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Preface

This textbook is intended for undergraduate students of Electrical Engineering as
their first course in electrical machines. It is also recommended for students prepar-
ing a capstone project, where they need to understand, model, supply, control and
specify electric machines. At the same time, it can be used as a valuable reference for
other engineering disciplines involved with electrical motors and generators. It is
also suggested to postgraduates and engineers aspiring to electromechanical energy
conversion and having to deal with electrical drives and electrical power generation.
Unlike the majority of textbooks on electrical machines, this book does not require
an advanced background. An effort was made to provide text approachable to
students and engineers, in engineering disciplines other than electrical.

The scope of this textbook provides basic knowledge and skills in Electrical
Machines that should be acquired by prospective engineers. Basic engineering
considerations are used to introduce principles of electromechanical energy con-
version in an intuitive manner, easy to recall and repeat. The book prepares the
reader to comprehend key electrical and mechanical properties of electrical
machines, to analyze their steady state and transient characteristics, to obtain
basic notions on conversion losses, efficiency and cooling of electrical machines,
to evaluate a safe operating area in a steady state and during transient states, to
understand power supply requirements and associated static power converters, to
comprehend some basic differences between DC machines, induction machines and
synchronous machines, and to foresee some typical applications of electrical
motors and generators.

Developing knowledge on electrical machines and acquiring requisite skills is
best suited for second year engineering students. The book is self-contained and it
includes questions, answers, and solutions to problems wherever the learning
process requires an overview. Each Chapter is comprised of an appropriate set of
exercises, problems and design tasks, arranged for recall and use of relevant
knowledge. Wherever it is needed, the book includes extended reminders and
explanations of the required skill and prerequisites. The approach and method
used in this textbook comes from the sixteen years of author’s experience in
teaching Electrical Machines at the University of Belgrade.
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Readership

This book is best suited for second or third year Electrical Engineering
undergraduates as their first course in electrical machines. It is also suggested to
postgraduates of all Engineering disciplines that plan to major in electrical drives,
renewables, and other areas that involve electromechanical conversions. The book
is recommended to students that prepare capstone project that involves electrical
machines and electromechanical actuators. The book may also serve as a valuable
reference for engineers in other engineering disciplines that are involved with
electrical motors and generators.

Prerequisites

Required background includes mathematics, physics, and engineering fundamentals
taught in introductory semesters of most contemporary engineering curricula. The
process of developing skills and knowledge on electrical machines is best suited for
second year engineering students. Prerequisites do not include spatial derivatives
and field theory. This textbook is made accessible to readers without an advanced
background in electromagnetics, circuit theory, mathematics and engineering
materials. Necessary background includes elementary electrostatics and magnetics,
DC and AC current circuits and elementary skill with complex numbers and phasors.
An effort is made to bring the text closer to students and engineers in engineering
disciplines other than electrical. Wherever it is needed, the book includes extended
reinstatements and explanations of the required skill and prerequisites. Required
fundamentals are recalled and included in the book to the extent necessary for
understanding the analysis and developments.

Objectives

¢ Using basic engineering considerations to introduce principles of electrome-
chanical energy conversion and basic types and applications of electrical
machines.

» Providing basic knowledge and skills in electrical machines that should be
acquired by prospective engineers. Comprehending key electrical and mechani-
cal properties of electrical machines.

» Providing and easy to use reference for engineers in general.

¢ Acquiring skills in analyzing steady state and transient characteristics of electri-
cal machines, as well as acquiring basic notions on conversion losses, efficiency
and heat removal in electrical machines.
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» Mastering mechanical characteristics and steady state equivalent circuits for
principal types of electrical machines.

¢ Comprehending basic differences between DC machines, induction machines
and synchronous machines, studying and comparing their steady state operating
area and transient operating area.

¢ Studying and apprehending characteristics of mains supplied and variable fre-
quency supplied AC machines, comparing their characteristics and considering
their typical applications.

» Understanding power supply requirements and studying basic topologies and
characteristics of associated static power converters.

» Studying field weakening operation and analyzing characteristics of DC and AC
machines in constant flux region and in the constant power region.

e Acquiring skills in calculating conversion losses, temperature increase and
cooling methods. Basic information on thermal models and intermittent loading.

e Introducing and explaining the rated and nominal currents, voltages, flux
linkages, torque, power and speed.

Teaching approach

¢ The emphasis is on the system overview - explaining external characteristics of
electrical machines - their electrical and mechanical access. Design and con-
struction aspects are of secondary importance or out of the scope of this book.

¢ Where needed, introductory parts of teaching units comprise repetition of the
required background which is applied through solved problems.

e Mathematics is reduced to a necessary minimum. Spatial derivatives and differ-
ential form of Maxwell equations are not required.

» The goal of developing and using mathematical models of electrical machines,
their equivalent circuits and mechanical characteristics persists through the
book. At the same time, the focus is kept on physical insight of electromechani-
cal conversion process. The later is required for proper understanding of conver-
sion losses and perceiving the basic notions on specific power, specific torque,
and torque-per-Ampere ratio of typical machines.

» Although machine design is out of the overall scope, some most relevant
concepts and skills in estimating the machine size, torque, power, inertia and
losses are introduced and explained. The book also explains some secondary
losses and secondary effects, indicating the cases and conditions where the
secondary phenomena cannot be neglected.
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Field of application

Equivalent circuits, dynamic models and mechanical characteristics are given for
DC machines, induction machines and synchronous machines. The book outlines
the basic information on the machine construction, including the magnetic circuits
and windings. Thorough approach to designing electric machines is left out of the
book. Within the book, machine applications are divided in two groups; (i) Constant
voltage, constant frequency supplied machines, and (ii) Variable voltage, variable
frequency machines fed from static power converters. A number of most important
details on designing electric machines for constant frequency and variable fre-
quency operation are included. The book outlines basic static power converter
topologies used in electrical drives with DC and AC machines. The book also
provides basic information on loses, heating and cooling methods, on rated and
nominal quantities, and on continuous and intermittent loading. For most common
machines, the book provides and explains the steady state operating area and the
transient operating area, the area in constant flux and field weakening range.
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Chapter 1
Introduction

This chapter provides introduction to electromechanical energy conversion and
rotating power converters. This chapter explains the role of electrical machines in
electrical power systems, industry applications, and commercial and residential
area and supports the need to study electrical machines and acquire skills in their
modeling, supplying, and control. This chapter also discusses notation and system
of units used throughout this book, specifies target knowledge and skills to be
acquired, and explains prerequisites. This chapter concludes with remarks on
further studies.

1.1 Power Converters and Electrical Machines

Electrical machines are power converters, devices that convert energy from one
form into another. They convert mechanical work into electrical energy or vice
versa. There are also power converters that convert electrical energy of one form
into electrical energy of another form. They are called static power converters.
Some sample power converters are listed below:

« Power converters that generate mechanical work by using electrical energy are
called electrical motors. Electrical motors are electrical machines.

» Power converters that use the electrical energy of direct currents and voltages
and convert this energy into electrical energy of AC currents and voltages are
called inverters. Inverters belong to static power converters, and they make use
of semiconductor power switches.

¢ Electrical generators convert mechanical work into electrical energy. They
belong to electrical machines.

» Power transformers convert (transform) electrical energy from one system of AC
voltages into electrical energy of another system of AC voltages, wherein the
two AC systems have the same frequency.

S.N. Vukosavic, Electrical Machines, Power Electronics and Power Systems, 1
DOI 10.1007/978-1-4614-0400-2_1, © Springer Science+Business Media New York 2013



2 1 Introduction
1.1.1 Rotating Power Converters

Electrical machines converting electrical energy to mechanical work are called
electrical motors. Electrical machines converting mechanical work to electrical
energy are called electrical generators. Mechanical energy usually appears in the
form of a rotational movement; thus, electrical motors and generators are called
rotational power converters or rotating electrical machines. The process of
converting electrical energy to mechanical work is called electromechanical con-
version. Different from rotational converters, power transformers are electrical
machines which have no moving parts and convert electrical power of one system
of AC voltages and currents into another AC system. The two AC systems have the
same frequency, but their voltage levels are different due to transformation. This
book deals with the rotating electrical machines, electrical generators and motors,
whereas power transformers are dealt with by other textbooks.

Electrical machines comprise current circuits made of insulated conductors and
magnetic circuits made of ferromagnetic materials. The machines produce mechan-
ical work due to the action of electromagnetic forces on conductors and ferro-
magnetics coupled by a magnetic field. Conductors and ferromagnetic elements
belong either to the moving part of the machine (rotor) or to the stationary part
(stator). Rotation of the machine moving part contributes to variation of the mag-
netic field. In turn, an electromotive force is induced in the conductors, which allows
generation of electrical energy. Similarly, electrical current in the machine
conductors, called windings, interacts with the magnetic field and produces the
forces that excite the rotor motion. Unlike electrical machines, the power
transformers do not involve moving parts. Their operation is based on electromag-
netic coupling between the primary and secondary windings encircling the same
magnetic circuit.

1.1.2 Static Power Converters

In addition to electrical machines and power transformers, there are power
converters whose operation is not based on electromagnetic coupling of current
circuits and magnetic circuit. The converters containing semiconductor power
switches are known as static power converters or power electronics devices. One
such example is a diode rectifier, containing four power diodes connected into a
bridge. Supplied by an AC voltage, diode rectifier outputs a pulsating DC voltage.
Therefore, a diode rectifier carries out conversion of AC electrical energy into DC
electrical energy. Conversion of DC electrical energy into AC electrical energy is
carried out by inverters, static power converters containing semiconductor power
switches like power transistors or power thyristors. Static power converters are
frequently used in conjunction with electrical machines, but they are not studied
within this book.
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1.1.3 The Role of Electromechanical Power Conversion

Electromechanical conversion has a key role in production and uses of electrical
energy. Electrical generators produce electrical energy, whereas motors are the
consumers converting a considerable portion of electrical energy into mechanical
work, required by production processes, transportation, lighting, and other indus-
trial, residential, and household applications. Thanks to electromechanical conver-
sion, energy is transported and delivered to remote consumers by means of
electrical conductors. Electrical transmission is very reliable, it is not accompanied
by emissions of gasses or other harmful substances, and it is carried out with low
energy losses.

In electrical power plants, steam and water turbines produce mechanical work
which is delivered to electrical generators. Through the processes taking place
within a generator, the mechanical work is converted into electrical energy,
which is available at generator terminals in the form of AC currents and voltages.
High-voltage power lines transmit electrical energy to industrial centers and
communities where power cables and lines of the distribution network provide
the power supply to various consumers situated in production halls, transportation
units, offices, and households. In the course of transmission and distribution, the
voltage is transformed several times by using power transformers. Electrical
generators, electrical motors, and power transformers are vital components of an
electrical power system.

1.1.4 Principles of Operation

Electromechanical energy conversion can be accomplished by applying various
principles of physics. Operation of electrical machines is usually based on the
magnetic field which couples current-carrying circuits and moving parts of
the machine. The conductors and ferromagnetic parts in the coupling magnetic
field are subjected to electromagnetic forces. Conductors form contours and circuits
carrying electrical currents. Flux linkage in a contour (called flux) can change due to
changes in electrical current or due to motion. Flux change induces electromotive
force in contours. The basic laws of physics determining electromechanical energy
conversion in electrical machines with magnetic coupling field are:

e Faraday law of electromagnetic induction, which defines the relationship
between a changing magnetic flux and induced electromotive force

« Ampere law, which describes magnetic field of conductors carrying electrical
current

e Lorentz law, which determines the force acting on moving charges in magnetic
and electrical fields

» Kirchhoff laws, which give relations between voltages and currents in current
circuits and also between fluxes and magnetomotive forces in magnetic circuits
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Fig. 1.1 Rotating electrical machine has cylindrical rotor, accessible via shaft. Stator has the form
of a hollow cylinder, coaxial with the rotor

Q

(]

1.1.5 Magnetic and Current Circuits

The process of electromechanical energy conversion in electrical machines is
based on interaction between the magnetic coupling field and conductors carrying
electrical currents. Magnetic flux is channeled through magnetic circuits made of
ferromagnetic materials. Electrical currents are directed through current conductors.
Magnetic circuits are formed by stacking iron sheets separated by thin insulation
layers, while current circuits are made of insulated copper conductors. The three
most important types of electrical machines, DC current machines, asynchronous
machines, and synchronous machines are of different constructions, and they use
different ways of establishing magnetic fields and currents. Rotating electrical
machines have a nonmoving part, stator, and a moving part, rotor, which can rotate
around machine axis. The magnetic and current circuits could be mounted on both
stator and rotor. In addition to the magnetic and current circuits, electrical machines
also have other parts, like housing, shaft, bearings, and terminals of current circuits.

1.1.6 Rotating Electrical Machines

Mechanical work of electrical machines can be related to rotation or translation.
Majority of electrical machines is made of rotating electromechanical converters
producing rotational movement and having cylindrical rotors, like the one shown in
Fig. 1.1. Electrical machines creating linear movement are called linear motors.
Linear motors are rather rare.

Current circuits of a machine are called windings. They can be connected to
external electrical sources or to electrical energy consumers. The ends of the winding
are accessible as electrical terminals. In Fig. 1.1, terminals of kth winding are denoted
by letters A and B. The electrical terminals permit electrical access to the machine.
Since electrical machines perform electromechanical conversion, they have both
electrical and mechanical accesses. Via electrical terminals, the machine can receive
electrical energy from external sources or supply electrical energy to consumers in
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the circuits which are external to the machine. When an electrical machine has N
windings, the power at electrical access of the machine is given by (1.1):

N
Pe =) Wik (L.1)
k=1

Rotor is positioned inside a hollow cylindrical stator. Along rotor axis is a steel
shaft, accessible at machine ends. Angular frequency of revolution of the rotor is
also called the rotor speed, and it is denoted by 2,,. At one end of the shaft, shown
on the right of Fig. 1.1, the electrical machine can deliver or receive mechanical
work. The shaft makes mechanical terminal of the machine. It transmits rotational
torque or simply torque of the machine to external sources or consumers of
mechanical work. The torque T,,, in Fig. 1.1 is created by the interaction of the
magnetic field and electrical current. Therefore, it is also called electromagnetic
torque. In cases when the torque contributes to motion and acts toward the speed
increase, it is called driving torque.

An electrical motor converts electrical energy to mechanical work. The later is
delivered via shaft to a machine operating as a mechanical load, also called work
machine. The motor acts on the work machine through the torque 7,,,, while the
work machine opposes the rotation by the load torque 7,,. In the case when
the driving and load torques are equal, angular frequency of the rotation 2,, does
not change. Power delivered to a work machine by the electrical motor is deter-
mined by the product of the torque and speed:

An electrical generator converts mechanical work to electrical energy. It receives
the mechanical work from a water or steam turbine; thus, power p,, has a negative
value. Rotational torque of the turbine T, tends to set the rotor into motion, whereas
the torque T,,, generated by the electrical machine, opposes this movement.
By adopting reference directions shown in the right-hand side of Fig. 1.1, both T,
and T, have negative values. Variable p,, given by relation (1.1), defines the
electrical power taken by the machine from external electrical circuits, i.e.,
the power taken from a supply network. Since electrical generator converts mechan-
ical work to electrical energy and delivers it to a supply network, the generator
power p, has a negative value. The sign of these variables has to do with reference
directions. Changing the reference directions for torques and currents in Fig. 1.1
would result in positive generator torques and positive generator power.

1.1.7 Reversible Machines

Electrical machines are mainly reversible. A reversible electrical machine may
operate either as a generator converting mechanical work to electrical energy or as
a motor converting electrical energy to mechanical work. Transition from the
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Electrical connection @ Mechanical connection
_ . Electrical machine _
pg_zul ) pm_Qme
Electromechanical
conversion
(generator/motor)

Conversion losses

Fig. 1.2 Block diagram of a reversible electromechanical converter

generator to motor operating mode is accompanied by changes in the electrical and
mechanical variables such as voltage, current, torque, and speed. The operating
mode can be changed without modifications in the machine construction, with no
changes in the current circuits, and without variations in the shaft coupling between
the electrical machine and the work machine. An example of a reversible electrical
machine is asynchronous motor. At angular rotor speeds lower than the synchro-
nous speed, an asynchronous machine operates in the motor mode. If the speed is
increased above the synchronous speed, the electromagnetic torque is opposed to
motion while asynchronous machine converts mechanical work to electrical
energy, thus operating in the generator mode.

Reversible energy conversion is shown in Fig. 1.2. Direction from left to right is
taken as the reference direction for the power and energy flow. Power p, at the
electrical and p,, at the mechanical terminal of the machine have positive values in
the motor mode, whereas in the generator mode these values are negative. Energy
conversion is accompanied by energy losses in the current circuits, magnetic
circuits, and also mechanical energy losses as a consequence of various forms of
rotational friction. Due to losses, the power values at the electrical and mechanical
terminals are not equal. In the motor mode, the obtained mechanical power p,, is
somewhat lower than the invested electrical power p, due to conversion losses.
In the generator mode, the obtained electrical power (—p,) is somewhat lower than
the invested mechanical power (—p,,) because of the losses.

1.2 Significance and Typical Applications

Electrical energy is produced by operation of electrical generators. The produced
energy is transmitted and distributed to energy consumers, mainly consisting of electri-
cal motors which create controlled movement in work machines, whether household
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appliances, industry automation machines, robots, electrical vehicles, or machines
in transportation systems.

The role of electrical machines in the processes and phases of production,
transmission, distribution, and application of electrical energy is shown in
Fig. 1.3. A brief description is given for each individual phase:

(a) Electrical energy can be obtained by using the potential energy of water
accumulated in lakes; by using energy of coal, natural gas, or other fossil
fuels; by using wind and tidal energy; by using nuclear fission, heat of under-
ground waters, and energy of the sun; and by other means. These resources are
the primary energy sources.

(b) In electrical power plants, the primary energy is at first converted to mechanical
work. By burning fossil fuels, or using thermal springs, or in a nuclear reactor,
generated heat is used to evaporate water and produce overheated steam. The
steam acts on the blades of a steam turbine which rotates at speed £,,,, creating
rotational torque T,,. In hydroelectrical power plants, flow of water is directed
to the blades of a hydroturbine. A turbine is also called primer mover.

(c) The obtained mechanical power P,, = Q,,T,, is delivered to electrical generator,
the electrical machine which converts mechanical work to electrical energy.

(d) Synchronous machines from 0.5 to 1,000 MW are predominantly used as
generators in electrical power plants. Stator of the generator has three stationary
phase windings. The rotor accommodates an excitation winding which
determines the rotor flux. This flux does not move with respect to the rotor.
Since the rotor revolves, the magnetic field of the rotor rotates with respect to
the stator windings. Therefore, the rotor motion causes variation of the flux in
the stator phase windings. Due to variation of the flux, an electromotive force
is induced in the stator phase windings. Consequently, an AC voltage u(?) is
obtained at the stator winding terminals. When these terminals are connected to
an external electrical circuit, AC currents i(f) are established in the stator phase
windings. The machine is connected to a transmission network which takes the
role of an electrical consumer. The AC currents in the phase windings are
dependent on the electrical load connected to the generator via transmission
network. Electrical power obtained at machine terminals is p, = Y ui. The
interaction of phase currents in the stator windings and magnetic field within
the generator produces electromagnetic forces acting on the rotor which results
in an electromagnetic torque T,,,. This electromagnetic torque is a measure of
mechanical interaction between the stator and the rotor. The electromagnetic
torque acts on both the rotor and the stator. The stator is fixed and cannot move.
The rotor speed depends on the torque T, acting toward the speed increase, and
the generator torque 7., acting toward the speed decrease. In an electrical
machine operating as a generator, the torque 7, is obtained by operation of
the steam or a hydroturbine. This torque tends to start and accelerate the rotor.
The electromagnetic torque T,,, opposes the rotor movement. Mechanical
power input is higher than the obtained electrical power due to power losses
in the electrical machine. In addition to the losses within the generator itself,
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a part of the produced electrical energy is spent on covering consumption of the
power plant itself. Contemporary electrical power plants are equipped with
three-phase synchronous generators.
The electrical power obtained at generator terminals is determined by the
voltages and currents. The system of AC voltages at the stator terminals has
the rms” value from 6 to 25 kV, and frequency 50 Hz (60 Hz in some countries).
A generator is connected to a block transformer, receiving the stator voltages on
the primary side and providing the secondary side voltages compatible to the
voltage level of the transmission power line.” At present, these voltages range
up to 750 kV, and introduction of voltages of 1,000 kV is being considered.
(f) High-voltage power lines transmit electrical energy from power plants to the cities,
communities, industrial zones, and transportation nodes, wherever the consumers
of electrical energy are grouped. Distribution of electrical energy is carried out by
the lower voltage power lines. Factories and residential blocks are usually supplied
by 10-20 kV power lines or cables. Power transformers 10 kV/0.4 kV reduce
the line voltages to 400 V and phase voltage to 231 V, supplied to the majority
of consumers. Transmission and distribution of electrical energy are accompanied
by losses in power lines and also in the transmission and distribution power
transformers.
(g) Industrial consumers are using electrical motors for operating lathes, presses,
rolling mills, milling machines, industrial robots, manipulators, conveyers,

(e

~

' At the end of nineteenth century, the production, transmission, distribution, and application of
electrical energy were dealing with DC currents and voltages. Electrical power plants were built in
the centers of communities or close to industrial consumers, and they operated DC generators.
Electrical motors were also DC machines. Both the production and application of electrical energy
were relying on DC machines, either as generators or as consumers — DC motors. At the time, there
were no power converters that would convert low DC voltage of the generator to a higher voltage
which is more suitable for transmission. For this reason, energy transmission was carried out with
high currents and considerable energy losses, proportional to the generator-load distance. Con-
temporary transmission networks apply three-phase system of AC voltages. The voltage level is
changed by means of power transformers. A block transformer transforms the generator voltages
to the voltage level encountered at the transmission lines. A sequence of transmission and
distribution transformers reduces the three-phase line voltage to the level of 400 V which is
supplied to majority of three-phase consumers. The phase voltage of single-phase consumers
is 231 V. By using the three-phase system of AC currents, it is possible to achieve transmission of
electrical energy to distances of several hundreds of kilometers. Therefore, contemporary power
plants could be distant from consumers.

2“Root mean square,” the thermal equivalent of an AC current, the square root of the mean
(average) current squared

3In transmission of electrical energy by power lines over very large distances, greater than
1,000 km, transmission by AC system of voltages and currents could be replaced by DC
transmission, that is, by power lines operating with DC currents and voltages. At the beginning
of a very long transmission line, static power converters are applied to transform energy of the AC
system into the energy of the DC system. At the end of the line, there is a similar converter which
converts the energy of the DC system into energy of the AC system. In this way, voltage drops
across series impedances of the power line are reduced, and the power that could be transmitted is
considerably increased.
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mills, pumps for various fluids, ventilators, elevators, drills, forklifts, and other
equipment and devices involved in production systems and processes.
In electrical home appliances, motors are applied in air conditioners,
refrigerators, washing and dishwashing machines, freezers, mixers, mills,
blenders, record players, CD/DVD players, and computers and computer
peripherals. Approximately 8% of the total electrical energy consumption is
spent for supplying motors in transportation units like railway, city transport,
and electrical cars.

(h) In industrialized countries, 60-70% of the electrical energy production is
consumed by electrical machines providing mechanical power and controlling
motion in industry, traffic, offices, and homes. Therefore, it can be concluded
that most of the electrical energy produced by generators is consumed by
electrical motors which convert this energy to mechanical work. Electrical
motors are coupled mechanically to machines handling mechanical work and
power, carrying and transporting the goods, pumping fluids, or performing
other useful operations. Most electrical motors draw the electric power from
the three-phase distribution grid with line voltages of 400 V and line frequency
of 50(60) Hz. If the speed of electrical motor has to be varied, it is necessary to
use a static power converter between the motor terminals and the distribution
grid. The static power converters are power electronics devices comprising
semiconductor power switches. Their role is to convert the energy of line-
frequency voltages and currents and to provide the motor supply voltages and
currents with adjustable amplitude and frequency, suited to the motor needs.

1.3 Variables and Relations of Rotational Movement

Electrical machines are mainly rotating devices comprising a motionless stator
which accommodates a cylindrical rotor. The rotor revolves around the axis
which is common to both rotor and stator cylinders. Along this axis, the machine
has a steel shaft serving for transmission of the produced mechanical work to an
external work machine. There are also linear electrical machines wherein the
moving part performs translation and is subject to forces instead of torques. Their
use is restricted to solving particular problems in transportation and a relatively
small number of applications in robotics.

Position of rotor is denoted by 0,,, and this angle is expressed in radians. The first
derivative of the angle is mechanical speed of rotation, df,,/df = Q,,, expressed in
radians per second. Sign of £,, depends on the adopted reference direction. It is
adopted that positive direction of rotation is counterclockwise (CCW). Besides the
rotor mechanical speed, this book also studies rotation of the magnetic field and
rotation of other relevant electrical and magnetic quantities.

Speed of rotation of each of the considered variables will be denoted by the
upper case Greek letter , whereas the lower case Greek letter o will be reserved
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Fig. 1.4 Conductive contour acted upon by two coupled forces producing a torque

for denoting electrical angular frequency. Numerical values of the speed and
frequency are usually expressed in terms of the SI system units, s ', i.e., in radians
per second. The value f = w/2n determines the frequency expressed as the number
of cycles per second, Hz. The rotor speed can also be expressed as the number of
revolutions per minute (rpm),

n:@Qm ~9.54 Q,,. (1.3)
21

Torque 7., generated in an interaction of the magnetic field and the winding
currents is called electromagnetic torque. The electromagnetic torque produced by
electric motors is also called moving torque or driving torque. Torque T,,, is a
measure of mechanical interaction between stator and rotor. A positive value of T,
turns the rotor counterclockwise. The torque contribution of individual conductors
is shown in Fig. 1.4. It is assumed in Fig. 1.4 that the field of magnetic induction B
extends in horizontal direction. Electrical current in conductors interacts with the
field and creates the force F which acts on the conductors in vertical direction.
The force depends on the field strength, on the current amplitude, and on the length
of conductors. The torque exerted on single conductor is determined by the product
of the force F, acting on the conductor, and perpendicular distance of the vector F'
from the axis of rotation, also called the force arm. Figure 1.4 shows a contour
subjected to the action of two coupled forces producing the torque T,,, = FD,
where R = D/2 is the arm of the forces acting on conductors which are symmetri-
cally positioned with respect to the axis of rotation.

The electromagnetic torque 7,, is counteracted by the load torque T,
representing the resistance of the mechanical load or work machine to the move-
ment. In the case when the electromagnetic torque prevails, i.e., T,,, > T,,, the speed
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Fig. 1.5 Electrical motor a b
(a) is coupled to work
machine (b). Letter

(c) denotes excitation
winding of the dc motor

m

em

of rotation increases. Otherwise, it decreases. Variation of the speed of rotation is
governed by Newton equation (1.4):

dQ,,
J—=Ja=Ty — Ty 1.4
& a (1.4)

Angular acceleration ¢ = d€2,,/d¢ is expressed in radians per square second
[rad/s*] and can be calculated by Newton equation. In steady state, angular acceler-
ation is equal to zero. Then, the electromagnetic torque T, is in equilibrium with
the load torque 7,

Moment of inertia J depends on the masses and shapes of all rotating parts.
In case of stiff coupling of the shaft of an electrical machine to rotational masses of
a work machine, total moment of inertiaJ = Jy + Jg,, is the sum of the rotor inertia
Jr and inertia of rotating masses of the work machine Jg,,. Figure 1.5 shows a work
machine coupled to an electrical motor. It is assumed that rotational masses of the
machine have cylindrical shapes of radius R and mass m. Moment of inertia of a
solid cylinder is determined by expression J = YsmR>.

Question (1.1): A work machine has rotational mass of the shape of a very thin
ring of radius R and mass m. Determine moment of inertia of the work machine.

Answer (1.1): Jg,, = mR>.

1.3.1 Notation and System of Units

Throughout this book, instantaneous values of the considered variables are denoted
by lower case letters (1, i,,, p, = U,i,), whereas steady state values, DC values, and
root mean square values are denoted by upper case letters (U, I,,, P, = U,l,), in
accordance with recommendations of the International Electrotechnical Commis-
sion (IEC). Exceptions to these recommendations are only notations of the force F,
torque 7, and speed of rotation €. Upper case letter T is used for denoting both
instantaneous and steady state values of the torque since lower case letter 7 is often
used to denote other relevant variables of power converters. Speed of rotation is
denoted by the upper case Greek letter Q, whereas lower case letter  denotes

angular frequency. Both variables are expressed in radians per second, i.e., s .
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Relevant vectors of rotating machines are represented in the cylindrical coordinate
system. These are usually planar, since their z components are equal to zero.
By introducing complex plane, each vector can be represented by a complex
number with real and imaginary parts corresponding to the projections of the
plane vector to the axes of the coordinate system.* For example, voltage and current
vectors are denoted by u, and i,. It should be noted that the stated quantities are not
constants; thus, u, and i; are not voltage and current phasors. Namely, their real and
imaginary parts can vary independently during transient processes. In steady state,
quantities u; and i, like other vectors represented in complex numbers, become
complex constants and should be treated as phasors. In steady state, notation
changes and becomes U or ;. Stationary matrices can be denoted by [A] or A.
All variables which can assume different numerical values are denoted by italic.
Operators sin, cos, rot, div, mod, differentiating operator d, and others, as well as
the measurement units, cannot be denoted by italic.

