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Preface

In the summer of 1998, I was working at a hedge fund in Bermuda and
contemplating returning to the United States, the plan being to continue
working in a fixed-income quantitative role of some sort. Fortunately, I
suppose, a former student of mine at Cornell, Dana Thorpe, strongly encour-
aged me to look into the energy markets, particularly electricity. Dana had
worked in this area for a few years and described the modeling and risk-
management state of affairs as being in a nascent stage and largely virgin
territory.

As it turned out, several shops had already been systematically build-
ing very solid analytics, architected by some of the now best-known minds
in the business, and academics were becoming increasingly interested in
energy. However, despite the considerable efforts of regiments and brigades
of researchers, including groups that I have had the opportunity to to run
over the years, Dana’s assessment made fifteen years ago feels disturbingly
close to the truth even now.

My first significant tour of duty in energy was at Constellation Power
Source (CPS), at the time the name of the merchant arm of Constellation
Energy. Initially, CPS was a joint venture between Goldman Sachs and
Baltimore Gas & Electric (BG&E). Perceptions of hubris aside, Goldman
management was shrewd enough to know that when entering a business as
peculiar and complex as electricity, it might not be a bad idea to partner with
people who have been working within the context of the physical system
for decades. In many respects this collaboration was successful, with first-
rate trading systems and risk-management experience afforded by Gold-
man coupled with the seasoned skepticism and engineering knowledge of
BG&E.

While personalities and value systems converged over the years, a striking
feature of the operation was the yawning gap between the valuation system
(which is, in fact, quite impressive) and the realities facing the teams running
the assets. The risk system could accommodate the litany of conventions
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viii Preface

of physical and financial settlement of any commodity, notably the hourly
or subhourly calculations that are required. Forward valuation was also
extremely flexible, provided that transactions were represented as derivative
constructs with all the implicit assumptions underpinning complete markets
and risk-neutral valuation. This is true of most risk systems, both commer-
cial and in-house. Transactions must be boiled down to a representation that
requires forward curves, implied volatilities, implied correlations, and all the
other usual inputs, each of which is presumed to be tradable in some fashion.

The problem that confronted portfolio managers, and does to this day,
is that many commonly traded structures in energy involve risks that trade
so rarely and in such small size that market activity is at best an indication
of how others are assessing the risk. At worst, such can be outright disin-
formation to confuse market participants in advance of large transactions
or auctions. In such situations, any notion of market completeness is moot.
Extrinsic value as ascertained in idealized settings simply cannot be cap-
tured. Structures that look like quantos cannot be hedged when one leg does
not trade at all.

Other ways of thinking about valuation and risk are required.
In the course of what follows, much of the standard liturgy on valuation

of energy structures will be described in full detail. However, substantial
attention also will be paid to the ways in which common methods fail and
to alternative methods when they exist. In some situations, the conclusion
will be that researchers and practitioners simply do not yet know how to
properly handle some transactions. Rather than being bad news, this is what
makes the field of energy trading and structuring particularly vibrant, even
after several decades of thought – open problems abound.

This book is descendant from a sequence of lectures that I started giving
each spring at New York University in 2008. I was working at Credit Suisse
at the time, and the bank accommodated and supported the effort over the
following years to have practitioners interacting directly with financial engi-
neering students, no small number of which I have seen on the desks at the
bank in subsequent years. Ultimately, these lectures evolved into a collec-
tion of material that will hopefully prove useful for “quantitative types” with
a commercial orientation entering the business and joining a trading desk.

This book is structured in six parts . Part I is an overview of some of the
distinguishing features of energy markets and a survey of important funda-
mental and econometric attributes of the core markets discussed – crude
oil and refined products , natural gas, and electr ic ity. Part II covers basic
“zeroth-order” valuation before moving into a more detailed analysis of
the empirical features of price dynamics and the implications for manag-
ing swaps books. While the content of the first two parts is clearly oriented
toward “stylized facts” about markets, modeling in the absence of such
information is not a good idea.
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Bona fide valuation activities begin in Part III, whic h is a survey of stan-
dard methods for dealing with the simplest “nonvanilla” structures that arise
in practice. Part I V dis cusses modeling approaches fr om a more general per-
spective, exploring the dialectic between the tractability of various modeling
paradigms and their consistency with empirical facts and utility in practice.
In Part V we explore the applic ation of these methodologies and their limi-
tations in three settings that have challenged practitioners for years – natural
gas storage, tolling transactions (generation hedges), and variable-quantity
swaps. Finally, in Part VI we turn to broader c onsiderations at the level of
enterprise risk management and control, concluding with a discussion of the
future of energy markets.

It sounds (and sounded to me) like a routine affair to convert a reasonably
seasoned sequence of lectures into a book, but the experience was anything
but straightforward. While all remaining errors are mine, this work would
be a pale shadow of itself were it not for the remarkable efforts of many of
my colleagues and friends. Michael Coulon at Princeton and Radu Haiduc
at Credit Suisse proofed the entirety of the manuscript at a level of detail
and “no holds barred” critique that simply defies description. Their input not
only reduced the error count by an order of magnitude but also improved the
manuscript at a fundamental level. Richard Lassander was a close collabo-
rator on large parts of the book, particularly those focused on fundamental
aspects of the markets and trading, not to mention his help on the daunt-
ingly high-dimensional task of index creation. Eric Grannan and Peter
Jenson made numerous suggestions and helpful comments. Sheela Kol-
luri, a statistician in the pharmaceuticals business and lecturer at Columbia,
provided the refreshing perspective of someone completely outside the
business. Stefan Revielle and Soumya Kalra provided a great deal of assis-
tance on data and many helpful comments and insights along the way. I
would also like to express my appreciation to Rene Carmona for numer-
ous invitations to conferences and workshops, in addition to a continuing
sequence of fascinating discussions when we manage to find time to meet in
Princeton.

I was introduced to the Cambridge team by Robert Dreesen, who assisted
in many ways in guiding the process and for whose assistance am grateful.
In addition, this work benefited substantially from the efforts of Scott Parris
and Kristin Purdy, and the Cambridge team broadly. Thanks also to two
anonymous referees whose input and critique were very helpful.

Last, and certainly most, my wife, Adviti Muni, not only carefully and
repeatedly proofed the manuscript, but more important, she also provided
the critical ingredient of encouragement at those moments when I was
inclined to back-burner the effort in favor of the incessant barrage of other
seemingly, but fleetingly, more pressing matters.



x Preface

This book is graphically and data intensive. While specific sources are
mentioned for “one-offs” throughout the text, in general, most data were
either sourced from Bloomberg LLC, notably weather, spot, and forward
price data, as well as implied volatilities, or were drawn from my lectures
written when I was at Credit Suisse.



Part I

Introduction to Energy Commodities

Energy has been traded in one form or another for centuries, with mod-
ern energy markets emerging at the launch of the NYMEX1 West Texas
Intermediate (WTI) crude oil contract in 1983. Subsequent growth has been
significant, with an expanding array of physical and financial instruments
traded across almost all energy commodities. This evolution has been driven
by a trend toward deregulation in markets such as natural gas and power
that, until relatively recently, were essentially fully regulated. The past
decade has also witnessed growing interest among institutional investors in
energy, and commodities more broadly, as a new component of investment
portfolios.

While the level of complexity of energy markets has increased rapidly,
practitioners have often found themselves depending on analytical methods
that were inherited directly from those used in other asset classes, often with
only cosmetic modifications. Energy commodities, however, exhibit impor-
tant differences from other markets, which at times imperil the validity of
conventional approaches to valuation and hedging.

There are two basic features of energy that together result in price behav-
ior that can be dramatically different from that of other asset classes.
The first is that for a variety of reasons, including weather events and
infrastructure failure, fluctuations in supply and demand for many energy
commodities can change rapidly on daily or even hourly time scales. The
second is that it costs real money to move a commodity through time or
between locations. One cannot electronically transfer ownership and deliv-
ery of natural gas from Louisiana to Boston on a cold winter day as one
could, for example, title to a bond.

1 NYMEX, short for the New York Mercantile Exchange, is one of the primary exchanges for energy
futures trading and clearing. Although NYMEX was acquired by the Chicago Mercantile Exchange
(CME) in 2008, we will refer to legacy energy futures contracts as NYMEX contracts.
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The facilities required to store or transport energy vary in cost, with coal
and crude oil relatively easy to store and transport, natural gas much more
challenging and costly, and electricity expensive to move and effectively
unstorable in meaningful quantities at any cost. In each of these markets,
however, storage capacity by region and transport capacity between regions
is finite. When limits to infrastructure are tested, through mechanical fail-
ure, unusually high supply or demand, or extreme levels of inventory, price
behavior is affected.

The first consequence of these fundamental aspects of energy markets
is that energy prices are significantly more volatile than benchmarks in
equities, rates, and currencies. Higher volatility affects an array of commer-
cial considerations, including stability of pricing during the negotiation of
potential transactions, investment decisions relating to asset development
or acquisition, and the capital required to support trading operations and
collateral requirements.

A second consequence is that energy markets exhibit a much higher
degree of “specialness,” that is to say, negative forward yields or rapid
changes in relative pricing between closely related commodities. Liquidity
in energy markets, as in most asset classes, is usually concentrated in a few
benchmark commodities. The practical consequence of chronic specialness
is that energy portfolios often have risk profiles that are very high dimen-
sional – not in the sense of a large number of closely related tradables such
as a few hundred Treasury bonds outstanding on any given day but in the
sense of distinct locational and temporal delivery that can dislocate rapidly
and unpredictably from the benchmarks most commonly used to hedge. Spe-
cialness, and the resulting high-dimensional attributes of typical portfolios,
is the fundamental challenge in energy risk management.

In the next few chapters we will survey basic stylized facts about energy
commodities prices, the typical framework in which commodities prices are
analyzed, and essential fundamental facts underpinning the workings of
energy markets.
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Context

What makes energy commodities different from other asset classes?
Many seasoned risk managers in other asset classes consider energy trad-

ing as simply more of a “white knuckle” experience than other businesses.
This view is often based in part on the empirical observation, easily gleaned
from any screen with West Texas Intermediate (WTI) or Brent oil futures
prices, that energy commodities can exhibit exceptionally high volatility.
The relatively frequent blowups of energy trading desks reinforce the image.
Noteworthy instances of abuse of market mechanics, such as in the case of
Enron and other power marketers in California in the early 2000s, accom-
panied by index manipulation in natural gas, and culminating more recently
with the Amaranth spectacle and FERC1 actions against several power mar-
keters, add credence to the notion that energy markets can be challenging
environments in which to operate.

Much of this perception, however, is based on very high-level views of
the more newsworthy mishaps, with only cursory knowledge of the com-
mercial realities of energy markets and the risk-management practices that
are required to run an energy trading operation. Energy markets serve
much more of a purpose than simply providing a few well-capitalized hedge
funds an arena in which to speculate on the direction of global energy
prices. Most trading activity involves balancing variations in supply and
demand across time and between locations. This occurs both on short time
scales, so-called cash desks that move commodities from supply centers to
demand centers on a daily basis, and on the long time scales involved in
the construction of a new refinery, pipeline, or generator, activities which
often require significant hedging programs to support the sizable financing
required.

1 The Federal Energy Regulatory Commission (FERC) is the U.S. regulator responsible for energy
infrastructure and power markets.

3
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Figure 1.1. Ratio of realized volatilities by calendar year for various assets to WTI.

The distinguishing features of energy price dynamics affect market par-
ticipants in different ways, an understanding of which is central to the
development of useful risk-management and valuation frameworks.

Volatility

There are several reasons to view energy commodities as fundamentally
different from other traded assets. First among them is that energy prices
consistently exhibit higher levels of volatility compared with other asset
classes. Figure 1.1 shows the realized volatility for a set of historical prices
representing a cross section of commonly traded assets normalized by the
realized WTI volatility by calendar year. Given a price series p(n), the
realized volatility (often referred to as historical volatility), is defined as[

250
∑

n

R2(n)

]1/2

(1.1)

where R(n) = log[p(n)/p(n − 1)] denotes the price returns. The factor 250
is approximately the number of trading days in a year. We have chosen the
Standard & Poor’s (S&P 500) Exchange-Traded Fund (ETF) Index (SPY)
for equities, the euro (EUR) denominated in U.S. dollars (USD) for cur-
rencies, the first traded futures contract for gold (GC1), the generic 10-year
U.S. Treasury bond (GT10) for rates,2 and the first futures contract for WTI

2 GT10 volatility was proxied by the product of duration (assumed to be 7.5 years) and change in
yield.
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Table 1.1. Returns statistics (2000–2011)

Statistic WTI 1st Month WTI 1 Year NG 1st Month NG 1 Year

σ (1 day) 0.024 0.020 0.034 0.022
p1,99 (1 day) 0.067 0.055 0.091 0.059
σ (10 day) 0.072 0.058 0.104 0.068
p1,99 (10 day) 0.225 0.170 0.269 0.177

crude oil. WTI is an abbreviation for West Texas Intermediate, which is a
particular specification of crude oil deliverable at Cushing, Oklahoma; the
futures contract serves as one of the world benchmarks for energy prices.3

The realized volatility of WTI has been consistently and meaningfully
higher than that of the other series, with the exception of the gold contract,
which reached volatilities of roughly 90 percent of WTI in 2006. The average
annual volatility ratios were much lower across all the references assets, with
a low of 21 percent for GT10 to a high of 55 percent for SPY.

While the realized volatility in energy commodities is systematically
higher than that of other comparables, options markets exist on numerous
energy benchmarks, often with considerable depth. Given that options can
be used to mitigate volatility risk, one might be tempted to dismiss high
energy volatility as merely a curiosity. On the contrary, higher volatility
affects the commercial operations of a business in many ways, some of which
simply cannot be easily managed using options.

