l

11100111 . 00101,

Example 2.10
Converting Octal to Binary

2.2.3.4 Hexadecimal to Binary

Example 2.11 shows the step-by-step process of converting a hexadecimal number to binary.

Example: Convert 1B.Aqs to Binary:
Part 1: Each of the hex symbols is replaced with its 4 bit binary equivalent.

1B.A
/ ’/ \16

0001)(1011).(1010
( \)( ) - ( /‘)2

Part 2: Leading and trailing zeros can be removed.

v
11011 . 101,

Example 2.11
Converting hexadecimal to binary

2.2.3.5 Octal to Hexadecimal

When converting between 2" bases (excluding binary), the number is first converted into binary and
then converted from binary into the final 2" base using the algorithms described before. Example 2.12
shows the step-by-step process of converting an octal number to hexadecimal.
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Example: Convert 71.5; to Hexadecimal:
Part 1: Convert the octal number into binary. Each octal symbol is represented with 3 bits.

71.5
/ ¥ Y

m11n00ﬂidﬁ1n

111001 . 101,

Part 2: Convert the binary number into hexadecimal. Form groups of 4 bits
representing hex symbols.

step1: (0011)(1001).(1010)

. 4 N
Whole number groupings start at the Fractional number groupings start at
radix point and work left. the radix point and work right.
Leading 0's are added as necessary. Trailing 0's are added as necessary.

Step 2: (0011)(1001)(1010)2
N g
39.A%

Example 2.12
Converting Octal to Hexadecimal

2.2.3.6 Hexadecimal to Octal

Example 2.13 shows the step-by-step process of converting a hexadecimal number to octal.

Example: Convert AB.Cg to Octal:

AB . C

Part 1: Convert the hex number into binary. Each hex symbol is represented with 4 bits.

AB .Cq
P

/
(1010)(1011).(1100)

v
10101011 . 11>

Part 2: Convert the binary number into octal. Form groups of 3 bits representing octal symbols.
stepi: (010)(101)(011).(110),

\’\*l

Step 2: 253. 68

Example 2.13
Converting Hexadecimal to Octal
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CC2.2 A “googol” is the term for the decimal number 1€100. When written out manually this
number is a 1 with 100 zeros after it (e.g., 10,000,000,000,000,000,000,000,
000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,0-
00,000,000,000,000,000,000). This term is more commonly associated with the search
engine company Google, which uses a different spelling but is pronounced the same.
How many bits does it take to represent a googol in binary?

A) 100 bits B) 256 bits C) 332 bits D) 333 bits

2.3 Binary Arithmetic

2.3.1 Addition (Carries)

Binary addition is a straightforward process that mirrors the approach we have learned for longhand
decimal addition. The two numbers (or terms) to be added are aligned at the radix point and addition
begins at the least significant bit. If the sum of the least significant position yields a value with two bits
(e.g., 10,), then the least significant bit is recorded, and the most significant bit is carried to the next
higher position. The sum of the next higher position is then performed including the potential carry bit
from the prior addition. This process continues from the least significant position to the most significant
position. Example 2.14 shows how addition is performed on two individual bits.

Example: Single Bit Binary Addition
There are four possible results when adding two bits.

0 0 1 1
+ 0 + 1 + 0 + 1
0 1 1 Cary—10

Example 2.14
Single-bit binary addition

When performing binary addition, the width of the inputs and output is fixed (i.e., n-bits). Carries that
exist within the n-bits are treated in the normal fashion of including them in the next higher position sum;
however, if the highest position summation produces a carry, this is a uniquely named event. This event
is called a carry out, or the sum is said to generate a carry. The reason this type of event is given special
terminology is because in real circuitry, the number of bits of the inputs and output is fixed in hardware,
and the carry out is typically handled by a separate circuit. Example 2.15 shows this process when
adding two 4-bit numbers.
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Example: What is the sum of 1010.1;and 1110.1,? Did this addition generate a carry?

The two numbers are aligned at the radix point and addition begins at the least significant
position. Carries are recorded at each position and used in the addition of the next higher

position.
The addition starts in the least
L I% ¥ significant position
1010.
The bitwise summation + 1110.1
continues to the most o 1 :
171001.0 If a carry results, it is used in

significant position. the next higher order position
~_ g p

summation.

The sum of these two numbers is 11001.0,. Since the inputs each had n=5 but the sum
required n=6, we say that this addition “generated a carry”. Another way of stating the
result is “1001; with a carry”.

Example 2.15
Multiple-bit binary addition

The largest decimal sum that can result from the addition of two binary numbers is given by 2-(2"—1).
For example, two 8-bit numbers to be added could both represent their highest decimal value of (2"—1) or
25549 (i.e., 1111 1111,). The sum of this number would result in 5104 or (11111 1110,). Notice that the
largest sum achievable would only require one additional bit. This means that a single carry bit is sufficient
to handle all possible magnitudes for binary addition.