Notation of vectors such as magnetic induction, magnetic field, force, and other
vectors in equations is usual, 1§, H s F , etc. When these vectors are mentioned in the
text, the upper arrow is not used and the magnetic induction vector is denoted by B,
magnetic field vector by H, force vector by F, etc.

Within this book, coupled magnetic forces are called electromagnetic torque.
In the introductory subjects of electrical engineering, forces acting on conductors in
a magnetic field are called magnetic forces. The term magnetic torque is quite
adequate, but the literature concerning electrical machines usually makes use of the
term electromagnetic torque, so this term has been adopted in this book.

International System of Units (SI), introduced in 1954, has been used in this
book. The system has been introduced in most countries. A merit of the SI system is
that it allows calculations with no need for using special scaling factors. Therefore,
by applying the SI system, remembering and using dedicated multiplication
coefficients are no longer needed. For example, calculation of work W made by
force F, acting along path /, is obtained by multiplying the force and path.” In the
case of SI system, the work is determined by expression W[J] = F[N]/[m], without
any need for introducing additional scaling coefficients because 1 J = 1 N x 1 m.
In the case when the force is expressed in kilograms, distance in inches or feet, the
result FI would have to be multiplied by a scaling factor in order to obtain the work
in joules or calories. In the analysis of electrical machines, one should check
whether the results are expressed in correct units. In doing so, it is useful to know
relations between the basic and derived units. Some of the useful relations are

“Representation of a plane vector by complex number is widely used in the technical literature
concerning electrical machines. The vectors related to machine voltages and currents are also
called space vector. Term polyphasor is also met. The complex notation is used here without any
specific qualifier. A “vector V,” mentioned in the text, refers to the planar vector and implies that
the unit vectors of the Cartesian coordinate system are formally replaced by the real and imaginary
units.

5 Work of the force is W = FI provided that the force is constant, that it moves along straight line,
and that the course and direction of the force coincide with the path.
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[Vs] = [Wb], [Nm rad/s] = [W], [Nm rad] = [J], [AQ] = [V], [AH] = [Wb] =
[Vs], etc.
Within this book, the rated values are denoted a subscript 7, such as in U,, or I,,.

1.4 Target Knowledge and Skills

Knowledge of electrical machines is a basis for successful activity of an electrical
engineer. A large number of applications and systems, designed or used by an
electrical engineer, contain one or more electrical machines. Characteristics of these
applications and systems are usually determined by the performances of electrical
machines, their dimensions, mass, efficiency, peak torque capability, and speed range,
as well as control characteristics and dynamic response. For this reason, it is necessary
to acquire the knowledge and skills to understand basic operation principles of
electrical machines. Basic understanding of mechanical and electrical characteristics
of electrical machines is required to specify and design their power supply and
controls. The knowledge concerning the origin and nature of energy losses in electrical
machines is required to specify and design their cooling and conceive their loss-
minimized use.

The most significant challenges in developing novel solutions are design of the
magnetic circuit and windings, resolving power supply problems, and devising
control laws. Machines should be designed to have the smallest possible dimen-
sions and mass, and to operate with low energy losses. At the same time, machines
should be as cheap and robust as possible. At present, the power supply and controls
of electrical machines are carried out by using static power converters and digital
signal controllers. Some of the goals of generator control are reduction of losses,
reduction of electromagnetic and mechanical stress of materials, as well as increas-
ing the power-to-mass ratio, also called specific power. Motor control aims at
achieving as high as possible accuracy and speed of reaching the torque and
speed targets required for performing desired movement of a work machine.

This book contains the basic knowledge concerning electrical machines neces-
sary for future electrical engineers. The approach starts from the basic role and
function of the machine. The characteristics of machine electrical and mechanical
accesses (ports) are analyzed in order to define the mathematical model, equivalent
circuits, and mechanical characteristics. This book deals with the elements of
machine design, problems of heating and cooling, and also with specific imper-
fections of magnetic circuits and windings. The depth of the study is suited for
understanding the operating principles of main machine types, for acquiring basic
knowledge on power supply topologies, and for comprehending essential concepts
of machine controls. Rotational electromechanical converters are studied in this
book, whereas the power transformers are omitted.
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1.4.1 Basic Characteristics of Electrical Machines

Design, specification, and analysis of electrical machine applications require an
adequate idea on the size, mass, construction, reliability, and losses. The basic
knowledge of electrical machines is required for designing systems incorporating
electrical machines and solving the problems of power supply and controls. Basic
electrical machine concepts are also required for designing monitoring and protec-
tion systems, designing servomotor controllers in robotics, and designing controls
and protections for synchronous generators in electrical power plants. The knowl-
edge of electrical machines is required in all situations and tasks likely to be put
before an electrical engineer in industry, power generation, industrial automation,
and robotics.

1.4.2 Equivalent Circuits

The torque and speed control of an electrical machine is performed by establishing
the winding voltages and currents by means of an appropriate power supply. Design
or selection of power supply for a given electrical machine requires establishing
relations between the machine flux, torque, voltages, and currents. The steady
state relations are described by a steady state equivalent circuit. The equivalent
circuit is an electrical circuit containing resistors, inductances, and electromotive
forces. At steady state, with constant speed and with the given amplitude and
frequency of the supply, the equivalent circuit allows calculation of currents in
the windings. Based upon the currents determined from the equivalent circuit, it is
possible to calculate the steady state flux, torque, power of electromechanical
conversion, and power losses.

1.4.3 Mechanical Characteristic

For the given voltage and frequency of the power supply, the calculation of the
steady state values of the machine speed and torque requires the torque-speed
characteristic of the work machine which is attached to the shaft and acts as
mechanical load. The relation T,, — ©2,,, of the work machine is also called mechani-
cal characteristic of the load, and it is expressed by the function 7,,(€2,,). In a like
manner, mechanical characteristic of the electrical machine is the relation between
the electromagnetic torque T,,, and the rotor speed €, in the steady state. It is
possible to express the mechanical characteristic by function 7,,,(£2,,) and present it
graphically in the T,,,-,, plane. Determination of the mechanical characteristic can
be carried out by using mathematical model of the machine. The steady state
operating point is found at the intersection of the two mechanical characteristics,
T,.(Q,) and T,,(Q,,).
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1.4.4 Transient Processes in Electrical Machines

The equivalent circuit and mechanical characteristics can be used for the steady
state analysis of electrical machines, i.e., in the operating modes where the torque,
flux, speed of rotation, currents, and voltages do not change their values,
amplitudes, or frequencies. There are numerous applications where it is required
to accomplish fast variations of the torque and speed of rotation. In these
applications, it is necessary to have a mathematical representation of the machine
which reflects its behavior during transients. This representation is called mathe-
matical model. Deriving the mathematical model, one cannot start from the
assumption that machine operates in steady state. For this reason, such model is
also called dynamic model. Examples of electrical machine applications where the
dynamic model has to be used are the controls of industrial manipulators and robots
and propulsion of electrical vehicles. The motion control implies variations of
speed and position along a predefined trajectory of a tool, work piece, vehicle, or
an arm of an industrial robot. Whenever the controlled object falls out of the desired
trajectory, it is necessary to assert a relatively fast change of the force (or torque) in
order to drive the controlled object back to the desired path and annihilate the error.
The task of the position (or speed) controller is to calculate the force (torque) to be
applied in order to remove the detected position (or speed) discrepancy. The task of
electrical motor is to deliver desired torque as fast and accurate as possible. In such
servo applications, electrical motors are required to realize very fast changes of
torque in order to remove the influence of variable motion resistances on the speed
and position of the controlled objects. The analysis of operation of an electrical
machine used as a servomotor in motion control applications requires thorough
knowledge of transient processes within the machine.

Another case where the mathematical model is required is the analysis of
transient processes in grid-connected synchronous generators operating in electrical
power plants. Sudden rises and falls of electrical consumption in transmission
networks are caused by switching on and off of large consumers, or quite frequently
by short circuits. They affect generators as an abrupt change of their electrical load.
The analysis of generator voltages and currents during transients cannot be
performed by using the steady state equivalent circuit. Instead, it is required to
have a mathematical model depicting the transient phenomena within the machine.

1.4.5 Mathematical Model

The mathematical model is represented by a set of algebraic and differential
equations describing behavior of a machine during transients and in steady states.
The voltage balance equations express the equilibrium of voltage in the machine
windings, and they have the form # = Ri + d¥/dr. The change of the rotor speed is
determined by Newton differential equation J dQ2,,/dt = T,,, — T,,. Quantities such
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as J and R are parameters, while ©,, and ¥ are variables describing the state of the
machine (state variables). An electrical engineer needs the model of electrical
machine for performing the analysis of the energy conversion processes, for the
analysis of conversion losses, for designing of the machine power supply and
controls, as well as for solving the problems that may occur during machine
applications. For this reason, it is necessary to have a relatively simple and intuitive
model so that it can present the processes and states of the machine in a concise and
clear way. A good model should be thorough and concise outline of the relevant
phenomena within the machine, suitable for making conclusions and taking
decisions as regards power supply, controls, and use of the electrical machines.

There are aspects and phenomena within the machine which are not relevant for
problems under the scope because they influence operation of an electrical machine
to a very limited extent. They are called secondary or parasitic effects, as they are
usually neglected in order to obtain a simpler, more practical mathematical model.
As an example, the energy density w, = & E*/2 of electric field E within electrical
machines can be neglected. It is lower than the energy density of magnetic field
by several orders of magnitude. In the process of modeling, other justifiable
omissions are adopted in order to obtain a simplified model which still matches
the purpose. For the problem under consideration, the most appropriate model is
the simplest one, yet depicting all the relevant dynamic phenomena. Justifiable
omissions of secondary effects lead to mathematical models that are less complex
and more intuitive. With such models, it is easier to overview the main features of
the system. The problem solving and decision-making process becomes quicker
and straightforward.

In electrical engineering, the model is usually a set of differential equations
describing behavior of a system. Model of an electrical machine, or a transformer,
can be reduced to the equivalent circuit describing its steady state operation. On the
basis of the model, it is possible to determine the mechanical characteristic of
the machine.

1.5 Adopted Approach and Analysis Steps

In general, the material presented in this book is intended for electrical engineering
students. The basic knowledge of mathematics, physics, and electricity is practi-
cally applied in studying electrical machines, by many students met for the very
first time. The approach starts with general notion and then goes to detail. It allows
the beginners to perceive at first the basic purpose, appearance, and fundamental
characteristics of electrical machines. Following the introductory chapters, this
book investigates operating modes in typical applications and studies equivalent
circuits, mechanical characteristics, power supply topologies and controls, as well
as the losses and the problems in exploitation. Later on, the focus is turned to details
related to the three main types of electrical machines.
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The attention is directed toward DC, asynchronous, and synchronous machines.
In this book, other types of electrical machines have not been studied in detail.
The problems associated with design of electrical machines are briefly mentioned.
The winding techniques, magnetic circuit design, analysis of secondary phenom-
ena, the secondary and parasitic losses, and construction details have been left out
for further studies. The main purpose of this book is introducing the reader to
the role of electrical machines and studying their electrical and mechanical
properties in order to acquire the ability to specify their electrical and mechanical
characteristics, to define their power supplies and control laws, and to design
systems with electrical motors and generators.

The study of electrical machines starts by an introduction to the basic principles
of operation and with a survey of functions of electrical generators and motors in
their most frequent applications. The analysis steps include the principles of
electromechanical conversion and study the conversion process by taking the
example of an electrostatic machine. Energy of the coupling electrical field is
analyzed along with the process of energy exchange between the field, the electrical
source, and the mechanical port. The study proceeds with the analysis of a simple
electromechanical converter with magnetic coupling field. Construction of the
magnetic circuit and windings of the machine are followed by specification of
conversion losses. Subsequently, rotational electromechanical converters with
magnetic coupling are considered, along with the rotating electrical machines
which are the main subject of this study. The basic notions and definitions include
the magnetic resistances and circuits, concentrated and distributed windings,
methods of calculating the flux per turn and the winding flux, and the expressions
for the winding self-inductances, mutual inductances, and leakage inductances.
Magnetomotive forces of the winding are explained and analyzed, as well as
electromotive forces induced in concentrated and distributed windings. The mag-
netic field in the air gap is analyzed and applied in modeling the electromechanical
conversion in cylindrical machines. The electromagnetic torque and the power of
electromechanical conversion are expressed in terms of flux vectors and magne-
tomotive forces. The concept and creation of rotating magnetic field are detailed
and used to describe the difference between direct current (DC) machines and
alternating current (AC) machines. The mathematical model of a cylindrical
machine with the windings having N coils is derived, along with the expressions
for electrical power, mechanical power, and power losses in the windings, magnetic
circuit, and the mechanical subsystem. The secondary phenomena that are usually
neglected in the analysis of electrical machines are specified and explained. At the
same time, some sample applications and operating conditions are named where
the secondary phenomena cannot be excluded from the analysis.

The introduction is followed by the chapters dealing with DC machines, asyn-
chronous machines (AM), and synchronous machines (SM). Each chapter starts with
basic description and the operating principles of the relevant machine, followed by
the most significant aspects of its construction, description of its merits, the most
frequent applications, and meaningful shortcomings. The expressions are derived
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for the magnetomotive force, flux, electromotive force, torque, and conversion
power. Mathematical model is derived for the machine under consideration, describ-
ing its behavior during transient processes and providing the grounds for obtaining
the equivalent circuits and mechanical characteristics. In the case of AC electrical
machines, the modeling includes introduction of the three-phase/two-phase coordi-
nate transformation (Clarke transform) and coordinate transformation from the
stationary coordinate frame to the revolving coordinate frame (dq or Park
transform).

The equivalent electrical circuits of the machine are derived from the steady
state analysis. They are used to calculate the currents, voltages, flux, torque, and
power at steady states, where the supply voltage, the load torque 7,,, and the speed
of rotation are known and unchanging. The mathematical model is also used to
obtain the mechanical characteristic which gives the steady state relation of the
machine speed and torque delivered to the shaft. For each electrical machine,
the operating regimes sustainable in the steady state are analyzed and formulated
as the steady state operating area in the T,,-Q,, plane. Likewise, the transient
operating area of the T,,-Q,, plane is defined, representing the transient operating
regimes attainable in short time intervals.

Particular attention is paid to conversion losses. The losses in the windings and
magnetic circuits are analyzed in depth, along with heating of electrical machines
and the methods of their cooling. The highest sustainable values of the current,
power, and torque are defined and explored. These values and the highest sustain-
able values of other relevant quantities are called the rated values.® The need for
operation in the region of field weakening is emphasized, and the relevant relations
and characteristics are derived.

The transient operating area is analyzed for DC and AC machines. It is derived
from the short-term overload capabilities of mechanical and electrical ports of
electrical machines. The analysis takes into account the impact of peak current
and peak voltage capabilities of the electrical power supply on the machine
transient performance. Basic information concerning the supply, controls, and
typical power converter topologies used in conjunction with the electrical machine
is given for DC, asynchronous, and synchronous machines.

SThe rated values are the highest permissible values of the machine currents, voltages, power,
speed, and torque in a continuous service. Permanent operation with higher values will damage the
machine’s vital parts due to phenomena such as overheating. They are usually the result of
engineering calculation, and they also represent an important property of the machine. The rated
values are usually related to specified ambient temperature. Typically, the rated power is the
maximum power the electrical machine can deliver continuously at 40°C ambient temperature.
The values written on the machine plate or in manufacturer’s specifications are called nameplate or
nominal values. The nominal and rated values are usually equal. In rare cases, manufacturer may
have the reason to declare the nominal values lower than the rated values. Within this book, it is
assumed that the nominal values correspond to the rated. They are denoted by a lowercase
subscript n, such as in U, or I,,.
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1.5.1 Prerequisites

Precondition to understanding analysis and considerations in this book, accepting
the knowledge, acquiring the target skills, and solving the problems is the knowl-
edge of mathematics, physics, and basic electrical engineering which is normally
taught at the first year of undergraduate studies of engineering. It is required to know
the basic laws of motion and practical relations concerning rotation and translation.
Required background includes the steady state electrical and magnetic fields, the
basic characteristics of dielectric and ferromagnetic materials, and elementary
boundary conditions for electrostatic and magnetic fields. Chapter 2, Electromag-
netic Energy Conversion, deals with the analysis of the energy and forces associated
with electrostatic and magnetic fields in dielectrics, ferromagnetics, and air. Further
on, analysis includes solving simple electric circuits with DC or AC currents.
In addition, the analysis extends on the magnetic circuits involving magnetomotive
forces (magnetic voltages), flux linkage, and magnetic resistances. The basic laws of
electrical engineering should be known, like Faraday law on electromagnetic induc-
tion, Ampere law, Lorentz law, and Kirchhoff laws and similar. The study includes
spatial distribution of the current, field, and energy. Therefore, coordinates in
the Cartesian or in the cylindrical coordinate systems will be used along with the
corresponding unit vectors. A consistent effort is sustained throughout this book to
make the developments material accessible to readers not familiar with spatial
derivatives, such as rotor (curl, rot) or divergence (div). Therefore, familiarity
with Maxwell differential equations is not inevitable. Instead of differential form
of Maxwell laws, it is sufficient to know their integral form, such as Ampere law.
The skill in handling complex numbers and phasors is required, as well as dealing
with scalar and vector products of vectors. For determining direction of a vector
product, one should be familiar with the right-hand rule. Also required are the
abilities of representing and perceiving relations between three-dimensional objects,
of identifying closed surfaces defining a domain, and of contours defining a surface
and surface normals. Within this book, the problem solving involves relatively
simple line and surface integrals and solution of first-order linear differential
equations. An experience in reducing differential equations to algebraic equations
by applying Laplace transform and the ability of performing basic operations with
matrices and vectors are also useful.

1.6 Notes on Converter Fed Variable Speed Machines

This book has not been written with an intention to prepare a reader for designing
electrical machines. The main goal is studying the electrical and mechanical
characteristics of electrical machines from the user’s point of view, with an intention
to prepare a reader for selecting an adequate machine, for solving the problems
associated with the power supply and controls, and for handling the problems that
may appear during operation of electrical motors and generators. The specific
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knowledge required for designing electrical machines is left out for further studies.
The prerequisite for exploring further is a thorough acceptance of the knowledge and
skills comprised within this book. The need for skilled designers of electrical
machines is higher than before. Some of the reasons for this are the following:

During the last century, electrical machines were designed to operate from the
grid, with constant voltages and with the line frequency. Development of static
power converters, providing three-phase voltages of variable frequency and
amplitude, permits the power supply of an electrical motor to be adjusted to
the speed and torque. Most new designs with electrical motors include static
power converters that convert the energy received from the grid into the form
best suited to the actual speed and torque. The voltage and frequency can be
adjusted to reduce the power losses while delivering the reference torque at
given speed. Therefore, there is an emerging quest for electrical machines
designed to operate in conjunction with static power converters and variable
frequency power supply.

Applications of electrical motors for propelling electrical vehicles or driving
industrial robots often require the rotor speed exceeding several hundreds of
revolutions per second, which requires the power supply frequencies of the order
of f> 500 Hz. Therefore, within contemporary servomotors and traction
motors, electrical currents and magnetic induction pulsate at the same frequency.
Fast variation of magnetic field requires application of new magnetic materials
and novel design solutions for magnetic circuits. The increased frequencies of
electric currents demand new solutions for making the windings.

Propelling industrial robots requires electrical motors having a fast response and
low inertia. Therefore, it is required to design synchronous motors having
permanent magnets in their rotors, with the rotor shape and size resulting in a
low inertia and fast acceleration, such as a disc or a hollow cylinder with double
air gap.

An increased interest in alternative and renewable power sources requires design
of novel synchronous generators, suitable for the operation in conjunction with
wind turbines, tidal turbines, and similar. The speed and the operating frequency
are variable, while in some cases, generators operate at a very low speed. At the
same time, the inertia and weight of generators should be low, with the lowest
possible power losses.

Construction of thermal electric power plants with supercritical steam pressure
enables design of a single block in excess of 1 GW. Mechanical power of the
block, obtained from a steam turbine, is converted to electrical energy by means
of a synchronous generator operating at the line frequency of 50 Hz. Designing
generators of this high power demands application of new design solutions, new
insulating and ferromagnetic materials, and new cooling methods and systems.

The need to increase the production of electrical energy and the need to reduce

the heat released to the environment can be alleviated by reducing the losses and
increasing the energy efficiency n of electrical machines. The efficiency of
generators and motors can be increased by adequate control, but also by designing
novel electrical machines and applying new materials in their construction.
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1.7 Remarks on High Efficiency Machines

Reduction in power losses increases the energy efficiency of electrical machines
and relieves the problem of their cooling. As all the machine losses eventually turn
into heat, the loss reduction diminishes the heat emitted to the environment. The
heat released by electrical machines is a form of environmental pollution, and it
should be kept low. Considering the fact that industrial countries use more than 2/3
of their electrical energy in electrical motors, the loss reduction in electrical
machines has the greatest potential of energy saving. In addition, an efficient heat
removal (cooling) often requires specific engineering solutions, increasing in this
way the cost and complexity of the design. For these reasons, there is an increasing
need for designing new, more efficient electrical machines and to devise their
controls that would reduce the losses. Designing new solutions for electrical
generators and motors requires a thorough basic knowledge on their operating
principles, and it is bound to use novel ferromagnetic materials and new design
concepts. One example is the use of permanent magnet excitation which eliminates
the excitation winding and cuts down the rotor losses of synchronous machines.
Besides, an efficient electromechanical conversion requires as well new solutions
for the machine supply. Most of contemporary machines do not have a direct
connection to the grid and do not operate with line-frequency voltages and currents.
Instead, they are fed from static power converters which transform the grid supply
to the form which is consistent with an efficient operation of the machine. Supply
from a static power converter allows for the flux changes and selection of the flux
level which results in the lowest power losses. Successful design of electrical
machines supplied from static power converters requires a thorough knowledge
on electrical and magnetic fields within the machine, as well as the knowledge on
the energy conversion processes taking place within switching power converters.

1.8 Remarks on Iron and Copper Usage

On a wider scale, the energy efficiency of electrical machines includes as well the
amount of energy consumed in the course of the machine production. Manufacturing
of electrolytic copper and aluminum and making of laminated steel sheets require
large amounts of energy. For this reason, the machine that uses fewer raw materials
is likely to be the more efficient one. Construction of electrical machines has certain
similarities with the construction of power transformers. In both cases, the appliance
has a magnetic circuit and some electrical current circuits. Traditionally, magnetic
circuits are made of laminated steel sheets, whereas electric circuits (windings) are
made of insulated copper conductors. Both transformers and electrical machines are
used within systems comprising energy converters, semiconductor switches,
sensors, microprocessor control systems, and the associated software. The decisive
factor which governs the price of the whole system is the iron and copper weight
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involved. Namely, production of semiconductor devices requires relatively small
quantities of raw materials, such as the silicon ingot, some donor and acceptor
impurities, and relatively small quantities of ceramic or plastic materials for the
casing. Moreover, development, design, and software production costs have an
insignificant contribution to the cost in series production. Therefore, it is significant
to design and manufacture units and systems with reduced consumption of iron and
copper. Reducing the quantities of raw materials can be accomplished in three ways:

In the system design phase, the operating conditions of electrical machines
involved in the system can be planned so as to manufacture them with a reduced
consumption of iron and copper.

In the electrical machine design phase, it is possible to make the magnetic and
electric circuits in a manner that saves on raw materials. As an example, four-pole’
machines make a better use of the magnetic circuit than two-pole machines.

During the operation of electrical machine supplied from a static power
converter, it is possible to use the control methods that maximize the torque and
power available from the given magnetic and electric circuits. In this way, there is
an increase in the specific torque and specific power.® Given the torque and power
requirements, it is possible to design and make the electrical machine with less iron
and less copper.

Contemporary computer tools for design of electrical machines allow antici-
pation of their characteristics prior to making and testing a prototype. This
facilitates and speeds up the design process. Moreover, it becomes possible to test
several different solutions and approaches over a relatively short period of time.
Most of the software packages make use of the finite element analysis (FEM) of
electrical, magnetic, mechanical, and thermal processes. Designing with computer
tools brings up the risk of inadvertent errors. The problems arise in cases when
designer pretends that the tool performs the creative part of the job. A computer tool
will give an output for each set of input data, whether the input makes sense or not.
Therefore, a user has to possess certain experience in design, in order to interpret
properly the obtained results and notice errors and contradictions. A conservative
use of computer tools consists of using computer for quick completion of automatic
tasks and calculations which the designer would have performed himself if he had
sufficient time.

7 The operation of electrical machines involving multiple pairs of magnetic poles will be explained
in chapter on asynchronous machines.

8 For the given electrical machine, specific torque is the ratio between the available torque and the
mass (or volume) of the machine. Hence, it is the torque per unit mass (or volume). The same holds
for the specific power. With higher specific torque (or power), electrical machine is smaller and/or
lighter for the same task.



Chapter 2
Electromechanical Energy Conversion

Electrical machines contain stationary and moving parts coupled by an electrical or
magnetic field. The field acts on the machine parts and plays key role in the process
of electromechanical conversion. For this reason, it is often referred to as the
coupling field. This chapter presents the most significant principles of creating a
force or torque on the machine moving parts. In all the cases considered, the force
appears due to the action of the electrostatic or magnetic field on the moving parts
of the machine. Depending on the nature of the coupling field, the machines can be
magnetic or electrostatic.

2.1 Lorentz Force

Electrical machines perform conversion of electrical energy to mechanical work or
conversion of mechanical work to electrical energy. The basic principles involved
in the process of electromechanical conversion are presented in the considerations
which follow.

One of the laws of physics which is basic for electromechanical conversion is
Lorentz law which determines the force acting upon a charge Q moving with a
speed v in the electrical and magnetic fields:

F = QE + 0(v x B). (2.1)

In electrical machines, the operation is most often based on the magnetic
coupling field. Conductors and ferromagnetic parts in a magnetic field are subjected
to the action of electromagnetic forces. Magnetic induction B in (2.1) is also called
flux density. Electrical current existing in the conductor is a directed motion of
electrical charges. Therefore, (2.1) can be used to determine the force acting upon
conductors carrying electrical currents.

S.N. Vukosavic, Electrical Machines, Power Electronics and Power Systems, 25
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Fig. 2.1 Force acting

on a straight conductor

in homogeneous magnetic
field

Figure 2.1 shows straight portion of a conductor of length / with electrical
current / which is placed in a homogenous magnetic field with flux density B.
Electromagnetic force F acting on the conductor depends on current i, conductor
length /, flux density B, and angle between directions of the field and the conductor.
In the example presented in Fig. 2.1, the conductor is perpendicular to the direction
of the field. Applying the Cartesian coordinate system with axes x, y, and z, the
vectors of magnetic induction B, conductor length, and force can be expressed in
terms of the corresponding unit vectors.

-
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Since the vector B is orthogonal to the conductor, the module of the force vector
is equal to F = [-B-i. Direction of the force is determined by the vector product.
The right-hand rule’ can be used to determine quickly the vector product direction.
If the considered part of the conductor makes a displacement Ay along the axis
y, corresponding mechanical work is AW = FAy. At a constant speed of motion
vy, the mechanical power assumes the value p,, = Fv,. In the case when the force
acts in the direction of motion, power p,, is positive, and the system operates as a
motor, delivering mechanical work and power. Otherwise, the motion and force are
opposed, power p,, is negative, and the mechanical work is converted to electrical
energy, while the system operates as a generator.

"The right-hand rule requires thumb and forefinger to assume right angle. The middle finger
should be perpendicular to both. Now, with forefinger alligned with vector / and middle finger
alligned with B, thumb determines the direction of force. Alternatively, direction of any vector
product can be determined by an imaginary experiment, where the first vector of the product (/ in
(2.2)) is rotated toward the second vector (B). Envisaging a screw that is turned by such rotation,
the screw would advance along the axis perpendicular to / — B plane. The direction of the vector
product is determined by the advance of the (right) screw.
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In a conductor moving through a homogeneous magnetic field, induced
electromotive force e depends on flux density B, speed of motion, and conductor
length I. The product of the electromotive force e and current i is equal to the
product of the force and speed (p,, = Fvy), as shown later on. Assuming that energy
losses are negligible, the motor operation can be perceived as a lossless conversion
of electrical power p, to mechanical power p,,,. The relevant powers are represented
by derivatives of the electrical energy and mechanical work.

2.2 Mutual Action of Parallel Conductors

In the previous example, the case is considered of a conductor in a homogenous
external magnetic field which exists due to the action of external current circuits or
permanent magnets. Force acting on conductors also exists in the case when there is
no externally brought field, but there are two conductors both conducting electrical
currents.

Magnetic field created by one of the conductors interacts with the current in the
other conductor, according to the principle presented in Fig. 2.2. The result of this
interaction is force acting on the conductor.

When currents in the conductors have the same direction, the force tends to bring
the conductors closer. In the case when directions of the currents are mutually
opposite, the force tends to separate the conductors.