Consider Table 1.1, which shows returns statistics for the WTI and Henry
Hub natural gas (NYMEX NG) futures contracts. These results are for the
first contract and the first calendar strip prices4 over one- and ten-trading-
day intervals. The statistics shown are the standard deviation σ as well as
the greater of the absolute value of the first and 99th percentiles, denoted
by p1,99. One can expect prices to move routinely 6 to 7 percent over a
ten-business day (two-week) period, with changes of over 15 percent not
unexpected.

These statistics, while just another way of restating the high-volatility
premise, do help to add perspective to transaction mechanics. Most sizable
transactions involve exposure to multiple years of commodity prices, so the
calendar strip statistics are the more pertinent. Suppose that you are nego-
tiating the purchase or sale of an energy asset, for example, a collection of

3 Most global crude oil trading references the other benchmark, namely, the Brent futures contract.
We will use both WTI and Brent throughout as context requires.

4 A calendar strip price is the average of the futures or forward prices for a given calendar year and
should be thought of as the price for delivery of the commodity over the course of the next twelve
months. In this case we are using the arithmetic average without discounting and the volumetric
consid erations discussed in Chapter 2.
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oil or natural gas production fields, or a large natural gas power-generation
asset. The value of each of these examples is approximately linear in the
underlying fuel price. For an acquirer paying significant sums, often in excess
of $1 billion, as well as for the lenders supporting such an activity, a 15
percent change in value over two weeks can be highly problematic. Simply
converging on an acquisition price in the course of negotiations can be chal-
lenging. Hedging the exposure of a large transaction, once completed, must
also occur on relatively short time scales in order to avoid the potentially
large changes in value.

High volatility also affects collateral postings and increases credit expo-
sure, resulting in higher capital requirements for energy trading operations.
Whether exchange-traded or over the counter (OTC),5 hedging activities are
almost always accompanied by collateral posting requirements. The larger
the potential swings in the mark-to-market of trading operations, the more
cash or functional equivalents such as letters of credit (LCs) are required for
daily operations.

A more subtle but severe consequence of high energy price volatility
arises when the underlying business premise involves an inherent asymme-
try in collateral posting requirements. A relatively recent example is the case
of retail energy providers (REPs), which are companies that contract and
serve the energy requirements of end users; these could be residential con-
sumers, commercial customers (e.g., stores, restaurants, and the like), and
some industrial customers. The REP is short energy to each of its customers.
To hedge its aggregate short position, the REP typically makes forward
purchases of the energy commodities via exchange-traded or OTC markets.

A collateral posting asymmetry arises from the fact that the customers to
whom the REP is short are not margined (imagine if your utility or REP was
calling you for margin against your expected future annual energy usage!),
whereas the energy purchases are margined. Everything works fine, pro-
vided that macro energy price levels don’t change too much or, better yet,
if they increase. However, if prices decrease, the REP must post collateral
against its long energy hedges. If the price decrease is severe enough, the
collateral calls can be lethal.6

Figure 1.2 shows the time series of rolling calendar strips for WTI,
NYMEX natural gas and PJM7 power prices. PJM is a power market in
the eastern United States and the largest such market in North America.

5 Over-the-counter trades are bilateral trades between two counterparties that are not exchange
trades.

6 The history of commodities trading is replete with examples of cash-flow crises sustained by mar-
ket participants due to collateral posting asymmetries, the most notorious though somewhat dated
example being that of Metallgesellschaft.

7 PJM stands for the original states involved in the market, namely, Pennsylvanin, New Jersey, and
Maryland. The PJM Interconnection now spans a large swath of the Midatlantic states.
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Figure 1.2. History of rolling calendar strips for U.S. energy benchmarks.

Imagine that, as manager of an REP, you purchased significant hedges in
mid-2008. This would be a routine aspect of your portfolio-management
practices, arguably even more sensible at the time given that many com-
modities research teams were forecasting ever-increasing energy prices. Fast
forward a few months after energy prices had collapsed by a factor of
roughly three; cash-flow distress among many natural shorts such as the
REPs with long hedges was unprecedented and resulted in many companies
exiting the business.

Figure 1.2 also illustrates the common macro structure in the price dynam-
ics in the run-up to and the aftermath of the credit crisis. Although the price
dynamics of each distinct energy commodity is affected by idiosyncratic
drivers, prices at times can be broadly coupled by global events.

Specialness

Another feature of energy commodities that distinguishes them from other
asset classes is the concept of “specialness.” This term is borrowed from
bond markets, in which demand for a particular bond is high, often due to
the fact that it is “cheapest to deliver” (CTD) into a bond futures contract;
see [BBLP05] for a more detailed discussion. Such bonds can trade at a sig-
nificant premium to roughly comparable bonds and are said to be trading
special. Figure 1.3 shows a snapshot of yields for U.S. Treasuries as a func-
tion of duration. Several bonds stand out as having anomalously low yields;
these are the CTDs into their respective bond futures contracts.

The supply of a CTD bond available for delivery into a futures contract is
limited. Finite issuance at inception is an a priori limit to supply. In addition,
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Figure 1.3. U.S. Treasury yields versus duration. (Credit Suisse–Global Market
Analytics Group.)

passive investors often hold much of the original issuance, reducing the
amount of the bond available for trading. The result can be a higher price for
the CTD and a commensurately lower yield. The way this works in practice
is that traders who have a short position in bond futures contracts need to
procure the CTD for delivery. Once delivery is made, the supply stress on
the CTD is alleviated, and yields will (probably) return to normal. The CTD
is obtained via a reverse repo, where the bond is borrowed from someone
who has it, and cash is lent in return at the repo rate. If the supply stress on
the CTD is significant, the repo rate can be very low – to obtain the CTD
you are lending at rates far below market rates.

This phenomenon is well understood by bond traders, although now and
again surprises occur when market participants fail to predict a low supply of
a CTD. If you are hedging your risk using liquid on-the-run (most recently
issued) bonds and some part of your portfolio unexpectedly goes special,
portfolio management becomes challenging. The term special is also used
more broadly in financial markets in reference to any particular asset that
is trading at an unusual premium to comparables. Major economic distur-
bances can result in extreme levels of specialness with severe consequences
for some. The Russian financial crisis of in 1998 resulted in a global drop in
commodities prices that had its origins in the Asian financial crisis roughly a
year earlier. During the ensuing turbulence, U.S. swap spreads (the spread
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between dollar interest-rate swaps and U.S. Treasuries) widened to historic
levels. Treasuries “went special” relative to swaps as a result of a flight to
safety, causing some well-known hedge funds to fail. The credit crisis of
2008 also witnessed the breakdown of many ostensibly stable relationships
between financial and cash instruments.

Although financial markets have certainly experienced dramatic and
painful periods of widespread specialness, these are sporadic and certainly
not the norm. Financial markets are stabilized by various institutions, such
as the Federal Reserve and the European Central Bank (ECB), that have
historically been successful at controlling the supply of credit as needed and
that act in a generally predictable manner. In addition, electronic transfer of
ownership of assets has reduced transaction costs and time lags, increasing
the efficiency of the marketplace.

In contrast, energy commodities are often going special and frequently
very special. One might even go so far as to say that specialness is the norm.

Supply and demand variations are more extreme in energy markets, and
one cannot electronically wire a shipment of crude oil or natural gas to a
location in which demand is high. Physical storage and transportation con-
straints can arise suddenly and result in significant locational and temporal
price variations. Energy markets are also lacking the stability induced by
large stabilizing bodies. The Organization of Petroleum Exporting Coun-
tries (OPEC), and Saudi Arabia in particular, attempt to stabilize energy
prices, again with much less success than central banks have had in financial
markets. National petroleum reserves also factor into the governing mech-
anisms of energy markets, but with much less predicability regarding both
deployment and ultimate effect. In addition, the characteristic time scales
for equilibration of structural supply-demand imbalances can be significant
because of the substantial time and capital required to build the necessary
infrastructure.

The upshot is that a single commodity delivered at two different times or
locations can behave functionally as two entirely different assets.

Figure 1.4 shows the NYMEX natural gas (NG) futures price curve on a
particular date. The points in the plot represent the prices for natural gas to
be delivered in each of the contract months as of the end of the trading day
January 25, 2010. The quasi-periodicity (and lack of monotonicity) of prices
is due to seasonal variations in demand. Heating demand in the winter in
North America results in far higher consumption than during the rest of
the year; this results in the seasonal premia. The winter months are special
relative to the summer; a chronic state of affairs. In the language of repos, if
you wanted to borrow the commodity during the high-priced winter months
and return it during the lower-priced summer months, you would be lending
cash at negative (in some cases very negative) interest rates.
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Figure 1.4. NYMEX natural gas forward curve.

Spot price shows even more dramatic and less predictable behavior. The
term spot price refers to the price for delivery of a commodity now, that is,
for nearly immediate delivery. The operational definition of immediate deliv-
ery always involves a lag that is a function of the time required for a supplier
to arrange the logistics of shipping and delivery. For example, the spot price
for natural gas is usually established the day before delivery.

Figure 1.5 shows daily spot prices and returns for Henry Hub, the deliv-
ery location underpinning the NYMEX natural gas contract (we will talk
more about this in Chapter 2). By spot returns  , we mean log ( pd+1/pd), where
pd denotes the spot price on day d. We are taking liberties here, because
returns are only well defined for a series of prices of the same underlying
asset or deliverable. Commodity prices at two different delivery times are
related only insofar as the commodity can be readily stored in the sense that
an increase or decrease in inventory at known cost can be readily effected.
An extreme case that illustrates this point is power, which is effectively
unstorable, rendering this definition of returns highly questionable. Caveats
aside, the results serve the purpose of illustrating the rapid variation in the
value of a commodity at almost identical delivery times; daily returns are
frequently in excess of 500 percent in magnitude.

Locational specialness also distinguishes energy commodities from other
asset classes which are largely devoid of geographic disparities. Changes
in demand and constraints in transportation can result in the appearance
of rapid locational value disparities. Figure 1.6 shows results for a natural
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gas delivery location in the northeastern United States – TETM3 versus
Henry Hub. The difference between TETM3 and Henry Hub, referred to
as the basis between the locations, is shown in the top plot, and the ratio,
which normalizes for price level, is shown in the bottom plot. TETM3
is typically premium to Henry Hub because of transportation costs and
generally higher demand.8 This premium is also reflected in the forward
markets, with TETM3 trading consistently above NYMEX futures prices.
The substantial premia in TETM3 prices occurs because of fluctuations in
temperature-driven demand in the winter. The extreme events are typically
due to low temperatures, which result in demand that exceeds available
pipeline capacity.

Locational specialness across commodities occurs when infrastructure
cannot keep up with spatial disparities in supply and demand. This can
occur as a result of sudden changes in supply or demand, time lags such
as shipping times for crude oil, or sudden failure of infrastructure such as
a pipeline or power-transmission outage. Demand fluctuations are often
weather-dependent and can be anticipated a few days in advance. In con-
trast, infrastructure failure is hard to predict and, because of the “Poisson
process9 nature” of such failures, is challenging to hedge.

Benchmark Hedging and High Dimensionality

In most asset classes, the number of distinct tradable instruments is very
large, and each market has its idiosyncratic conventions regarding which
instruments will be used to concentrate liquidity – the so-called bench-
marks. In Treasuries, for example, while outstanding bonds number in the
hundreds, the most recent issuances (the on-the-runs) are the benchmarks.
For equities, the broader indices are the benchmarks, not only in the sense
of performance metrics for investors but also from the risk-management
perspective of being the fastest avenue to reduce risk in an equities portfolio.

The situation is the same in energy. The NYMEX WTI and ICE Brent
futures contracts,10 which we will discuss shortly, are the global crude
oil benchmarks. For North American natural gas and power markets, the
NYMEX natural gas (NG) contract is at the apex of liquidity concentration.
It is through the use of benchmark tradables that large risk positions can be
rapidly, though not totally, hedged.

8 In 2013, however, TETM3 spot prices realized at a discount to Henry Hub at a frequency that had
not been witnessed historically due to the geographic distribution of shale gas production, with
forward markets also exhibiting a discount in the summer months.

9 Poisson processes are defined by a sequence of arrival times, with the time between arrivals inde-
pendent and exponentially distributed so that knowledge of the previous arrival times provides no
conditional information about the time of future arrivals.

10 ICE stands for Intercontinental Exchange, which is a major exchange and electronic trading
platform for energy, as well as other commodities and asset classes.
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Energy is produced and consumed at many different locations and often
with highly seasonal attributes; this is the origin of the large number of
traded products that span locational and temporal hedging requirements.
Energy markets typically trade risk in a hierarchical fashion, with the bench-
mark at the apex. Slightly less liquid products, sometimes referred to as
hubs, often trade as a spread to the benchmark. Less liquid locations
trade as spreads to the hubs. Beyond this, most risk positions are typically
inventoried, being hedgable only if unusual circumstances arise.

On inception of a transaction, the usual sequence of events is that the
benchmark instruments are used to reduce the risk position to a spread
or basis between the transaction and the benchmark. Subsequent hedges,
generally requiring substantially longer periods of time, are then effected
to transfer the hedge to positions that are “closer” to the transaction, both
locationally and temporally. In cases where the transaction involves delivery
at particularly illiquid locations or tenors, a residual spread exposure may be
inventoried for the life of the transaction.

This process of telescoping hedges from the benchmark to the actual risk is
common. In energy markets, high volatility and chronic specialness make the
risk of any outstanding spread position considerably greater than is typical
in other asset classes.

Conclusion

Two fundamental aspects of commodities that are distinguishing features of
energy commodities are consistently high levels of realized returns volatility
and chronic specialness in prices. High volatility affects commercial activities
in numerous ways, including

• Impeding convergence on transaction price of complex structures
• Affecting capital requirements and collateral demands on market participants
• Dramatically shortening time scales at which hedging programs must be effected

Specialness in energy is both common and significant in magnitude. A
commodity for delivery at a particular time and location can exhibit dra-
matically different price dynamics from the same commodity deliverable at
a different time and location, even when the times and locations are seem-
ingly “close.” The instruments available for a portfolio manager to efficiently
hedge the risks in a typical energy portfolio are often confined to a few liquid
or quasi-liquid benchmarks. The set of such tradables is therefore typically
far smaller than the number of ways that a commodities portfolio can go
special. The result is that energy portfolio managers have to deal with high-
dimensional risk positions with significant gaps between the risks and the
instruments available to hedge. Much of what follows expands on the chal-
lenges and partial solutions that commodities traders and strategists have
crafted to close these gaps.