2.3.2 Subtraction (Borrows)

Binary subtraction also mirrors longhand decimal subtraction. In subtraction, the formal terms for the
two numbers being operated on are minuend and subtrahend. The subtrahend is subtracted from the
minuend to find the difference. In longhand subtraction, the minuend is the top number, and the
subtrahend is the bottom number. For a given position if the minuend is less than the subtrahend, it
needs to borrow from the next higher order position to produce a difference that is positive. If the next
higher position does not have a value that can be borrowed from (i.e., 0), then it in turn needs to borrow
from the next higher position and so forth. Example 2.16 shows how subtraction is performed on two
individual bits.

Example: Single Bit Binary Subtraction

There are four possible results when subtracting two bits.

Borrpw —=10
— o 1 1 <—Minuend
- 0 - 1 - 0 - 1 <— Subtrahend
0 1 1 0

Example 2.16
Single-bit binary subtraction

As with binary addition, binary subtraction is accomplished on fixed widths of inputs and output (i.e.,
n-bits). The minuend and subtrahend are aligned at the radix point, and subtraction begins at the least
significant bit position. Borrows are used as necessary as the subtractions move from the least
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significant position to the most significant position. If the most significant position requires a borrow, this
is a uniquely named event. This event is called a borrow in or the subtraction is said to require a borrow.
Again, the reason this event is uniquely named is because in real circuitry, the number of bits of the input
and output is fixed in hardware, and the borrow in is typically handled by a separate circuit. Example 2.17
shows this process when subtracting two 4-bit numbers.

Example: What is the difference between 1011.0; and 0100.1,? Did this subtraction require a
borrow in?
The way this question is phrased indicates that 1011.0; is the minuend and 0100.1; is the
subtrahend. The two numbers are aligned at the radix point and subtraction begins at the
least significant position. Borrows are taken as needed from the next higher order position.

Borrow Borrow The difference of these two numbers is
Required  Required 0110.12and it did not require a borrow in.
B 4 ) To double-check if this subtraction

0 10 0 10 The subtraction

; worked, we can look at the decimal
A 01 /1/ . B < starts in the least equivalents of the numbers: 1011.0;

0100 .1 significant position (14, ). 0100.1, (4.515) = 0110.1, (6.5:0),
2 which verifies the subtraction was correct.
0110.1

Example 2.17
Multiple-bit binary subtraction

Notice that if the minuend is less than the subtrahend, then the difference will be negative. At this
point, we need a way to handle negative numbers.

CC2.3 If an 8-bit computer system can only perform unsigned addition on 8-bit inputs and
produce an 8-bit sum, how is it possible for this computer to perform addition on
numbers that are larger than what can be represented with 8-bits (e.g.,
1,000+ + 1,00040 = 2,00040)?

A) There are multiple 8-bit adders in a computer to handle large numbers.
B) The result is simply rounded to the nearest 8-bit number.
C) The computer returns an error and requires smaller numbers to be entered.

D) The computer keeps track of the carry out and uses it in a subsequent 8-bit
addition, which enables larger numbers to be handled.

2.4 Unsigned and Signed Numbers

All of the number systems presented in the prior sections were positive. We need to also have a
mechanism to indicate negative numbers. When looking at negative numbers, we only focus on the
mapping between decimal and binary since octal and hexadecimal are used as just another representa-
tion of a binary number. In decimal, we are able to use the negative sign in front of a number to indicate it
is negative (e.g., —344¢). In binary, this notation works fine for writing numbers on paper (e.g., —10105),
but we need a mechanism that can be implemented using real circuitry. In a real digital circuit, the circuits
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can only deal with 0’s and 1’s. There is no “- “in a digital circuit. Since we only have 0’s and 1’s in the
hardware, we use a bit to represent whether a number is positive or negative. This is referred to as the
sign bit. If a binary number is not going to have any negative values, then it is called an unsigned
number, and it can only represent positive numbers. If a binary number is going to allow negative
numbers, it is called a signed number. It is important to always keep track of the type of number we
are using as the same bit values can represent very different numbers depending on the coding
mechanism that is being used.

2.4.1 Unsigned Numbers

An unsigned number is one that does not allow negative numbers. When talking about this type of
code, the number of bits is fixed and stated up front. We use the variable n to represent the number of bits
in the number. For example, if we had an 8-bit number, we would say, “This is an 8-bit, unsigned number.”

The number of unique codes in an unsigned number is given by 2". For example, if we had an 8-bit
number, we would have 28 or 256 unique codes (e.g., 0000 0000, to 1111 1111,).

The range of an unsigned number refers to the decimal values that the binary code can represent. If
we use the notation Ny,signeq t0 represent any possible value that an n-bit, unsigned number can take on,
the range would be defined as: 0 < Nynsignea < (2" — 1).