In the case being considered, the force acting on parallel conductors is very
small. If two very long and thin parallel conductors, each with current of 1A, placed
at a distance d = 0.1 m are considered, one of the conductors will be found in the

B

c FeQ® @—F

Fig. 2.2 (a) Magnetic field and magnetic induction of a straight conductor. (b) Force of attraction
between two parallel conductors. (¢) Force of repulsion between two parallel conductors
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magnetic field created by the other conductor. The magnetic induction created by a
very long conductor is given by (2.3):

I 1
B = Mg = 4 - 10*7mT =2.107°T. (2.3)

Since the magnetic field and magnetic induction are orthogonal to the conductor,
the electromagnetic force acting on a part of the conductor 1 m long is given by (2.4):

F=1-B-1=2-10"°N. (2.4)

Magnetic circuits are discussed later in the book. They are made of ferromag-
netic materials with high permeability x, and they direct the magnetic flux” to paths
with low magnetic resistance. The lines of magnetic field are concentrated into
magnetic circuits in a way that resembles electrical current being contained in
conductors and windings. In turn, there is a considerable increase of the flux density
B, resulting in an increase in electromagnetic force and power of conversion, both
proportional to B.

2.3 Electromotive Force in a Moving Conductor

A considerable number of electrical machines convert mechanical work to electrical
energy, like synchronous generators in electrical power plants. Figure 2.3 shows the
principle where mechanical work and mechanical power are used to obtain electrical
energy and electrical power. The figure shows straight part of conductor of length /,
moving along y-axis at a speed v. The conductor placed in a homogeneous magnetic
field is moved by action of an external force F . Direction of vector B is opposite to
direction of axis z.

Motion of a conductor in magnetic field causes induction of electrical field E ;.
Induced field strength can be measured by an observer moving together with the
conductor and cannot be sensed by an immobile observer. The field strength can
be calculated on the basis of (2.1), expressing the force acting upon a moving

2Flux is a scalar quantity having no direction. Flux through surface S is equal to the surface
integral of the vector of magnetic induction B, also called flux density. Surface S is encircled by
contour C; thus, the said surface integral is called flux through the contour. Flux through a flat
surface S placed in a homogeneous external magnetic field depends on its position relative to the
field. With the positive normal on S aligned with the direction of the vector B, the flux through S is
equal to @ = BS. Although the flux @ is a scalar, it is inherently related to spatial orientation of the
surface S and/or the vector B. The flux vector is obtained by associating the spatial orientation (i.e.,
direction) to the scalar @. In the given example, the spatial orientation is defined by the positive
normal on S. Direction of the positive normal is determined by applying the right-hand rule to the
reference circling direction for the contour C. The external magnetic field is the one which is not
created by the electrical currents in the contour C.
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Fig. 2.3 The induced
electrical field and
electromotive force in the
straight part of the conductor
moving through - a
homogeneous external /' .
magnetic field

B

charge Q. The considered domain does not contain any electrostatic field; hence the
product QF in (2.5) is equal to zero.

F = QE+Q(Vx B) = Q(V x B) = QEjn. 2.5)

The force F acts on the moving charge Q due to its motion in homogeneous
magnetic field. Notice in (2.5) that the same effect can be obtained by replacing
the magnetic field with the electrostatic field of the strength E;,,. Therefore, the
induced electrical field can be determined by dividing force F by charge Q, which
gives vector product of the speed and flux density B:

—

Eina =V x B. (2.6)

It is of interest to determine the electromotive force e induced in the straight part
of the conductor of length /. In general, the electromotive force induced in
a conductor is determined by calculating the line integral of vector E;,; between
conductor terminals. Since the induced electrical field does not vary along
the conductor, the line integral reduces to the scalar product of vectors I and E;,,,.
The electromotive force can be calculated from (2.7):

e=1Epy=1-(VxB). 2.7)

In the present case, the conductor is aligned with x-axis, the magnetic field is in
direction of z-axis, and the speed vector is aligned with y-axis. Therefore, the vector
of the induced electrical field is collinear with the conductor (2.8); thus, the induced
electromotive force is e = [vB. The sign of the induced electromotive force
e depends on the adopted reference direction of the conductor. In the present
case, it is the direction of vector /.

Eig=—VB iy, ¢ =1-Epq = IvB. (2.8)
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2.4 Generator Mode

Terminals of the conductor shown in Fig. 2.3 could be connected to the terminals of
an immovable resistor, forming in this way a closed current circuit containing the
induced electromotive force e, interconnections, and resistor R. This circuit is
shown in Fig. 2.4. By neglecting the resistance and inductance of interconnections,
the current established in the circuit is i = e/R. The moving conductor performs the
function of a generator, whereas resistor R is a consumer of electrical energy. Since
direction of the current in the conductor corresponds to the direction of
electromotive force, the conductor is a source of electrical power and energy.
Existence of the current in the conductor creates force F,, which opposes the
movement (2.2). The external force F, acts in the direction opposite to F,,,
overcoming the resistance F,,. It is of interest to analyze the operation of the system
in Fig. 2.4 with the aim of establishing the relation between the invested mechanical
power F,v and obtained electrical power ei.

The electromotive force e = /vB, induced in the conductor, is equal to the
voltage u = Ri, which appears across resistance R. The electromagnetic force
acting on the conductor, shown in Fig. 2.4, acts from right to left and is given
by (2.9):

£, = i(fx B’), |F,,| = ilB. 2.9)

By maintaining the movement, the external force F performs the work against
magnetic force F,, and delivers it to the moving conductor. Transfer of the
mechanical work to electrical work is performed through electromagnetic induc-
tion. Electromotive force e, induced in the moving conductor, maintains the current
i = e/R in the circuit and delivers electrical energy to the resistor.

i
+
vV
P R e u
) u

Fig. 2.4 Straight part of a conductor moves through a homogeneous external magnetic field and
assumes the role of a generator which delivers electrical energy to resistor R
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The sum of forces acting on the conductor is equal to zero:

—

o d
FotrF +me =o.
dt

In the state of dynamic equilibrium, the speed v is constant. With the accelera-
tion dv/dt equal to zero, the inertial force F; = m dv/dt is equal to zero as well.
Therefore,

Fi+Fp=0; Fy=—Fp; [|F|=|F.|=iB. (2.10)

Mechanical power of external force F; is equal to P,, = Fyv =i [ vB. The
induced electromotive force e develops power P, = ei = i IvB = P,, and delivers
it to the rest of the electrical circuit. With P, = /R > 0, the considered system
converts mechanical work to electrical energy. In the course of this analysis, energy
losses have been neglected; thus, there is equality between the input (mechanical)
power and output (electrical) power (P, = P,,).

Question (2.1): In the case when the resistor shown in Fig. 2.4 moves together with
the conductor, what will be the electrical current in the circuit?

Answer (2.1): During a parallel movement of the conductor and resistor, equal
electromotive forces will be induced within each of them, thus compensating each
other. Therefore, the electrical current will be equal to zero.

2.5 Reluctant Torque

Electromechanical energy conversion can be accomplished by exploiting the ten-
dency of ferromagnetic material placed in a magnetic field to get aligned with the
field and take position of minimum magnetic resistance. Figure 2.5 shows an
elongated piece of ferromagnetic material of high permeability (uz. >> o),
inclined with respect to the lines of magnetic field. The electromagnetic forces
tend to bring the piece in vertical position where it will be collinear with the field.

Fig. 2.5 Due to reluctant =N

torque, a piece of L
ferromagnetic material tends Y
to align with the field, thus

offering a minimum magnetic \

resistance
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In Fig. 2.5, it is assumed that the magnetic field exists owing to a permanent
magnet. The moving part (rotor) of ferromagnetic material can rotate and will tend
to take vertical position where magnetic resistance along the field lines (magnetic
resistance along the flux path) is lower. When the rotor assumes vertical position,
the flux passes from the magnet poles into the rotor whose permeability is high.
The ferromagnetic rotor always tends to align with the field. The torque which
appears in the considered (inclined) position tends to bring the ferromagnetic to
vertical position. This torque is called reluctant, and the considered principle of the
torque generation is called reluctant principle. This name stems from reluctance,
also called magnetic resistance. Reluctant torque depends on changes in magnetic
resistance due to spatial displacement of the moving part. The reluctant torque
tends to bring rotor to position where magnetic resistance is minimal. The rotor can
be connected to a work machine to deliver mechanical power.

Question (2.2): What is the value of reluctant torque acting on the rotor when it is
in horizontal position?

Answer (2.2): The reluctant torque tends to bring the rotor to the position of
minimal magnetic resistance. In horizontal position, magnetic resistance assumes
its maximum value. A hypothetical shift of the rotor in any direction will lead to a
decrease of magnetic resistance. Unless moved from horizontal position, there is no
tendency to move the rotor in any direction, and the reluctant torque is equal to zero.
In the considered case, there is an unstable equilibrium. Any movement of the rotor
to either side would result in the reluctant torque which speeds up the initial
movement.

2.6 Reluctant Force

Figure 2.6 shows a system where the reluctant force stimulates a translatory
movement. Electromagnetic force acts on the piece of ferromagnetic material
placed in a nonhomogeneous magnetic field. The force tends to bring the piece of
ferromagnetic to the place where the flux density B is high.

Fig.2.6 The electromagnetic
forces tend to bring the piece
of ferromagnetic material
inside the coil
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The coil shown in Fig. 2.6 is made of circular wound conductors carrying a DC
current. This system of conductors (coil, winding, or bobbin) creates a magnetic
field that extends along the coil and has maximum intensity inside the coil. Hence,
the flux path goes through the cylindrical coil. A piece of mobile ferromagnetic
material can be inserted in the coil or extracted from the coil.

If the ferromagnetic piece is in the coil, the magnetic resistance (reluctance)
along the flux path is low. When the ferromagnetic piece is outside the coil, the
reluctance is high.

Taking into account that the mobile part of ferromagnetic material tends to take
position where the magnetic resistance is minimal, the force will appear tempting to
bring the mobile piece of ferromagnetic material in the coil.

2.7 Forces on Conductors in Electrical Field

Thanks to the action of electrical field E, one can obtain force, power, and work
from the setup shown in Fig. 2.7. In the space between two parallel, charged
capacitor plates, there is an electrostatic field E. In the case when the distance
between the plates is small compared to their dimensions, the field can be consid-
ered homogeneous. Namely, the field lines are parallel, while the field strength does
not change between the plates.

The charges are distributed on the interior surfaces of the plates. The field
between the plates acts on the surface charges by a force tending to bring the plates
closer. Force F may cause the plates to move. If one of the plates shifts by Ax, a
mechanical work FAx is achieved.

Based on this principle, it is possible to operate electromechanical converters
with electrical coupling field, also called electrostatic machines.

2.8 Change of Permittivity

Electromechanical conversion can be based on electrical force acting on a mobile
part of dielectric material with permittivity (dielectric constant ¢) different from the
permittivity of the environment. Figure 2.8 shows two charged plates and a mobile

.
¢

Fig. 2.7 Electrical forces act
on the plates of a charged
capacitor and tend to reduce | r
distance between the plates
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Fig. 2.8 Electrical forces tend to bring the piece of dielectric into the space between the plates.
The dielectric constant of the piece is higher than that of the air

piece of dielectric material of permittivity ¢ = ¢, &. Free space between the
electrodes is filled by air of permittivity &.

The piece of dielectric material of relative permittivity ¢, > 1 can move along a
horizontal direction. By moving to the left, it comes to position x = a, when it fills
completely the space between the plates. By moving to the right, the dielectric comes
to position x = 0, when the space between the plates is completely filled by air. The
following analysis will show that an electrical force F acts on the piece of dielectric in
position 0 < x < a, tempting to bring it into the space between the plates.

With voltage U across the plates, electrical field £ in the space between the
plates is E = U/d, where d is distance between the plates. The conductive plates
represent equipotential surfaces; thus, relation U = Ed applies in the air as well as
in the dielectric, while the strength of the electrical field is the same in both media.
Electrical induction within the dielectric is D=¢,&oU/d, whereas in the air, it is
D=¢yU/d. Total energy of the electrical field is given by (2.11), where S = ab
is surface of the plates:

1 2 g 1 .
W, = =g g 4 de—&-—s,Aso g -]—CSd
2 d a

2 7°\d a
2
= %30 (g) -S;d [(a —x) + xg]. (2.11)

If the plates are connected to a source of constant voltage U, a small displacement
Ax will change the field energy accumulated in the space between the plates. The
source U will provide an amount of electrical work, while the force F will contribute
to delivered mechanical work AW,,., = FAx obtained along the displacement A.x.
The equilibrium between the work of the source AW,, change in the field energy
AW ,, and mechanical work is given by relation AW; = AW, + AW,,.;,. Equation 3.8
in the following chapter proves that AW, = AW;/2 and AW, = AW,,.;. Therefore,
the force acting on the moving piece of dielectric is obtained from (2.12):

aw, 1 [UV Sd
F = =_ — ) -— (g —1). 2.12
dx 280<d) g =D 2.12)
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It is possible to determine electrical force F by using the equivalent pressure on
the surfaces separating the media of different nature. On the basis of a conclusion
from electrostatics, electrical force acting on a dividing surface that separates the
spaces filled with two different dielectric materials can be determined from
the equivalent pressure p = w,; — w,,. The values w,; and w,, are specific
energies of electrostatic fields in the two separated media. They are also called
the spatial energy densities of the electrostatic field. The energy of electrical field
energy in the air has density of wy = %2 ¢o(U/d )2, whereas in the dielectric it is
wy = Y g60(Uld )2. The force F can be determined from (2.13), where S; = bd =
Sd/a is rectangular surface separating the two domains:

1 (UY Sd
F= (Wd - W())Sd = 580 <g) . (Sr — 1) 7 (213)

Question (2.3): Determine the direction of force when the source is disconnected.
It should be noted that total charge Q existing on the plates is then constant, whereas
the voltage between the plates is variable depending on position of the dielectric.

Answer (2.3): In the space between the plates, there is a homogeneous electrical
field. Conductivity 1/p of the metal plates is very high, and potential of all the points
on one plate is the same. Therefore, voltage between the plates is U in the part filled
by the dielectric as well as in the part filled by air. Since the field is homogeneous
and orthogonal to the plates, product Ed is equal to voltage U; thus, electrical field
E = U/d is the same in both air and the dielectric. Since permittivity of the
dielectric is higher, electrical induction D, in the dielectric is higher than induction
Dy in the air:

U U
Dy=¢—, Dyg=¢&—.

0=2% 4 = Eréo
Surface charge density o at the surface of a conductor is determined by the scalar
product of the vector of electrical induction and normal to the surface at a given point:

—

oc=1n-D.

In the case being considered, the vector of electrical induction is perpendicular
to the surface of the conductor and collinear with the normal n. As a consequence,
the density of surface charge ¢ is equal to the induction D. Therefore, it will be
higher in the parts of the plates which are against the dielectric. By using notation
shown in Fig. 2.8, total charge O can be expressed in terms of the shift x and values
Dd and Do,

U U
Q= (a—x)b-Dy+xb-D,; = (a—x)b~sog+xb-8,.803

U
:bsog(a—x—i—x-s,.)7
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while capacitance C is determined by expression

b.
Cz%z?(d—x—i—x-&.).

Since the plates are separated from the source, the mechanical work AW,,.;, =
FAx is obtained by subtracting this amount from the field energy, AW, = —AW.,.
Therefore, the electrical force can be determined according to expression F =
—dW,/dx. Electrical energy of the coupling field can be expressed as W, = 14Q%/C
or W, = ACU>. In the present case, charge Q is constant, whereas voltage U is
variable, and the electrical force can be determined according to expression

F__dWE‘__Q_zi l
T odx 2 dx\C)’

By differentiating the reciprocal value of capacitance, the following expression
for the electrical force is obtained:

Q4 d 1 _de(s N 1 :
T 2bggdx\a—x+x-¢) 2be a—x+x-¢)

The above expression is positive, so the direction of action of the force is the
same as if the source was connected to the plates. By introducing substitution
O = CU in the above expression, the electrical force is determined by

U2 b80 80U2 Sd
F="(5—1)20= :
=N r=50 a

the expression which is fully equivalent to (2.12) and (2.13). It can be concluded
that the force will not change by switching the source on or off, provided that the
charge Q is the same in both cases.

Question (2.4): Consider a charged capacitor made of the plates shown in Fig. 2.8
and assume that the plates are not connected to the source. Is there any difference
between E and D in the part filled by air and part filled by dielectric? Will the total
energy be increased or decreased in the case that the dielectric is pushed further into
the space between the plates?

Answer (2.4): In the space between the plates, the electrical field E is equal in all
points, whereas the electrical induction D is ¢, times higher in the space filled by
dielectric compared to induction in the space filled by air. The spatial density of
the field energy in the dielectric is w,; = 1/2.9,..90E2, and it is ¢, times higher than the
density w,, = 1/stE2 in the air. Total field energy is w,,V, + w.,V,4, where w,, and
w.q are the densities of field energy in the air and in the dielectric, whereas V,
and V, are the volumes of the interelectrode space filled by air and dielectric.
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When the piece of dielectric moves toward inside of the capacitor, volume V,
decreases, whereas volume V, increases. Since w,, < W,q4, there are indications that
the total field energy increases. However, filling the space between the plates by
dielectric material increases the equivalent capacitance C = Q/U, as it is propor-
tional to the permittivity of the dielectric material filling the space between the
plates. Since the charge Q is constant, an increase in the capacitance will cause a
decrease of the voltage. As a consequence, the fields £ will reduce. Spatial density
of the field energy depends on the square of the field strength. Therefore, it can
be concluded that a deeper insertion of the dielectric reduces the total energy of the
electrical field. These considerations can be verified by an analysis of the expres-
sion for field energy W.(x),

o _¢ d
c 2

W(; = 9
' (a —x+ x-¢&)bey

N =

which shows that in the case of a constant Q, total field energy decreases when the
value of x rises, that is, when a piece of dielectric is pushed further into the space
between the plates.

2.9 Piezoelectric Effect

Applying pressure on a crystal of silicon will induce charges on its surfaces and
give rise to voltage between surfaces (Fig. 2.9). This phenomenon is known as
piezoelectric effect. In a piezoelectric microphone, sound waves cause variable
pressure of air against the surface of a crystal. As a consequence, variable forces act
upon the crystal. A voltage which represents electrical image of the sound appears
across the ends of the crystal. This voltage can be amplified and processed further.

It is possible to manufacture a crystal with linear dependence between the
voltage across the crystal and the applied force. Such crystal can be used for
designing precise electronic scales (weight-measuring devices).

Fig. 2.9 Variation of pressure acting on sides of a crystal leads to variations of the voltage
measured between the surfaces
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The inverse piezoelectric effect can be used in electromechanical conversion.
If the surfaces of the crystal are covered by conducting plates connected to a
variable voltage, a force varying in accordance with the variable voltage will
appear. This effect can be used for creating very small displacements controlled
by the applied voltage. If the connected voltage represents a record of sound,
variations of the force will cause vibrations of the crystal surfaces and change the
pressure of air against the surfaces, thus operating the piezoelectric loudspeakers.

In a piezoelectric device, the crystal surface moves by a fraction of millimeter.
Motors based on piezoelectric effect are used in motion control applications with
very small displacements and with very high precision, such as positioning the
reading heads in hard disk drives.

2.10 Magnetostriction

One of the principles applicable for electromechanical conversion is magnetostric-
tion. In general, magnetization of ferromagnetic materials can change their shape and
dimensions. This phenomenon is called magnetostriction. The length of the ferro-
magnetic rod shown in Fig. 2.10 will change with the applied magnetic field. The
effect gives a rise to a force. Multiplied by mechanical displacement, the force
produces mechanical work. Yet, few electromechanical converters are based on
magnetostriction because of rather small displacements and a poor power-to-weight
ratio. Conventional electrical machines and power transformers usually have mag-
netic circuits made of iron sheets, wherein magnetic field pulsates at the line
frequency (50 Hz/60 Hz). The effect of magnetostriction causes magnetic circuits
to vibrate. With the magnetostrictive forces proportional to the square of the magnetic
field strength, the vibration frequency is twice the line frequency (100 Hz/120 Hz).
These vibrations cause waves of variable air pressure and sound which are experi-
enced as humming, frequently encountered with electrical equipment.

The phenomenon reciprocal to magnetostriction is the change of permeability in
ferromagnetic materials subjected to mechanical stress. Namely, the stress due to
external forces will change magnetic properties of the material. When an external
force is applied to an iron rod, the same magnetic field strength H will result in an
increased magnetic induction (flux density) B. This phenomenon is called the Villari
effect. By applying the described principle, it is possible to measure the stress in the
elements of steel constructions such as the bridges or skyscrapers.

A
| |

Fig. 2.10 The magnetization varies as a function of force which tends to constrict or stretch a
piece of ferromagnetic material
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This chapter discussed the principles of developing electromagnetic forces that
act on moving parts of electromechanical converters and provide the means for the
process of electromechanical conversion. The following chapter introduces some
basic principles of electromechanical converters with electrical coupling field and
electromechanical converters with magnetic coupling field.



Chapter 3
Magnetic and Electrical Coupling Field

Electromechanical conversion is based on forces and torques of electromagnetic
origin. The force exerted upon a moving part can be the consequence of electrical or
magnetic field. The field encircles and couples both moving and nonmoving parts of
electromechanical converter. Therefore, the field is also called coupling field. In this
chapter, some basic notions are given for electromechanical energy converters with
electrical coupling field and converters with magnetic coupling field.

3.1 Converters Based on Electrostatic Field

Electromechanical conversion in electrostatic machines is based on electrical
coupling field. The coupling field between moving parts is a prerequisite for electro-
mechanical conversion. In an electrostatic machine, the field exists in the medium
between mobile electrodes, and it causes electrical forces acting on the electrodes.

Preliminary insight in electromechanical energy conversion based on the electrical
field can be obtained by considering the sample machine shown in Fig. 3.1, resem-
bling the capacitor with two parallel metal plates. In the case when the plates are
considerably larger compared to the distance between them (S >> d°), the electrical
field between the electrodes is homogeneous and equal to E = U/d [V/m], where
U is the voltage between the electrodes. Electrical induction vector D [As/mz]
is obtained by multiplying the vector of electric field E by the permittivity of
the medium &,. The force acting on the plates depends on the charge stored in the
capacitor. If it is possible to move one of the plates, then the product of this force and
the displacement gives mechanical work. The mechanical work can be obtained at
the expense of the field energy or of energy of a source connected to the plates.

S.N. Vukosavic, Electrical Machines, Power Electronics and Power Systems, 41
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Fig. 3.1 Plate capacitor with distance between the plates much smaller compared to dimensions
of the plates

3.1.1 Charge, Capacitance, and Energy

The electrical field in the interelectrode space is homogeneous. The field strength is
determined by the ratio of the voltage and distance between the plates, £ = U/d.
Electrical induction D is equal to the surface charge density Q/S. At the same time,
the ratio D/E is determined by permittivity (dielectric constant) &.

U U
E:E;DZGZ%ZSQE;jQZSOESZSOSE. 3.1
Capacitance C is determined by the ratio of charge Q and voltage U. The
capacitance depends on the plate surface S, distance d between the plates, and
permittivity of the dielectric material filling the interelectrode space:

S
C:%:sog. (3.2)

Total energy of the coupling electrical field can be obtained by integrating the
energy density w, in the region where the electrical field extends. In the present
case, the electrical field and the field energy exist within the interelectrode space.
The energy density does not vary, and it is equal to w, = Y¢oE>. The volume of the
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Fig. 3.2 A capacitor having mobile upper plate

region is V = Sd. Therefore, total energy of the coupling electrical field is W =
»BCU ? = %0 %/C.

2
=Sd (1 80E2) = lCU2 = Q—. (3.3)

3.1.2 Source Work, Mechanical Work, and Field Energy

Figure 3.2 shows a charged capacitor having mobile upper plate. It can be shown that
by moving the upper plate downward, electrical energy is converted to mechanical
work. The electric charge on the plates is of opposite polarity. Therefore, they are
subjected to a force of attraction F. If the upper plate moves downward and gets
closer to the lower plate by Ax, mechanical work FAx is obtained. During the move,
there is a change in the energy W, of the electrical coupling field. With the plates
connected to the electrical source, the charge on the plates changes through an
exchange of charges between the plates and the electrical source.

Electric force F acting on one plate of the capacitor can be determined by
applying the method of virtual works, also called virtual disturbance method. It is
necessary to envisage a very small displacement Ax of the mobile plate toward
the opposing plate. In such case, the direction of the force F' corresponds to the
direction of the hypothetical displacement Ax. The method of virtual works pro-
ceeds with calculation of changes in the field energy and determines the work of the
electrical source. The work AW,,.;, = FAx is made by the electric force F during
displacement Ax. The force can be calculated by dividing the work increment
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AW ,,..;, by the displacement Ax. The same virtual work method can be applied in
cases when the mobile part of the electromechanical converter performs rotation.
In such cases, the displacement Ax is replaced by the angular shift A0, while the
mechanical works AW,,,., assume the form T7,,Af. The symbol T,,, designates
the torque generated by the electrical forces. The torque 7, acts upon the moving
(revolving) part and affects its speed.

A source of the constant voltage U, shown on the right-hand side of Fig. 3.2, can
be connected to the plates by closing the switch. Reduction of the distance d between
the plates increases capacitance C. While the source is connected, the voltage
between the plates is constant. Due to an increase of the capacitance, the charge
on the plates Q = CU increases. Therefore, the source supplies an additional
charge AQ. The work of the source is equal to AW; = UAQ, while the obtained
mechanical work is AW,,.,, = FAx. The work of the source increases total energy of
the system, that is, the sum of the electrical energy and mechanical work. With a
constant voltage, the electrical energy is given by (3.4).

In the next considerations, it will be shown that work of the source is divided in
two equal parts, that is, AW, = AW,,,.;,, = LAW,.

If the switch in Fig. 3.2 is open, the source is separated from the plates, and the
work of the source is equal to zero. Electrical charges on the plates cannot be
changed, as well as the field D between the plates (Q = const., D = const.).
Therefore, the density of the field energy w, = ¥5D?/¢, remains unchanged.

By reducing the distance between the plates, the volume of the region compris-
ing the electrical field is reduced as well. Therefore, the total field energy AW, is
also reduced. With the source separated from the system, reduction in the field
energy yields the mechanical work AW,,.;, = —AW,. In the case of a constant
charge, the field electrical energy is given by (3.5):

2 .
W, (Ax) = S(d — Ax) GgoE2) — %CUZ - % v iOSAx (3.4)
B 1o\ @ 0'd—Ax

3.1.3 Force Expression

The machines operating with the electrical coupling field are called electrostatic
machines. Domain with the electrical field is filled with dielectric material. Dielec-
tric is called linear if the vector of electrical induction D is proportional to the vector
E, D = ¢E. Electrostatic machine with linear dielectric is called linear machine.
The structure shown in Fig. 3.2 represents a linear electrostatic machine with
negligible energy losses. Therefore, in the case with O = const., the mechanical
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work AW,,..;, = FAx is determined by AW,,., = —AW,, whereas in the case of a
constant voltage relation, AW,,., = +AW, = +/AAW, applies. According to these
expressions, the force can be determined as partial derivative of the coupling field
energy W, with respect to coordinate x. This coordinate represents displacement of
the mobile electrode along the motion axis of the system.

In the case when the source is disconnected, the system in Fig. 3.2 has a constant
charge, and the work of the source U is equal to zero. Applying the method of
virtual works, the change in the field energy and the mechanical work are obtained
from (3.6).

AW; = UAQ = 0
AW,‘ = AWm(»h + AWe = AVVmeh = _AWe- (36)

When the source is disconnected, the force F acting on the mobile electrode is
given by (3.7). In the case when the changes AW, and Ax are very small, the ratio
AW,/Ax assumes the value of the first derivative of W,(x),

AW,
F=—
A)C7
d d 2d— 2
dx dx 2 SOS 2S60

If the source is connected, the considered system has a constant voltage. By
applying the method of virtual works, the work of the source U, the change in the
field energy, and the mechanical work are obtained in (3.8):

CU? 1 1
AW,:UAQ, AWQZA(T> :EUAQZEAWH

AW; = AW o + AW, = AWy = AW — AW, = AW,. (3.8)
With the source connected, the force F acting on the mobile electrode is given by

(3.9). With infinitesimally small changes AW, and Ax, the ratio AW,/Ax assumes
the value of the first derivative dW, (x)/dx,

F:+de d{U2 soS} U? &S

dc  de\2d—xf 2 (d—x?
EZ D2 QZ
Nl S 39
A VR YO (3.9)

Expressions for electrical force, given by (3.7) and (3.9), are applicable only
when the medium is linear, that is, when the permittivity of the dielectric material
does not depend on the field strength. In cases when the source U is not connected,
displacement of the mobile electrode does not cause any change in charge Q.
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Instead, it leads to changes in the capacitance C and the voltage across the plates.
The expression for electrical force when the source is disconnected takes the

following form:
Fo aw, d 0’1 _ Q> d (1
o d&xl2cf 2 d&l\Cf

If the source is connected, the voltage across the plates is constant. Therefore,
the shift of the mobile electrode changes the capacitance C and the charge Q. The
force expression assumes the following form:

F=+

& @

2

dw, d U2C _UrdC
2 dx’

Question (3.1): Equation 3.7 gives force F acting on the mobile electrode in the
case when the source is disconnected, whereas (3.9) gives this force when the source
is connected. Note that in both cases, the same result is obtained, proportional to Q.
Is it possible that the force acting on the mobile electrode does depend on source U
being connected or disconnected? Provide an explanation.