2

Forwards and Carry

Commodities trading is based on forward contracts and delivery. For-
wards, swaps, and futures constitute the basic underlying tradables primarily
because most market participants do not have access to storage facilities in
which to carry the commodity forward in time. A bond or an equity can
be purchased at any time to cover a short position sometime in the future.
This involves paying funding costs but does not require elaborate infrastruc-
ture, in contrast to most commodities. As a consequence, most trading and
hedging in commodities occur in the forward markets. A closely related fact
is that one cannot readily infer forward prices from spot prices in energy.
For equities, bonds, or even gold, market participants are able to make reli-
able estimates of the funding costs and other components of carry, such
as dividends and warehouse storage, in order to calculate the cost of get-
ting the commodity from now (spot) to a later (forward) delivery time.
For energy, and consumption commodities more broadly, carry costs can
be inferred only through forward prices. This renders forward prices as the
natural underlying price variables.

Forwards, Futures, and Swaps

We have already encountered forward pricing in Figure 1.4, which showed
the natural gas forward curve on a particular date. Figure 2.1 shows the
forward curve for West Texas Intermediate (WTI). Each point on the plot
represents the price for WTI crude oil delivered in subsequent months as of
January 15, 2009.

To formalize this concept, we will denote the forward price observed at
time t for delivery at time T by F(t,T).1 In the case of a delivery interval,
this will be replaced by F(t,T,T +S), where [T,T +S] defines the delivery

1 For expository reasons, we will usually work in continuous time. In practice, everything is in dis-
crete time, be it natural gas delivery on a daily basis or power prices traded at the hourly level.
Modifications for discrete time valuation are straightforward.

14
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Figure 2.1. NYMEX WTI forward curve.

interval over which ratable (uniform) delivery of the commodity is assumed.
Commodities forwards reference calendar months as the delivery window at
all but the shortest tenors, where in some cases daily, weekly, or “balance-of-
month” contracts trade.2 For a given contract month m, we may abbreviate
notation along the lines of Fm(t) or F(t,Tm). Finally, the first live contract
is often referred to as the prompt contract or the first nearby contract.
The nearby convention extends to other contracts; for example, the second
nearby is the second contract actively traded.

At the inception (t = 0) of a forward contract for delivery at time T, the
contract is struck at K = F(0,T), ignoring bid-offer spreads and assuming
that the transaction occurred at prevailing market prices. At a later time
t > 0, when the prevailing market price for the same delivery time is F(t,T),
the value of the trade to the holder of the long position (the buyer) is

V [t,F(t,T)] = d (t,τ )N [F(t,T) −K] (2.1)

where τ denotes the settlement time, N the notional, and d(t,τ ) the dis-
count factor to time τ prevailing at time t. Discounting is required because

2 Futures contracts in commodities, as well as some financial instruments, use arcane abbreviations
for calendar months: F, G, H, J, K, M, N, Q, U, V, X, and Z correspond to January through
December. For example, the December 2010 contract would be referred to as Z10.
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settlement occurs in the future (the story is a little different for futures con-
tracts, which we will discuss later). As a consequence of (2.1), the delta3 for
a forward is the discounted notional:

� ≡ ∂V
∂F(t,T)

= d (t,τ )N (2.2)

The value of the forward in (2.1) is a linear function of the forward price
F(t,T). Linear instruments, as well as more complex structures, are usually
categorized according to the following:

• Does the trade require physical delivery of the commodity, or is it financially
settling on a prescribed commodities price index?

• Is the trade through an exchange, or is the trade bilateral (also referred to as over
the counter or OTC) with specific credit-support agreements in place between the
two counterparties?

A swap is a financially settling OTC trade. If it is exchange traded, then it
is called a listed swap. A forward contract is an OTC trade requiring physical
delivery. If it is exchange traded, then it is a futures contract. The term futures
contract is also used by practitioners in reference to some financially settled
instruments, or those with a delivery option to settle physically or financially.

Each of these trade types requires specification of the following attributes:

• The underlying commodity. While this may seem like a trivial point, it is actu-
ally more complex than meets the eye. In other asset classes there is rarely
ambiguity—one USD or one share of an equity is unambiguous. Physical com-
modities, in contrast, are identical only in the case of electricity. The multitude of
crude oils produced (referred to as crude oil streams) globally have a wide vari-
ety of characteristics, most notably sulfur content and density, that affect their
ultimate value. For natural gas, the presence of other liquids and gases, as well
as moisture content, affects value. Commodities contracts specify quite precisely
the attributes that constitute acceptable delivery into a contract, with codified
adjustments in settlement value as a function of the characteristics of the product
actually delivered.4

• Delivery. When and where the commodity will be delivered for physical contracts
or which price index will be used in financial trades.

• Price. The price per unit commodity to be paid.
• Notional. The quantity of the commodity to be delivered or defining financial set-

tlement. Most energy commodities have a standard notional referred to as a lot.
For example, one lot of crude oil is 1,000 barrels.

• Settlement. The terms defining how and when the commodity will be delivered
and payment made between the two counterparties.

3 Common notation for all derivatives is � ≡ ∂V/∂X, where X is an underlying price. Here the
underlying is the forward price F.

4 The closest analogue in financial markets is the use of conversion factors in bond futures.
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Appendix D surveys the common tradables in energy markets. The
following few illustrative examples will appear frequently in what follows.

Example 1: WTI and Brent Futures

The NYMEX WTI futures contract is one of the world energy benchmarks.
The notional quantity for one contract is 1,000 barrels, which, as mentioned
earlier, is one lot. As with all futures, trading for a given contract month
ceases at a defined futures expiration date prior to the contract month. In the
case of the WTI contract, this is roughly two-thirds of the way through the
previous contract month. For example, the October 2012 contract expired
on September 20, 2012.5 On expiration of a given contract traders holding
long positions in the contract are matched with those holding short posi-
tions; by definition, there are equivalent volumes of each. The shorts must
deliver 1,000 barrels per contract of specific grades of crude oil at Cushing,
Oklahoma, sometime during the delivery month, and the longs must take
delivery and pay the final settlement price.

In recent years idiosyncrasies related to the delivery location of the WTI
contract resulted in substantial and prolonged decoupling from global crude
oil prices. As a result, spite complications of its own, the Brent futures con-
tract which trades on ICE,6 is now viewed as the dominant crude oil bench-
mark. The namesake of this futures contract is the Brent field in the North
Sea. Depletion of the Brent field and the resulting drop in delivered vol-
umes resulted in expansion of the set of deliverable crude oil streams used to
define the final futures settlement price—the so-called BFOE basket.7 The
settlement and delivery mechanics of Brent contracts are more complex than
for WTI futures. The Brent contract is described by the exchange as phys-
ically settling with an option to settle financially on the ICE Brent Index.
This index is based on the arithmetic average of what are essentially physi-
cal forward trades for the first two delivery months (with the second nearby
price linearly adjusted to a first nearby equivalent using the average price
at which spreads between the two contracts traded). Physical settlement is
through negotiated transactions referred to as exchange-for-physical or EFP
transactions, in which specific grades and delivery locations are priced as a

5 Contract expiration dates are defined by an exchange holiday calendar and a date rule, usually
articulated verbally in exchange rules. Functionally risk systems often apply the rule in a scripted
form. In the case of WTI, the date rule is “s-m+24d-0b-3b,” which can be read from left to right
as “move to the start of the month in question, go back one month, move forward twenty-four
calendar days, move to the nearest business on or before this date, and then back three business
days.”

6 ICE is the Intercontinental Exchange and one of the largest trading and clearing companies in
commodities and more broadly. ICE screens are ubiquitous on energy trading desks.

7 BFOE stands for Brent, Forties, Oseberg, and Ekofisk, all North Sea crude oil streams with distinct
delivery points.
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spread to the futures settlement price.8 The circular nature of this settle-
ment mechanism makes it difficult to categorize the contract as physically or
financially settling. See [Car12] for a more detailed discussion of the Brent
market. Nonetheless, the majority of physical crude oil trading references
the Brent futures contracts.

Example 2: WTI Swaps

Swaps are typically closely related to the analogous futures contract (if such
exists). The standard WTI swaps fix on the average first nearby contract
price during the contract month. Cash settlement for a contract month is
N [pfloat(m) −K], where N is the notional quantity, K is the swap strike, and
the floating price pfloat(m) is

pfloat(m) = 1
Km

∑
d∈m

F1(d) (2.3)

where Km is the number of trading days in month m, and F1(d) denotes
the settle price of the first traded contract on day d. Recalling the contract
expiry for WTI futures described in the preceding example, the floating price
is comprised of roughly a two-thirds weighting of one contract price and a
one-third weighting of the following contract.9

Example 3: Natural Gas Futures

The NYMEX NG natural gas futures contract is another noteworthy
benchmark. The contract size is 10,000 MMBtus. Delivery occurs ratably
(uniformly) over the delivery month at Henry Hub, Louisiana. Futures
expiration is three business days prior to the delivery month.

Example 4: Natural Gas Penultimate Swaps

There are many variations of natural gas swaps, but the most common is
the penultimate swap, which settles on the futures price for the same con-
tract month four business days prior to the delivery month, that is, on the
next-to-last trading day of the analogous futures contract. Its popularity as
an instrument is due to the fact that options on natural gas futures expire
on the same day, rendering this swap particularly useful for hedging options.
Settlement occurring one business day before the futures contract is referred
to as penultimate settlement. The settlement amount is based on the differ-
ence between the futures penultimate settlement and the strike at which the

8 EFPs are common in commodities markets and allow counterparties with long and short futures
contracts to exchange their respective offsetting futures positions for physical delivery of a desired
specification and location at a negotiated spread to the futures price at the time the EFP is executed.

9 While simple enough in concept, this causes a bit of headache in the design of risk systems in that
a WTI swap for a single contract month will have nonzero delta exposure to two distinct futures
prices.
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trade was done. For example, suppose that an October 2011 swap for one lot
per day (referred to as one-a-day) was entered into on July 1, 2011, at a price
of $4.372/MMBtu. The penultimate price was settled at $4.79 on September
27, 2011. Because there are thirty-one days in October, the total notional is
310,000 MMBtus, resulting in a cash settlement (from the long perspective)
of 310,000($3.827 − $4.372)= $168,950.

Example 5: Gas Daily Swaps

An example of swaps for which settlement is not directly related to a futures
contract are the Gas Daily (GD) swaps. Financial settlement is based on
the initial strike of the swap and the average Gas Daily Index published by
Platts10 for the relevant delivery locations. This index is constructed from
a survey of market participants and is intended to be a representative spot
price for natural gas transactions on a given day at a specific location. For
example, in a Gas Daily Henry Hub swap for December 2015 struck at $5.20,
the buyer will receive

N
∑

d∈Dec15

(
pd − $5.20

)
(2.4)

from the seller at settlement, where pd denotes the GD price on day d, and
N is the daily notional. If the preceding sum is negative, the buyer is paying
the seller.

In contrast to the preceding futures and swaps examples, forwards con-
tracts are physical purchases or sales that are not executed or cleared on
an exchange. In a physical transaction, no reference to an underlying settle-
ment price is required. The commodity is delivered as per the specifications
of the trade confirmed by the short to the long. What the holder of the long
position does with the commodity on delivery is not part of the contract, but
presumably any use of the commodity amounts to the economic equivalent
of buying or selling the commodity at the prevailing market price.

The floating price pd in Example 5 is r eferred to as a spot price  which,
as discussed earlier, is the price for immediate delivery. Formally, we will
represent a spot price by F(t, t), where t indexes current time. In practice,
the price is usually established slightly before the delivery time, rendering
the distinction between spot and forward somewhat arbitrary. In the case of
natural gas, for example, trading for delivery on day d occurs on day d − 1,
which is when the index print is established. For power, the spot price can be
set a day before, hours before, or immediately at delivery. For coal, in which
logistics and shipment are more daunting issues, spot can refer to a time lag
between trade date and delivery measured in weeks or months. Spot prices

10 Platts, Argus, and other index providers publish daily and monthly price indices for a vast array of
energy products, many of which are used for transaction settlement.
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are therefore forward prices with near-term delivery as determined by the
physical logistics of the market.

Liquidity and Strips

Participants in markets with a large number of closely related tradables usu-
ally converge to conventions which enhance liquidity. In the case of U.S.
Treasuries, for example, the set of bonds that can be traded on any given
day numbers in the hundreds, but liquidity is concentrated in the most
recently issued bonds of a given tenor (the on-the-runs) as well as in the
Treasury futures markets. This concentration of trading activity in a smaller
set of instruments reduces transaction costs, increasing the efficiency of the
marketplace overall.

For energy commodities, the benchmarks such as WTI, Brent, and NG are
proxies for less liquid locations. Even for these benchmarks, the dimension-
ality remains high simply because of the large number of contract months
if we consider hedging at tenors of five to ten years. Within each energy
market, conventions have evolved to avoid diluting liquidity.

Figure 2.2 shows the open interest, namely, the number outstanding con-
tracts, in the WTI futures contracts on a specific date. The open interest,
as well as the daily volume (not shown), is highest in the closest and most
volatile months. However, at intermediate tenors, the liquidity is concen-
trated in the June and December contracts, and at the longest tenors, almost
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Figure 2.2. NYMEX WTI open interest by contract.
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entirely in December contracts. For crude oil futures, in which there is
no seasonality in price, this convention concentrates liquidity without any
deterioration in the utility of the contract from a risk-management perspec-
tive. There is no hedging program that would require a position in November
five years out as opposed to December. December WTI contracts are the
analogue of the on-the-run Treasuries at various maturities.