Range of an UNSIGNED number = 0 < Nynsignea < (2" — 1)

For example, if we had an unsigned number with n = 4, it could take on a range of values from +04¢
(0000,) to +154¢ (1111,). Notice that while this number has 16 unique possible codes, the highest
decimal value it can represent is 154¢. This is because one of the unique codes represents 049. This is
the reason that the highest decimal value that can be represented is given by (2"—1). Example 2.18
shows this process for a 16-bit number.

Example: What is the range of decimal numbers that an 16-bit, unsigned word can represent?

The term “16-bit word” means that the binary number has n=16. We can plug this into the
equation for the range of an unsigned numbers directly.

0 5. Nunsigned S (2n - 1)
‘ 16
0 s Nunsigned 5 (2 = 1)
v
0 = Nunsigned < (65:536 = 1)

/
0 ' Nunsigned < 65:535

An unsigned 16-bit word can represent decimal numbers from 0 to 65,535.

Example 2.18
Finding the range of an unsigned number
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2.4.2 Signed Numbers

Signed numbers are able to represent both positive and negative numbers. The most significant bit
of these numbers is always the sign bit, which represents whether the number is positive or negative.
The sign bit is defined to be a 0 if the number is positive and 1 if the number is negative. When using
signed numbers, the number of bits is fixed so that the sign bit is always in the same position. There are a
variety of ways to encode negative numbers using a sign bit. The encoding method used exclusively in
modern computers is called two’s complement. There are two other encoding techniques called signed
magnitude and one’s complement that are rarely used but are studied to motivate the power of two’s
complement. When talking about a signed humber, the number of bits and the type of encoding is always
stated. For example, we would say, “This is an 8-bit, two’s complement number.”

2.4.2.1 Signed Magnitude

Signed Magnitude is the simplest way to encode a negative number. In this approach, the most
significant bit (i.e., leftmost bit) of the binary number is considered the sign bit (0 = positive, 1 = negative).
The rest of the bits to the right of the sign bit represent the magnitude or absolute value of the number. As
an example of this approach, let’s look at the decimal values that a 4-bit, signed magnitude number can
take on. These are shown in Example 2.19.

Example: What decimal values can a 4-bit “Signed Magnitude” code represent?
. 4-bit
Decimal - gigned Magnitude
-7 1111
-6 1110
-5 1101
-4 1100
-3 1011
-2 1010
-1 1001
-0 1000
0 0000
1 0001
2 0010
3 0011
4 0100
5 0101
6 0110
7 0111
L_sign bit

Example 2.19
Decimal values that a 4-bit, signed magnitude code can represent

There are drawbacks of signed magnitude encoding that are apparent from this example. First, the
value of 049 has two signed magnitude codes (0000, and 1000,). This is an inefficient use of the
available codes and leads to complexity when building arithmetic circuitry since it must account for
two codes representing the same number.

The second drawback is that addition using the negative numbers does not directly map to how
decimal addition works. For example, in decimal if we added (—5) + (1), the result would be —4. In signed
magnitude, adding these numbers using a traditional adder would produce (—5) + (1) = (—6). This is
because the traditional addition would take place on the magnitude portion of the number. A 545 is
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represented with 101,. Adding 1 to this number would result in the next higher binary code 110, or 6+¢.
Since the sign portion is separate, the addition is performed on |5|, thus yielding 6. Once the sign bit is
included, the resulting number is —6. It is certainly possible to build an addition circuit that works on
signed magnitude numbers, but it is more complex than a traditional adder because it must perform a
different addition operation for the negative numbers versus the positive numbers. It is advantageous to
have a single adder that works across the entire set of numbers.

Due to the duplicate codes for 0, the range of decimal numbers that signed magnitude can represent
is reduced by 1 compared to unsigned encoding. For an n-bit number, there are 2" unique binary codes
available, but only 2"—1 can be used to represent unique decimal numbers. If we use the notation Ngy, to
represent any possible value that an n-bit, signed magnitude number can take on, the range would be
defined as:

Range of a SIGNED MAGNITUDE number = — (2"“ - 1) <Nsw <+ (2"“ - 1)

Example 2.20 shows how to use this expression to find the range of decimal values that an 8-bit,
signed magnitude code can represent.

Example: What is the range of decimal numbers that an 8-bit, signed magnitude number can
represent?

The term “8-bit" means that n=8. We can plug this into the equation for the range of a
signed magnitude number directly.

-(2"'-1) < Ngw < +(2"" - 1)
Y
-(2%7-1) < Ngy < +(2%" - 1)

\
=127 < Nsm < +127

An 8-bit, signed magnitude number can represent decimal numbers from -127 to +127.