Answer (3.1): The electrical force acting on the mobile plate can be represented as
a sum of forces acting on electrical charges distributed over the plate surface.
Individual forces are dependent on the density of electrical charge and the field
strength in the vicinity of the plate. It is necessary to compare the force obtained
with the source U connected to the force obtained with the source detached from
the plates. If the plates accommodate the same electrical charge Q in both cases, the
surface charge density remains the same. The surface charge density determines
the electrical induction D. Therefore, in both cases, the electrical field strength
E = DlJgg is the same. From this, it can be concluded that in both cases the same
force acts on the mobile plate.

3.1.4 Conversion Cycle

In the preceding section, it has been shown that the electromechanical conversion
can be performed in two different modes. With the source disconnected, mechani-
cal work AW,,,.;, is obtained on account of the energy accumulated in the coupling
field, AW,,.,, = —AW,. If the source is connected, the work of the source AW; is
divided in two equal parts, that is, AW, = AW,,.;,, = 2 AW,. Graphical representa-
tion of electromechanical conversion is shown in Fig. 3.3. It is of interest to note
that none of the two presented modes can last continuously.

If the source is connected, the electromechanical conversion is performed by
turning one part of the source work into mechanical energy, whereas the rest of the
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Fig. 3.3 One cycle of electromechanical conversion includes phase (a) when the plates of the
capacitor are disconnected from the source U and phase (b) when the plates are connected to
the source

source work increases the energy stored within the coupling field. The field energy
W, is dependent of the density w, = 1/280E2 and the volume of the domain where the
field exists. There is an upper limit to the field energy. The maximum strength of
the electrical field is limited by the dielectric strength of the material. The maxi-
mum electrical field in the air is E,,,, =~ 30 kV/cm. Exceeding the maximum field
strength leads to dielectric breakdown, wherein the electrical current passes through
the dielectric material and creates an electrical arc. The breakdown results in
destruction and permanent damage. Therefore, the field strength and the field
energy density w, have to be limited. The volume of the domain is also restricted
and defined by the surface of the plates and the distance between them. Therefore,
there is a limit W,y to the field energy, and it cannot be exceeded. For this
reason, it is not possible to withstand a permanent growth of the field energy.
Hence, the operation where the source is connected cannot go on indefinitely.

In the case when the source is not connected, mechanical work is obtained on
account of the field energy. This energy decreases, and the operation would eventu-
ally stop when the field energy is exhausted. Therefore, the operation where the
source is disconnected cannot hold indefinitely.

When the need exists for a continuous operation of an electromechanical
converter, it is necessary to use concurrently both operating modes. Namely, they
should be altered in cycles by switching the source on and off. An interval of
operation when the source is connected (on) is followed by another interval when
the source is disconnected from the converter (off). In such way, it is possible to
provide mechanical work in a continuous manner while keeping the field energy
from either reaching W, ..y or dropping to zero. Hence, the process of electrome-
chanical conversion is mostly performed in cycles. Cyclic exchange of the two
operating modes is illustrated in Fig. 3.3. In rotating electrical machines, one
conversion cycle corresponds to one revolution of the rotor (sometimes, one fraction
of the rotor revolution).
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Question (3.2): Estimate the mechanical work obtained during one cycle with
electromechanical converter made of a plate capacitor with one mobile plate.
The dimensions of the plates and minimum and maximum distances between the
plates are known, while the maximum electrical field strength in the dielectric is
E, ... = 30 kV/cm.

Answer (3.2): The maximum work obtainable in one cycle is determined by the
maximum energy of the coupling field. The surface of the plates S, maximum
distance between the plates d, and maximum energy density of the coupling field
w, = l/zsoEm2 are known. The mechanical work which can be obtained within one
cycle is AW = S d Wena).-

Question (3.3): If a converter makes f cycles per second, estimate its average
power.

Answer (3.3): Average power of the converter making f cycles per second is
Pa v = fAW = fS d We(max)-

3.1.5 Energy Density of Electrical and Magnetic Field

The power of an electromechanical converter is dependent on the density of energy
accumulated within the coupling field. A converter of given dimensions will have
higher average power if its coupling field has a higher energy density. Given the
converter power, dimensions and mass will be reduced for an increased density of
energy. The power-to-size ratio is also called specific power. The considerations
which follow show that electromechanical converters involving magnetic coupling
field possess higher specific power compared to electrostatic machines.

The mechanical work obtained within one cycle of electromechanical converter is
dependent on the energy stored in the coupling field. The maximum amount of the
field energy is dependent on the energy density and the volume of the converter.
If two electrical machines of the same size are considered, the machine with higher
density of the field energy will produce higher mechanical work within each conver-
sion cycle. If the repetition rates of conversion cycles are the same for the two
machines, the machine having higher energy density will have higher average power.

The energy density of magnetic field exceeds by large the density of energy in
electrical field. Permittivity (D/E) in vacuum is gy = 8.85 10712 ~ 107", whereas
permeability (B/H) amounts pio = 41-10~7 ~ 107°. Therefore, the energy density
of magnetic field w,, = uoH*/2 is considerably higher than the energy density of
electrical field w, = gyE*/2. For this reason, electrical machines are mostly
operating with magnetic coupling field.

Density of energy accumulated in the coupling field depends on the square of the
field strength. In air, electrical field is limited by dielectric strength, E,,,. =~ 30
kV/ecm ~ 3 MV/m. In electrical machines with magnetic field, the field is comprised
by magnetic circuit including air gaps and ferromagnetic materials such as iron.
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Magnetic inductance B in ferromagnetic materials is limited to B,,,, = 1-2 T, thus
limiting the magnetic inductance achievable in air. Consequently, the maximum
field strength H which can be met in electrical machines is close to H,,,, = B/
to =~ 1 MA/m. With &y =~ 10~"" and uy ~ 107°, the achievable energy density is
much higher in the case of magnetic field. Considering two electromechanical
converters of the same size, the converter operating with magnetic field could
accumulate much higher energy in the coupling field (10°~10 times) and propor-
tionally higher average power of electromechanical conversion.

3.1.6 Coupling Field and Transfer of Energy

It is of interest to note that both the electromechanical energy conversion with
magnetic coupling field and the conversion with electrical field involve both field
vectors, electrical field vector E and magnetic field vector H. The exchange of
energy between electrical and mechanical terminals of electrical machine implies
that in the space surrounding the moving part of the machine, there is transfer of
energy toward the moving part (motor) or from the moving part (generator). The
energy transfer through the surrounding space is measured by Poynting vector.
Hence, the energy streams through domain if the Poynting vector has a nonzero
algebraic intensity. Poynting vector is equal to the vector product of the electrical
and magnetic field. It represents the surface density of power, and it is expressed in
W/m?. Surface integral of Poynting vector over a surface separating two domains
represents the rate of energy transfer from one to the other domain (i.e., the power
passed from one domain to another). The course and direction of Poynting vector
indicate the course and direction of energy transfer. In the absence of either
electrical field E or magnetic field H, Poynting vector is equal to zero; thus, no
energy transfer is possible. Therefrom, the question arises on how do electrical
machines with electrical coupling field acquire magnetic field H required for
mandatory Poynting vector.

In an electromechanical converter involving electrical coupling field which is at
the state of rest, the magnetic field will be equal to zero and so will be Poynting
vector. This is an expected situation since the power of electromechanical conver-
sion is zero in the case when mobile parts of the converter do not move. Namely, the
power is equal to the product of the force and speed of motion. At rest, although
the electrical force may be present, the speed is equal to zero, thus resulting in zero
mechanical power. If the considered converter is in the state of motion, its mobile
part moves in the electrical coupling field. This leads to variations in the field
strength E and the electrical induction D within the converter. The first time
derivative of D contributes to the spatial derivative (i.e., cur/) of magnetic field H.
The second Maxwell equation expresses generalized Ampere law, and it reads

—

rotH—]—i—E. (3.10)



50 3 Magnetic and Electrical Coupling Field

Since a nonzero spatial derivative of the field H exists, algebraic intensity of
the vector H cannot be equal to zero at all points of the considered domain. The
conclusion is that a certain magnetic field H exists in electrostatic machines in
the state of motion. The field strength H is proportional to the speed of the machine
moving parts. In conjunction with the field E, magnetic field H results in Poynting
vector P = E x H.

The same considerations can be derived for an electromechanical converter
based on magnetic coupling field. At rest, the magnetic field H exists in the
converter, but the electrical field E and Poynting vector P are equal to zero. With
P = 0, there is no flow of energy toward the mobile part of the machine, and the
mechanical power is equal to zero. This corresponds to the conclusion that
the mechanical power at rest must be zero, as it is the product of the force and
the speed. When the considered converter is in the state of motion, its mobile parts
move in the magnetic coupling field. This leads to variations in the magnetic field
H and the magnetic induction B within the converter. The first Maxwell equation
expresses the Faraday law in differential form, and it reads

—

ot E = ——. 3.11
o (3.11)
Hence, the variation of magnetic induction B results in the spatial derivative

(curl) of electrical field, which causes the appearance of the electrical field E within
the converter and leads to nonzero values of the Poynting vector.

3.2 Converter Involving Magnetic Coupling Field

Electromechanical conversion in converters involving magnetic coupling field is
possible by means of the field acting on the mobile windings and mobile parts made
of ferromagnetic materials. In such converters, magnetic field is a precondition for
electromechanical conversion of energy. It exists in the space between the station-
ary and mobile parts of magnetic circuits and current circuits. The mobile parts can
perform either linear or rotational movement.

Forces acting on mobile parts are dependent on the magnetic induction and
current in conductors. Mechanical work can be obtained on account of the field
energy or work of the source which is connected to the current carrying conductors.

3.2.1 Linear Converter

Figure 3.4 shows a simple electromechanical converter involving homogeneous
magnetic field and a straight part of the conductor performing linear motion.
The subsequent analysis is focused on motoring operation of the converter, wherein
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Fig. 3.4 A linear electromechanical converter with magnetic coupling field

the electrical energy, obtained from a constant voltage source U, is converted to
mechanical work. Mobile conductor AB of length /; touches fixed parallel conductors
connected to the source U. The mobile conductor AB, fixed parallel conductors, and
source U make current circuit shown on the right-hand side of Fig. 3.4. The resistance
of conductor AB can be neglected, whereas the sum of resistances of all remaining
conductors in the current circuit is denoted by R.

The source U causes the current i in the circuit. Direction of the current
corresponds to the direction of vector /; shown in Fig. 3.4 along conductor AB.
The conductor is placed in an external' homogeneous magnetic field of induction
B. The electromagnetic force F,, acting on the conductor is determined by (3.12):

P, :i(fl xﬁ). (3.12)

Since vector /; is orthogonal to the vector of magnetic induction, algebraic
intensity of the force is equal to F,, = [,iB. The electromagnetic force in Fig. 3.4
is directed from left to right. It is assumed that the force makes the conductor move
in the same direction at a speed v. The conductor is subjected to an external force
F ., which opposes this movement. In the state of dynamic equilibrium, accelera-
tion of the conductor is zero, the speed of motion v is constant, and the sum of the
forces acting on the conductor is equal to zero. Therefore, the algebraic intensities
of the external and electromagnetic forces are equal:

— —

Fex +ﬁm =0; For = _ﬁm; |ﬁex‘ = ’ﬁm’ = il|B. (3.13)

! Magnetic field caused by external phenomena is called external field. External phenomena do not
make part of the system under consideration, and they are not related or caused by the considered
system. External magnetic field can be created by external conductors carrying electrical current,
external permanent magnets, the Earth magnetic poles, and other sources.
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While the conductor moves in magnetic field, the electromotive force e,p
is induced between its ends. Electrical field E;,; induced in the conductor is
determined by the vector product of the speed v and magnetic induction B. Since
the vector of the induced field does not vary along the conductor, the electromotive
force ¢ = ep can be calculated from (3.14):

e=(=0)En=(-1) - (7xB). (3.14)

Vector of the induced electrical field is collinear with the conductor. Therefore,
the electromotive force is equal to e = [;vB. The sign of the induced electromotive
force e = eap is related to the adopted reference direction, shown in Fig. 3.4.
Positive value of the electromotive force, e = eap > 0, acts toward increasing
the potential at the conductor end A with respect to the potential at the end B.

Current i = (U — e)/R exists in the circuit shown in the Fig. 3.4. At steady state,
time varying electrical current i(f) assumes a constant value I = (U — [;vB)/R.
Power of the source P; = Ui = ei + Ri* contains the component Pag = ei = [1vB
as well as the losses P),:Riz. The losses in conductors are caused by Joule effect, and
they depend on the equivalent resistance and square of the current. The remaining
power P g is transferred to the moving conductor. By maintaining the movement,
electromagnetic force F,, performs the work against external force F,, which is
opposite to motion. Vectors of the force and speed of motion are collinear. There-
fore, the mechanical power is equal to P,,., = F,v = [;ivB. Power P, is the
output power of the electromechanical converter which converts electrical energy
obtained from the source U to mechanical work. Since P,,.;, = F,,v = Pag = €i =
l1vBi, distribution of the source power P; can be described by expression

P; = Ui = ei + Ri®> = F,,v + Ri* = P, + Ri*. (3.15)

Therefore, power from the source is divided in the thermal losses and mechanical
power, the latter being the result of electromechanical conversion. The power
delivered by the induced electromotive force e is equal to P, = e(—i) = —ei < 0.
Consequently, the electromotive force e behaves as a receiver, taking over the
electrical power ei = [;vBi which is then converted to mechanical power P,,., =
F,,v = ei.In the presented example, the mechanical power of the electromechanical
converter is equal to the product of the electromotive force and current. Equa-
tion 3.16 in certain form is present in all electrical machines:

ei = F,v. (3.16)

Joule losses are determined by the power P, = Ri?, and they are turned into heat.
Conductors and other parts of the converter are heated. Compared to ambient
temperature, their temperatures are increased. Due to elevated temperatures, these
parts of the converter transfer their heat to the ambient by convection, conduction,
or radiation. When the power of losses P, becomes equal to the heat power
transferred to the ambient, the temperature increase stops and the system enters
the thermal equilibrium. Since the electromechanical converters are used for
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Fig. 3.5 A rotational electromechanical converter involving magnetic coupling field

converting electrical energy to mechanical work, it is necessary to keep the
conversion losses as small as possible. Due to thermal losses, the coefficient of
efficiency 7 of power converters is reduced. In addition, generated heat has to be
removed so that the converter does not become overheated. It is required, therefore,
to have a corresponding solution for heat transfer and cooling. The losses can be
reduced by decreasing the equivalent resistance R. However, reducing resistance by
increasing the cross section of conductors leads to an increased consumption of
copper, increasing in this way the cost, weight, and size of converters.

The power converter shown in Fig. 3.4 can also run in generator mode. Direction
of the current will be reversed and also direction of the electromagnetic force.
In order to support the motion, direction of the external force F ., has to be changed
as well. In generator mode, mechanical power is converted to electrical energy.
Generator operation is analyzed in more detail in Sect. 2.4.

3.2.2 Rotational Converter

Electromechanical conversion is most frequently performed by using rotational
machines, which convert electrical energy to mechanical work of rotational move-
ment. An example of simple rotational converter is shown in Fig. 3.5. Contour
ABCD is made out of copper conductors. It has dimensions D x L, and it rotates in
homogeneous external magnetic field B. The contour rotates clockwise around
horizontal axis, shown in Fig. 3.5. The position of the contour is determined by
angle 0,,, and it varies at the rate Q,, = d0,,/dt, where Q,, represents the angular
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speed in rad/s. At certain instant, the contour is in position 6,, = 0, when lines of
the magnetic field are parallel to surface S = D x L, surrounded by the contour.
Terminals of the contour are connected to power supply which provides the current
I in the conductor.

Electromagnetic force F; acts on parts AB and CD of the conductive contour.
These parts are of length L and are orthogonal to the magnetic field; thus, the force is
determined by expression F'; = LIB. The electromagnetic force does not act on the
transversal parts BC and DA of length D, because the current in these parts is collinear
with the magnetic field. At position 0,, = n/2, the transversal parts BC and DA are
subjected to the actions of forces in the direction of rotation, but the forces are
collinear and of opposite directions; therefore, their actions are mutually canceled.

The couple of electromagnetic forces in Fig. 3.5 creates the torque 7,,, = DF.
Assuming that the contour rotates with angular frequency Q,, = d0,,/dt, the
developed mechanical power at the considered instant (+ = 0, 6,, = 0) is equal
to Pren = Tom€2,, = DLIBQ,,. Power P,,,, is the output power of the electrome-
chanical converter which converts the electrical energy obtained from the supply /
to mechanical work.

It is of interest to compare the obtained mechanical power with the electrical
power taken from the source. Between terminals Al and D1 of the constant current
source /, there is voltage u = vo; — vp;. The source is connected to the contour
ABCD, and the voltage is u = RI + d®/dt, where @ denotes the flux through surface
S encircled by the contour, while R denotes the equivalent resistance of the
conductors making the contour. Reference direction of the flux is the direction of
the positive normal # to surface S. This normal is in accordance with the direction
of circulation along the contour ABCD, that is, the current in designated direction of
circulation along the contour creates a magnetic field which is aligned with the
normal 7. In Figs. 3.5 and 3.6, the normal is denoted by vector n. The contour can
rotate around horizontal axis; thus, the flux through the surface S depends upon
the angle 0,, between the vectors of magnetic induction and the plane in which the
surface § reclines.

In accordance with the notation in Fig. 3.6, the angle 0,, is equal to zero at the
position where the magnetic field is parallel to the surface S. In zero position, flux ¢
is equal to zero. When the contour makes an angular shift of 6,,, the normal n to
surface § is shifted to position n;. Assuming that the external field is homogeneous,
@ can be represented by the expression @(0,,) = ®,,sin(0,,) = ®,,sin(Q2,,t), where
®,, = BS is the maximum value of flux which is attained at position 0,, = ©/2. By
using the obtained expression for the flux, the voltage across the terminals of the
source is calculated as u = RI + Q,,®,,cos(2,,1). At position 6,, = 0, the power
delivered by the source / to the converter is given in (3.17):

P; = ul = RI*> +1Q,,®,, = RI> + 1Q,,BS
= RI*> + DLIBQ,, = Py, + RI. (3.17)

Therefore, the power of the source I is partially converted to mechanical power,
whereas the remaining part accounts for conversion losses that are turned into heat
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Fig. 3.6 Variations of P .
the flux and electromotive 1

. ;i o
force in a rotating contour " K 1

due to Joule effect. At position 6,, = 0, the electromagnetic torque acting on the
contour is equal to T,,,, = @, 0 = P4/ Q,,. After the angle is shifted to 0,,, the arm
K of force Fy is shown in Fig. 3.6, and it is equal to K = (D/2)cos0,,. Therefore,
torque T,,, varies as function of angle 6, in accordance with (3.18):

Tom = D1 cos 0, (3.18)

Equations similar to (3.18) determine the electromagnetic torque of all rotating
electrical machines. The analysis of operation of the converter shown in Fig. 3.5
leads to the conclusion that the average value of the torque during one full revolu-
tion is zero. This can be changed by insertion of additional contours or by changing
the supply current, as will be elaborated in due course.

By changing the direction of the current or direction of rotation, the electrome-
chanical converter shown in Fig. 3.5 will operate in the generator mode of operation,
converting mechanical work to electrical energy. Voltage and current of the current
source / will have opposite signs, while the source / will act as a receiver of electrical
energy.

3.2.3 Back Electromotive Force’

The arrows denoted by e; and e, in Fig. 3.5 indicate two possible reference
directions for the induced electromotive force. The choice of reference direction

2Back electromotive force (abbreviated BEMF) is also called counter-electromotive force
(abbreviated CEMF), and it refers to the induced voltage that acts in opposition to the electrical
current which induces it. BEMF is caused by changes in magnetic field, and it is described by Lenz
law. The only difference between the electromotive force (EMF) and BEMF is the reference
direction and, hence, the sign.



56 3 Magnetic and Electrical Coupling Field

1

Q u:R1+d£ @
dr

DI

v (A) B)

Fig. 3.7 Definition of reference direction for electromotive and back electromotive forces

determines the sign of the induced electromotive force, as well as its connection
in the equivalent scheme of the electric circuit; thus, it is useful to give the
corresponding explanation and expressions for the induced electromotive force in
both cases.

Figure 3.7 shows the equivalent scheme of the mobile contour, fed from a
constant current source via terminals Al and D1. Character @ denotes flux through
the surface S encircled by the contour. Reference direction for the flux is deter-
mined by the normal on the surface S, denoted by n in Figs. 3.5 and 3.6.

The normal 7 is aligned with the magnetic field created by the current / which
circulates along the contour (ABCD) in designated direction. Flux @ depends on the
angle 6,,. Rotation of the contour in the direction indicated in Fig. 3.5 leads to a
growth of the flux @ that the external magnetic field makes through the surface S.

The total magnetic flux through the surface S depends on the external magnetic
field B, but it also changes with the current that circulates within the contour.
Namely, the contour current creates a magnetic field of its own, and this field
contributes to the total magnetic flux. The total flux can be expressed by @ = LI +
BS sin(6,,). The coefficient L defines the ratio between the flux @ and the current / in
cases where the external magnetic field does not exist. The ratio L = @(I)/I is called
the self-inductance of the contour.

Each change of the flux @ induces an electromotive force in the contour. This
electromotive force depends on the first time derivative of the flux. Under the action
of electromotive force, a current appears in the contour. The intensity of this current
depends upon the equivalent resistance of the circuit. In the case shown in Fig. 3.7,
the contour is fed from a constant current source. The equivalent resistance of a
constant current source is R,, = oo; thus, presence of an electromotive force ¢,
does not cause any change of current. In the case when the contour is galvanically
closed, that is, when terminals Al and D1 are short-circuited or connected to a
voltage source or a receiver of finite equivalent resistance, the presence of
electromotive force e; will cause a change of current and a change of flux.

According to Lenz rule, electromotive forces are induced in coils due to changes
in magnetic flux. Electrical currents appear as a consequence of induced electro-
motive forces. Induced currents oppose to the flux change and tend to maintain the
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initial flux value. Electrical current in a coil creates magnetic field and the flux
which is proportional to the self-inductance of the coil. Direction of this self-flux is
opposite to the original flux change. Hence, the induced electromotive force
produces the current and the self-flux in direction that tends to cancel the original
flux change. For that reason, induced electromotive forces are also called counter-
electromotive forces or back electromotive forces.

Considering the setup in Fig. 3.5, during rotation of the contour in the direction
indicated in the figure, the flux due to external magnetic field rises. Electromotive
force ey, given by (3.19), appears in the contour:

do

-5 (3.19)

ey =

Since an increase of the flux results in e¢; < 0, a current appears opposite to
the direction of circulation along the galvanically closed contour ABCD. Therefore,
the induced current creates its own magnetic field and the self-flux of the contour
in the direction opposite to the indicated normal n. Total flux is equal to the sum
of fluxes due to external field, which is growing, and the self-flux which is of nega-
tive sign.

Electromagnetic induction opposes to changes of the flux to the degree which
depends on the circuit parameters. When the equivalent resistance of the circuit is
R,, = oo, the induced electromotive force does not cause any change in electrical
current which would have opposed to changes in the flux. In cases when the
equivalent resistance of the contour is zero (R,, = 0, the case of a superconductive
contour with short-circuited terminals), the phenomenon of electromagnetic induc-
tion prevents any changes of flux. Since the voltage balance equation is given in
(3.20)

do
qui—elzRi—l—E, (3.20)

in conditions with ¥ = 0 and R = 0, the flux cannot change due to d®/dr = 0.
Therefore, notwithstanding eventual changes in the external magnetic field, the
total flux through a short-circuited superconductive contour is constant.

For a contour fed from a constant current source, shown in Fig. 3.5, the equivalent
schemes of the electrical circuit are shown in Fig. 3.7. For the reference direction of
the induced electromotive force, it is possible to use e; or e,, as indicated in Figs. 3.5
and 3.7. If the reference direction ¢ is chosen, the equivalent scheme (B) of Fig. 3.7
applies, and algebraic intensity of the electromotive force is determined by (3.19).
Alternatively, the equivalent scheme (A) and (3.21) apply. Quantity e, = +d®/dt is
called back electromotive force or counter-electromotive force:

do

e (3.21)

€y = —e1 =



Chapter 4
Magnetic Circuit

This chapter introduces and explains magnetic circuits of electrical machines. Basic
laws and skills required to analyze magnetic circuits are reinstated and illustrated
on examples and solved problems. The terms such as magnetic resistance, magneto-
motive force, core flux, and winding flux are recalled and applied. Dual electrical
circuit is introduced, explained, and applied in solving magnetic circuits. Basic
properties of ferromagnetic materials are recalled, including saturation phenomena,
eddy current losses, and hysteresis losses. Laminated magnetic circuits as the
means of reducing the iron losses are explained and analyzed.

One of the key operating principles of electromechanical converters based on
magnetic field is creation of Lorentz force acting on a current-carrying conductor
placed in the magnetic field. Magnetic field can be obtained from a permanent
magnet or by using an electromagnet. Electromagnet is a system of windings
carrying electrical currents that create magnetic field. It is useful in replacing the
permanent magnets by coils carrying a relatively small electrical current. For
the electromagnet currents to be moderate, it is necessary to employ magnetic
circuits made of ferromagnetic material (iron), conducting the magnetic flux in a
way similar to copper conductor directing electrical current. As the copper conduc-
tor provides a low-resistance path to electrical current, so does the magnetic circuit
provide a path to magnetic flux that has a low magnetic resistance. An example of
magnetic circuit is shown in Fig. 4.1.

Figure 4.1 shows a magnetic circuit made of iron, a ferromagnetic material with
permeability ¢ = B/H higher than that of the vacuum (ug) by several orders of
magnitude. This magnetic circuit has an air gap of size 6. Within the gap, it is
possible to place a conductor carrying current in order to obtain Lorentz force and
accomplish electromechanical conversion of energy (the conductor is not shown in
the figure). Magnetic flux within the magnetic circuit is created by means of the
excitation winding with N series-connected contours, also called turns. Each turn
encircles the magnetic circuit. Assuming that there are no losses and that the lines of
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Fig. 4.1 Magnetic circuit made of an iron core and an air gap

the field are parallel, it is concluded that magnetic induction in iron (Bf.) is equal to
the magnetic induction in the air (By). The strength of the magnetic field in iron is
Hr, = Br./ur., whereas in the air gap, it is equal to Hy = Bg/o. Since permeability
of iron is much higher, the magnetic field in iron will be considerably lower than the
field in the air gap. Ampere law thus reduces to Ni = Hd, and the current required
for obtaining magnetic field Hy in the gap is equal to i = Hyd/N.

In order to obtain magnetic induction B in the air gap, it is necessary to establish
the current i = BJ/(Np) in the excitation winding. Hence, the required excitation
current is proportional to the air gap . An attempt to remove the iron part of the
magnetic circuit can be represented as an increase of the gap d to 6 + Ig,, where I,
is the length of the iron part of the magnetic circuit. The required current would
increase 1 + Ir,/0 times. Since I, >> 0, removal of the iron would result in a
multiple increase of the excitation current and the associated losses. Therefore, it is
concluded that the magnetic circuit is a key part of electrical machinery. It directs
and concentrates the magnetic field to the region where the conductors move and
the electromechanical conversion takes place. The presence of an iron magnetic
circuit allows the necessary excitation to be accomplished with considerably
smaller currents and lower losses.

In the preceding section, an analysis of a simple magnetic circuit has been done.
In the analysis, certain simplifications have been made. In order to analyze more
complex magnetic circuits, a list of the basic laws and usual approximations to
simplify the analysis is presented within the next section.



4.1 Analysis of Magnetic Circuits 61
4.1 Analysis of Magnetic Circuits

Magnetic circuit is a domain where magnetic field is created by one or several
current circuits or permanent magnets. The laws applicable for analysis of magnetic
circuits are:

¢ The flux conservation law
* Generalized form of Ampere law
« Constitutive relation B(H) which describes a magnetic material

4.1.1 Flux Conservation Law

+§-d§: 0. (4.1)
S

Taking into account ferromagnetic properties of magnetic materials used in making
magnetic circuits, a series of simplifications can be introduced in order to facilitate
their analysis. One of the assumptions is that there is no leakage of magnetic lines
outside magnetic circuit. Neglecting the leakage, it can be shown that the flux
remains constant along the magnetic circuit. In other words, the magnetic flux in
each cross-section of the magnetic circuit is the same. The flux in each cross-section
is also called the core flux or the flux per turn, meaning the flux in a single turn of
the winding encircling the magnetic circuit. The algebraic value of the flux in the
cross-section is defined in accordance with the normal to the cross-section surface,
and it is denoted by @. In most cases, magnetic circuit is encircled by a winding
made of N series-connected turns having the orientation. Assuming that there is no
flux leakage from the magnetic circuit, the flux in each turn is equal to @. Therefore,
the flux of the winding is ¥ = N@®, with the same reference direction as for the flux
in one turn.