Another way that the markets concentrate liquidity is through the trad-
ing of strips. The term strip refers to a set of adjacent months. A calendar
strip (cal strip) is comprised of the twelve months of a calendar year. Cal14,
for example, refers to the delivery period consisting of the twelve months
comprising the year 2014. Swaps and forwards often trade as strips, espe-
cially at longer tenors. A strip is simply the union of a set of individual
contract months; settlement, and in the case of physical contracts delivery,
occurs on a monthly basis. For commodities with seasonality, such as natu-
ral gas, seasonal strips concentrate liquidity. In natural gas, the commonly
traded strips are seasonal: the winter strips, which consist of November
through the following March, and the summer strips, which consist of April
through October. Seasonality matters, and these strips concentrate liquidity
while acknowledging the specialness of the winter months. At longer tenors,
calendar strips are the norm.11

Broker- and exchange-traded strips trade at a single fixed price, which
means that each contract in the strip is struck at a price that is different from
the price were it traded stand-alone. Given a set of monthly contract prices,
the fair-value of the strip m ∈ {K, . . . ,L}, which we will denote by FK:L, must
satisfy

L∑
m=K

Nm [Fm −FK:L]d (t,τm) = 0 (2.5)

where τm denotes the settlement times and Nm the monthly notionals. Strips
can trade either as constant volume in each contract month (e.g., 1,000 bar-
rels per month) or as a fixed rate (e.g. one lot per day or, in the parlance,
one-a-day for the calendar year). In the latter case, the notionals Nm will
vary by month because of differing day counts. From (2.5) we conclude that
the fair value for the strip must satisfy

FK:L =
∑L

m=K NmFmd (t,τm)∑L
m=K Nmd(t,τm)

(2.6)

This equation relates strip prices to the forward curve.12

11 Another reason that strips are commonly traded is ergonomic. The logistics of tracking and quoting
individual contract prices for tenors of many years can be burdensome and prone to error.

12 In practice, (2.6) is frequently used to infer changes in monthly prices from liquid quoted strip
prices, which entails some form of interpolation.
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Options as Related to Swaps

Options markets exist in tandem with the preceding linear instruments, and
expiration can result in either financial or physical settlement. Mechanics
and liquidity vary by commodity and tend to mirror conventions for futures
and swaps.

WTI Options

The standard exchange-traded WTI options expire three business days
before the futures contract expires and offer American exercise into a
futures contract. Such listed options are associated with the WTI futures
contract. The second commonly traded option is related to WTI swaps and
settles similarly on Asian average of the first nearby. For example, an Asian
call option struck at K in contract month m will have a settlement value of
max[pfloat(m) −K,0], where the floating price was defined in (2.3).

Natural Gas Options

Listed natural gas options are American and exercise into the related futures
contract one business day before (penultimate) expiry of the futures con-
tract. OTC options that settle financially on the futures penultimate price are
also traded. In each case, penultimate swaps are clearly convenient hedging
instruments because they expire at the same time.

Annual swaptions are also commonly traded in natural gas. These exercise
near the end of one calendar year into a swap for the next calendar year
struck at the option strike K. The value of a call at expiry τ is therefore
max{ 1

12
∑

m d(τ ,Tm) [F(τ ,Tm) −K] ,0} per unit notional.
Daily options are on the opposite end of the spectrum of delivery time

scales. For example, Gas Daily fixed strike options are related to Gas Daily
swaps in Example 5. A call for a given contract month m is a c tu a lly a s tr ip
of calls with settlement given by13

N
∑
d∈m

max (pd −K,0) (2.7)

More common in the natural gas markets are forward starters in which the
strike K is replaced by the forward price for the delivery month just before
the beginning of the month.

Two features stand out in the preceding examples. First, vanilla energy
options markets involve optionality across widely varying time scales. At the

13 Here the payout is implicitly autoexercise or lookback–positive if the realized spot price index
exceeds the strike in the case of a call. In practice, most daily options in natural gas and power are
exer cis ed manually the d ay befor e. We w ill dis cus s t his in gr eater detail in Chapter 8.
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long end of the spectrum are the annual swaptions, exercising into calendar
swaps; on intermediate time scales are the options exercising into monthly
delivery. Exposure to short-time-scale volatility is provided by daily options,
which provide the holder with a strip of daily exercising/settling options.

The second attribute is in fact a significant structural limitation of the
energy options markets. Expiration is usually “close” to the delivery inter-
val for vanilla energy options. Unlike interest-rate swaptions, markets that
offer an “MxN” palette (M years of expiry into an N-year swap) or midcurve
options in Eurodollars, all vanilla energy options expire just before delivery.
It is not clear why this added dimension of varying expiry has not appeared
in commodities markets. However, this limitation will turn out to make the
valuation and hedging of even mildly exotic options structures much more
challenging than when options span both expiry and delivery/settlement
dimensions.

Forward Yields and the Carry Formalism

We have discussed forward curves from the perspective of the price for a
commodity at a particular forward delivery date and location. Alternatively,
forward curves can be viewed from a yield-curve perspective. We saw in
Figures 1.4 and 2.1 that forward curves can both increase and decrease dra-
matically. When forward prices are decreasing with tenor, the curve is said
to be backwardated or in backwardation. When forward prices are increas-
ing with tenor, the curve is said to be in contango. Usually backwardation is
associated with supply stress: people need the commodity now and are will-
ing to pay a premium for it. Conversely, contango is associated with supply
excess; contango provides an incentive to store the commodity for future
use, thereby alleviating the current glut. The significant contango in Figure
2.1, at the height of the credit crisis, was a result of market anticipation of
excess supply due to reduced global economic activity.

Figures 2.3 and 2.4 show the WTI and NG forward curves at a variety
of dates. These figures are interesting in that they illustrate both the fact
that forward curves can vary between backwardation and contango, in some
cases exhibiting mixed states, and showing the large range of prices spanned
by these commodities over the past few years.

To begin to quantify how contango incentivizes an inventory build and,
conversely, backwardation a reduction in inventory, it is necessary to view
commodities forward curves from a yield perspective. The forward yield at
time y(t,T,T + S) is the annualized forward rate at time t implied by bor-
rowing to buy the commodity forward at time T and sell it later at time
T +S:

y(t,T,T +S) = 1
S

log
[

F(t,T +S)
F(t,T)

]
(2.8)
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Figure 2.3. WTI historical forward curves.
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Figure 2.5. WTI monthly forward yields.

Negative forward yields imply that market participants are willing to pay a
premium for earlier delivery; buyers for near-term delivery are effectively
lending at negative interest rates.

Forward yields can exhibit extreme values. Figure 2.5 shows the WTI
monthly forward yields (that is S = 1/12) for the same date, January 15,
2009, as Figure 2.1. A belief that a supply glut would result from the credit
crisis, which was in full swing at the time, resulted in astonishingly high for-
ward yields, exceeding 200 percent annualized. This was clearly the result of
a remarkable global economic meltdown.

For seasonal commodities, in contrast, forward yields of mixed sign and
of significant magnitude are more the norm than the exception. Figure 2.6
shows the forward yield corresponding to Figure 1.4. Note that the yields
exceed 50 percent and fall below −100 percent on the boundaries between
the summer and winter seasons.

The yield-curve paradigm is the starting point for a significant body of
research in part because of the analogy with financial assets. The utility of
this train of thought remains debatable, but at a minimum, the carry for-
malism discussed later provides some intuition and insight into commodities
price dynamics.

For purely financial assets, the presence of decreasing forward curves
presents an apparent arbitrage opportunity: Why not short the commodity at
the high prices and repurchase at the low prices? This question is frequently
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Figure 2.6. NG monthly forward yields.

the first response of bond traders unacquainted with energy markets. The
answer is that you probably could affect this reverserepo14 if you really
wanted to. However, the lender of the commodity, being fully aware of the
forward curve, will charge accordingly. If you borrow the commodity now
(at time t) at a time of high prices, posting the purchase price as cash collat-
eral (this is the embedded loan), agreeing to return the commodity at a later
time t + S corresponding to lower forward prices, at which time the cash is
returned to you, the yield you will earn on your cash will be the forward yield
y(t, t, t + S). When the curve is backwardated, this yield is negative. There is
no arbitrage opportunity. In practice this deal structure, referred to in the
business as a park-and-loan, usually involves repo in the natural direction,
namely, buying in the cheaper months and storing to the expensive months
when demand is higher.

Carry arguments are most straightforward for investment assets with no
dividends or storage costs, in which case the forward price is given by

F(t,T) = F(t, t)er(t,T)(T−t) (2.9)

where r(t,T) denotes the funding rate from t to T, which is usually assumed
to be the London Interbank Offered Rate (LIBOR). More generally, the

14 A reverse-repo entails acquiring the desired asset or commodity and lending the cash value at
inception and reversing the transaction at a later time by returning the asset or commodity and
receiving the cash and accrued interest.
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result is
F(t,T) = F(t,S)er(t,S,T)(T−S) (2.10)

where r(t,S,T) is the forward funding rate on the interval [T,T + S]. This
is a direct result of absence of arbitrage. If F(t,T) > F(t, t)er(t,T)(T−t), then
borrowing to purchase the asset at the spot price F(t, t) while simultaneously
selling the asset forward results in a riskless gain. The converse applies for
the reversed inequality, provided that you can short the asset.

This train of thought is easily extended to commodities held primarily as
an investment asset, such as gold, by including the cost of storage. Using
a somewhat idealized representation of storage costs as an instantaneous
forward cost q(t,T), the generalization of (2.9) is

F(t,T) = F(t, t)e[r(t,T)+q(t,T)](T−t) (2.11)

The implication of these results is that forward curves for investment assets
without dividends are always in contango.

We know, however, that for energy commodities (and consumption com-
modities in general), backwardation is frequently observed. For a consump-
tion commodity, basic arbitrage arguments can only support the following
inequality:

F(t,T) ≤ F(t, t)e[r(t,T)+q(t,T)](T−t) (2.12)

This fact is a direct application of the preceding argument: by definition,
you can always buy the commodity at the spot price and sell the commodity
forward. However, if strict inequality in (2.12) holds, an attempt to do the
reverse, namely, shorting the commodity in the spot market, requires being
able to borrow the commodity from someone in possession of it. If the com-
modity is special in the sense of high immediate demand, as discussed earlier,
the rate of interest at which you are effectively lending in a reverserepo is
negative. This is exactly the same situation as when bonds go special and
is the origin of the inequality. The decoupling of the repo rate from typical
funding rates results in the forward curve being backwardated.

Reconciliation of these facts with a yield-curve formalism requires an
equality in (2.12). This is accomplished by defining the convenience yield
η(t,T) that yields the desired equality:

F(t,T) = F(t, t)e[r(t,T)+q(t,T)−η(t,T)](T−t) (2.13)

Exactly what this accomplishes is debatable. At a minimum, it is a way of
thinking about specialness from a yield perspective. However, all that can
be observed from the traded markets is r(t,T) and F(t,T), which allow one
to discern q − η, not the two components separately. Participants in the
natural gas markets know that if the spread between winter and summer
months rises, increasing the profit a storage owner can make by injecting in
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the summer and selling in the winter, the cost to lease storage rises in tan-
dem. Storage owners will charge what the market will bear. The cost to lease
storage is in reality a function of forwards and volatilities as opposed to an
input, rendering (2.13) recursive in nature.

For energy commodities, there is a finite amount of available storage,
whether it be crude oil storage tanks or salt caverns in which to store natural
gas. One would expect the marginal cost of storage to increase as storage lev-
els increase; as less is available, it costs more to lease. Forward curves do in
fact exhibit an inventory response that is consistent with q − η increasing as
inventory decreases. This relationship has been known by practitioners and
academics for many years and has been a subject of great deal of research,
starting with Kaldor in 1939 [Kal39] and including notably French and Fama
[FF87], Ng and Pirrong [NP94], and Geman and Ohana [GO09]. Deaton
and Laroque [DL91], followed by Routledge, Seppi, and Spatt [RSS00],
have constructed risk-neutral-based inventory models to study the effects of
inventory on price volatility. Recently, Gorton, Hayashi, and Rouwenhorst
[GHR07] built and tested equilibrium inventory models to examine the
effects of inventory on risk premia.15 This body of research, which we will
return to later in Chapter 10, is referred to as the theory of storage.

It is very difficult to reliably estimate global crude oil stocks primarily
because of the challenge of obtaining timely and reliable estimates from
many countries. A commonly used proxy is the oil inventory in Organisation
for Economic Co-operation and Development (OECD) countries, which is
compiled and released on a monthly basis and shown in Figure 2.7. Figure 2.8
shows a scatterplot of the forward yield between the first two cal strips of the
WTI forward curve yields versus OECD crude oil stocks from January 2003
to December 2011. Note the obvious pattern, with low inventory levels being
associated with low forward yields. At any given inventory level, the condi-
tional standard deviation of yields is at least several percentage points wide,
making this result of questionable utility from a statistical arbitrage perspec-
tive. The theme, however, is clear – low inventory is associated with negative
forward yields and conversely.

Figure 2.8 implies that q − η is low when inventories are low and spare
storage capacity abounds. It remains unclear whether the forward curve is
the tail or the dog: do inventory levels respond to the forward curve or vice
versa? In reality, the two are recursively related, but there is compelling evi-
dence that both inventory levels and, moreover, available storage capacity
are a function of the forward curve. The period of time right after the incep-
tion of the credit crisis provided a very good example of the dynamic nature
of storage.