Example 2.20
Finding the range of a signed magnitude number

The process to determine the decimal value from a signed magnitude binary code involves treating
the sign bit separately from the rest of the code. The sign bit provides the polarity of the decimal number
(0 = positive, 1 = negative). The remaining bits in the code are treated as unsigned numbers and
converted to decimal using the standard conversion procedure described in the prior sections. This
conversion yields the magnitude of the decimal number. The final decimal value is found by applying the
sign. Example 2.21 shows an example of this process.
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Example: What is the decimal value of the 5-bit, signed magnitude code 11010,?
The most significant bit of this 5-bit number is a 1, which indicates that the number is

negative.
Sign Bit —» 1@ <— Magnitude
The remaining 4-bits are the magnitude of the decimal number and are converted directly
to decimal.
17010,

v
[Value| = 23 d, e i

i=0
[Value| =1-2% + 0-2% + 1-2" + 0-2°
[Value| = 1-(8) + 0-(4) + 1+(2) + 0-(1)
[Value| =8 +0+2+0

|Value| = 1049
The negative sign is then added back to the converted number giving a decimal value of -104

Example 2.21
Finding the decimal value of a signed magnitude number

2.4.2.2 One’s Complement

One’s complement is another simple way to encode negative numbers. In this approach, the
negative number is obtained by taking its positive equivalent and flipping all of the 1’s to 0’s and 0’s to
1’s. This procedure of flipping the bits is called a complement (notice the two e’s). In this way, the most
significant bit of the number is still the sign bit (0 = positive, 1 = negative). The rest of the bits represent
the value of the number, but in this encoding scheme, the negative number values are less intuitive. As
an example of this approach, let’s look at the decimal values that a 4-bit, one’s complement number can
take on. These are shown in Example 2.22.

Example: What decimal values can a 4-bit “One's Complement” code represent?
: 4-bit
Decimal 5615 Complement

-7 1000

-6 1001
-5 1010
-4 1011

-3 1100
-2 1101
-1 1110

-0 1111

0 0000

1 0001

2 0010

3 0011

4 0100

5 0101

6 0110

7 0111

T_sign bit

Example 2.22
Decimal values that a 4-bit, one’s complement code can represent
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Again, we notice that there are two different codes for 044 (0000, and 11115). This is a drawback of
one’s complement because it reduces the possible range of numbers that can be represented from 2" to
(2"—1) and requires arithmetic operations that take into account the gap in the number system. There are
advantages of one’s complement, however. First, the numbers are ordered such that traditional addition
works on both positive and negative numbers (excluding the double 0 gap). Taking the example of
(—5) + (1) again, in one’s complement the result yields —4, just as in a traditional decimal system. Notice
in one’s complement, —54¢ is represented with 1010,. Adding 1 to this entire binary code would result in
the next higher binary code 1011, or — 4, from the above table. This makes addition circuitry less
complicated, but still not as simple as if the double 0 gap was eliminated. Another advantage of one’s
complement is that as the numbers are incremented beyond the largest value in the set, they roll over
and start counting at the lowest number. For example, if you increment the number 0111, (74), it goes to
the next higher binary code 10005, which is —74¢. The ability to have the numbers roll over is a useful
feature for computer systems.

If we use the notation Nycomp to represent any possible value that an n-bit, one’s complement
number can take on, the range is defined as:

Range of a ONE'S COMPLEMENT number = — (2“'1 - 1) < Nis comp < + (2"‘1 - 1)

Example 2.23 shows how to use this expression to find the range of decimal values that a 24-bit,
one’s complement code can represent.

Example: What is the range of decimal numbers that a 24-bit, one's complement number can
represent?

The term “24-bit" means that n=24. We can plug this into the equation for the range of a
one's complement number directly.

-(2""-1) < Nicomp < +(2"" = 1)
v
_(224-1_1) S N1comp S +(224-1 e 1)

v
-8,388,607 < Nycomp < +8,388,607

A 24-bit, one's complement number can represent decimal numbers from -8,388,607 to
+8,388,607.

Example 2.23
Finding the range of a one’s complement number

The process of finding the decimal value of a one’s complement number involves first identifying
whether the number is positive or negative by looking at the sign bit. If the number is positive (i.e., the
sign bit is 0), then the number is treated as an unsigned code and is converted to decimal using the
standard conversion procedure described in prior sections. If the number is negative (i.e., the sign bit is
1), then the number sign is recorded separately, and the code is complemented in order to convert it to its
positive magnitude equivalent. This new positive number is then converted to decimal using the standard
conversion procedure. As the final step, the sign is applied. Example 2.24 shows an example of this
process.
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Example: What is the decimal value of the 5-bit, one's complement code 11010,?

The most significant bit of this 5-bit number is a 1, which indicates that the number is

negative. 11010

Sign Bit —
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