The windings are connected in electrical circuits. The voltage across a winding
is equal to u = Ri + d¥/d¢, where R is resistance of the series-connected turns, i is
winding current, while d¥/dt is back electromotive force. It is of uttermost impor-
tance to match the reference direction of the electrical circuit (current) with the
orientation of the magnetic circuit (flux). As a rule, the reference normal for the flux
is determined from the reference direction of the current by the right-hand rule.

By applying the flux conservation law, it can be shown that the flux in one contour
(turn) is equal to the flux through any other surface leaning on the same contour. This
equality will be used to simplify calculation of the flux in the windings of cylindrical
machines.

Commonly used assumption is that the magnetic field is homogeneous over the
cross-section of a magnetic circuit and that the length of any magnetic field line is
equal to the length of the average representative line of the magnetic circuit.
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4.1.2 Generalized Form of Ampere Law

Generalized form of Ampere law for fields with stationary electrical currents is
given by (4.2). Contour ¢ and surface S are shown in Fig. 4.2:

ﬁ;ﬁ Al = Ji -dS. (4.2)
c S

Electrical currents in electrical machines are not distributed in space, but they
exist in conductors forming the turns, windings, and current circuits. The conduc-
tors are usually made of copper wires. With a layer of insulating material wrapped
around wires, they do not have galvanic contact with other parts. Therefore, the
current is directed along wires and does not leak away. Consequently, instead of a
surface integral of current density J, one should use the sum of currents in the
conductors passing through a surface S, respecting the reference direction deter-
mined by the unit vector. Equation 4.2 thus takes the form (4.3):

ﬂ;ﬁ di=3I. 4.3)

c

4.1.3 Constitutive Relation Between Magnetic
Field H and Induction B

The relation between the vector of magnetic field H and magnetic induction B in
individual parts of a magnetic circuit is determined by the properties of the
magnetic material, and it is given by (4.4):

B=B(H). 4.4)

In linear media, magnetic induction B is proportional to magnetic field H.
Coefficient of proportionality is a scalar quantity u called magnetic permeability
(4.5). Magnetic permeability in vacuum is po = 47-10~’ [H/m]. In ferromagnetic
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materials like iron, the characteristic B(H) is not linear. It is usually presented
graphically or by the corresponding analytical approximation called the character-
istic of magnetization. For small values of magnetic field, the magnetization
characteristic of iron B(H) is linear and has the slope AB/AH which is several
thousand times higher than the permeability of vacuum L.

B = pH = pop,H. (4.5)

4.2 The Flux Vector

Flux through the contour of Fig. 4.2 is a scalar quantity. Flux through surface S,
leaning on contour c, is determined by surface integral of the vector of magnetic
induction B. In the analysis of electrical machines, flux through a contour is often
considered as a vector. The flux vector is obtained by associating the course and
direction with scalar @. The spatial orientation is obtained from the unit normal to
surface S. In cases with several contours (turns) forming a winding where all of the
contours share the same orientation, it is possible to define the flux vector of the
winding. This flux has algebraic intensity of ¥ = N® while its course and direction
are determined by the unit normal to surface S. The winding can be made of series-
connected contours (turns) with different spatial orientation. In such cases, the
vector of the winding flux is obtained as a vector sum of flux vectors in individual
contours.

4.3 Magnetizing Characteristic of Ferromagnetic Materials

Magnetic circuits of electrical machines and transformers are most frequently made
of iron sheets. Iron is ferromagnetic material with magnetization characteristic B
(H) shown in Fig. 4.3. The characteristic extends between the two straight lines.
The line with the slope AB/AH = |, describes magnetization characteristic of
vacuum, while the line with the slope g, corresponds to the first derivative of
the function B(H) at the origin. The abscissa of the B-H coordinate system is the
external field H, which may be obtained by establishing a current in the excitation
winding, while the ordinate is magnetic induction B existing in the ferromagnetic
material.

The magnetic properties of iron originate from microscopic Ampere currents
within a molecule or a group of molecules. These currents make the origin of the
magnetic field of permanent magnets and other ferromagnetic materials. The said
currents are the cause of forces acting on ferromagnetic parts brought in a magnetic
field. The presence of microscopic currents can be taken into account by treating
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Fig. 4.3 The magnetization characteristic of iron

ferromagnetic materials as a vast collection of miniature magnetic dipoles, as
shown in Fig. 4.3. In the absence of external field H, the magnetic dipoles do not
have the same orientation. They oscillate and change directions at a speed that
depends on the temperature of the material. Therefore, in the absence of an external
magnetic field, resulting magnetic induction in the material is equal to zero.

With an excitation current giving rise to magnetic field H, magnetic dipoles turn
in an attempt to get aligned with the field. Thermal motion of dipoles prevents them
to stay aligned and makes them change the orientation. The higher the field H, the
more dipoles get aligned to the field. As a consequence, resulting magnetic induc-
tion takes the value B = ug.H which is much higher than the corresponding value
in vacuum (B = uoH). In this way, ferromagnetic materials help providing the
required magnetic induction B with much smaller excitation current.

When magnetic induction reaches B,,,, € [1...2] T, all miniature dipoles get
oriented in the same direction, aligned with the excitation field H. Any further
increase of the field strength H cannot improve the orientation of dipoles, as there
are no more disoriented dipoles. This state is called saturation of magnetic material.
In the region of saturation, further increase of induction is the same as it would have
been in vacuum, 4B = py4H. The saturation region is expressed in the right-hand
side of the curve in Fig. 4.3.
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4.4 Magnetic Resistance of the Circuit

The role of magnetic circuit in electrical machines is to direct the lines of magnetic
coupling field to the space where the electromagnetic conversion takes place. The
magnetic induction and flux @ in the magnetic circuit appear under the influence of
current in the winding. The strength of the field H is dependent on the product Vi,
where N is the number of turns in a winding while i is the electrical current. In a
way, the value Ni tends to establish the flux @ in the magnetic circuit. Therefore, the
ratio Ni/® is magnetic resistance of the circuit. A circuit having smaller magnetic
resistance will reach the given flux with smaller currents. A magnetic circuit can
have several parts, which can be made of ferromagnetic material, permanent
magnets, nonmagnetic materials, or air. Air-filled parts of magnetic circuits are
also called air gaps. It is of interest to determine magnetic resistance of a magnetic
circuit comprising several heterogeneous parts.

Magnetizing characteristics of ferromagnetic parts of magnetic circuit are non-
linear and shown in Fig. 4.3. Operation of a magnetic circuit is usually performed in
the vicinity of the origin of B(H) diagram. It is therefore justifiable to linearize the
magnetization characteristics and consider that the permeability ur, of ferromag-
netic (iron) parts is constant. In the linearized ferromagnetic circuits, nonlinearity of
ferromagnetic material is neglected, and permeability of every part of the magnetic
circuit is considered constant. In addition, it is assumed that there is no leakage of
magnetic field outside magnetic circuit. The basic assumptions and steps in the
analysis of linearized magnetic circuits are given by the following considerations.

On the basis of (4.3), the line integral of magnetic field H along contour c,
indicated in Fig. 4.4, is equal to the product Ni. Magnetomotive force F = Ni is
equal to the integral of the field H through the closed contour passing through all the
parts of the magnetic circuit. Magnetomotive force F is a scalar quantity. Vector of
the magnetomotive force is obtained by associating the spatial orientation to the
scalar F' = Ni. The orientation of the magnetomotive force F is determined by
the vector H. Both the orientations of F and H are related to electrical currents in
the winding that encircles the magnetic circuit. In Fig. 4.4, vector of the magneto-
motive force F is collinear with the normal 7y, related to the reference direction of
the electric currents by the right-hand rule.

Surface integral of magnetic induction over surface S is denoted by & and is
called flux of the core or flux across the cross-section of the magnetic circuit or flux in
one turn. Assuming that there is no leakage of magnetic field outside of the magnetic
circuit, the line integral of the magnetic field H along contour c is equal Ni for every
and each contour passing through the magnetic circuit. Since the basic assumption is
that the lengths of magnetic lines are equal to the length of the representative average
line of the magnetic circuit, it can be considered that the magnetic field is homoge-
neous across each cross-section of the magnetic circuit. Thus, the flux through one
turn is @ = BS. Winding flux¥V = N® represents the flux through the winding with
N series-connected turns.
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Fig. 4.4 Sample magnetic circuit with definitions of the cross-section of the core, flux of the core,
flux of the winding, and representative average line of the magnetic circuit. Magnetic circuit has a
large iron core with a small air gap in the right-hand side

Flux through any cross-section of the magnetic circuit is constant. Since S = Sy
= Sr., equality SBr, = SBy applies. Therefore, Br, = By, where B is magnetic
induction in the air gap while Br, is magnetic induction in the ferromagnetic material
(iron). Magnetic field in the air gap is Hy = Bo/|ly, whereas the field in the ferromag-
netic material is Hr, = Br./\\g.. Generalized Ampere law results in (4.6), where [ is
average length of the ferromagnetic circuit and /; is length of the air gap:

Hpol + Holy = Ni. (4.6)

By inserting Hy = Bo/lo, Hpe = Bre/\ire = Hr, = Bo/lire in (4.6), one obtains
(4.7), which gives magnetic induction By, = By
B B
204+ 20 =Ni=F. 4.7
Hre Ho
Since flux of the core is @ = BS, its dependence on magnetomotive force F can
be represented by (4.8):
Ni F F
¢ = ! = = —

l o l do R
UreS ' oS HEeS + HoS K

4.8)
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Fig. 4.5 Representation of the magnetic circuit by the equivalent electrical circuit

A dual electrical circuit can be associated with the magnetic circuit, as shown in
Fig. 4.5. In this circuit, electromotive force E causes the currenti = E/R in resistance
R. Electromotive force E is equal to the integral of the external electrical field in the
electrical generator. In magnetic circuit, magnetomotive force F produces the
flux & = F/R,,. The flux @ in magnetic circuit of magnetic resistance R/, is dual to
the electrical current i = E/R in electrical circuit of resistance R. For this reason, the
electrical circuit is an equivalent representation of the magnetic circuit and is
therefore called dual circuit. A more detailed analysis can show that Kirchhoff
laws can be applied to complex magnetic circuits in the same way they apply to
electrical circuits.

Magnetomotive force F' can be considered as magnetic voltage of the considered
contour ¢. By analogy with electrical circuit with i = E/R, the flux in magnetic
circuit is @ = F/R,,, where R/, is resistance of the magnetic circuit or reluctance.
Therefore, the flux in a magnetic circuit is obtained by dividing the magnetomotive
force Ni by the magnetic resistance R,. This applies for linear magnetic circuits
with constant permeability i, with no magnetic leakage, and with constant core flux
along the whole magnetic circuit. The last condition stems from the law of conser-
vation of magnetic flux. Quantities @, F, and R, of a magnetic circuit are duals to
quantities 7, U, and R of the equivalent electrical circuit. Equation 4.8 represents
“Ohm law” for magnetic circuit or Hopkins law.

Magnetic resistance of a uniform magnetic circuit of length /, constant cross-
section S, and permeability p is equal to R,, = I/(Sp). Magnetic circuit may consist
of several segments of different dimensions and different magnetic properties. The
segments of magnetic circuits are usually connected in series. The equivalent
magnetic resistance of the magnetic circuit can be obtained by adding the individual
resistances of series-connected segments. For a magnetic circuit with n segments,
the equivalent magnetic resistance can be determined by adding resistances R, =
1/ (Skix), as shown in (4.9):

n I
R, = —_— 4.9)
g k=1 :ukSk
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The expression (4.9) assumes that the permeability 1 does not change within the
same segment, that all the segments have the same flux per cross-section, and that
the lengths of magnetic lines within each segment are equal to the average length of
the segment. In cases when the cross-section S and permeability u vary continually
along magnetic circuit, magnetic resistance is determined by (4.10), where c is
oriented representative average line of the magnetic circuit. The cross-section S(x)
and permeability u(x) are functions of variable x, which represents the path of
circulation along the contour c, that is, the path along the average line of the circuit.
Considering a tiny slice of the magnetic circuit having the length Ax, the cross-
section S(x), and permeability u(x), it is reasonable to assume that S(x) ~ S(x + Ax)
and p(x) = p(x + Ax). Therefore, magnetic resistance AR, of the considered part
of magnetic circuit is equal to Ax/(Su). The equivalent resistance of the magnetic
circuit is obtained by adding resistances of all such parts of the magnetic circuit,
resulting into integral (4.10). Equation 4.10 is in accordance with the formula for
calculating resistance of a resistor with variable cross-section S(x) and variable
conductivity a(x):

dx
R, = %m (4.10)

c

Magnetic resistance can be used in determining the self-inductance of the
winding with N turns encircling the magnetic circuit. Inductance of the winding
is equal to the ratio of the flux in the winding ¥ = N@ and the electrical current in
the winding. On the basis of (4.11), inductance of the winding is equal to the ratio of
the squared number of turns and magnetic resistance:

[ _ Y _Ne_NNi N N
T i iR, R, kI
=1 ;S

@.11)

1

4.5 Energy in a Magnetic Circuit

Energy of magnetic field is determined by integration of the spatial energy density
w,, within the domain where the magnetic field exists. In a linear ferromagnetic and
in air, spatial density of magnetic energy is BH/2. In the case of a magnetic circuit
with no leakage, magnetic field is present only within the circuit. Therefore, the
space V where the integration (4.12) is carried out is limited to the magnetic circuit
under the scope:

W, :me dV:J(Jﬁ-dE)dV:JGBH)dV. (4.12)
\%4 \%4 14



4.6 Reference Direction of the Magnetic Circuit 69

Magnetic circuit can be divided into elementary volumes dV = Sd/, where S is
the cross-section of the magnetic circuit and d/ is the length of the elementary
volume, measured along the representative average line of the magnetic circuit
(contour ¢). According to the flux conservation law, the flux is the same through any
cross-section of the magnetic circuit. Therefore, the surface integral of magnetic
induction B is equal to @ on any cross-section of the circuit. The usual and well-
founded assumption is that the magnetic field is homogeneous at every cross-
section, namely, that the magnetic induction B across the cross-section does not
change. Therefore, it can be concluded that magnetic induction B on each cross-
section S is @/S. With dV = Sd/, the integral (4.12) can be simplified by substituting
w,, dV by 2a®HdI. The vector H is collinear with the oriented element of contour d/.
Therefore, the scalar product of the two vectors can be replaced by the product of
their algebraic intensities.

! 1 P D[~ -
W, 5 J( )dv 2 Ldei; d/ > jﬁ dl 5 ﬁ; dl (4.13)
Vv

c c c

According to Ampere law, line integral of the magnetic field H along contour ¢
which represents average line of the magnetic circuit is equal to Ni. Therefore, the
expression for energy of magnetic field takes the form (4.14). It should be noted that
the result (4.14) cannot be applied to magnetic circuits with nonlinear magnetic
materials:

W, =

IR

— b @
%H-dl:ENi:—:—Liz. (4.14)

c

Question (4.1): The magnetic circuit shown in Fig. 4.4 is made of ferromagnetic
material whose permeability can be considered infinite. Determine self-inductance
of the winding.

Answer (4.1): Assuming that u is infinite, magnetic resistance of the circuit
reduces to R,, = lo/(Spo). Inductance of the winding is L = uOSNZ/IO.

4.6 Reference Direction of the Magnetic Circuit

Magnetic circuit can have more than one winding around the core. Figure 4.6 shows
a magnetic circuit having two windings, Ny and N,. Winding flux arises in each of
the windings. The two windings are coupled by the magnetic circuit. Therefore, the
flux in each winding depends on both currents, iy and i,. Reference direction of
the winding flux is related by the right-hand rule to the reference direction of the
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Fig. 4.6 Two coupled windings on the same core

current of the considered winding. Reference direction of flux ¥, is denoted by unit
vector n in Fig. 4.5. This direction is in accordance with the adopted direction of
circulation around contour c. The unit vector denoting this direction is the normal 7.
The adopted direction is called reference direction of the magnetic circuit. The flux
intensity is determined by the product of the core flux and number of turns, thus
¥, = N;®. The reference direction of the flux ¥, in the other winding is denoted
by unit vector n,, and it is opposite to the adopted direction. Since the flux of the
core @ is defined as the flux though cross-section S in the direction of unit vector #,
the flux in the second winding is negative, ¥, = —N,®. Choice of the reference
direction of magnetic circuit can be arbitrary; therefore, in the analysis of circuits
having several windings, each winding should be allocated reference direction
according to the right-hand rule and compared with the reference direction of the
magnetic circuit.

Relations ¥| = N® and ¥, = —N,® have been obtained under the assumption
that there is no leakage of magnetic field, that is, that the flux over cross-section is
maintained constant. In the absence of leakage, flux in the turns of winding Ny is
equal to the flux in the turns of winding N,; therefore, the ratio ¥,/¥, is equal to
N1/N», the ratio of the number of turns. The same holds for the ratio e;/e, between
the electromotive forces induced in the windings. In real magnetic circuits, a certain
amount of flux is leaking away from the magnetic circuit. A small portion of flux in
winding N; can escape the core before arriving at winding N,. This flux is called
stray or leakage flux of the first winding. In the same manner, the leakage flux of the
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second winding encircles the winding N,, but it leaks away from the core before
reaching the winding N;. In the case when the leakage flux cannot be neglected,
rati0|'I/1/'P2| deflects from N;/N,. Strength of magnetic coupling between two
windings is described by the coefficient of inductive coupling k < 1. In the absence
of leakage, the coupling coefficient is equal to 1. With k = 0.9, the relative amount
of leakage flux is 10%.

4.7 Losses in Magnetic Circuits

The energy accumulated in the field of electromechanical converters exhibits a cyclic
change. Therefore, magnetic induction in magnetic circuits varies within conversion
cycles. In AC current machines and transformers, magnetic induction has a sinusoidal
variation. Variations of induction B in ferromagnetic materials cause energy losses.
These can be divided into eddy current losses and hysteresis losses. Power of losses per
unit mass is also called specific power or loss power density.

4.7.1 Hysteresis Losses

Variation of magnetic field in a ferromagnetic material implies setting in motion
magnetic dipoles and changing their orientation. Rotation of magnetic dipoles
requires a certain amount of energy. This energy can be estimated from the surface
of hysteresis curve of the B = f(H) diagram. When induction B oscillates with a
cycle time (period) T, as shown in Fig. 4.7, the operating point in the B = f{¢)
diagram runs along the trajectory called hysteresis curve. The energy consumed by
rotation of dipoles within one cycle T is proportional to the surface encircled by the
hysteresis curve swept by the (B-H) operating point. The origin of hysteresis losses

Fig. 4.7 Eddy currents in a homogeneous piece of an iron magnetic circuit (/eft). An example of
the magnetization characteristic exhibiting hysteresis (right)
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is friction between neighboring magnetic dipoles in the course of their cyclic
rotation. This internal friction causes consumption of energy which is converted
into heat.

Specific power losses due to hysteresis py are proportional to operating
frequency and to surface encircled by the hysteresis curve in the B-H plane. The
energy lost in each operating cycle due to hysteresis in ferromagnetic material of
volume V is

WH:VJ)HdB:V-SH, (4.15)

where Sy is surface encircled by hysteresis curve. With the operating frequency f,
power loss due to hysteresis is

Py=fV-Sy. (4.16)
The specific power losses, that is, losses per unit volume, are

pH1 = Pu =fSu. 4.17)
Vv
Surface of the hysteresis curve Sy depends on the shape of the curve and peak
values of the magnetic field H,, and induction B,,,. The surface is proportional to the
product B,,H,,. The peak values H,, and B,, are in mutual proportion. Therefore,
the surface Sy, is also proportional to B,,. Therefore, the losses per unit volume can
be expressed as

p = o1 -f - B2 (4.18)

By introducing coefficient g which is equal to the ratio of the coefficient o
and specific mass of ferromagnetic material, specific losses due to hysteresis per
unit mass are

pu=oy-f-B.. (4.19)

4.7.2 Losses Due to Eddy Currents

Ferromagnetic materials are usually conductive. In parts of magnetic circuit that
are made of conductive ferromagnetic, it is possible to envisage toroidal tubes
of conductive material and to consider each of them a closed contour capable of
carrying electrical currents. Variation of magnetic induction B changes the flux in
such contours. As a consequence, electromotive forces are induced in such contours,
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Contour C

Tube

Electrical current

Fig. 4.8 Eddy currents cause losses in iron. The figure shows a tube containing flow of spatially
distributed currents

and they produce electrical currents that oppose to the flux changes. A number
of conductive contours can be identified within each piece of ferromagnetic. There-
fore, the change in magnetic induction causes spatially distributed currents which
contribute to losses in magnetic circuits. Such currents are also called eddy currents.
The losses associated to such currents are called eddy current losses.

Figure 4.8 shows a piece of ferromagnetic material with oscillatory induction B
of amplitude B,, and angular frequency . Lines of magnetic induction are
encircled by contour C which is at the same time the average line of the tube
having cross-section S¢ and length /c. Since the tube is in a ferromagnetic material
of finite conductivity o, it can be represented by a conductive contour with
equivalent resistance Rc = [-/(Sco). Changes in inductance B result in flux
changes. In turn, flux changes give rise to induced electromotive force in the
contour

e=— g = — i (=SB, sinwt) = o SB,, cos wt, (4.20)

dr dr
where S is the surface encircled by the contour C in Fig. 4.8. Amplitude of the
electromotive force induced in the contour is proportional to the angular frequency
and magnetic induction B, hence E ~ w B,, ~ 2nfB,,. Electrical current established
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in the conductive contour is proportional to the electromotive force and inversely
proportional to contour resistance,' I ~ E/R¢ ~ 2nfB,,/Rc. Power losses in the
contour are proportional to resistance R and square current I, as given in (4.21):

B, ’B2
@ >~” m 4.21)

Pc ~Rell ~Re(——

c cle c< Re Re
Therefore, total losses in magnetic circuit due to eddy currents are proportional

to the squared angular frequency and squared magnetic induction. Specific losses

due to eddy currents are

pv =0y - B, (4.22)

where oy is coefficient of proportionality, dependent on the specific conductivity
and specific mass of the material.

Question (4.2): The cross-section of magnetic circuit is shown in Fig. 4.8.
Dimensions of these cross-sections are L x L = §. Magnetic induction B is equal
in all points of this cross-section and perpendicular to the surface S. Make an
approximate comparison of eddy current losses at the point which is displaced
from the center by L/2 and at the point which is displaced from the center by L/4.

Answer (4.2): Eddy current can be estimated by considering two contours, the
larger one of radius L/2 and the smaller one with radius L/4. Specific eddy current
losses, that is, the losses per unit volume, depend on the square of the induced
electrical field E;, py ~ oE;%. Induced electrical field can be estimated by dividing
the induced electromotive force E of the contour by the length of the contour. The
contour of radius L/2 has four times larger surface and, therefore, four times larger
flux and electromotive force E. Its length is two times larger than the length of the
small contour. Therefore, induced electrical field E; along the larger contour has
twice the strength of the induced electrical field along the small contour. Finally, the
eddy current losses at the point further away from the center are four times larger.

4.7.3 Total Losses in Magnetic Circuit

The sum of specific losses due to hysteresis and due to eddy currents is given by
(4.23). Specific losses py. are expressed in W/kg units. With uniform flux density B,
the loss distribution in magnetic circuit is uniform as well. In this case, total
magnetic field losses in a magnetic circuit of mass m are Pr, = pp.m.

pre =pu +pv =0 -f By +ov-f> B, . (4.23)

! Considered contour has resistance R and self-inductance L¢. It has an induced electromotive
force E of angular frequency . Electrical current in the contour should be calculated by dividing
the electromotive force by the contour impedance Z¢ = Rc + jwLc. At lower frequencies where
Rc >> oL, reactance wL¢ of the contour can be neglected.
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In magnetic circuits with variable cross-section as well as in cases where the
circuit comprises parts made of different materials and different properties, specific
losses pr, are not the same in all parts of the circuit. Thus, total losses Pr, are
determined by integrating specific losses over the volume of the magnetic circuit.

4.7.4 The Methods of Reduction of Iron Losses

Power losses in magnetic circuits of electromechanical converters reduce their
efficiency. In addition, the losses are eventually turned to heat, and they increase
temperature of the magnetic circuit. Overheating can result in damage to the
magnetic circuit or to other nearby parts of the machine. Therefore, it is necessary
to transfer this heat to the environment. In other words, it is necessary to provide the
means for proper cooling. Loss reduction simplifies the cooling system, increases
conversion efficiency, and reduces the amount of heat passed to the environment.

In iron sheets and other ferromagnetic materials used for making magnetic
circuits of electrical machines and transformers, iron losses due to eddy currents
prevail over iron losses due to hysteresis. Eddy current losses are larger than
hysteresis losses by an order of magnitude. The losses can be reduced by taking
additional measures in designing and manufacturing magnetic circuits, thus
increasing the efficiency of electrical machines and preventing their overheating.

By adding silicon and other materials of low specific conductivity into iron used
for making magnetic circuits, specific conductivity of such an alloy is reduced. The
increase of resistance R of the eddy current contours reduces the amplitude of such
currents (4.21) and reduces eddy current losses.

Another approach to reducing eddy current losses is lamination, the process of
assembling magnetic circuits out of sheets of ferromagnetic material. The sheets
are oriented along direction of the magnetic field, in the way shown in Fig. 4.9.
A laminar magnetic circuit is not made of solid iron, but of iron sheets which are
electrically isolated from one another.

Since the sheets are parallel with magnetic field, contours of induced eddy
currents are perpendicular to the field. Electrical insulation between neighboring
layers prevents eddy currents; thus, they can be formed only within individual
layers. It can be shown that this contributes to a considerable reduction of eddy
current losses.

Iron sheets used for designing magnetic circuits of line-frequency transformers
(50 or 60 Hz) and conventional electrical machines are 0.2—0.5 mm thick. Insula-
tion between the sheets is made by inserting thin layers of insulating material
(paper, lacquer) or by short-time exposure of iron sheets to an acid which forms a
thin layer of nonconductive iron compound (salt).

In contemporary electrical machines used in electrical vehicles, hybrid cars, and
alternative power sources, the operating frequency may be in excess of 1 kHz.
Magnetic circuits of such machines are made of very thin iron sheets (0.05-0.1 mm)
or of amorphous strips based on alloys of iron, manganese, and other metals, as well



76 4 Magnetic Circuit

Fig. 4.9 Electrical insulation is placed between layers of magnetic circuit to prevent flow of eddy
currents

as of ferrites. Ferrite is material obtained from molten iron alloy exposed to an
increased pressure and fed to a nozzle with a very small orifice. Expanding at the
mouth of the nozzle, the molten alloy is dispersed into small balls with diameter
next to 50 um. Short oxidation of these balls creates a thin layer of insulating oxide.
Consequently, miniature balls fall into a cooling oil. By collecting them, one
obtains a fine dust made of insulated ferromagnetic balls. Put under pressure
(sintering), this dust becomes a hard and fragile material called ferrite. Magnetic
properties of ferrites are similar to those of iron. At the same time, due to a virtual
absence of eddy currents, the losses in ferrites are very low.

4.7.5 Eddy Currents in Laminated F erromagnetics

Figure 4.10 shows one sheet of iron from the package which is used in making
magnetic circuit. Thickness of the sheet is a. Magnetic induction B is directed along
the sheet, and it changes in accordance with B(¢¥) = B, sinwt, where B,,, is amplitude
and o is angular frequency. Thickness a is very small compared to the height / of
the sheet. Within the cross-section of the sheet, a contour C can be identified
of width 2x. Since x < a/2, one can assume that x << /. In Fig. 4.10, reference
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Fig. 4.10 Calculation of !
eddy current density within
one sheet of laminated -
magnetic circuit S el et

E(x)
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!

Contour C |

direction of contour C is opposite to the direction of the vector of magnetic
induction; thus, flux through the contour is

¢ =-2-x-1-B, sinwt.

The electromotive force in the contour is determined by the first derivative of the
flux. Its amplitude is determined by the product of the frequency and amplitude of
magnetic induction. Within the contour of the width 2x,

o o do
e:jEE-dl:——:2-x-l-w-Bm-coswt.
dr
C

The sign of the electromotive force e depends on the selected reference direc-
tion. It also changes when calculating the counter-electromotive force. When
calculating the eddy current losses, the choice of reference direction does not
influence the result of the calculation. The losses depend on the square of eddy
currents, which in turn depend on ¢”. Since x << I, the part of the contour integral
along short sides of the contour C can be neglected. Therefore, the induced
electrical field E along the long sides of the contour C can be determined by (4.24):

e:Ei;E_'-dl_':Zl-E(x):2-x-l-w~Bm-coswt,
c
|E(x)] = x-®- By - coswt. (4.24)



78 4 Magnetic Circuit

In ferromagnetic material of specific conductivity ¢ exposed to induced electri-
cal field E, the density of spatial currents is J = oF. In the considered sheet of iron,
current density is

](x) = O'E(X) :O’~X~(})~Bm - COS wt.