15 Recent surveys include the previous reference as well as [Cul04].
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Crude oil stocks rose significantly, as seen in Figure 2.7. Recall Figures 2.1
and 2.5, which showed the WTI forward curve in significant contango, with
forward yields nearing 200 percent annually. Owners of storage can earn
the forward yields net of funding costs, which were nearly zero at the time,
courtesy of central bank intervention. There was a great deal of money to
be made by buying crude oil in the spot markets and selling forward a few
months – provided that one had the ability to store the commodity. Accord-
ing to Argus Media [Ltd11], approximately fifty very large crude carriers
(VLCCs) stored over 100 million barrels of crude oil during this time frame.
This was true globally; if you could find something to hold it, you stored it.

The moral of the story is that both the quantity of available storage capac-
ity increased due to short-term innovations, namely, the use of tankers, and
the marginal cost of storage was ultimately set by tanker leasing rates. This
situation would have been challenging to predict only a few months earlier
and was clearly a function of the forward prices for crude oil. The interactive
nature of inventory, forward yields, and as we will see later, the covariance
structure of returns are the genesis of some of the most challenging valuation
problems in energy markets.

Conclusion

Energy commodities trade for forward delivery/settlement, and there are a
variety of linear and nonlinear instruments available for risk transfer.

• Linear instruments (forwards, futures, and swaps) involve either physical delivery
or financial settlement.

• Forward pricing references contract months, except at very short tenors.
• Liquidity at long tenors is typically concentrated at benchmark contract months

or strips.
• Options tend to parallel forward and futures conventions, with an important struc-

tural limitation arising from the fact that standard options in energy markets
expire near the delivery period. This feature limits the information about volatility
structure that can be gleaned from traded products.

Forward curves for consumable commodities, and energy in particular,
exhibit structure that is dramatically different from that of financial assets.

• Energy forward curves can exhibit varying monotonicity and forward yields of
high magnitude of both positive and negative sign.

• When yields are positive, forward prices are increasing with tenor (contango), and
when negative, prices decrease with tenor (backwardation).

• The carry formalism decomposes yields into borrowing costs, storage costs, and
convenience yield, although market data provide visibility into only the sum of
the storage and convenience-yield components.

• The cost of storage is endogenous, being a function of traded markets, rendering
the carry formalism primarily a stylized description of forward markets.
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In light of the preceding yield formulation, it should come as no sur-
prise that much of the mathematics developed for valuation and hedging
has drawn from other fields in financial engineering, notably, interest-rate
derivatives. One of the distinguishing features in energy, however, is the
feedback mechanism between the forward-curve dynamics and inventory
response: high forward yields incentivize an increase in inventory and con-
versely. The dynamics of forward curves depends on inventory levels and
the behavior of storage operators, and inventory decisions depend on the
state of the forward curve and the covariance structure of returns. Effective
modeling of this interaction is one of the major unresolved issues in energy
markets.
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Macro Perspective

High volatility and specialness in energy markets result in more challenging
trade execution, larger capital requirements and diminished effectiveness
of benchmark hedging in contrast to other asset classes. Given these chal-
lenges, it is reasonable to ask why energy is traded as extensively as it is.
Part of the answer is an inclination of some market participants to prop
trade, with the higher volatility and peculiarities of the markets providing
an interesting arena to do just that. The real driver, however, is risk transfer
between producers and consumers.

The life cycle of energy commodities begins with the production or extrac-
tion of the raw commodity, which is then converted and transported as
required and ultimately consumed. Energy commodities must be created,
moved through space and time, and transformed into a usable form. This
has been true from the inception of human control of energy sources, ini-
tially involving very simple processes such as harvesting wood, drying it, and
hauling it to the fireplace. Over time, the level of sophistication has created
a “virtuous” cycle in which greater energy availability has resulted in more
efficient extraction and transport methods and ultimately greater demand.
There are two immediate consequences of these technological advances.

The first is that major sources of energy are often found at consider-
able distances from the locations of ultimate consumption, resulting in large
regional imbalances with consequences ranging from international capital
flows to geopolitical risks to the reliability of energy supply. The decades-
long trade imbalances between the United States and the Middle East,
only recently being alleviated with increased extraction of natural gas and
oil from shale, and European concerns about the reliability of natural gas
supply from Russia are just two examples.

The second is that increasing amounts of capital and time are required
to complete the development and construction of new infrastructure. Deep-
sea drilling rigs, natural gas and oil pipelines, and combined-cycle generators
require large amounts of capital. When such projects are funded in part by

32
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debt, as is often the case, lenders must be concerned about the exposure of
a project to commodity price volatility and regulatory changes.

Geographic imbalances and capital requirements for infrastructure are
the primary reasons for the existence and sophistication of modern energy
markets. Our dominant focus will be on three commodities classes: crude oil
and refined products, natural gas, and electricity. We will digress into related
markets such as coal, emissions, and weather, but most of our attention will
be directed to these three markets.

Units and Orders of Magnitude

Most trading activity in crude oil and refined products references barrels,
gallons, or metric tons to define notional quantities. These are volumetric
and weight units and not energy units per se, such as MMBtus (an MMBtu
is one million British thermal units) or gigajoules. One barrel of crude oil is
equivalent to

• 42 gallons
• Approximately 5.4 MMBtu1

• 0.1364 metric tons

Natural gas markets use both volumetric units – cubic feet or cubic
meters – and energy units – most commonly MMBtus or gigajoules. One
MMBtu is equivalent to

• Approximately 1,000 cubic feet (cf) of natural gas
• 1.05 GJ
• 0.025 metric tons of crude oil

Power is measured in units of megawatt-hours (MWh) or kilowatt-hours
(kWh). Roughly 7 MMBtus of natural gas is required by an efficient com-
bined cycle generator to produce one MWh of electricity. One MWh of
electricity powers approximately 1,000 U.S. households for one hour. While
consumption varies dramatically by region and time of year, with usage
in climates requiring air conditioning being higher, this is a useful rule of
thumb. Another way to put this electricity demand into context is to consider
what would be required to store the electricity used by a typical household
in one day. The answer, assuming 100 percent conversion efficiency, is the
potential energy stored by lifting a 1,000 kg (a rather small car) to a height
of over 8.8 km. Electricity is very hard to store in useful quantities.

World Energy Trends

World energy consumption has increased consistently and rapidly over the
past century. Figure 3.1 shows energy consumption by fuel type in common

1 This figure is based on conversion factors used in [BP]. Estimates vary. For example, the U.S.
Internal Revenue Service actually ascribes 5.8 MMBtu to a barrel of crude.
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Figure 3.1. Global energy consumption by type. (Source: BP Statistical Review of
World Energy 2012.)

units of metric ton oil (toe) or million metric ton oil equivalent (Mtoe) [BP].
This growth in energy consumption has been highly predictable, aside from
a small drop in 2009 resulting from the credit crisis. Annual global con-
sumption in 2011 stood at a little over 12,000 Mtoe, which equates to the
energy content of approximately 85 billion barrels of crude oil. Using a ref-
erence price of $100/barrel of crude oil, this equates to a notional value of
8.5 trillion USD; for comparison, global gross domestic product (GDP) in
2011 was approximately 70 trillion USD according to the World Bank. This
comparison is only approximate because the cost per unit of energy varies
dramatically across the different energy sources, some such as coal being
much cheaper than crude oil.

Crude oil is the dominant energy source, although natural gas and coal are
experiencing higher growth rates. Driven by Asian economic development,
the increase in coal consumption has been spectacular in the last few years, a
fact that certainly stands in contrast to the growing chorus of concern about
global carbon emissions. Nuclear, hydro, and renewable energy sources in
general satisfy a relatively small fraction of global energy requirements.

Energy consumption has important regional structure, as seen in
Figure 3.2 (see [BP]). Most of the past fifty years were characterized by the
dominance of North America and Europe in consumption, but by 2003, the
Asia Pacific region took the lead. This growing dominance of Asia Pacific
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Figure 3.2. Global energy consumption by region. (Source: BP Statistical Review of
World Energy 2012.)

energy requirements is coincident with the significant increase in global coal
consumption, both being driven in large part by the export of industrial and
manufacturing activities from Western countries.

Crude Oil and Refined Products

Crude oil production and consumption patterns mirror these regional imbal-
ances. Figure 3.3 shows annual consumption of crude oil, including all
refined products, at a regional level. Most crude oil is consumed in North
America, Europe, and Asia.

In contrast, the production of crude oil, shown in Figure 3.4, is more local-
ized and in different parts of the globe, with the Middle East the largest
regional producer. This imbalance is illustrated for three of the regions in
Figure 3.5. The reversal in the trend in the North American deficit starting
in the late 2000s has accelerated as a result of increasing oil production from
unconventional methods, particularly shale extraction in the United States.
In contrast, consumption in the Asia Pacific region has increased at almost
the same offsetting rate, with the upshot being that a great deal of crude oil
needs to make its way from one part of the world to another.

The demand for crude oil exhibits finer structure when viewed on shorter
time scales. This is illustrated in Figure 3.6, which shows monthly crude
oil consumption globally in the top plot, as well as a linear regression of
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Figure 3.7. Historical crude oil spot prices in 2011 USD equivalent. (Source: BP
Statistical Review of World Energy 2012.)

monthly consumption using data through the end of 2007 – that is, before
the inception of the subsequent credit crisis. Over this period, the average
annual increase in consumption was 1.33 million barrels per day (bpd), with
daily global usage peaking at approximately 88 million bpd. This was fol-
lowed by a drop of roughly 4 million bpd during 2009, before consumption
resumed at roughly the same precrisis growth rate. The lower plot shows
the average residual from the regression by month,2 where one can see that
heating requirements in the northern hemisphere result in above-average
consumption during the winter months.

As one of the global energy benchmarks, the NYMEX West Texas Inter-
mediate (WTI) crude oil futures contract provides some of the best historical
oil price data, although it only started trading in 1983, well after the oil cri-
sis in the 1970s. Figure 3.7 shows a concatenation of historical energy prices
including U.S., Arabian, and Brent spot prices denominated in 2009 USD
(see [BP]). The high prices near the end of the 1800s have to be taken in
context because crude oil did not have the relevance that it gained with
the development of modern transportation methods. Note that the prices
in mid-2008, adjusted for inflation, exceeded the previous peak in the late

2 The linear regression is of the form Cm = α + βTm + εm, where Cm denotes monthly consump-
tion, and Tm is the time associated with the month (referenced to an arbitrary starting date). The
residuals εm are grouped by calendar month and averaged.
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1970s in real terms. This was remarkable given that these recent high prices
were not associated with any events as explicit and coordinated as the drivers
of the oil crisis in the 1970s.

Crude oil is often discussed as if it refers to a single commodity, while
in fact it is a general term for a commonly appearing type of hydrocar-
bon mixture, the attributes of which vary significantly by the reservoir and
field from which it is extracted. Crude oil is also rarely ultimately consumed
by endusers, who instead require products such as gasoline and heating
oil. Crude oil must be refined, in addition to being shipped, trucked, or
transported by pipeline. Refining typically occurs after long-haul transport
because this avoids requiring either multiple fleets for transporting differ-
ent refined products or the time-consuming and costly requirement to clean
tankers. Crude oil is usually shipped or piped to local refinery clusters (e.g.,
Louisiana or Houston in the United States), refined, and then transported
by truck or pipeline to local destinations.3

To leading order, any given “stream” of crude oil is characterized by two
dominant attributes: sulfur content and density or gravity. Higher sulfur
content makes a crude oil stream harder to refine because of the corrosive
by-products and requires efforts to reduce sulfur content in the resulting
products for the purpose of emissions reduction. Crude oils with high sulfur
content are referred to as sour, while those with relatively low sulfur content
are called sweet. The products resulting from refining, appropriately referred
to as refined products, are characterized in large part by their volatility, with
highly volatile products such as gasoline being more valuable than heavier
products such as fuel oil. Light (low-density) crudes have a higher percent-
age of volatile hydrocarbons, which results in a higher yield of more valuable
refined products, in contrast to heavy crudes, which yield a higher fraction
of less valuable heavy products.

An array of technologies has been developed to maximize the value of
the resulting product mix (see [Dow09]), but the fact remains that a bet-
ter crude going into a refinery results in a more valuable product stream
at a lower cost. Figure 3.8, constructed by [Res], shows a set of crude oil
streams scattered by attribute. The American Petroleum Institute (API)
density on the x axis is a standard industry metric that is inversely related
to actual density; it is therefore an increasing indication of value. Note the
negative correlation between sulfur content and API density – less valuable
crudes tend to suffer from both ailments of high sulfur and low density.
Each of the various streams shown and many others are traded, trans-
ported, and refined, although only a few have the status of benchmark price
references.

3 There is a trend toward refinery development near the well head, which is resulting in an increase
in shipment of refined products, but the norm remains long-haul transport followed by refining.
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Figure 3.8. Crude oil streams by sulfur content and density. (Source: Credit Suisse
Research.)

Figure 3.9 shows the historical spot prices for four benchmark crudes.
Whereas prices clearly follow macro energy trends, the relatively low prices
of Maya stands out visibly and is due to its sour and heavy attributes relative
to, say, WTI or Brent crudes (see in Figure 3.8).

Using WTI as the benchmark, the price differentials or basis prices defined
as p(d)−pWTI(d) are more interesting. The basis prices shown in Figure 3.10
are driven largely by differences in sulfur content and density, shipping rates
for crude cargos, and inventory levels. Brent and WTI have relatively similar
attributes, while Dubai (not shown in Figure 3.8 but in the cluster located at
roughly 30 API and 0.015 sulfur) is less valuable; Maya, in the upper left
corner is at the “bottom of the barrel” so to speak. A visual inspection of
the Dubai and Maya basis prices would seem to suggest a relationship to
price level, and this is in fact the case, as shown in Figure 3.11. In general,
higher oil prices are associated with higher global economic activity and an
increasing premium for the more desirable products such as gasoline.