Spatial currents in material of finite conductivity give rise to power losses also
called Joule losses. Specific power of these losses is equal to the product of the
current density and algebraic intensity of electrical field,

2
Pre(x) = AP = oE*(x) = ) =0-(x-®-By-coswt)

2
AV o '

Total losses Plg, in a single sheet of ferromagnetic material of dimensions
a x [ x H are obtained by spatial integration and are determined by (4.25):

H-l-6-(x-®- By - coswi)’dx

O ——

Pl]:g = JpFe(x)dV =2-
Vv

3
:%H.Z.G.Bm2~w2'(coswt)2=k~a3-Bm2'w2' (4.25)

Coefficient k is dependent on the dimensions H and /, specific conductivity o,
and factor cos’wr, whose average value is 0.5. Result (4.25) can be used in the
analysis of the reduction of losses due to splitting magnetic core to layers (sheets) of
thickness a.

Figure 4.9a shows a homogenous piece of ferromagnetic material which could
be considered as one layer of thickness a = A. Starting from the assumption that
thickness of the considered part is considerably smaller than the height, it is
possible to apply the result (4.25) and determine losses P, by (4.26):

Phom = k- By - 0> - A>. (4.26)

The considered part of magnetic circuit can be made to consist of N mutually
insulated layers (sheets) of thickness a = A/N, as shown in Fig. 4.9b. If the layer of
electrical insulation between the ferromagnetic sheets is considerably smaller than
a, it can be assumed that the cross-section of laminated magnetic circuit is filled
with iron. Therefore, magnetic resistance of laminated magnetic circuit is equal to
the resistance of magnetic circuit of the same shape, made of homogenous piece of
ferromagnetic material, as shown in Fig. 4.9a. Equation 4.25 gives the eddy current
losses Plg, in one sheet (layer), whatever the size. It has been applied (4.26) to
homogeneous magnetic circuit in Fig. 4.9a, which is considered as a single sheet
of iron, N times wider than the sheets shown in Fig. 4.9b, where the total number of
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such sheets is assumed to be N. The losses P, in laminated magnetic circuit of
width A = aN are determined by expression (4.27):

3
P,ame-Bm2~w2~(N> =k-B 0 A-a*= } 4.27)

Result (4.27) indicates that losses due to eddy currents in a part of magnetic
circuit of given dimensions decrease N times if the ferromagnetic material is split
into N insulated layers (sheets) of equal thickness oriented along the direction of
magnetic field. In cases with variable magnetic field perpendicular to the iron
sheets, the lamination does not reduce the eddy current losses. In addition, lamina-
tion of a magnetic circuit does not reduce the losses due to hysteresis.

In the case of a well-positioned laminar structure of magnetic circuit, losses due
to eddy currents are proportional to the squared laminar thickness a, which leads to
the conclusion that one should be using iron sheets as thin as possible. Conse-
quently, the question arises, why not use the iron sheets thinner than 0.1 <+ 0.2 mm?
Thinner sheets are more difficult to cut and to assemble. At the same time, a
decrease in thickness would reduce the equivalent cross-section of iron, decrease
the peak flux, and increase the magnetic resistance. Namely, there is an insulating
layer between the sheets, made of paper or nonconductive iron compounds. It is
several tens of micrometers thick, and it exists on both sides of the sheets. Any
further reduction of sheet thickness would reduce the amount of iron in the cross-
section of magnetic circuit below reason.

In magnetic circuits made of solid material where eddy currents are considerable,
magnetic field does not have homogeneous distribution over the cross-section.
An increase in operating frequency leads to significant eddy currents which, in
turn, result in uneven distribution of magnetic induction B across the cross-section
of the core. Namely, eddy currents create magnetic field which opposes to variations
of magnetic induction in the core. Such an effect of eddy currents is more emphasized
in the middle of the core, the region which is encircled by all the eddy current
contours (see Fig. 4.9a). This phenomenon results in difference between magnetic
induction in the center of the core and the induction at the peripheral regions.
In magnetic circuits made of iron sheets, these effects are reduced considerably,
and there is no significant difference in the field intensity across the cross-section of
the core.



Chapter 5
Rotating Electrical Machines

This chapter provides basic information on cylindrical machine. Typical machine
windings are introduced and explained, along with the basic forms of magnetic
circuits with slots and teeth. This chapter introduces common notation, symbols,
and conventions in representing the windings, their magnetic exes, their flux, and
magnetomotive force. Typical losses and power balance charts are explained
and presented for cylindrical motors and generators. Calculation of the magnetic
field energy in the air gap of cylindrical machines is given at the end of this chapter,
along with considerations regarding the torque per volume ratio.

Electrical machines are usually rotating devices creating electromagnetic torque
due to the magnetic coupling field. The machines perform electromechanical
conversion of energy; thus, they are called rotational converters. The stationary
part of rotating machines is called stator. The mobile part which rotates is called
rotor. The rotating movement of the rotor is accessible via shaft, which serves for
rotor mechanical coupling to a work machine. The magnetic coupling field creates
torque which acts on the rotor forcing it to rotation. The torque is the result of
interaction of electromagnetic forces, and for this reason, it is called electromag-
netic torque.

5.1 Magnetic Circuit of Rotating Machines

Electrical machines are mainly of cylindrical shape. Stationary part of the machine
(stator) is mostly made in the form of a hollow cylinder which accommodates
cylindrical rotor capable of rotating in its bearings with negligible friction. Both
stator and rotor are made of ferromagnetic material, and between them, there is an air
gap. Along the rotor axis, there is a shaft which serves for transferring the electro-
magnetic torque to a mechanical subsystem. The shaft protrudes out of the machine
to facilitate the coupling to work machines. Both stator and rotor contain windings
and/or permanent magnets which create the stator and rotor fields. By interaction of
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Fig. 5.1 Cross-section

of a cylindrical electrical
machine. (A) Magnetic circuit
of the stator. (B) Magnetic
circuit of the rotor. (C) Lines
of magnetic field. (D)
Conductors of the rotor
current circuit are subject

to actions of electromagnetic
forces F,,,

these fields, the electromagnetic torque is created, and it acts on the rotor and creates
rotational movement. Figure 5.1 shows cross-section of the magnetic circuit of an
electrical machine.

5.2 Mechanical Access

Rotating machines are connected via shaft to a load or a work machine. The rotor
and shaft are rotating at the mechanical angular speed €,,,. The torque 7., is created
by a couple of electromagnetic forces F,, which tend to move the rotor. The
product of the torque 7., and speed of rotation £2,, gives the power of electromag-
netic conversion P, = T,,£2,,. In cases when the torque acts in the direction of
rotation, power P, is positive. Then, electrical energy is being converted to
mechanical work; thus, the machine operates in the motor mode. Reference
directions for the torque and speed are indicated in Fig. 5.2.

The shaft represents mechanical connection, that is, mechanical access or
mechanical output of the machine. It rotates at angular speed €2,, and does the
transfer of electromagnetic torque T,,,. In the case when the machine operates as a
motor, the electromagnetic torque excites movement (7,,, > 0), while mechanical
load (load or work machine) resists to motion by an opposing torque, a torque of the
opposite sign, denoted by T,,. In this operating mode, electromagnetic torque
T., > 0 tends to accelerate the rotor, while the opposing torque 7,, > O tends to



5.3 The Windings 83

N/

U

/ T'J-' ?: ]

Fig. 5.2 Adopted reference directions for the speed, electromagnetic torque, and load
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slow it down. The change of speed is determined by Newton law applied to a
rotational movement:
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In general, electrical machine can be operated as a motor or as a generator.
A motor performs electromechanical conversion of electrical energy to mechanical
work; a generator performs conversion in the reverse direction. For a machine
operating in motor mode, torque T, is of positive sign, whereas in generator mode,
the sign of the torque 7., is negative. Electrical generators have their rotor
connected to a turbine which turns the rotor, supplying the mechanical power into
the machine. Thus, the torque T,, assumes a negative value with respect to the
reference direction shown in Fig. 5.2. Electromagnetic torque of the generator 7,
opposes this movement, and it also takes a negative value with respect to the
reference direction. Considering adopted reference directions, power of electro-
magnetic conversion P,,, is negative, indicating that the machine converts mechan-
ical work into electrical energy.

5.3 The Windings

In addition to magnetic circuits, which direct the magnetic field, electrical machines
also have current circuits, also called windings, which conduct electrical current.
The windings are made of a number of series connected, insulated copper
conductors. In cylindrical machines, the conductors are positioned along the cylin-
der axis (coaxially). By connecting a number of conductors in series, one obtains a
winding. Two conductors connected in series and positioned diametrically consti-
tute one contour or one furn. A machine could have a number of windings. They
may be placed on both stator and rotor. Each winding has two terminals, which
could be short circuited, open, or connected to a power source feeding the machine.
By connecting them to a voltage or current source, electrical current is established
in the windings. Terminals of the windings are electrical access (connection, input)
of the machine. Current i in a winding having N turns creates magnetomotive force
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Fig. 5.3 Magnetic field in the air gap and windings of an electrical machine. (A) An approximate
appearance of the lines of the resultant magnetic field in the air gap. (B) Magnetic circuits of the
stator and rotor. (C) Coaxially positioned conductors. (D) Air gap. (E) Notation used for the
windings

of F = Ni. By dividing the magnetomotive force with magnetic resistance R,,, one
obtains flux @. Stator windings create stator flux, whereas rotor windings create
rotor flux. There are machines where stator or rotor does not have windings, but
the flux is created by permanent magnets.

The resultant flux of the machine is obtained by joint action of the magnetomotive
forces of the stator and rotor. Lines of the resulting field run through the magnetic
circuit of rotor, air gap, and magnetic circuit of stator. Figure 5.3(A) shows the
lines of magnetic field in the air gap. The figure shows the zone where magnetic lines
leave magnetic circuit of the rotor and enter the air gap.' This zone is called north

1Figure 5.3 shows an approximate shape of the lines of magnetic field in the air gap, which does
not correspond to the air gap field of real machines. Electrical machines have magnetic circuit
containing slots and teeth which are described in the following subsections. The presence of slots
has an influence on the shape of the air gap field, making it relatively more complicated. In the
hypothetical case when the magnetic circuit is of an ideal cylindrical shape and permeability of
the ferromagnetic material is considerably higher than that of the air, the lines of magnetic field are
perpendicular to the surface separating the air gap and the ferromagnetic material. It is of interest
to envisage the surface that separates the air gap from the ferromagnetic material. The boundary
conditions relate tangential components of magnetic field H on either side of this surface with
surface electrical currents Js. With Jg = 0, tangential component of magnetic field H in the air is
equal to tangential component of magnetic field in ferromagnetic material. Since Br, < 1.7 T and
Hr. = Br./ur. = 0, tangential component of magnetic field in the air is close to zero. Thus, the
lines of magnetic field in the air gap are perpendicular to the surface separating the air gap and
the ferromagnetic circuit.
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magnetic pole of the rotor. Diametrically opposed is the south magnetic pole.
In the same way, the north and south poles of the stator can be identified. The
electromagnetic torque arises from the tendency of rotor poles to take place against
the opposite poles of the stator.

The right-hand side of Fig. 5.3 shows cross-section of the machine. Conductors
of stator and rotor windings are marked by (C). The stator and rotor could have
several windings. For clarity, individual windings are represented by the symbol
marked by (E) in Fig. 5.3.

Stator flux can be represented by a vector whose course and direction are
determined by positions of its poles, while its algebraic intensity (amplitude) is
determined by the flux itself, namely, by the surface integral of magnetic induction
B. Rotor flux can be represented in the same way. In the following subsections, it
will be shown that the electromagnetic torque is determined by the vector product
of the two fluxes, that is, by the product of the flux amplitudes and the sine of the
angle between them.

5.4 Slots in Magnetic Circuit

Magnetic circuits of the stator and rotor are made of iron sheets in order to reduce
power losses. The iron sheets are laid coaxially. Each individual sheet has a cross-
section of the form indicated in Fig. 5.4. A number of sheets are assembled and
fastened, producing is such way magnetic core. Stator usually assumes the form of a
hollow cylinder, whereas rotor is cylindrical, fitting in the stator cavity. Distance
between the stator and rotor (air gap) can be from one to several millimeters.
Windings of the machine consist of series connected, mutually insulated copper
conductors. Conductors are insulated between each other, as well as from the
magnetic circuit and other parts of the machine. The conductors are insulated

Fig. 5.4 Cylindrical
magnetic circuit of a stator
containing one turn composed
of two conductors laid in

the opposite slots
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o

Fig. 5.5 Shapes of the slots in magnetic circuits of electrical machines. (a) Open slot of
rectangular cross-section. (b) Slot of trapezoidal shape. (¢) Semi-closed slot of circular cross-
section

by lacquer, paper, silicon rubber, or some other insulating material. The insulated
copper conductors are placed in slots which are positioned coaxially (parallel to
machine axis) along the inner side of the stator magnetic circuit or outer side of the
rotor magnetic circuit. Examples of some of the slots are shown in Fig. 5.5. Shape of
the cross-section of a slot is determined by the need for achieving a smaller or larger
leakage flux as well as by the need for mechanical tightening of the conductors
placed in these slots. The slots shown in Fig. 5.5 may have one or more conductors.
In most cases, the stator slots may have conductors of two different phase windings.

In Fig. 5.6, the cross-section of the stator magnetic circuit shows the axial
grooves along the inner surface of the stator. These grooves are called slots. Part
of the magnetic circuit between two neighboring slots is called footh. The teeth are
formed by cutting the same slot through all the iron sheets which are assembled
when forming the magnetic circuit. After the sheets are arranged, one obtains a slot
of trapezoidal, or oval, or of some other cross-section. The way the insulated
conductors are placed in the slots is illustrated in Fig. 5.6, where the front side of
the stator is shown as (F), size view of the stator is shown as (G), whereas the views
(H) and (I) show 3D view of the stator with one section.

One turn can be obtained by a series connection of conductors placed in different
slots (A-B in Fig. 5.6). The two conductors making one turn can be placed in
diametrical slots, but there are also turns where this is not the case. The two
conductors which belong to one turn pass through the slots and get out of the
magnetic circuit at the rare side. At that point, they get connected by the end turns,
denoted by A, C, and D in Fig. 5.6. Conductors that are placed in slots, the end turns
(D), and front connections (C) between conductors are usually made of a single piece
of insulated copper wire.

The slots under consideration may hold more than one copper conductor. There-
fore, several turns may reside in the same pair of slots. These turns are connected in
series. In such way, one obtains a coil or a section (C-E in Fig. 5.6). To connect the
turns in series, one section has the end turns at the front side of the stator (detail C) as
well as at the rear side of stator (detail D).
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(A)

(B)

Fig. 5.6 Definitions of one turn and one section

One section can have one or more turns connected in series. One winding can have
one or more sections connected in series. Terminals of the winding can be connected
to electrical source or electrical load. They represent electrical access to the machine.
Electrical machines can have several windings in the stator and/or rotor.

Flux of one turn is equal to the flux through the contour determined by the
conductors of the turn. Flux of a turn is denoted by @, and it is equal to the surface
integral of magnetic induction over the surface leaning on the contour. Flux of a coil
having N turns is equal to N®.

Question (5.1): Is magnetic induction in the teeth of higher or lower intensity
compared to the rest of the magnetic circuit? Why?

Answer (5.1): Flux of the machine passes through magnetic circuit of the stator
and through magnetic circuit of the rotor. Within the iron parts of the circuit, there
are no air gaps of high magnetic resistance. Passing toward the air gap, lines of
magnetic field get through the teeth. The equivalent cross-section is then reduced,
since the field is directed toward teeth and not toward slots, where magnetic
resistance is much higher. Since the same flux now passes through a smaller
equivalent cross-section, magnetic induction in the teeth is higher than the induc-
tion in the other parts of magnetic circuit.
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5.5 The Position and Notation of Winding Axis

Windings can be placed in stator, rotor, or in both parts of the machine, depending
on the type of electrical machine. The main types of electrical machines are DC
machines, asynchronous machines, and synchronous machines. Introductory
remarks on windings of electrical machines are given in Sect. 5.3 “The Windings”.
In synchronous and DC machines, the excitation flux can be accomplished by
means of permanent magnets. In such cases, the number of windings is smaller
since there is no excitation winding. Asynchronous and synchronous machines are
also called AC machines, and they usually have three windings in the stator called
the three-phase windings. When dealing with machines which have a large number
of windings, it is not practical to include a detailed presentation of all these
windings. Too many details and unclear presentations do not help drawing
conclusions and making decisions. Instead, each of the windings can be denoted
by a simple mark which defines its axis, that is, its spatial orientation.

Axis of a winding is determined by direction of the lines of magnetic field
created by the currents circulating in the winding conductors. In the preceding
subsections, winding is defined as a set of several conductors placed in a slot,
connected in series, and accessible via winding terminals which are connected to
electrical sources or electrical receivers. One turn is series connection of two
conductors placed in different, mostly diametrical slots. The conductors are
connected by end turns at machine ends. Gathered together, they make a contour.
Electromotive forces of the two conductors are added to make the electromotive
force of the turn/contour. Flux created by current in one turn has direction perpen-
dicular to the surface encircled by the contour. This normal on this surface defines
spatial orientation of the turn. The turns making one winding can be distributed
along machine perimeter and can be of different spatial orientation.

In cases where all the turns that constitute winding reside in the same pair of
slots, the turns share the same magnetic axis. Electrical currents in these turns create
magnetomotive force and flux in the same direction. Such winding is called
concentrated winding. The winding current in concentrated winding creates mag-
netic field in the air gap. Lines of this field pass through the iron core, where
intensity of the field Hr, is very small due to high permeability of iron. In addition,
lines of the field pass through the air gap twice, as shown in Fig. 5.7. Therefore,
intensity of the field in the air gap can be determined from Ni = 2Hyd. Magnetic
field created by the winding has two distinct zones in the air gap, one where the
lines of magnetic field come out of the rotor, pass through the air gap, and enter
magnetic circuit of the stator, and the other where the field is in the opposite
direction. These zones are called magnetic poles. Positions of the poles are deter-
mined by the direction of the field. This direction extends along the axis of the
winding. For a concentrated winding with turns made of series connected diametri-
cally positioned conductors, the axis of the winding corresponds to the axis of each
individual turn. This axis is perpendicular to the surface encircled by diametrical
conductors.
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Fig. 5.7 Notation of a winding and its axis

While analyzing electrical machines, consideration of all conductors of all
windings would be too complex and of little use. Therefore, the windings are
represented by special marks, similar to those of the coils. Orientations of each
mark should be such that it extends along the axis of the winding. Namely, direction
of the mark should be aligned with the lines of magnetic field established by
electrical current in the winding. The way of marking the axis of a winding is
shown in Fig. 5.7.

Windings of electrical machines can be made in such way that one slot contains
more than one conductor. Conductors placed in one slot do not have to belong to the
same winding. In a three-phase machine, there are three separate stator windings,
having a total of six terminals. One slot may contain conductors belonging to two or
even three separate windings. Three parts of one stator winding are often called
phases (three-phase windings).

5.6 Conversion Losses

Conversion process in electrical machines involves power losses in magnetic
circuits, in windings, and in mechanical subsystem. Losses in magnetic circuits
are a consequence of alternating magnetic induction in ferromagnetic materials, and
itis divided in hysteresis losses and eddy currents losses. Losses due to eddy currents
can be reduced by lamination. Laminated magnetic circuit is made of iron sheets
separated by thin layers of electrical insulation. In such way, eddy currents are
suppressed along with eddy current losses. Winding losses are proportional to
the winding resistance and square of electrical current. Mechanical losses are
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Fig. 5.8 Balance of power
of electrical machine
in motoring mode
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consequence of resistance to rotor motion. They are caused mainly by friction in the
bearings and air resistance in the air gap. When electrical machine operates in the
steady state motoring mode, it takes the power P,;; = 2uiy, from the electrical power
source. In motoring mode, it is convenient to assume the reference direction for the
power P, and current i), from the source toward the machine. During the process of
electromechanical conversion, certain amount of energy is lost in magnetic circuit at
the rate of Py, also called power losses in iron. In windings, energy is lost at the
rate of Pc,, also called power losses in copper. Internal mechanical power which is
transferred to the rotor is the product of electromagnetic torque and speed of
rotation, T,,,L2,,. The motion resistance caused by friction in the bearings and friction
in the air results in mechanical losses P,,,y. Power Py = 1o, — Pyt = T 20
is transferred via shaft to a work machine. In the motor mode, the source power is the
machine input, power P,,, is the output, whereas the sum Pp.p + Poyys + Py
determines the power of losses. Ratio 1 = P,,,34/P.p 1S the coefficient of efficiency,
and it is always less than one. The balance of power for an electrical machine
operating in motoring mode is shown in Fig. 5.8.

In the case when machine operates in generator mode, it converts mechanical
work to electrical energy. The balance of power for the generator mode is shown in
Fig. 5.9. Generator receives mechanical power P,,g, obtained from a hydroturbine,
an endothermic motor, or some other similar device.

In Fig. 5.8, the mechanical power is considered positive if it is directed from the
turbine toward electrical machine. In this case, the turbine is the source of mechani-
cal power. With the reference directions for power and current adopted for motoring
mode (Fig. 5.8), where the power is considered positive when being supplied from
the electrical machine and being delivered to the work machine, then the mechanical
power P, in generator mode has a negative value. Therefore, the reference direction
in generator mode is often changed and determined so as to obtain positive values of
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power P,,g, received from the turbine, and a positive value of power P, supplied
by the generator to electrical circuits and receivers, connected to the stator winding.
The same reference direction is usually taken for the electrical current ig.

Power P,,; represents input to the generator, and it comes from the turbine or
other source of mechanical power. Within the machine, one part of the input power
is lost on overcoming motion resistances encountered by the rotor. By subtracting
power P, from input power P,,;, one obtains internal mechanical power which is
converted to electrical power. One part of the obtained electrical power is lost in
windings, where the copper losses are P¢,g, and in magnetic circuit, where the iron
losses are Pr.. The remaining power is at disposal to electrical consumers supplied
by the generator. At the ends of stator winding, one obtains currents and voltages
which determine the generated electrical power P,; = 2uig, which can be trans-
ferred to electrical consumers.

The coefficient of efficiency can be increased by designing the machine to have
reduced losses windings (copper losses) and magnetic circuit (iron losses). By
increasing the cross-section of conductors, the resistance of copper conductors is
decreased which leads to reduced copper losses. By increasing the cross-section of
magnetic circuit, the magnetic induction decreases for the same flux. Consequently,
the iron losses are smaller. On the other hand, this approach to reducing the
current density and magnetic induction leads to an increased volume and mass of
the machine. The specific power, determined by the ratio of the power and mass of the
machine, becomes smaller as well. Therefore, for an electrical machine of predefined
power, decreased current and flux densities lead to an increase in quantities of copper
and iron used to make the machine. At the same time, dimensions of the machine are
increased as well.

Design policy of reducing the flux and current densities decreases the overall
energy losses in copper and iron in the course of electrical machine service.
Nevertheless, the overall effects of this design policy may eventually be negative.
Namely, the increase in efficiency is obtained on account of an increased consump-
tion of iron and copper. At this point, along with the energy spent during the
operating lifetime of electrical machines, it is of interest to take into account
the energy spent in their manufacturing. Production of the electrolytic copper,
used to make the windings, requires considerable amounts of energy. The same
way, production of insulated iron sheets for making magnetic circuits requires
energy. Therefore, the energy savings due to reduced copper and iron losses are
counteracted by increased energy expenditure in machine manufacturing.

Choice of the flux and current density in an electrical machine is made in the
design phase, and it represents a compromise. For machines to be used in short time
intervals, followed by prolonged periods of rest, it is beneficial to use increased flux
and current density. Increased copper and iron losses are of lesser importance, as
the machines are mostly at rest. On the other hand, savings in copper and iron
contribute to significant reduction in energy used in machine manufacturing.

Contemporary electrical motors are fed from power converters which can adjust
voltages and currents of the primary source to the requirements of machines. Among
other things, the possibility of varying conditions of supply is used for the purpose
of bringing a machine to the operating regime where power losses are reduced.
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5.7 Magnetic Field in Air Gap

Between stator and rotor, there is a clearance, often called air gap. In Fig. 5.10, the
air gap is denoted by (C). The clearance 0 is considerably smaller than diameter of
the machine and ranges from a fraction of millimeter for very small machines up to
10 mm for large machines.

The permeability of ferromagnetic materials (iron) is very large. Since the flux
through the air gap is equal to the flux through magnetic circuit, similar values of
magnetic induction are encountered in both the air gap and iron. Since pp, >> po,
the magnetic field H in iron is negligible. It can be assumed that the magnetic field
H has a significant, nonzero value H, only in the air gap (Fig. 5.11). The contour
integral of the field H is reduced to the value given by (5.2) which relates the
magnetomotive force F to the line integral of magnetic field along the closed
contour:

F= ZN:’ = }ﬁ -dl'= 2H,5. (5.2)
C

Doubled value of the product Hyd in (5.2) exists since the lines of magnetic field
pass through the air gap twice, as shown in Fig. 5.11.

Fig. 5.10 Cross-section of an electrical machine. (A) Magnetic circuits of the stator and rotor. (B)
Conductors of the stator and rotor windings. (C) Air gap
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)

Since Ni = 2H,9, it is of significance to have smaller gap J. In this way, the
required field H, can be accomplished with a smaller current in the windings and
lower losses. However, there are limits to the minimum applicable air gap. The air
gap must be sufficient to ensure that the stator and rotor do not touch under any
circumstances. A finite precision in manufacturing mechanical parts and a finite
eccentricity of the rotor as well as the existence of elastic radial deformation of the
shaft in the course of operation prevent the use of air gaps inferior to 0.5-1 mm.
Otherwise, there is a risk that the rotor could scratch the stator in certain operating
conditions.

Fig. 5.11 The magnetic field
lines over the cross-section
of an electrical machine

1
N

5.8 Field Energy, Size, and Torque

Cylindrical electrical machines based on magnetic coupling field develop the
electromagnetic torque through an interaction of magnetic field with winding
currents. The available electromagnetic torque can be related to the machine size.
In addition, the available torque can be estimated from the energy of the magnetic
field in the electrical machine.

Cylindrical electrical machines based on magnetic coupling field have an immo-
bile stator and a revolving rotor. The rotor is turning around the axis of cylindrical
machine. The axis is perpendicular to the cross-section of the machine presented in
Figs. 5.10 and 5.11. The measure of mechanical interaction of the stator and rotor is
the torque. When the torque is obtained by action of the magnetic coupling field, it
is called the electromagnetic torque. The torque is created due to the interaction of
the stator and rotor fields. Magnetic fields of stator and rotor can be obtained either
by inserting permanent magnets into magnetic circuit or by electrical currents in the
windings. Left part in Fig. 5.3 illustrates the torque which tends to align different
magnetic poles of the stator and rotor. In order to determine the relation between the
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Fig. 5.12 Energy exchange between the source, field, and mechanical subsystem within one cycle
of conversion. (a) Interval when the source is off, @ = const. (b) Interval when the source is on,
I = const

available torque and the energy accumulated in the coupling magnetic field, it is of
use to summarize the process of electromechanical conversion, taking into account
the cyclic nature of the process as well as the two phases in one conversion cycle.
During the first phase, electromechanical converter is connected to the electrical
source. The source supplies the energy which is split in two parts. One part
increases the energy accumulated in the coupling field, while the other part feeds
the process of electromechanical conversion. During the second phase of the
conversion cycles, the electrical source is disconnected from the electromechanical
converter, and the mechanical energy is obtained from the energy stored in the
coupling field. In Fig. 5.12, marks W;, W,,.;,, and W,,, denote energy of the source,
mechanical energy obtained from the converter, and energy accumulated in the
magnetic coupling field, respectively. The cycle of electromechanical conversion in
converters with magnetic coupling field is analogous to the cycle of converters
based on electrical coupling field, the later being described in Sect. 3.1.4, Conver-
sion Cycle.

In the case when the source is separated from machine windings (Fig. 5.12a), the
voltage across terminals of the winding is u ~ Nd®/dr = 0. Neglecting the voltage
drop Ri, the flux in a short-circuited winding is constant. In the absence of electrical
source, mechanical work can be obtained only on account of the energy of the
coupling field. Therefore, in such conditions, dW,,., = —dW,,. This assertion can
be illustrated by example where a mobile iron piece is brought into magnetic field
of a coil. A shift dx of the iron piece produces mechanical work dW,,., = Fdx,
where F is the force acting on the piece. Self-inductance of the coil L(x) is
dependent on the position of the piece of iron, as the piece changes the magnetic
resistance to the coil flux. In the case when this coil is separated from the source and
short circuited, and resistance R of the coil is negligible, the first derivative of the
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flux is zero, and the flux ¥ is constant. Variation of the field energy due to a shift dx
is given by (5.3), where i is the coil current:

1 P2 P2 1
dW,, =d(Li* | =d| =+ ) = — 55 dL = — ~i*dL. 5.3
" (2 ’) (ZL) 202 2! (5-3)
Since dW,,., = —dW,,, the force acting on mobile piece of iron in magnetic field

of a short-circuited coil can be determined from (5.4):

dWyen, = F dx = —dW,,
1,dL
=F=—i>—. 5.4
2" dx G4
If the electrical source is connected (Fig. 5.12b), electrical current in the winding
is determined by the source current /. The current is constant, while the flux
changes. Upon shift dx, the source delivers energy dW; = u I dt, where u = d¥/d¢
is the voltage across the coil terminals. Work of the source is given by (5.5):

AW, =uldt=1d . (5.5)

Since the coil current is constant, the corresponding increase of energy of the
magnetic field can be obtained by applying (5.6):

1 1 1 1
dW,, =d( =L ) ==PdL =-1d ¥ = —dW,. 5.6
(2 ) 2 2 2 (5.6)

From the previous equation, it follows that work of the source is split to equal
parts2 dw,, = dW,,.,, = dW,/2. Expression for the force acting on the mobile piece
of iron in cases where the source is connected is F = 5 I dL/dt, which corresponds
to expression (5.4), developed for the case when the source is disconnected and the
coil is short circuited.

Neither of the two described processes could last for a long time. If the source is
disconnected permanently, the energy of the coupling field W,, is converted to

2 Distribution of the work delivered by the source corresponds to expressions dW,, = dW,,.;, =
dW,/2 if the medium is linear, that is, if permeability u of the medium does not depend on the field
strength. Then, the coefficient of self-inductance L(x) depends exclusively on the position x of the
iron piece. Thus, ratio ¥/l does not depend neither on flux nor on the electrical current. Under the
described conditions, the statements (5.5) and (5.6) are correct. Consequently, relations dW,, =
dW,,.., = dW;/2 hold as well. In cases when magnetic induction in iron reaches the level of
magnetic saturation, the characteristic of magnetization of iron B(H) becomes nonlinear. The
saturation is followed by a drop in permeability u of the medium (iron). In such cases, inductance
of the coil is a function of both position and flux, L= ¥/i = f(x,¥V). Consequently, the expression for
increase of the field energy would take another form. Subsequent analysis leads to the conclusion
that with nonlinear medium, the work of the source is not to be split in two equal parts.
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mechanical work until it is completely exhausted. On the other hand, should the
source be permanently connected, one part of the source energy is converted to
mechanical work, while the other part increases energy of the field. An increase in
the field energy is followed by a raise in the magnetic field H and magnetic
induction B. Magnetic induction in a magnetic circuit comprising iron parts cannot
increase indefinitely. Accumulation of energy W,, is limited by magnetic saturation
in iron sheets, which limits magnetic induction to B,,,, < (1.7 = 2)T. Since neither
of the two phases in one conversion cycle cannot persist indefinitely, they have to
be altered in order to keep the field energy within limits. Therefore, the electrome-
chanical conversion is performed in cycles which include interval when the source
is disconnected (left side of Fig. 5.12) and interval when the source is connected
(right side of the figure). An interval when the source is connected must be followed
by another interval when the source is disconnected in order to prevent an excessive
increase or decrease of the energy accumulated in the coupling field.

The expressions for electrical force given by (3.7) and (3.9) can be applied in the
cases when the medium is linear, that is, when permeability u of the medium does
not depend on the field strength.

All electromechanical converters are operating in cycles. In the first phase,
mechanical work is obtained from the source, while in the second phase, it
comes from the energy accumulated in the coupling field. The cyclic connection
and disconnection of the source does not have to be made by a switch. Instead, the
electrical source can be made in such way to provide a pulsating or alternating
voltage which periodically changes direction or stays zero for a certain amount of
time within each cycle. In the case of an AC voltage supply, the cycle of electro-
mechanical conversion is determined by the cycle of the supply voltage. The
mechanical work which can be obtained within one cycle is comparable to
the energy of the coupling field. In the example presented in Fig. 5.12, energy of
the coupling field assumes its maximum value W, at the instant when the
source is switched off. If the field energy is reduced to zero at the end of the cycle,
then the mechanical work obtained during one full cycle is twice the peak energy
of the field, Wyen1y = 2Wonmax)- For rotating machines, one cycle is usually
determined by one turn of the rotor.” Mechanical work obtained by action of the
electromagnetic torque T, during one turn is equal to the product of the torque and
angular path (2nT,,). Therefore, the electromagnetic torque of an electrical
machine can be estimated on the basis of the peak energy accumulated in the
coupling field.

The relevant values of magnetic field H are exclusively those in the air gap. In
ferromagnetic materials, the field H is negligible due to a rather large permeability.
Therefore, energy of the coupling field is located mainly in the air gap.

Product of the torque T,,, and angular speed of rotation £2,, is the mechanical
power which is transferred to work machine via shaft. In the case of a generator, the
energy is converted in the opposite direction. Namely, mechanical work is

3 Exceptions are electrical machines with more than one pair of magnetic poles, explained later on.
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converted into electrical energy. Given the reference directions, the product of
generator torque 7T,,, and speed 2, is negative, indicating that the mechanical
power is transferred to electrical machine via shaft.

Question (5.2): If dimensions of a machine and the peak value of magnetic
induction are known, estimate the electromagnetic torque which can be developed
by this machine.

Answer (5.2): Energy accumulated in the electromagnetic field is located mainly
in the air gap. Volume of the air gap is V = nLDJ, where D is diameter of the
machine, L is axial length, and 0 is the air gap. Magnetic induction B in the air gap
depends on electrical current in the winding. Lines of the magnetic field which pass
through the air gap enter the ferromagnetic material. Usually, the ferromagnetic
parts are made of iron sheets which make up the stator and rotor magnetic circuits.
Therefore, induction in the air gap cannot exceed value B,,,, =~ 1.7 T. Excessive
values of B would cause magnetic saturation in the iron sheets. Therefore, the
density of energy accumulated in magnetic field in the air gap cannot exceed "2
Bmaf/uo. The maximum energy of the coupling field can be estimated as W ,nax) =
Vo TLDOB e/ 110, While the electromagnetic torque of the machine can be estimated
by dividing the obtained energy by 2m.



Chapter 6
Modeling Electrical Machines

This chapter introduces, develops and explains generalized mathematical model of
electrical machines. It explains the need for modeling, introduces and explains
approximations and neglected phenomena, and formulates generalized model as a
set of differential and algebraic equations.

Working with electrical machines requires mathematical representation of the
process of electromechanical conversion. It is necessary to determine equations
which correlate the electrical quantities of the machine, such as the voltages and
currents, with mechanical quantities such as the speed and torque. These equations
provide the link between the electrical access to the machine (terminals of the
windings) and the mechanical access to the machine (shaft). The two accesses to
the machine are shown in Fig. 6.1, which illustrates the process of electromechanical
conversions and presents the principal losses and the energy accumulated in mag-
netic field. Equations of the mathematical model are used to calculate changes in
electromagnetic torque, electromotive forces, currents, speed, and other relevant
variables. Besides, the model helps calculating conversion losses in windings, in
magnetic circuits, and in mechanical parts of the machine.

The set of equations describing transient processes in electrical machines
contains differential and algebraic equations, and it is also called dynamic model.
Operation of a machine in steady states is described by the steady state equivalent
scheme, which gives relations between voltages and currents at the winding
terminals, and by mechanical characteristic, which describes relation between the
torque and speed at the mechanical access. In the following subsection, an intro-
duction to the modeling of electrical machines is presented. Figure 6.1 presents a
diagram showing power of the source P., mechanical power P,,, winding losses
Py, losses in the coupling field Pr,, mechanical losses due to rotation P.,, (motion
resistance losses), and energy of the coupling field W,,,.

S.N. Vukosavic, Electrical Machines, Power Electronics and Power Systems, 99
DOI 10.1007/978-1-4614-0400-2_6, © Springer Science+Business Media New York 2013
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Fig. 6.1 Power flow in an electromechanical converter which is based on magnetic coupling field

6.1 The Need for Modeling

A good knowledge of electrical machines is a prerogative for successful work of
electrical engineers. Knowledge of the equivalent schemes in steady states and
mechanical characteristics is required for selecting a machine which would be
adequate for a particular application, for designing systems containing electrical
machines, as well as for solving the problems which may arise in industry and power
engineering. Knowledge of the dynamic model of electrical machines is necessary
for solving the control problems of generators and motors, for designing protection
and monitoring systems, for determining the structures and control parameters in
robotics, as well as for solving the problems in automation of production, electrical
vehicles, and other similar applications.

In all cases mentioned above, one should know the basic concepts concerning the
size, mass, construction, reliability, and coefficient of efficiency of electrical machines.

Further on, a general model of electrical machines is presented in this section.
Along with the model, common approximations made in the course of modeling are
listed, explained, and justified. The main purpose of studying the general model is
to determine the dynamic model for commonly used electrical machines and to
obtain their steady state equivalent schemes and mechanical characteristics.

The diagram shown in Fig. 6.1 presents power P, which the electromechanical
system receives from the source, power P,, which is transferred via shaft to the
mechanical subsystem, losses in the electrical subsystem P, iron losses Pr,, as
well as the losses due to friction P,,, in the mechanical subsystem. It is necessary to
develop corresponding mathematical model which describes the phenomena within
the electromechanical converter shown in Fig. 6.1.

What is a good model? How to obtain a good model?

Generally speaking, a model is a mathematical representation of the system
which is under consideration. In most cases, less significant interactions are
neglected, and then, a simplified representation is obtained, yet still adequate for
the purposes and uses. In electrical engineering, a model is usually a set of
differential equations describing behavior of certain system. In some cases, like
steady state operation, these equations can be reduced to an equivalent electrical
circuit (expressions replacement scheme, replacement circuit, and equivalent
scheme are also used).
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The phenomena and systems of interest for an electrical engineer are usually
complex and include some interactions which are not of uttermost importance and
should not be taken into account. Considering gas pressure pushing the head of a
piston in the cylinder of an endothermic motor, the action is the result of continuous
collisions of a large number of gas particles with the surface of the piston. Strictly
speaking, the force is not constant, but it consists of a very large number of strikes
(pulses) per second. However, in the analysis of the torque which the motor transfers
to the work machine, only the average value of the force is of interest. Therefore, the
effects of micro strikes are neglected, and the force is considered to be proportional
to the surface of the piston head and to the gas pressure in the cylinder.

In electrical engineering, passive components, such as resistors, capacitors, and
inductive coils (chokes), are very often mentioned and used. Strictly speaking,
models of real chokes, capacitors, and resistors are more complex compared to
widely accepted models that are rather simple. At high frequencies, influences of
parasitic inductance and equivalent series resistance of a capacitor become notice-
able. Under similar conditions, parallel capacitance of a choke cannot be neglected
at very high frequencies. Similar conclusion can be made for a resistor. In a rigorous
analysis, real components would have to be modeled as networks with distributed
parameter. Yet the frequencies of interest are often low. At low frequencies,
parasitic effects are negligible, and the well-known elements R, L, and C are
considered as lumped parameter circuit elements described by relations Ri = u,
u = Ldi/dt, and i = Cdu/dt. Therefore, parasitic effects and distributed parameters
do not have to be taken into account when solving problems and tasks at low
frequencies. In cases when all the parasitic and secondary effects are modeled, the
considered RLC networks become rather complex, and their analysis becomes
difficult. Drawing conclusions or making design decisions based upon too complex
models becomes virtually impossible.

Therefore, a good model is not the one that takes into account all aspects of
dynamic behavior of a system, but the one which is simplified by justifiable
approximations, thus facilitating and improving the process of making conclusions
and taking design decisions, while retaining all relevant (significant) phenomena
within the system. It is not possible to develop an analytical expression which
would help in defining the relevance, but in making approximations, it is necessary
to distinguish the essential from nonessential on the basis of a deeper knowledge of
the system and material and through the use of experience. A tip to apprentices in
modeling conventional electrical machines is to take into account all the phenom-
ena up to several tens of kHz and to neglect the processes at higher frequencies.

6.1.1 Problems of Modeling

In the process of modeling, it is required to neglect insignificant phenomena in
order to obtain a simple, clear-cut, and usable model. For successful modeling and
use of the model, it is necessary to make correct judgment as regards phenomena
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that can be neglected. If important phenomena are neglected or overlooked, the
result of modeling will not be usable. Here, an example is presented which shows
that taking correct decisions often relies on a wider knowledge of the considered
objects and phenomena which is acquired by engineering practice.

Consider a capacitor which consists of two parallel plates with a dielectric of
thickness d in between. It is customary to consider that the field in dielectric is
homogeneous and equal to £ = U/d. If this capacitor is used in a system where its
high-frequency characteristics are not significant, it can be considered ideal and
its interelectrode field homogeneous. Consider the case when a pulse-shaped
voltage having a very large slope dV/dt is connected to the plates. At low
frequencies, the capacitor can still be considered ideal since the simplification
made cannot be of any influence to the low-frequency response. However, it is
possible that a very high dV/d¢ values result in breakdown of dielectric, even in
cases where the steady state field strength E = U/d is considerably smaller than the
dielectric strength. The term dielectric strength corresponds to the maximum
sustainable electric field in dielectric, exceeding of which results in breakdown of
the dielectric. High dV/dr contributes to a transient nonuniform distribution of
electric field between the plates, with £ < U/d in the middle and E > U/d next to
the plates. Namely, what actually happens in the process of feeding the voltage
to the plates is, in fact, propagation of an electromagnetic wave which comes from
the source and is directed by conductors (waveguides) toward the plates. The
propagation of the electromagnetic wave continues in the dielectric; therefore,
the highest intensity of the electric field is in the vicinity of the plates, whereas in
the space between the plates, it is lower. Uneven initial distribution of the field is
established within a very short interval of time, which is dependent on dimensions
and is of the order of nanoseconds.

As a consequence of this uneven field distribution, the process of an abrupt
voltage rise (very high slope dV/dr) may lead to a situation when, for a short time,
the field exceeds dielectric strength of the material in close vicinity of the capacitor
plates, even in cases when E = U/d is very small. A breakdown results in destruc-
tion of the structure and chemical contents of the dielectric, but nevertheless, it has
local character. The damaged zones of the dielectric are next to the plates, whereas
toward inside the dielectric is preserved. However, if described incidents occur
frequently (say 10,000 times per second), damaged zones tend to spread, and they
change characteristics of the capacitor. Prolonged operation in the prescribed way
eventually leads to dielectric breakdown between the plates, and it puts the capaci-
tor out of service. Similar phenomenon occurs in insulation of AC motors fed from
three-phase transistor inverters, commonly used to provide the so-called U/f fre-
quency control. Three-phase inverters provide variable voltage by feeding a train of
voltage pulses to the motor. The pulse frequency is next to 10 kHz. The width of the
pulses is altered so as to obtain the desired change in the average voltage (PWM —
pulse width modulation). The voltage pulses are of very sharp edges, with consid-
erable values of dV/dt, and they bring up an additional stress to the insulation of the
windings. Hence, certain high-frequency phenomena cannot be neglected when
analyzing PWM-supplied electrical machines.
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The example considered above requires a deeper understanding of the process
and is founded on experience. The knowledge required for thorough understanding
of given example is not a prerequisite for further reading. However, it is of interest
to recognize the need to enrich the studies by laboratory work, practice, written
papers, and projects, acquiring in this way the experience necessary for a successful
engineering practice. A successful engineer combines the theoretical knowledge,
skill in solving analytically solvable problems, but also the experience in modeling
processes and phenomena. In order to make the most out of the knowledge and skill,
it is necessary primarily to use the experience and deeper understanding of the
process of electromechanical conversion and reduce a complex system to a mathe-
matical model to be used in further work.

6.1.2 Conclusion

A good model is the simplest possible model still representing the relevant aspects
of the dynamic behavior of a system — process — machine in a satisfactory way.

In the process of generating models, justifiable approximations are made in order
to make a simple model suitable for recognizing relevant and significant phenom-
ena, for making conclusions, and for taking engineering and design decisions.
When introducing the approximations, care should be taken that these do not
jeopardize the accuracy to the extent that makes the model useless.

This book is the first encounter with cylindrical electromechanical converters
with magnetic coupling field for a number of readers. Therefore, initial steps in
machine analysis and modeling are made with certain approximations. Among the
four principal approximations, the losses in magnetic circuits or iron losses are also
neglected. Omission of these losses makes the basic models of electrical machines
easier to understand. In most electrical machines, iron losses are marginalized by
lamination, and the mentioned approximation is partially justifiable. It is necessary,
however, to have in mind that at higher frequencies and larger magnetic induction,
the iron losses can be considerable and should be taken into account in calculating
the total losses and coefficient of efficiency, as well as in designing the corres-
ponding cooling systems.

6.2 Neglected Phenomena

In the course of developing a model, it is justifiable to neglect less significant
phenomena, the omission of which does not cause significant deviations of the
obtained results. The four most common approximations are:

e The system is considered as a lumped parameter network.
« Parasitic capacitances are neglected.
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e The iron losses are neglected.
» Ferromagnetic materials are considered linear

6.2.1 Distributed Energy and Distributed Parameters

Electrical machines are usually considered as networks with lumped parameters
and represented by circuits comprising discrete inductances and resistances. Con-
sidering actual L and C elements, the coil energy resides in spatially distributed
magnetic field, while the capacitor energy resides in spatially distributed electrical
field. It is well known' that changes in magnetic field give a rise to induced
electrical field and vice versa. The induced field is proportional to the rate of change
of the inducting field, that is, to the operating frequency. Hence, a coil with an AC
current is surrounded by magnetic field, but also with an induced electrical field, the
strength of which depends on the operating frequency. Similar conclusion can be
drawn for a capacitor. The presence of both fields contributes to parasitic capaci-
tance of the coil and parasitic inductance of the capacitor.

Lumped parameter approach neglects the spatial distribution of the coil and
capacitor energy. It is assumed that both energies reside within discrete elements
and that the amounts %ALi* and ACu? do not reside in space. The coils and capacitors
are considered ideal, lumped parameter L-C elements. The adopted models are
u; = Ldi/dt and i = Cdu/dt, neglecting the secondary effects such as capacitance
of a coil or inductance of a capacitor. With the induced fields being proportional
to the operating frequency, lumped parameter approach introduces a negligible error
at relatively low frequencies that are in use in typical applications of electrical
machines.

One of the consequences of neglecting distributed energy and distributed
parameters is concealing the energy transfer. In a lumped parameter network, a
pair of conductors with electrical current i and voltage u transmits the energy at
a rate of p = ui. This expression involves macroscopic quantities like voltage and
current and suggests that the energy passes through conductors. In reality, the
energy is transmitted through the surrounding space with the presence of electrical
and magnetic field.

6.2.2 Neglecting Parasitic Capacitances

For electrical machines operating on the basis of a magnetic coupling field, the
effects of parasitic capacitances of the windings and the amounts of energy
accumulated in the electrical field are negligible. Since the spatial density of

! Consider Maxwell equations, such as rot E= 785/(’%.
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magnetic field is considerably higher than that of electrical field (uH> » ¢E?), it is
justified to neglect the capacitances between insulated conductors and capacitances
between the windings and magnetic circuit.

6.2.3 Neglecting Iron Losses

It is considered that the losses due to hysteresis and losses due to eddy currents are
considerably smaller compared to the power of conversion; thus, they can be
neglected. Specific losses in ferromagnetic materials (iron losses) are dependent
on magnetic induction and operating frequency and they can be represented by the
following expression:

Pr.
Pre :?F:pH +pV =0H 'f'Bn72+GV 'f2'Bm2'

Since the losses due to eddy currents are dependent on squared frequency and
squared magnetic induction, the iron losses are to be reconsidered in cases when
electrical machine operates with elevated frequencies. In such cases, it is necessary
to check whether neglecting the iron losses can be justified.

6.2.4 Neglecting Iron Nonlinearity

The characteristic of magnetization of magnetic materials is considered linear.
Therefore, the effects of saturation of the ferromagnetic material (iron) are neglected.
Permeability B/H is considered constant and equal to differential permeability AB/AH
at all operating points of the magnetization characteristic. In applications where
induction exceeds 1.2T, it is necessary to check whether this is justified.

General model of electrical machine based on magnetic coupling field is developed
hereafter relying on the four basic approximations mentioned above. It is assumed that
the converter has N windings which can be either short-circuited or connected to a
source. The windings are mounted on the rotor or stator.

6.3 Power of Electrical Sources

Figure 6.2 shows a converter having N magnetically coupled contours (windings)
which could be either connected to a power source or separated from it and brought
into short circuit. Windings of electrical machines can be fed from current or
voltage sources. Real voltage sources have finite internal resistance (impedance),
whereas current sources have finite internal conductance (admittance). With no loss
in generality, in further text, it is assumed that electrical sources are ideal.
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Fig. 6.2 Model of electromechanical converter based on magnetic coupling field with N contours
(windings). Contours 1 and i are connected to electric sources, while contours 2 and N are short
circuited thus voltages at their terminals are zero

In windings connected to a current source, winding current is constant and
determined by the current of the source. If the winding is short-circuited, then
the voltage balance in the winding is given by expression u = Ri + d¥/dt = 0.
If resistance of the winding is negligible, then d¥/ds = 0, and flux in the short-
circuited winding is constant. In the case where the winding terminals are connected
to a voltage source, voltage of the source determines the change of flux (u ~ d¥/dr).

Electrical power delivered by the sources to the electromechanical converter
is determined by (6.1), where u and i are vector-columns with their elements being
voltages and currents of individual windings. The expression for the power the
sources deliver to the machine does not depend on whether the windings are
connected to current sources and voltage sources or are short-circuited.

N
=Zujlj =i
=1
=i, iz iy oo IN—1, IN],
' =[u, uy, ... wi, ... uy_1, uyl. 6.1)

6.4 Electromotive Force

Voltage balance in the winding is given by (6.2), where u is the voltage across
winding terminals, 7 is the winding current, and ¥=N® is the winding flux. Parame-
ter R denotes the winding resistance.

d¥

The considered winding is shown in Fig. 6.3. Flux derivative determines the
electromotive force induced in the winding. When making the equivalent scheme,
the electromotive force can be represented as an ideal voltage generator attaching
the sign + pointed downward, in accordance with the adopted reference direction
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Fig. 6.3 The electromotive

and counter-electromotive R L (A) (B )
forces +
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E dy __dy
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for the current. Then, the force is egyr = —d¥/dt. Quantity —d¥W/dt is the electro-
motive force induced in the winding, as shown in Fig. 6.3, in the part denoted by (B).

On the other hand, it is possible to alter the reference direction and sign (e =
+d¥/df), as shown in the part (A) of Fig. 6.3. Quantity ecgyr = +d¥P/dt is the
counter-electromotive force induced in the winding.

Approach (B) is used in majority of courses in Electrical Engineering
Fundamentals and Electromagnetics, since it undoubtedly illustrates the circumstance
that in each contour, the induced electromotive force and current are opposing the
change of flux. For example in the case that intensity of the current decreases, flux
through the contour decreases, and a positive value e = —d¥/dr appears. Taking into
account that sign 4 is pointed downward, it is concluded that the induced
electromotive force supports current in the circuit opposing the change of flux.

Approach (A) results in an equivalent scheme where the reference positive
terminals of the voltage and electromotive force are pointed upward. Taking that
e = +dW/dt, current in the circuit can be determined as ratio (. — e¢)/R. Defined in this
way, the electromotive force opposes the voltage; thus, it is called counter-
electromotive force. Approach (A) is often applied when solving electrical circuits
containing electromotive forces, as is the case of replacement schemes of electrical
machines. The question of choice of the reference direction of the electromotive force
is not of essential significance since the choice does not lead to essential changes in
voltage balance equation in the winding. In the Anglo-Saxon, German, and Russian
literatures, the approaches are different, which should confuse the reader. In practice,
both approaches are accepted, provided that the adopted reference direction
corresponds to the sign taken for the electromotive force (e = +/— d¥/ds).

Electromotive force and counter-electromotive force induced in a contour are
discussed further on, in Chap. 10, “Electromotive Forces Induced in the Windings.”

6.5 Voltage Balance Equation

Voltage balance in each winding is given by (6.2). For a system having N windings,
equilibrium of k-th winding is given by expression
d ¥

Up = Rkik + W, (63)
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where uy, iy, Ry, and ¥, are the voltage, current, resistance, and flux of the kth
winding, respectively. Flux ¥, in kth winding is the sum of all the fluxes that pass
through the winding, whatever the cause of relevant magnetic field. This flux is a
consequence of the electrical current in kth winding itself, as well as the currents in
other windings that are magnetically coupled to k-th winding. The part of the flux
¥, caused by the current i, is equal to Lyi,. The coefficient Ly, is also called self-
inductance of the winding. Self-inductance is expressed in H = Wb/A, and it is
strictly positive. In cases where the current in the winding i, is the only originator of
magnetic field, the flux in the winding is ¥ = Lyi;. Electrical currents in
remaining windings (Fig. 6.2.) can also contribute to the flux ¥;. Current /; in the
turns of the winding j changes the flux ¥, proportionally to the coefficient of mutual
inductance between windings k and j, L;;. Parameter L;; can be positive, negative, or
zero. Spatial orientation of the two windings may be such that a positive current in
one of the windings contributes to a negative flux in the other.

Voltage balance of a system with N windings is described by a set of N
differential equations. A shorter and more clear-cut record of these equations can
be obtained by introducing vectors of the voltages and currents

it =ity iy, oo ik o inet, iN]

T
u = [Ml, uy, ... Uk, ... UN_1, MN], (64)

by defining vectors of winding fluxes
Y =¥, ¥y oo Wry o Py, P, (6.5)

as well as by introducing matrix of resistances R in (6.6), which contains resistances
of the windings along the main diagonal. Voltage balance equations in matrix form
are given by (6.7), which represents N differential equations of the form (6.2).
Voltage balance equations define dynamics of the electrical part of an electrome-
chanical converter, that is, dynamics of the electrical subsystem.

R, 0 .. 0 .. 0
0 R, ... 0 .. O
R=10 o .. R, .. 0 6.6)
0 0 .. 0 .. Ry
dy
=R-i+— 6.7
u=R-i+ ar (6.7)

Flux vector-column ¥ is determined by the winding currents, self-inductances,
and mutual inductances. Flux of kth winding is determined by the coefficient of
self-inductance of the winding &, as well as by the coefficients of mutual inductance
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L;; between the kth winding and remaining windings, as given by the following
equation:

Y. = Lyiy + Ligiy + ... + Lgiy + ... + Lyyin.

Since the above expression applies for each winding, the flux vector can be
obtained by multiplying the inductance matrix L (6.8) and current vector-column i,
in the way shown by (6.9):

Ly Lp ... Ly .. Ly
Lyy Ly ... Ly .. Ly
e PR ©9
Lo Lo D L L I
Y=L-i (6.9)

Along the main diagonal of inductance matrix, there are self-inductances of
individual windings, while the remaining coefficients residing off the main diago-
nal are mutual inductances. Since L;; = Lj, the inductance matrix is symmetrical,
that is, L = L.

Elements of the inductance matrix can be variable. Variations of the self-
inductances and mutual inductances can be due to relative movement of the moving
parts of the electromechanical converter (rotor) with respect to the immobile parts
(stator). Windings may exist in both parts; thus, the movement causes changes in
relative positions of individual windings. For each winding, it is possible to define
the winding axis (Sect. 5.5). Considering a pair of windings, rotation of one with
respect to the other changes the angle between their axes. Consequently, their
mutual inductance is also changed. The rotor motion can also change self-
inductances. Self-inductance of a winding depends on the magnetic resistance R,,.
Considering a stator winding, its flux passes through the stator magnetic circuit,
passes through the air gap, and proceeds through the rotor magnetic circuit. There
are cases where the rotor has unequal magnetic resistances in different directions.
In such cases, the rotor motion changes the equivalent magnetic resistance R,, of
the stator winding and changes the self-inductance of the winding. An example
where movement changes self-inductance of the winding is given in Fig. 2.6,
where the magnetic resistance decreases and self-inductance increases by inserting
a piece of iron in the magnetic circuit of the coil.

6.6 Leakage Flux

With the current i; being the sole originator of magnetic field, the flux in kth
winding is ¥, = Ly i;. One portion of this flux passes to other windings as well,
and it is called mutual flux. The remaining flux encircles only the kth winding
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Fig. 6.4 Definitions of the leakage flux and mutual flux

and does not pass to any other winding. As this component, in a way, “misses
the opportunity” to effectuate magnetic coupling, it is also called leakage flux.
Figure 6.4 depicts the mutual and leakage fluxes of a system having two windings,
one on stator and the other on rotor. The flux in one turn is denoted by @. Fluxes of
individual windings are obtained by multiplying flux in each turn @ by the number
of turns.