The choice of a benchmark price to define basis is more than an arbitrary
statistical decision. Given the multitude of crude oils that trade, it is clearly
not viable to have visible liquid spot and forward markets for all of them.
The need to establish credible market-based pricing for transactions across a
wide variety of commodity types is handled via benchmark pricing in which
contracts fix or settle as a basis to a defined benchmark. For example, the
pricing of a nonbenchmark crude oil transaction will often be defined as a
constant spread to a linear combination of WTI and Brent, all components of
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Figure 3.9. Crude oil spot prices by stream.
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Figure 3.11. Maya spot basis versus WTI.

which are negotiated. Historically, WTI has served as a benchmark for most
North American oil transactions, and Brent has served the same purpose for
European, Middle Eastern, and Asian markets.

Brent futures are a slightly different breed because they can be settled
financially or physically, as mentioned in Chapter 2. Most global oil ship-
ments reference Brent prices. All other crude futures and swaps markets
are much smaller in outstanding notional and daily volume. Recently, how-
ever, issues have arisen with both WTI and Brent contracts that have given
way to increasing concern about their viability as global benchmarks.

In the case of Brent, the deliverable has had to be redefined repeatedly to
accommodate the depletion of the original Brent fields. In a sense, what a
Brent futures contract actually means has been and continues to be a moving
target.

The WTI contract has been experiencing a far more dramatic fall from
grace owing to the land-locked nature of the delivery location. Recall the
basis prices shown in Figure 3.10. Note that all the crude oil spreads with
respect to WTI rose meaningfully starting at the end of 2010. This would
suggest something idiosyncratic about WTI during this period, given that
the phenomenon is observed across crude oils of widely varying attributes.
This apparent anomaly provides us with another example of the effects of
inventory on commodities prices.

The United States is divided into five Petroleum Administration for
Defense Districts (PADDs) for which statistics including inventory are
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Figure 3.12. Brent-WTI first nearby spread and PADD2 inventory.

compiled. As discussed earlier, WTI futures contracts require delivery at
Cushing, Oklahoma, which is in PADD2 in the Midwest. Inventory levels in
PADD2 started rising dramatically in 2010 as a result of increasing imports
from Canada and a lack of local demand in PADD2, coupled with limita-
tions on export pipeline capacity. The resulting surplus of inventory during
this time period drove the price of WTI down relative to other crude oils,
diminishing the viability of WTI as a global benchmark and causing a migra-
tion to the Brent futures contract traded on the Intercontinental Exchange
(ICE).4

The upper plot in Figure 3.12 shows the time series of weekly inventory at
PADD2. The lower plot shows weekly averages of the spread between Brent
and WTI second nearby contract prices. The relationship between the Brent-
WTI spread versus inventory is clear in the scatter shown in Figure 3.13. The
moral of the story is that analysis of commodity price spreads in the absence
of information about key drivers such as inventory levels is done at your
peril. A physical driver, in this case a high level of imports into a region with
limited native demand and export capacity, is affecting the traded markets
exactly as one would expect it to. Even with inventory as a regression vari-
able, the response appears to be nonlinear, and the standard deviation of

4 To punctuate the point, the U.S. Energy Information Administration used Brent oil futures in
price forecasting energy prices in its Annual Energy Outlook 2013, a substantial departure from
the traditional use of the WTI benchmark in previous AEOs.
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Figure 3.13. Brent-WTI first nearby spread versus PADD2 inventory.

the spread conditioned on inventory level is of the order of several dollars;
speculative trading based on this analysis would be a high risk affair.

The purpose of crude oil production and trading is to provide inputs to
refineries that produce the energy-wielding products on which so much of
society depends.5 Refinery yields vary by technology and desired output. In
the United States, roughly 50 percent of the yield is comprised of gasoline
and light distillates, predominantly gasoline.6 The middle distillates, consist-
ing of diesel, heating oil, and kerosenes (including jet fuel), constitute about
35 percent of the output. Finally, the heavy distillates such as residual fuel
oil and asphalt account for r oughly 15 percent of output7 [Dow09 ] [EIAa].

Each of the three main categories subsumes a number of distinct refined
products. The most commonly traded and liquid markets are gasoline (light),
heating oil or gas oil (middle) and, residual fuel oil or resid (heavy). These
have liquid spot markets and, in the case of the gasoline and heating oil,

5 See [Kam12] for more detailed discussion of crude oil and refined products.
6 Often gasoline is viewed as a distinct product, and light distillates refers to other products such as

naphtha.
7 While these figures conveniently sum to 100 percent, this is not the whole story because a number

of other products result from the refining process in smaller volumes. This would seem to violate
a conservation law because the refining process creates more than 100 percent of input. These are,
however, volumetric figures, and because products such as gasoline have a lower specific gravity
than the input crude oil, volumetric yields should sum to a number in excess of 100 percent. This is
referred to as refinery gain.
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Figure 3.14. Gasoline, heating oil, and residual fuel oil New York harbor (1st
nearby prices).

futures markets with significant depth. Figure 3.14 shows the spot prices for
these three products delivered at New York harbor.8 Gasoline and heating
oil trade in units of gallons, and their prices have been converted to USD
per barrel for comparison with crude oil prices.

The prices of each product follow, as expected, global trends, with an
obvious discount for resid.

The price series in Figure 3.14 alone shed little light on the economics of
refiners, for whom revenue is driven by the spreads between the prices of the
refined products and the costs of the input crude oil. Such spreads, referred
to as crack spreads, can be written in the form9

�w†(t)�p(t) −pCrude(t) −V(t) (3.1)

where �p denotes the vector of spot prices for the products, pCrude is the spot
price for the input crude, �w denotes the palette of products the refiner is
choosing to produce at time t, and V is the variable cost of refining in the
production configuration �w(t). Modern refineries have flexibility to adjust
the mix of products, which is why �w is, in practice, a function of time.

8 The Chicago Mercantile Exchange (CME) changed the specifications of the classic heating oil
futures starting with the May 2013 contract month to delivery of Ultra-Low Sulfur Diesel, although
the contract symbol HO continues to be used.

9 The superscript † denotes the transpose of the vector.
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Figure 3.15. U.S. monthly consumption of distillate and gasoline. (Source: U.S.
Energy Information Administration.)

Figure 3.15 shows U.S. monthly demand of distillate (which includes heat-
ing oil) and gasoline. The apparent seasonality of each of these demand
series is more obvious when monthly averages are taken as shown in Figure
3.16. Distillate usage clearly peaks in the winter because of the heating sea-
son. Gasoline consumption, on the other hand, peaks in the summer in what
is commonly referred to as the “driving season,” with demand dropping
precipitously at the start of the typical school year in September. This sea-
sonality in demand is also manifest in forward curves, just as in the case of
natural gas.

Demand seasonality is what makes refinery flexibility and storage useful.
Refineries tune their output to produce more gasoline prior to the driv-
ing season and likewise for heating oil as winter approaches. Figure 3.17
shows the monthly averages of inventory statistics published by the U.S.
Energy Information Administration for distillate and motor gasoline. Each
series shows an inventory buildup before the peak consumption months. The
ability to seasonally tune the relative amounts of gasoline and heating oil
produced, storing the products in advance of peak consumption, ultimately
results in lower cost for endusers.

Although the term crack spread applies to the generic form �w†�p(t) −
pCrude(t), the crack spreads most commonly discussed and traded are
the simple spreads between single products and crude oil, for example,
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Figure 3.16. Average U.S. monthly consumption of gasoline and heating oil by
month.
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Figure 3.18. Gasoline, heating oil, and spot crack spreads (1st nearby prices).

pGasoline − pCrude, or a few industry standards such as the commonly
referenced 3:2:1 spread: 2pGasoline + pHeatingOil − 3pCrude. Each of these
corresponds to a specific choice of �w in (3.1).

Figure 3.18 shows the crack spreads of the products in Figure 3.14 versus
WTI. The discount of the residual crack to that of gasoline and heating oil
is pronounced. The production of resid is an apparent money-loser for large
intervals of time, at least when viewed as an individual product. However,
although the goal of refiners is to minimize the relative fraction of heavy
products, even under the best conditions these are an inevitable result of
refining and do in fact sell for positive prices.

Natural Gas

Over the past decade, crude oil consumption has risen at a slower rate than
that of coal and natural gas. The increase in coal consumption has been
driven by Asian energy demand. The story with natural gas is more com-
plex because rapid improvements in technology have yielded much greater
recoverable reserves than even remotely contemplated twenty years ago.
In addition, significant strides in shipping as liquified natural gas (LNG),
increasingly efficient conversion to electricity via combined-cycle genera-
tion, and a relatively low carbon footprint have resulted in an increase in
“market share” that seems likely to continue for the foreseeable future.
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The fundamental complexity in crude oil markets is the spectrum of
attributes, with refining costs and product yield varying widely by stream.
Crude oil is relatively easy to transport via pipeline or tanker. For natural
gas, the situation is the opposite. While delivery specifications define limits
on water content and the presence of various gases and liquids, to a good
approximation, natural gas is one and only one thing – methane. The chal-
lenge is getting it from where (and when) it is produced to where (and when)
it is required.

Initially this challenge was addressed by either state-owned energy com-
panies or privately owned vertically integrated utilities supervised by gov-
ernment regulators primarily because of the large capital costs and long
investment horizon involved in building the required pipelines and storage
facilities. After decades of regulated investment, the notion that competi-
tion could result in more efficient capital allocation began to get traction; of
course, this was occurring as part of a broader paradigm that included other
industries such as telecommunications. Ultimately, the past two decades
have witnessed significant deregulation in natural gas markets, especially in
the United States and parts of Europe.

Deregulation in natural gas markets has involved issues that pertain to
any natural monopoly in possession of infrastructure essential to the overall
commercial endeavor. The activities required to provide endusers with nat-
ural gas can be divided into four categories: (1) production and short-term
transport to pipeline networks, (2) transport by pipeline, (3) storage, and
(4) sale and distribution to endusers. Of these four activities, production
and distribution are clearly amenable to competitive merchant activities;
pipeline systems and, arguably, storage constitute the critical infrastruc-
ture to which producers and distributors would need fair access in order to
function competitively.

The mechanisms by which these four components of the natural gas sup-
ply chain have been unbundled vary,10 but the premise is that competitive
natural gas markets are predicated on the ability of market participants to
procure access to transportation and storage in a fair and transparent fash-
ion. This has increased merchant investment with associated financing and
hedging requirements, ultimately yielding the array of swaps and options
markets currently traded.

Statistics for natural gas usage are typically quoted in billion cubic feet
(bcf) per day, with total global consumption in 2011 of just over 300 bcf/day.
Figures 3.19 and 3.20 show natural gas production and consumption, respec-
tively, by global region. Europe/Eurasia and North America are both the
largest producers and consumers of natural gas, in contrast to crude oil, in
which the Middle East dominates production.

10 For a survey of deregulation in the United States, see [Har06]; for European markets, see [Tre08].
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Figure 3.19. Global natural gas production by region. (Source: BP Statistical Review
of World Energy 2012.)
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Figure 3.20. Global natural gas consumption by region. (Source: BP Statistical
Review of World Energy 2012.)
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Figure 3.21. Net regional natural gas production. (Source: BP Statistical Review of
World Energy 2012.)

Net production rates are shown in Figure 3.21 for the same regions as
shown earlier for crude oil. Here we see the growing footprint of the Mid-
dle East more clearly as increasing LNG liquefaction and transport capacity
have yielded commercial value for natural gas that was a by-product of
oil production and that historically would have been simply flared. The
Asia Pacific region is experiencing accelerating rates of both production
and consumption, but with a rapidly expanding deficit. The most dramatic
change, however, is that North American production has been rising steadily
since 2005 owing to increasing rates of shale gas production and assess-
ments of recoverable natural gas reserves in the United States that have
been offsetting decline in Gulf production. Figure 3.22 shows U.S. natural
gas production, consumption rates, and net production. Prior to the late
2000s, the concept of the United States transitioning to a potentially sig-
nificant natural gas exporter was unthinkable. It is now likely, with sites and
facilities originally intended for large-scale LNG imports being constructed
or reengineered for export.11

Until recently, natural gas has been a commodity that is largely segmented
by geography. Figure 3.23 shows the amount of traded natural gas flows by

11 Because such facilities require approval by both the Department of Energy (DOE) and the Federal
Energy Regulatory Commission (FERC), regulatory uncertainty is one of the dominant factors
preventing reliable estimates of future exports.
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Figure 3.22. Net regional natural gas production. (Source: BP Statistical Review of
World Energy 2012.)

Flow by Pipeline Imports Exports Net Consumption Ratio (%)
%00.075.3800.054.2154.21aciremA htroN

South & Central America 1.51 1.51 0.00 14.95 0.00%
Europe and Eurasia 45.43 43.55 1.88 106.53 1.76%
Middle East and Africa 3.60 6.86 -3.26 49.63 -6.56%

4ificaP aisA %14.241.7583.108.281.c

)%( oitaRnoitpmusnoCteNstropxEstropmIGNL yb wolF
%77.175.3884.102.086.1aciremA htroN

South & Central America 1.06 2.32 -1.26 14.95 -8.45%
Europe and Eurasia 8.77 1.91 6.86 106.53 6.44%
Middle East and Africa 0.45 18.12 -17.67 49.63 -35.61%

2ificaP aisA %45.8141.7595.0154.940.0c

Figure 3.23. 2011 Global natural gas flows (bcf/day). (Source: BP Statistical Review
of World Energy 2012.)

pipeline and by LNG shipping, along with net import volumes as a percent-
age of local consumption. While increasing global LNG transport capacity
has started to couple regional markets, net imports as a fraction of consump-
tion are still quite small for two of the largest consuming regions, North
America and Europe/Eurasia, both of which remain relatively isolated mar-
kets. In contrast, the Asia Pacific region is more closely linked to external
markets, with deficit-driven LNG imports comprising over 18 percent of
consumption.