Self-inductances of the stator and rotor windings are equal to the ratio of the flux
established due to the winding current and the current intensity. In other words,
self-inductance is the ratio of the flux and current of the winding in cases where the
flux does not get affected by external magnetic fields or by currents in other
windings, but it is the consequence of the electrical current in the winding itself.
In a system comprising a number of coupled windings, self-inductance of the
considered winding can be determined by dividing the flux and current in
conditions when all the remaining windings are with zero current. Self-inductances
of practical windings are strictly positive, whereas mutual inductances could be
negative. Mutual inductance of the stator and rotor windings determines the mea-
sure of the contribution of stator current to the total flux of the rotor winding. Since
Lsg = Lgs = L,,, the impact of stator currents on rotor flux is the same as the
impact of rotor currents on stator flux. By rotation, relative positions of the two
windings may become such that positive current in one winding reduces the flux in
the other, thus resulting in a negative value of the mutual inductance. For the system
of windings shown in Fig. 6.4, the matrix of inductances is of dimensions 2 x 2.
Along the main diagonal of the matrix, there are positive coefficients of self-
induction Lg and Lg. At the remaining places of the matrix are mutual inductances
that may be positive, negative, or equal to zero, which is the case when the winding
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axes are displaced by the angle of ©/2. The mutual inductance is dependent of the
coupling coefficient

Ly,

VLsLg'

The coefficient k is a measure of magnetic coupling of the stator and rotor
windings. In cases where the leakage flux is negligible, all of the flux is mutual,
and it encircles both windings. In such cases, k = 1. As the leakage flux increases,
the mutual flux decreases as well as the coefficient k. In cases when the two
windings do not have any mutual flux, £ = 0. It is important to notice that k cannot
exceed 1.

Relation between the mutual inductance L,, and coefficient k£ can be illustrated
by the example where the stator and rotor windings have the same axis and the same
number of turns N. If the magnetic resistance R/, is the same, the self-inductances
are equal, Ly = Ly = N/ R,, while the mutual inductance is L,, = kLg = kLg.
Since k& < 1, mutual inductance is smaller than the self-inductance. With the
introduced assumptions, the difference,

k =

Ls=Ls—Ly=(1—kLs

is called leakage inductance of the stator, a measure of the leakage flux which
encircles the stator winding and does not reach to the rotor winding. A stronger
magnetic coupling between the windings means the higher coupling coefficient and
the smaller leakage flux and leakage inductance. The example outlined above
assumes that Ng = Ng. It is of interest to consider the leakage flux and leakage
inductance in the case when the windings have different magnetic circuits and
different numbers of turns.

Fluxes through one turn of the stator and rotor windings are shown in Fig. 6.4
and given by expressions

b5 = D5 + Dy,
O = q)"/R + o,

The mutual flux has a component which is a consequence of the stator current
((DS) and a component which is a consequence of the rotor current (@R),

@, = &5 + OF.

Fluxes of the windings are obtained by multiplying flux through one turn by the
number of turns:

Vs = Ng®s = Ns®yy + Ns®ys = N @y, + Vs,
Ve =Nr®r = NRdsm +NR¢7R = NRdSm + qij.
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Flux ¥, is the leakage flux of the stator winding, while ¥, is the leakage flux
of the rotor winding. Leakage flux in each winding is proportional to the current.
The coefficient of proportionality is the leakage inductance of the winding. For the
windings shown in Fig. 6.4, the leakage inductances are given by expressions

P %

) JR

L}’S = .—'a L}'R = .
Is

IR

The mutual inductance is determined by expression

Ns®,, _ Ni®, .

Ly = Lsg = Lgs =
IR Is

In order to define the winding self-inductance, it is necessary to identify the
component of the winding flux which is caused by the electrical currents of
the same winding. Self-inductance is the quotient of this flux component (Lgis)
and the current intensity (is). One part of the flux component (Lgis) is partially
mutual (that is, encircling both windings) and partially leakage (encircling only the

stator winding). Self-inductances of the stator and rotor are

_ Ng®5 +Nsb,s  Ns®S + Pis

N Is s
Ng Ng
:—L L., :—L L’n 3
Ni RS + Lys Nx m + Lys
. :NR¢§,+NR¢7.R:NR¢§+WVR
K IR iR
R et L =R L p
- NS SR YR — NS m VR -

Therefore, the leakage inductance is a part of the self-inductance of the winding.
The leakage inductance is higher when the magnetic coupling between the coupled
windings is weaker. In the case when the numbers of turns of the stator and rotor are
equal, as well as in the case when the rotor quantities are scaled (transformed) to the
stator side, previous equations take the following form:

Ls=Lny+ LyS )
Lp =Ly + L)‘R-

6.7 Energy of the Coupling Field

The coupling field has a key role in the process of electromechanical conversion.
The energy obtained from the source can be accumulated in the coupling field and
then taken from the field and converted to mechanical work. It is of significance
to determine the relation between the energy of this field, winding currents, and
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parameters such as the self-inductances and mutual inductances. Spatial density of
energy accumulated in the coupling magnetic field is

W, = JH dB.

In linear media, permeability u = B/H is constant. Therefore, the energy density
in the coupling field is equal to w,, = Y4BH = Y4uH?. Total energy can be obtained
by integrating the density w,, over the domain where the field exists. The field
energy can be expressed as function of electrical currents and winding inductances
such as Lg, Lg, L,,, and similar. Mutual inductance between coils L; and L, is
denoted by L,, or by L, = L,,. For a system with two coupled windings, the field
energy is equal to f(iy, iz, Ly, Ly, L1p) = 1/2L1i12 + 1/sz1'22 + Ly, iy . A rigorous
proof of this statement is omitted at this point. Instead, it is supported by
considerations which indicate that the spatial integral of energy density w,,
corresponds to f{(iy, i», L1, Lo, L1,). Spatial integration of the energy density involves
the sum of minute energy portions 2BH/dV comprised in infinitesimal volumes dV.
Taking into account that dV = dS/dx, the problem can be reduced to calculating
integral (2 BH) dS dx = Y5 (B dS) (H dx). In general, integration of (BdS) results in
a flux, whereas integration of (Hdx) results in a magnetomotive force Ni, that is, in
electrical current (ampere-turns). Therefore, the formula for the field energy
contains members of the form ®i or Li*.

For a system containing N coupled windings, energy of the coupling field is

L IS,
W, = medv = J <JH : dB>dV =5 D> Lii.
1%

v =1 j=1

In the above expression, elements L; correspond to self-inductances of the
windings, and they are strictly positive. Elements L;; are mutual inductances, and
they can be positive or negative. A more illustrative expression for the coupling
field energy is obtained by introducing the flux and current vectors

i" =ity iay ol e iyt ),

Y= [P, ¥y, ... P, ... Py, Pa
resulting in (6.10), where L is matrix of inductances of the considered system of

windings:

W, ==i'Li (6.10)

Question (6.1): Consider two windings having self-inductances L; and L,. Is it
possible for the coefficient of mutual inductance to exceed (L, - L,)*?

Answer (6.1): Mutual inductance of the two windings is L, = k - (L; - L)%,
where k is coupling coefficient. Maximum value of k is 1, and it exists in cases
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without any leakage, when the total flux of one winding goes through the other
winding as well. Since the coupling coefficient cannot be greater than 1, mutual
inductance cannot be greater than (L, - L2)0.5 .

Question (6.2): Is it possible that expression for the field energy
W=D D Liciic
jk

gives a negative result? Derive the proof taking the example of a system having two
coupled windings.

Answer (6.2): The above expression gives magnetic field energy, and therefore, it
cannot have a negative value. In the case of two windings, the expression takes the
form

Wi = VaLyis? + VaLain® + Lisitia = Vh|Lyiy® + Loin® + 2k - (Ly - L) *iyis|.

By introducing notation a = (L1)0'5i1 and b = (L2)0'5i2, the expression takes the
form 2W,, = a*+b*+ 2k - a - b. It is required to prove that this expression cannot
take a negative value, whatever the current intensities 7; and i, might be. Since only
the third member of the sum may assume a negative value, and this happens
in the event when current intensities are of opposing signs, it is necessary to
prove that 2W,, > 0 for k = 1. If so, the statement holds for any k& < 1. With
k=1,2W,, = (a + b)z, which completes the proof.

6.8 Power of Electromechanical Conversion

For the considered system of N windings coupled in a magnetic field, it is required
to determine the power at the electrical and mechanical accesses, power losses, and
power of the electromechanical conversion. Power of the source is supplied through
the electrical access of the machine, and it is determined by the sum of powers
Pr = Uiy supplied to each individual winding.

pe= mix=1"u=u'i (6.11)
k

Since the voltage vector is expressed by the voltage balance equations (6.7),
given in matrix form, power of the source can be expressed as function of the
current vector, resistance matrix, and inductance matrix:

=i"Ri+i"—i+i'L—. (6.12)
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Power losses in the coupling field are neglected at this point. The losses in the
windings can be expressed in matrix form as well. In a winding of resistance Ry,
with electrical current iy, the losses are determined by expression szk Total
winding losses of a system containing N windings are given by expression

W= Ry =i"Ri 6.13)
k

where R is a square matrix of dimensions N X N having winding resistances along
the main diagonal, while the remaining elements are zeros.

One part of work supplied from the source is accumulated in the coupling field.
Since the energy of the coupling field is given by (6.10), the power p,,,,, depicting
the rate of change of energy accumulated in the field is given by (6.14):

aw, d (1, .
= = — | = L
Pom == T & (z’ -’)

1 /di" 1 ,(dL di
=—(—|Li+=i= —i'L 14
2<dz>‘l+21 (dz) +2 (dt) 619

Expression for power p,,,,, can be written in a more convenient form. It should be
noted that expression (6.14) represents a sum of three scalar quantities, each
obtained by multiplying the vector of electrical currents and the matrix of system
inductances. It can be shown that values of the first and third member are equal.
For any scalar quantity s = s (i.e., for matrices of dimensions 1 x 1), it can be
written that s = s . At the same time, the inductance matrix is symmetric (Ljy = Lyj,
L = L"). Therefore, it can be shown that

(%)= ()] =10 (G) - 2(3)

By introducing this substitution to (6.14), one obtains (6.15):

1 4 (dL di
m= 5l L 6.15
DPwm (dt> +i _<dt> (6.15)

Equation 6.15 contains first time derivatives of the current i and inductance L.
Variations in the matrix occur due to the relative motion of the rotor with respect to
the stator. This motion leads to variation of mutual inductance between the rotor
and stator windings. In certain conditions, rotor movement may cause variation of
self-inductances of individual windings. Derivative of the current vector i in (6.15)
is a vector whose elements are derivatives of the currents of individual windings.
In cases where a winding is connected to an ideal current source which provides
constant current, derivative of the winding current is zero. Derivative of a winding
current can take nonzero values if the winding is short-circuited, or connected to an
ideal voltage source, or connected to real current or voltage sources.
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The part p,,,,, of the power p, determines the increase in energy W,, accumulated
in the coupling field. The part p¢, is lost in winding conductors due to Joule effect.
What remains of the source power is p, — pc, — Pwm = P The remaining power p,.
is converted to mechanical through electromagnetic processes involving
conductors, magnetic circuit and coupling magnetic field. An integral of p.
represents the mechanical work. The power p.. is also called power of electrome-
chanical conversion or conversion power. In the motor mode (Fig. 5.8), reference
direction for power is such that the power p. is positive. A positive power of
electromechanical conversion means that electrical energy is being converted into
mechanical work. In the generator mode (Fig. 5.9), direction of the converter power
is reversed, and the power p,, as defined above, assumes a negative value.

Since

Pc = Pe — Pcu — Pwm>

and considering (6.12), (6.13), and (6.15), pc is expressed as

%) (6.16)

According to the later expression, electromechanical conversion is possible only
in cases where at least one element of the inductance matrix L changes. Variation of
the self-inductance or mutual inductance is generally a consequence of changing
the rotor position relative to the stator. In rotating machines, the rotor displacement
0,, is tied to mechanical speed of rotation Q,, = d0,,/dt, and the expression for
conversion power takes the form (6.17)

i- =—1 —I (6.17)

Equation 6.17 shows that electromechanical conversion in rotating machines
relies on variation of one or more elements of the inductance matrix in terms of the
rotor movement 0,,,.

In the case when a converter operates in the motor mode, power of electrome-
chanical conversion is transferred to the mechanical subsystem. Within the
mechanical subsystem, a small part of mechanical power p. is dissipated on
covering mechanical losses such as friction, while the remaining power is, via
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shaft, transferred to a work machine (mechanical load). In the generator mode,
mechanical power of the driving turbine is, via shaft, transferred to electromechan-
ical converter, where one part of turbine power is dissipated on covering mechani-
cal losses. The remaining power is converted to electrical power and, reduced by
the losses in the electrical subsystem, transferred to electrical receivers connected
to the winding terminals.

6.9 Torque Expression

Rotating electrical machine consists of a still stator and a moving rotor, both of
cylindrical shapes having a common axis. The rotor is rotating relative to the stator
with speed €,,, and its position with respect to the stator is determined by angle 0,
at each instant. Electrical machine has N windings, and some of them are positioned
on the stator while the remaining ones are on the rotor. Since self-inductances and
mutual inductances depend on relative position between the stator and the rotor,
elements of the inductance matrix L are also functions of the same angle.
Speed of rotation is

d0,,
Q, = —"
m dt?

and the inductance matrix can be represented by expression

L :fl(t) :fz(em)-

The magnetic coupling field acts on both stator and rotor and creates electro-
magnetic forces. Coupled forces create electromagnetic torque. Torque T,,, acts
upon rotor, while torque —7,,, of equal amplitude and opposite direction, acts upon
stator. Since the stator is not mobile, it is only the rotor which can move. Torque 7,
is, via rotor and shaft, transferred to work machine or driving turbine.

In motor mode, torque acts in the direction of movement. It tempts to increase
the speed of rotation (2,,. Therefore, the power p- = T,,,Q,, is positive. The torque
T,., acts in the direction of motion. It is transferred to a work machine via shaft, and
it tends to start up or to accelerate its movement.

In generator mode, torque T, is acting in the direction opposite to the move-
ment; thus, the power pc = T,,,L2,, is negative. Negative value of the power of
electromechanical conversion indicates that the direction of conversion is changed,
that is, mechanical work of the driving turbine is converted to electrical energy.
Acting in the direction opposite to the movement, the torque T,,, is, via shaft,
transferred to the driving turbine and resists its rotation, tending to lower the speed
of rotation.
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It is of interest to determine the expression for the electromagnetic torque. Since
the power is equal to the product of the torque and speed, the conversion power of
expression (2.84) can be represented by equation

1 ,dL .
Pc = Q,, (ELT a0 l> =T e,

where T,,, is the electromagnetic torque determined by (6.18)

1 ~dL
Top = =il —i .1
em =71 demz, (6.18)

This result can be verified by using the example of a rotational converter with N
windings connected to ideal current sources. The winding currents are determined
by the source currents and therefore constant. On the basis of (5.6), which applies in
cases where magnetic field exists in linear medium, work of the source is evenly
distributed between the mechanical work and the increase of the field energy; thus,

AW, = dW e, = T d@m,
which results in the torque expression

dw,,

T = —2
" dem

The energy of magnetic field is determined by (6.10). Therefore, the torque
expression assumes the following form:

d (1,
Tem —E(El LL)

In accordance with the above assumptions, the winding currents are fed from
ideal current sources. Therefore, the current intensities are constant. For this reason,
the inductance matrix is the only factor in the above expression that may change as
a function of angle 6,,. Therefore, the torque expression takes the form

Electromagnetic torque can exist if at least one element of the induction matrix
varies as function of angle 6,. This could be variation of the winding self-
inductance or variation of the mutual inductance between two windings. Variable
inductances change as the rotor changes its position relative to the immobile stator.
For a system of N windings, the electromagnetic torque is given by (6.19):

IR/, dLy .
Tem_zzz ik g0~ ) (6.19)
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Question (6.3): Determine the course of change of the mutual inductance between
two windings, one of them being on the stator and the other on the rotor.

Answer (6.3): Since the rotor revolves, angle 0,, between the stator and rotor
reference axes varies. Without the lack of generality, it can be assumed that the case
0,, = 0 corresponds to the rotor position where the magnetic axes of the two
windings are collinear. In such case, the lines of the magnetic field created by the
stator winding are perpendicular to the surface delineated by the turns of the rotor
winding. The part of the stator flux passing through rotor winding is at a maximum.
Mutual inductance between the two windings is the highest for 6,, = 0. When the
rotor moves, angle between the field lines and the rotor surface is no longer n/2 but
takes value of m/2—80,,. Since the flux is determined by the sine of this angle,
variation of the mutual inductance is determined by function cos 6,,. Therefore,
Lggr = L, cos 0,,.

Question (6.4): Give an example of a cylindrical machine with one of the stator
windings having the self-inductance that varies with the rotor position.

Answer (6.4): Self-inductance of stator winding depends on the number of turns
and magnetic resistance. Resistance of the magnetic circuit consists of the resistance
of the iron core of the stator, resistance of the magnetic circuit of the rotor, and
magnetic resistance of the air gap, where flux from the stator magnetic circuit passes
to the rotor magnetic circuit and vice versa. Magnetic circuit of the rotor is mainly
cylindrical, and has a circular cross section. By removing some iron on the rotor
sides, the cross section becomes elongated and resembles an ellipse. The elliptical
rotor and cylindrical stator produce a variable air gap. Therefore, the flux extending
along the larger rotor diameter will encounter magnetic resistance much smaller than
the flux oriented along the shorter diameter of the elliptical rotor. For this reason, the
stator flux meets a variable magnetic resistance as the rotor revolves. In turn, the self-
inductance Ly = NSZ/RH is variable as well.

6.10 Mechanical Subsystem

Moving parts of a rotating electrical machine are magnetic and current circuits of
the rotor, shaft, and bearings. Bearings are usually mounted on both shaft ends.
They hold the rotor shaft firm and collinear with the axis of the stator cylinder.
There are electrical machines having special fans built in the rotor for the purpose
of enhancing the air flow and facilitate the cooling (self-cooling machines).
In addition, rotor often has built-in sensors for performing measurements of the
speed of rotation, position, and temperature of the rotor. In some cases, rotor may
contain permanent magnets or semiconductor diodes. When modeling mechanical
subsystem of an electrical machine, these details are not taken into account, and the
rotor is modeled as a homogeneous cylinder of known mass and dimensions. Owing
to the action of electromagnetic forces, torque 7., acts upon the rotor. The rotor is
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Fig. 6.5 Balance of power :
in mechanical subsystem k FQ m
of rotating electrical machine.

Obtained mechanical power

p. covers the losses in d(J an
mechanical subsystem and P, -
the increase of kinetic energy dz 2

and provides the output
mechanical power 7,,,Q,,

TQ

m m

connected via shaft to a work machine or a driving turbine. The shaft transfers the
mechanical torque T,,,.

In the mechanical subsystem, there are losses due to friction and ventilation.
A certain amount of energy is accumulated as kinetic energy in the rotating parts of
the machine. For this reason, mechanical torque T, existing at the shaft output is not
equal to the electromagnetic torque 7., acting on the rotor. The power of electro-
mechanical conversion p. is divided into the losses of mechanical subsystem,
accumulation, and output power p,,, = T,,L2,,, as shown in Fig. 6.5.

6.11 Losses in Mechanical Subsystem

Losses in mechanical subsystem consist of the energy required to overcome the
resistance due to air friction experienced by the rotor and to overcome the friction in
bearings, as well as the motion resistances of other nature and of secondary
importance. Power losses in mechanical subsystem vary as a function of speed
(Fig. 6.5). This variation may be a complex function of speed. Since the losses in
mechanical subsystem are usually small, it is not of interest to introduce a complex
model, but most often, the assumption is introduced that the friction torque is
proportional to the speed and can be modeled by expression kp(2,,, resulting in
the expression for power losses in the mechanical subsystem

Pom = kr 2. (6.20)

This model of losses appears in a number of books and articles dealing with
electrical machines. There are, however, electrical machines and applications
where this model of losses in the mechanical subsystem is inadequate.

Model of the losses in a mechanical subsystem, shown in Fig. 6.5, has been
developed at the time when majority of electrical machines were mainly DC
machines, which will be discussed in more detail in the subsequent chapters. Stator
of these machines creates a still magnetic field, and it accommodates revolving rotor.



6.12 Kinetic Energy 121

Variation of magnetic induction in the rotor magnetic circuit is determined by the
speed of rotation Q,,. Losses due to eddy currents in the rotor magnetic circuit are

Pre = kVQi

Dividing the losses pg, by the speed Q,,, the torque Tr, = pr./Q,, is obtained
which resists the rotor motion and tends to diminish the speed. This torque is equal to

The obtained motion resistance T, corresponds to the model p,,, = kamz,
often used in the literature.”

In electrical machines operating at speeds above 1,000 rad/s per second, there is
a substantial air resistance. Forces resisting movement through the air are propor-
tional to the square speed; thus, power of losses due to air friction should be
modeled by expression

Dym = kFQ?n'

6.12 Kinetic Energy

Accumulation of energy in the rotating masses is dependent on rotor inertia J. Rotor
can be represented as a homogeneous cylinder of uniform specific mass in all its
parts. With radius R and mass m, resulting moment of inertia is J = “AmR>. Kinetic
energy W, of a rotor with moment of inertia J and speed 2, is W, = % Jsz.
In order to increase kinetic energy, it is necessary to supply the power d(Wy)/
dt = JQ,, dQ,,/dt. Therefore, increasing the speed of rotation involves adding an
amount of energy into revolving masses, while in order to slow down a speed
of rotation, the energy should be taken away (by supplying a negative power).

2 Losses Pre in the magnetic field of the rotor of DC machines pr, belong to the losses in magnetic
circuit, that is, to iron losses. Nevertheless, the motion resistance torque Ty, arises due to losses
Pre- It is of interest to emphasize that in AC machines having permanent magnets, motion
resistance T, also appears even in cases with no electric current in the windings. Motion
resistance Tr, does not belong to mechanical losses, since it is not caused by friction in the
bearings nor friction with the air, but it is a specific electrical friction. There is, therefore, dilemma
whether power pr, should be classified as motion resistance losses or losses in the magnetic field.
If all the losses that oppose to motion and diminish the speed are classified as motion resistance
losses, whether their cause is mechanical friction or not, then losses in the rotor magnetic circuit of
DC machines should be classified as motion resistance losses as well. Similar dilemma arises in the
classification of the stator iron losses of synchronous machines having permanent magnets in their
rotors.
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As a consequence of this, the torque T, obtained at the shaft of the machine is
smaller than electromagnetic torque T,,, during acceleration intervals because one
part of power pc and one part of the torque 7., = pc/€2,, are used to increase
kinetic energy of revolving masses. For the same reason, the torque 7,, might
exceed the electromagnetic torque T,,, during deceleration intervals.

Balance of power shown in Fig. 6.5 can be represented in analytical form.
Considering a most common electromechanical converter with only one mechani-
cal access (that is, only one shaft), the mechanical power is given by expression

D = TmQm.

Kinetic energy is given by
15
Wy = EJQm,

and the rate of change of the kinetic energy is

dw, dQ,,
— 2 =JQ,—=. 6.21
dr dr ( )

Starting from the power of electromagnetic conversion p, one part of this power
is dissipated on the losses in the mechanical subsystem (6.20), and the other part
changes kinetic energy and alters the speed of rotation (6.21); thus, the mechanical
power available at the shaft (the output power) is given by (6.22):

Wi
Pe=8nTem =— + Pym + Pm

dr
dQ,
=JQu— = krQ2 + T Q.
dQ,,
P = Pe =D =g " = kr€2,. (6.22)

6.13 Model of Mechanical Subsystem

Equation 6.22 can be divided by the rotor angular speed €, to obtain (6.23) which
determines the torque 7T,,. This torque is transferred to work machine via shaft.

dQ,,
Ty =Tem — J? — kpQy, (6.23)



6.13  Model of Mechanical Subsystem 123
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Fig. 6.6 Reference directions for electromagnetic torque and speed of rotation
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In motor mode, the electrical machine acts on the work machine by the torque T,
in order to support its motion. At the same time, the work machine reacts by the
torque —T,, that opposes to rotor motion. Action and reaction torques are of the same
magnitude, and they have opposite directions. Reference directions of the torque and
speed are presented in Fig. 6.6. Former equation can be presented in the form

aQ,,
== Taw =T = ke, (6.24)

which represents Newton equation for rotational motion. This equation is the model
of mechanical subsystem of an electrical machine. In this equation, torque T, is
opposed to electromagnetic torque 7, as well as the friction torque. In the case
when electromagnetic torque prevails (T,,, > T,, + krL,,), the speed Q,, increases.
ItT,, <T, + k2, the speed decreases. In steady state, electromagnetic torque
T, is equal to the sum of all the torques that oppose to motion. Steady state is
described by the equations

dQ,,
F = 0, Teop =Ty + kpQy,.

Figure 6.6 shows reference directions of the electromagnetic torque 7., and
torque T, of the work machine which opposes the motion. The torque with positive
sign with respect to assigned reference directions corresponds to the motor mode.
In the case of the generator mode, when mechanical work is converted to electrical
energy, the meaning and signs of the above two torques are reversed. Namely, in the
generator mode, the torque T, has a negative sign, and it resists the motion, while
the torque T, tends to support the motion. In such cases, torque T, is obtained from
a turbine and supplied via shaft to the generator, making the rotor turn. In practice,
reference directions of the torques T, and T, can be different than those shown in
Fig. 6.6. Within this book, theoretical considerations and problem solving are
written in accordance with directions presented in Fig. 6.6. Therefore, in the
motor mode T,,, > 0, T,, > 0, while in the generator mode T,,, < 0, T,, < O.
As an exception, it is possible to define generator torque Tg = —T,,,, which
assumes a positive value in the generator mode.
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The analysis and modeling of the mechanical subsystem apply to electrome-
chanical converters having only one mechanical access. Moving parts in most
electrical machines are rotors with only one degree of freedom. They revolve
around the axis of the cylindrical stator. There is only one shaft attached to the
rotor and positioned along the axis of rotation. The rotor motion is characterized by
unique speed, and it depends on driving torques and motion resistance torques. It is
possible to imagine, design, and produce electromechanical converters whose
mobile parts could move with more than one degree of freedom, involving more
different speeds and a corresponding number of forces and torques acting in
different directions. These converters are not studied in this book.

6.14 Balance of Power in Electromechanical Converters

Diagram presented in Fig. 6.7 shows the power flow in a rotational electromechanical
converter having N windings located on immobile cylindrical stator and on revolving
cylindrical rotor. It is assumed that converter operates with magnetic coupling field.
The relevant powers presented in the figure are explained in the following sequence.

Power at electrical access of the machine, also called input’® power, or electrical
power transferred by the source to the converter is

pe=1iu

The power lost in the windings due to Joule effect represents losses in the
electrical subsystem. This power is called power of losses in copper, and it is
equal to

Ty -
Pwm = =571 (L _l) .
Power of losses in the magnetic circuit, also called power of iron losses, amounts
2 2.2
pFe:O-HBf+O-VBf )

and it is neglected in preliminary considerations.

3 For electrical motors, electrical power is supplied to the motor, and it is considered an input.
Mechanical power is obtained on the shaft, and it represents an output. In the case that machine
operates in the generator mode, mechanical power is considered an input, while electrical power is
output.
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Fig. 6.7 Block diagram of the electromechanical conversion process

Power of electromechanical conversion is

Power which determines the increase in kinetic energy of revolving parts
represents the accumulation in the mechanical subsystem, and it is equal to

aw, 1d

__k_" = 2
P =g =3 V)

Power of losses in the mechanical subsystem (power of losses due to rotation or
motion resistance losses) is equal to

Dym = kFQi?‘

Power at the mechanical access of the machine is also called output power or
shaft power, and it is equal to

D = TrQum.
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6.15 Equations of Mathematical Model

On the basis of the preceding considerations and introduced approximations, the
mathematical model of an electrical machine with N windings contains:

1. N differential equations expressing the voltage balance (6.7)

2. Inductance matrix which establishes relation between the currents and winding
fluxes (6.9)

. Expression for electromagnetic torque (6.19)

4. Newton equation of movement (6.24)

W

Differential equations of the voltage balance are given by expression

d

g

u=R-i+ (6.25)

[=%
~

The relation between fluxes and currents is given by the nonstationary induc-
tance matrix

¥ =L(0) i (6.26)

1,dL . 1 T . dLy
Ten =51 denlzizz i g0 ) (6.27)

According to (6.24), transient phenomena in the mechanical subsystem are
determined by Newton differential equation of motion. The change of the speed
of rotation is determined by expression

de

J
dr

=Teon — Ty — kpQ. (6.28)

The four above expressions define general model of a rotational electromechan-
ical converter based on the magnetic coupling field. The model is derived including
the four previously mentioned approximations. Among the approximations are the
assumptions that ferromagnetic materials are linear and that iron losses are
negligible.

The inductance matrix is a nonstationary matrix. In general, elements of the
matrix may be functions of the angle, time, as well as of the flux and current, which
could change the self-inductances and mutual inductances due to nonlinearities in
ferromagnetic materials and due to magnetic saturation. Within the following
considerations, it is considered that the ferromagnetic material is linear and that
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the inductance matrix and its elements are dependent only on the angle 6,,. This
approximation is justified in the majority of cases and will not present an obstacle
in understanding the operation of electrical machines and deriving their
characteristics.

It should be noted in 6.27 that the electromechanical conversion can be accom-
plished only in cases where at least one element of the inductance matrix changes
with the angle 0,,,, either self-inductance of a winding or mutual inductance between
two windings.

In cases where an electrical machine has N windings, expression (6.25) contains
N differential equations of voltage balance, expression (6.26) gives relation
between the winding currents and corresponding fluxes, expression (6.27) gives
electromagnetic torque, and expression (6.28) is Newton differential equation
defining the spe