The United States is the dominant consumer in North America, burning
natural gas at the rate of roughly 67 bcf/day or approximately 24 tcf (trillion



Macro Perspective 53

2001 2003 2005 2007 2009 2011
40

50

60

70

80

90

100

110

b
cf

/d
a
y

U.S. Natural Gas Production and Consumption

Consumption
Production

Figure 3.24. Monthly U.S. natural gas consumption and production. (Source: U.S.
Energy Information Administration.)

cubic feet) per year in 2011. As with heating oil, North American demand is
highly seasonal. Figure 3.24 shows U.S. monthly consumption and gross pro-
duction. Note the high winter peaks and the relatively mild summer peaks
in consumption, the latter due to air-conditioning power demand resulting
in increased dispatch of natural gas – powered generation.

Gas storage facilities are used to bridge the gap between the high season-
ality in demand and the slowly varying nonseasonal production rate. Figure
3.25 shows the working natural gas inventory,12 as published by the U.S.
Energy Information Administration on a weekly basis. This figure shows the
seasonal response of inventory, with injection during the summer months
and withdrawal during the winter, largely resolving the mismatch between
supply and demand profiles in Figure 3.24.

Understanding this inventory process and the implications for price
dynamics is harder than it sounds. First, if we expect inventory levels to
affect forward yields, as we saw for oil in Figure 2.8, then seasonality must
first be removed by subtracting an estimate of what the markets view as

12 Working storage is the storage capacity that can used to inject and withdraw natural gas repeatedly.
Total storage capacity, in contrast, includes pad gas which cannot be cycled. Gas storage typically
occurs in natural formations such as salt caverns or aquifers, on which technology is built that
controls the flow of gas. These structures require a minimum fill level, in industry parlance pad gas,
before cycling can occur. Any natural gas volumes above the pad gas volume constitute working
storage, which is the only natural gas constituting usable inventory.
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“normal” inventory levels as a function of time of year. Further complicat-
ing matters is the fact that inventory levels must be gauged against total
working storage capacity, which changes as new storage facilities are added –
data on this are limited. Finally, the fact is that nobody really knows exactly
how much natural gas could be removed from existing storage facilities if
required. Most estimates put the figure at slightly over 4.2 tcf as of 2012,
according to the U.S. Energy Information Administration, or roughly one-
sixth annual consumption. Whether it is, in fact, possible to remove all
natural gas designated as working inventory or whether one can remove
even more by extracting pad gas is not known with certainty.

Despite these challenges, it is possible to construct reasonable analytical
approaches that shed some light on the price response to inventory levels.
Most market research defines normal inventory levels using somewhat arbi-
trary historical averages of inventory by time of year; often the five-year
average is used. While simple and easy to validate, such approaches have
weaknesses, not the least of which are small sample size and potential non-
stationarity in capacity. The results of a more sophisticated approach are
shown in the second series appearing in Figure 3.25. This is an estimate of
normal storage levels as a function of time which was constructed as follows.
First, U.S. Energy Information Administration estimates for total storage
capacity by year were used to estimate a linear capacity growth of about 20
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Figure 3.25. U.S. natural gas working storage level. (Source: U.S. Energy Informa-
tion Administration.)



Macro Perspective 55

2000 2002 2004 2006 2008 2010 2012
−1000

−800

−600

−400

−200

0

200

400

600

800

1000

b
cf

U.S. Working Storage Residual

Figure 3.26. U.S. natural gas working storage level residual.

bcf/year over this period. This drift in capacity was used to detrend the inven-
tory series, the result of which was a fit with a Fourier series with the number
of modes selected using an out-of-sample forecasting criterion. The resulting
expected storage S̄(t) is of the functional form

S̄(t) = α +βt+
K∑

k=1

[γk sin(2πkt) + δk cos(2πkt)] (3.2)

with t measured in units of years, and where the parameters
[
α,β, �γ ,�δ

]
are

estimated using linear regression. Out-of-sample selection methods yield
K = 2 as the optimal number of modes, and the result is shown as the second
series in the Figure 3.24.

Equipped with this estimate for normal inventory levels S̄(t), we can now
calculate the departure of inventory from normal levels, which we will refer
to as the storage residual: R(t) ≡ S(t) − S̄(t), where S(t) is the storage level at
time t. Figure 3.26 shows historical values of the storage residual, which, as
we will see, is an important explanatory variable for price dynamics.

Spot price behavior is affected by inventory level. We saw in Figure 1.5
that two regimes where large and sudden spot price increases occurred were
in the winter seasons of 2000–2001 and 2002–2003. Both were periods of
significant storage deficit. There were other instances of substantial price
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Figure 3.27. NG forward yield versus storage residual.

increases, such as late 2005, which was a response to the uncertainty sur-
rounding the effects of hurricanes Katrina and Rita. The price increases
from 2007 to mid-2008, subsequently followed by the infamous sell-off, were
driven by global macroeconomic events. These examples were the result
of specific identifiable causes, leaving us with a stylized fact about natural
gas markets: low inventory levels tend to be associated with high spot price
volatility.

Turning next to forward yields, recall Figure 2.8, which showed forward
yields for WTI versus Organisation for Economic Co-operation and Devel-
opment (OECD) inventory. The lack of meaningful seasonality in oil prices
and inventories rendered this a simpler exercise than for seasonal commodi-
ties. For natural gas, the storage residual is the deseasonalized inventory
metric. Figure 3.27 shows the annualized forward yield for the first two cal-
endar strips versus the storage residual from 2003 through 2012. As with
the crude oil example, the structure is unambiguous: departure of inventory
levels from normal result in predictable backwardation and contango.

The seasonality in the natural gas forward curve adds a dimension to the
inventory effect in natural gas that is absent from the nonseasonal forward
dynamics of oil. It is reasonable to expect that the spread between winter
and summer months would increase, from a yield perspective, as inven-
tory decreases. Historically, one of the most commonly discussed and traded
spreads in natural gas has been the March-April spread. Referring again to
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Figure 3.28. Sample NG March-April spread realizations.

Figure 1.4, it is clear that the forward curve can exhibit a meaningful drop
between these two contract months across all tenors. This spread, which is
of interest to traders because it serves to define the premium between the
end of winter and the beginning of the injection season, has at times traded
at very significant premia. It is, however, interesting that the March-April
spread has settled at or near parity with only one exception, namely, in 2003,
when inventory levels were low. Figure 3.28 shows sample realizations of
the active March-April contract spread. The first two plots show the years
2001 and 2003, both years of inventory deficit. The third plot is for 2006,
when inventory was roughly normal. The 2003 example illustrates how tight
inventory can result in nontrivial spreads at settlement. In all other cases it
was a concern about potential deficits that pushed this spread to high levels,
only to see it settle near parity.

Another illustration of the effect of inventory levels on price spreads is
afforded by the extreme storage residuals in January 2001 and January 2002,
the former of significant deficit, the latter of surplus. Figure 3.29 shows the
respective forward curves for these two dates. Note the obviously lower
price for the surplus case, as well as the difference in backwardation versus
contango for the deficit and surplus situations already discussed. Figure 3.30
shows the monthly forward yields. Seasonal forward yields are far more sig-
nificant in the low-inventory situation. Also of note is that the effect clearly
diminishes with tenor, as one would expect given that the distribution of
R(T) should converge to a stationary distribution as T increases. Even if the
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Figure 3.29. NG forward curves at extreme inventory levels.
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Figure 3.31. Weekly change in U.S. natural gas inventory versus New York
temperature.

departure from normal levels is significant, the effect on spreads and for-
ward yields will diminish with tenor – current information is less relevant for
longer tenor forward prices.

These three examples support a second stylized fact: specialness, both on
long tenors and seasonally, is highest at low inventory levels.

Participants in the natural gas markets spend a great deal of time and
money trying to understand the dynamics of natural gas inventory. As with
so many phenomena in traded markets, natural gas inventory is affected by
short-term drivers that are often amenable to statistical analysis and long-
term influences that are typically much harder to model.

Of the short-term drivers, weather is the most obvious. Figure 3.31 shows
the weekly change in inventory scattered against average temperature at
LaGuardia Airport in New York City from January 2000 to December 2011.
Cold temperatures drive withdrawal. The drop in injection rates at high tem-
peratures is due to air-conditioning demand. Adding judiciously selected
weather stations around the country increases the predictive power of tem-
perature regressions. Many trading desks use an array of temperature inputs
and other variables to attempt to predict the weekly change in inventory in
an effort to get a short-term trading advantage.13

13 The relatively recent availability of large and timely data sets on pipe flows at a granular level
means that they are now frequently used for the same purpose and can yield short-term predictions
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The impact of macro drivers, such as the credit crisis or the increasing
shale gas production in North America, is harder to discern in the inventory
series given short-term weather-driven demand fluctuations. The effect of
the credit crisis is the easier to see, with the rapid inventory buildup from a
deficit of roughly 200 bcf in early 2008 to a surplus of over 400 bcf by the end
of 2009 in lock step with the OECD oil inventory increase shown in Figure
2.7 during this period. The impact of increasing shale gas production is, of
course, superimposed on this.

Shale gas is produced by the hydraulic fracturing or fracking of rock
formations to facilitate the recovery of trapped natural gas. Technological
improvements in such methods of extraction have resulted in a dramatic
change in estimates of natural gas reserves in North America. The pro-
duction profile has been remarkable. In 2000, shale gas production was
nonexistent. By 2006, production was approximately 2 bcf/day; by 2010,
it stood at roughly 11 bcf/day, or approximately 20 percent of total U.S.
production. In 2012, shale gas production had roughly doubled to over
22 bdf/day. This increase in production is forecasted by some to continue at
a rate that will result in over 30 bcf/day in 2020 [EIAb]. As we saw in Figure
3.21, surplus was almost achieved in 2011, and it is highly likely that this
trend will continue, with the United States transitioning from a net importer
to an exporter of natural gas.

The effect of this likely surplus on U.S. natural gas prices in comparison
with global energy prices has been pronounced. It was common only a few
years ago for market participants to discuss the ratio of WTI or Brent to
NG, the rationale being that refined products, such as heating oil and resid-
ual fuel, have a degree of substitutability with natural gas. In addition, the
fact that many LNG contracts in Europe and Asia have been priced in refer-
ence to crude oil benchmark for many years (arguably) helps to couple the
markets to some degree. Figure 3.32 plots the ratio of the Brent14 and Henry
Hub (NG) rolling calendar strips, which exhibits a near-total decoupling of
domestic U.S. natural gas markets from global energy benchmarks.

The relationships of U.S. natural gas prices and those of the rest of the
world also have changed. Figure 3.33 shows several spot price series for
notable world benchmarks. The trading hub for natural gas in the United
Kingdom is the National Balancing Point (NBP). The NBP is a virtual hub
about which forward markets are traded, notably the ICE U.K natural gas
futures contracts, which settle and deliver at the NBP.15 On the European

of changes in inventory that are much more accurate than weather-based approaches. One advan-
tage of weather-driven models, however, is that simulation of weather realizations can yield useful
longer term predictions for inventory that are hard, if not impossible, to achieve with pipeline flow
data.

14 We chose to use Brent in this figure because of the impact of the Cushing inventory on WTI prices.
15 Natural gas trades in pence/therm in the United Kingdom; the price series in Figure 3.33 has been

converted to USD using prevailing GBP exchange rates.
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Continent, two major hubs are the Title Transfer Facility (TTF), which
is a virtual hub in the Netherlands, and the Zeebrugge Hub in Belgium.
Zeebrugge is connected to the NBP via the Interconnector, which allows
balancing between the locations and ultimately results in the closely cou-
pled prices. In contrast, Asian natural gas supply deficits are met by LNG
imports from the Middle East and Russia, with the price differentials exhib-
ited by the Japanese LNG import price series. Note that U.S. natural gas
prices did not experience the 2010 post – credit crisis increase that inter-
national spot prices exhibited, again evidencing the decoupling of the U.S.
market from global markets.

The mechanics of European and Asian natural gas markets, with tradi-
tional oil benchmark pricing conventions and long-term legacy contracts,
limit adaptability to a global natural gas merchant environment afforded
by LNG. European markets, given the presence of spot trading hubs, are
closer in spirit to the North American markets. However, Japanese natural
gas import prices and Asian prices broadly remain meaningfully decoupled
from global spot pricing, even including the LNG transport basis, and the
general belief is that this dichotomy will persist for the foreseeable future.

Price spreads of the magnitude of Japanese versus U.S. prices are a signif-
icant enticement to market participants. It is likely that the next few years
will witness an increase in the export capacity from the United States, but
the impact on European and Asian markets is likely to be muted owing to
regulatory limits on export volumes as well as the limited spot market pricing
mechanisms afforded by Asian markets. For now, North American markets
are left to their own devices to reach an equilibrium, with power markets
being a significant mechanism for demand enhancement.

Electricity

Electricity, otherwise referred to as power, is at the apex of energy commodi-
ties. All other energy commodities can be converted into power through one
form of generation or another. Although commonly traded and modeled as
any other energy commodity, it is debatable whether or not power is actually
a commodity at all. It is essentially unstorable, rendering its price an instan-
taneous manifestation of a multitude of other energy prices. Electricity is a
real-time clearing market between a palette of input fuels. Adding to this
peculiar nature of electricity as a traded deliverable, the rich set of struc-
tured power transactions that commonly occur and the rapidly changing
technological and regulatory landscape make electricity arguably the most
interesting and challenging of the energy markets.16

16 For a more extensive discussion of parts of this section see [KS04]
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Figure 3.34. Historical global power generation. (Source: BP Statistical Review of
World Energy 2012.)

Total world electricity generation in 2011 was approximately 22,000 tera-
watt hours. Assuming 100 percent efficiency in conversion of primary energy
sources to power, and making the appropriate conversions, this is approxi-
mately 15 percent of the total global primary energy consumption. In 2010,
approximately 60 percent of world electricity was generated using fossil
fuels, the rest being predominantly supplied by hydro and nuclear in nearly
equal amounts [IEA10][OECD10]. An efficient combined-cycle generator
requires roughly 7 MMBtu of natural gas to yield one megawatt-hour of
power, which is equivalent to 3.4 MMBtu in energy content – a conversion
efficiency of roughly 50 percent. The implication is that accounting for con-
version efficiency would at least double the 15 percent figure, illustrating the
importance of power generation in global energy markets.

Figure 3.34 shows total historical annual generation by region. North
America, Europe/Eurasia, and the Asia Pacific are the three dominant elec-
tricity producers, with Asia Pacific as the largest producer since roughly
2003 [BP]. Total global electricity generation actually dropped in 2009 as
a result the impact of the credit crisis. Although we have already observed
the same demand destruction in oil and natural gas, electricity consumption
had increased without pause from the early part of the twentieth century,
rendering this drop in demand a remarkable and largely unforeseen event.

For most societies, electricity is central to the viability of lifestyle and
commercial processes. The fact that electricity cannot be stored in any
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meaningful quantity results in a need for infrastructure and systems to
ensure continuous reliability. Electricity is costly to transport; transmission
lines are expensive to build, and often substantial legal and regulatory hur-
dles must be overcome prior to construction. Once built, transmission over
appreciable distances incurs losses. The result is that electricity systems and
markets are usually organized locally or regionally.

As with natural gas, the initial stages of electricity markets were invari-
ably an undertaking of state-run entities or vertically integrated private
utilities under the auspices of state regulators because of the significant
capital requirements and daunting investment horizons. Initially, most elec-
tricity was generated by large hydro, coal, or nuclear facilities that, because
of both their size and potential environmental impact or simply because
of constraints on location, were often located at significant distances from
population centers. Generation construction therefore was not the only sig-
nificant cost; transmission from plants to demand centers added substantially
to required investment capital.

By the 1990s, circumstances had changed, and deregulated power mar-
kets appeared in something of a patchwork in parts of the United States
and Europe, as well as in a few other countries, such as Australia and New
Zealand. In addition to the growing acceptance that competitive markets
allocate capital more efficiently, technological advancements also helped
to catalyze deregulation [Tre08]. The introduction of combined-cycle nat-
ural gas generation changed the landscape because it afforded the prospect
of smaller and very efficient generators with lower environmental impact,
which meant that generation could be located closer to population centers.
The truly breathtaking costs of large plant builds with associated transmis-
sion were no longer a requirement, which meant that merchant financing of
infrastructure became a more tenable prospect.

The delivery of power to endusers has four components: generation,
transmission, supply, and distribution. Generation is the process by which
electricity is created using a variety of technologies and energy sources.
Transmission refers to long-distance high-voltage transmission, which serves
to link sources (generation) to sinks (demand centers). Supply is the activity
of procurement and sale of power directly to retail customers. Distribu-
tion refers to local transmission from high-voltage lines directly to endusers.
Because owners of transmission and distribution systems have a natural
monopoly, deregulation has focused on creating competitive markets in the
generation and supply activities, leaving the natural monopoly of trans-
mission and distribution as separate public or private enterprises under
regulated cost structures.

Deregulated power markets are administered by independent organiza-
tions that ensure orderly market clearing and system reliability. Electricity
markets vary in the details of implementation but can be grouped broadly
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Figure 3.35. North American deregulated power markets. (Source: ISO/RTO
Council.)

into three categories: pool markets, markets with bilateral trades, and
electricity exchanges. In pool markets, all electricity generation and demand
must be bid into a single clearing market, which sets the spot prices for
all market participants. Bilateral markets are similar, with the primary dis-
tinction being that spot prices are set via market clearing of positions net
of bilateral trades. Electricity (or power) exchanges, as the name suggests,
are voluntary markets in which generators and suppliers can offer and bid
respectively.

Ultimately, regardless of market design, an independent entity, either
private or state-sponsored, is responsible for administering market clear-
ing, balancing, and system reliability. Such administrators are referred to
as independent system operators (ISOs) or regional transmission organiza-
tions (RTOs) in U.S. markets and as transmission systems operators (TSOs).
Figure 3.35 shows the layout of the deregulated markets in the United States
and Canada [Cou].

The PJM RTO in the Midatlantic region is the largest market in United
States, both by quantity of power consumed and by the liquidity and depth of
the related derivative markets. It is also the most mature U.S. market, hav-
ing evolved gradually and without major regulatory perturbation since the
late 1990s. Other mature markets in the United States include the New York
ISO, the New England RTO, and the Texas marketplace run by the Electric-
ity Reliability Council of Texas (ERCOT). California has been involved in
electricity deregulation since the 1990s, but significant regulatory and mar-
ket mechanics changes arising from the western power crisis of 2000–2001
resulted in a number of years of regulatory change and as of 2012 is still
generally viewed as a relatively unpredictable marketplace.



66 Introduction to Energy Commodities

2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011
1

2

3

4

5

6

7
x 10

4

M
W

h

PJM Classic Hourly Demand

07/01 07/02 07/03 07/04 07/05 07/06 07/07 07/08 07/09 07/10 07/11 07/12 07/13 07/14 07/15 07/16
2

3

4

5

6
x 10

4

M
W

h

PJM Classic Hourly Demand (Jul10)

Figure 3.36. Hourly PJM demand.

Power demand, otherwise known as load, varies rapidly with time in a
manner than can be difficult to predict, even with sophisticated weather-
based regressions. The upper plot in Figure 3.36 shows hourly load for a
subset of the PJM market referred to as PJM Classic.17 Demand is dual
peaking (two peaks per annum) with maxima in the summer and winter and
minima during the so-called shoulder months of late spring and early fall.
The lower plot shows a few days of the same demand series, from which it
is clear that there are also periodicities on the daily time scale. Weekend
demand is visibly distinct from that of weekdays.

Temperature is the primary driver of power demand. Figure 3.37 shows a
scatter plot of PJM Classic load at 4 p.m. versus the average daily tempera-
ture in Philadelphia from 2004 through 2010.18 High-quality load forecasting
would use more than the daily average temperature at a single weather sta-
tion, but a lot can be gleaned from this figure. First, the nature of dual
peaking demand is manifest as heating drives a demand increase at low

17 As with many ISOs, PJM has grown geographically as specific control areas joined the ISO over
the years. Total PJM load would show obvious discontinuities when each control area was added.
PJM Classic is a fixed subset of the total system that provides an element of stationarity of data for
statis tical analysis and for exotic s waps s ettlement, as dis cus s ed in C hapter 15.

18 Average temperature here is defined as the arithmetic mean of the daily high and low hourly tem-
peratures; this is the same definition that is used in most weather derivatives. KPHL is the weather
station name.
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Figure 3.37. PJM classic load at 4 p.m. versus average daily temperature at KPHL.

temperatures, but one which pales in comparison with the air-conditioning-
driven demand at high temperatures. Note that this is similar to the natural
gas injection scatter shown in Figure 3.31, although natural gas demand
peaked at low temperatures. A second and more subtle observation relates
to the visible gap at loads between roughly 50 and 65◦F, which is another
manifestation of the difference in demand on business versus nonbusiness
days.

One consequence of the fact that electricity demand and price vary on
short time scales is that forwards and swaps, which assume ratable deliv-
ery over a day, do not always provide enough granularity for portfolio
managers. On the other hand, trading hourly forwards clearly would be pro-
hibitively cumbersome. Forward markets in power have evolved to partially
accommodate the conflicting requirements of a need for simplicity in market
mechanics and intraday variations in demand by trading standard groups of
hours, or buckets. Power forwards reference ratable delivery over standard
time buckets, which roughly demarcate high-demand versus low-demand
periods as follows:

• Peak:
◦ Eastern markets: 7 a.m. to 11 p.m. EST Monday through Friday excluding

holidays
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◦ Western markets: 7 a.m. to 11 p.m. PST Monday through Saturday excluding
holidays

◦ Texas (ERCOT): 6 a.m. to 10 p.m. CST Monday through Friday excluding
holidays

• Offpeak: The complement of peak

The Eastern and ERCOT peak buckets are often referred to as “5x16”; in
the Western markets, it is “6x16”. Offpeak is often split into nights (“7x8”)
and the weekend peak, “2x16” (“1x16” in the West), although swaps on
these separate buckets are much less liquid.

The basic problem confronting electricity markets is the design of market-
clearing mechanics that can meet highly variable demand, such as that just
shown, at as low a cost as possible while maintaining a high degree of relia-
bility. There are several reasons why this is a particularly challenging affair.
First, the cheapest generation available is usually the least flexible in out-
put, which implies that any market-clearing algorithms must couple different
delivery periods – optimization is fundamentally control theoretic in nature.
Second, an electricity system receives power from generators (sources) and
delivers power to endusers (sinks) at thousands of nodes or busbars that are
connected by transmission lines of finite capacity. This renders the optimiza-
tion problem extremely high dimensional in nature. Third, infrastructure,
notably generating units and transmission lines, can fail unpredictably.
Finally, the differential equations governing alternating-current (ac) power
systems are nonlinear and challenging to solve in reasonable time.

A detailed discussion of how system administrators deal with these issues
is not our intention here, but many references exist; see, for example,
[Har06] or rules manuals of the various ISO/RTOs, which are the ultimate
authorities on the mechanics of their respective markets. Here we will only
discuss the essential facts about generation and market clearing.

Generation is best grouped into two classes: fossil fuel and non-fossil-fuel
generation. Generation powered by coal, natural gas, or refined products
fall into the first category and differ from the other sources in that these
generators convert a traded energy commodity into electricity. Non-fossil-
fuel generation includes hydro, wind, solar, and nuclear. Nuclear generation
stands out in the category because it certainly converts a (nonfossil) fuel into
into electricity; of note, though, is that the prevailing cost of uranium at any
moment is difficult to assess, and the fuel itself does not trade in the sense
of natural gas or crude oil. It is generally accepted that nuclear generation
provides power at low, slowly varying marginal cost.

A fossil-fuel generator is essentially a physical manifestation of a spread
option between input fuels and power prices. If the price of power is higher
than the cost of generation, as implied by the prevailing fuel price, then it
makes sense to generate; otherwise, it does not. Non-fossil-fuel generation
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can be thought of as fixed-price options, with the strike defined by the cost
of nontraded inputs and normalized maintenance costs.

Whereas the engineering characteristics of physical generation are very
complex, the primary consideration is to define two key variables. First, how
much will a generator produce at any time t, which we will denote by Qt.
Second, how much of the input fuel is required to produce each megawatt-
hour of power at time t, which we will denote by H∗. The conversion ratio
H∗ is referred to as the generating unit’s heat rate. The unit heat rate is an
attribute of the generator and does not depend on market prices.

If we denote the spot price of power using our forward price convention
by F(t, t) and the spot price of the fuel by G(t, t), then optionality embedded
in generation can be viewed as having the payoff

max[F(t, t) −H∗G(t, t),0] = G(t, t)max
[

F(t, t)
G(t, t)

−H∗,0
]

(3.3)

Spreads of the form F(t, t)−H∗G(t, t) are referred to as a spark spreads; spark
spreads depend on the reference heat rate H∗. The ratio of the market price
of power to the market price of the fuel F(t, t)/G(t, t) is called the market
heat rate, or, in this case, the spot market heat rate. This optionality is easily
summarized – generate if the market heat rate exceeds the unit heat rate.

While simple in the preceding context, actual generators are encumbered
by additional complexities that can affect the operation of power markets
and the hedging requirements of asset owners. A fuel-driven generator has
the following relevant characteristics or close analogues:

1. Operating limits. If running (Qt > 0) the generator has a low operating limit,
(LOL) and a high operating limit (HOL): Qmin ≤ Qt ≤ Qmax.

2. Start costs. Transitioning from Qt = 0 to Qt > 0 incurs costs which can depend on
the current fuel price.

3. Thermal effects. The operating limits Qmin and Qmax can depend on ambient tem-
perature and are therefore effectively seasonal. The maximum output level of a
generator is referred to as its capacity.

4. Varying heat rate. The unit heat rate depends on the quantity being generated:
H∗ = H∗(Qt).

5. Ramp rates. The rate at which the quantity being generated Qt can change is
limited by ramp rates: qmin ≤ dQ/dt ≤ qmax.

6. Minimum downtimes. When a unit transitions from Qt > 0 to Qt = 0, it must
remain at Qt+s = 0 for a minimum downtime s ≤ smin.

7. Operating costs. The more a unit runs, the more costly it is to maintain, which is
often approximated by a fixed cost per megawatt-hour generated known as the
variable operation and maintenance (VOM).

There are many implications of these attributes, but an important one is
that generators can run at lower levels (i.e., near Qmin) even when sus-
taining losses (i.e. when the market heat rate is below the unit heat rate)
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in order to avoid start costs and constraints on minimum downtimes. As
a result, the dispatch of units involves nontrivial intertemporal optimiza-
tion, and market-clearing algorithms must optimize subject to generator
constraints.

A typical market such as PJM will have many hundreds of generators.
Simply listing the attributes for each generator does little in the way of
providing a qualitative understanding of the collection of available gener-
ation. A standard remedy to this problem is to portray supply in the order of
marginal cost from cheapest to most expensive, assuming maximum output
of each generator at prevailing fuel costs and ignoring constraints. Such an
ordering of available generation in a given region is usually referred to as
the generation stack or simply the stack.

The lowest-price generation is usually comprised of wind, solar, and other
renewable sources. In some cases, particularly for wind generation, tax
incentives exist in the form of production tax credits that subsidize genera-
tion on a per-megawatt-hour generated basis. The result is that the marginal
cost of such units can be negative; as long as the sum of the spot price and
the tax incentive is positive, it makes sense to generate.

Next in the stack is hydro; once a dam with generating turbines is built,
the marginal cost to generate is very low. Nuclear generation follows; as with
hydro, nuclear generation involves very large initial capital expenditures but
relatively low marginal cost once operating. Nukes are highly efficient but
ramp slowly and once offline usually take days to return to maximum output.

Coal generation is generally next in the stack, with marginal costs varying
widely based on coal price, often including transport costs as well as costs
or constraints on emissions. Coal generation is also slow to start and slow
to ramp. As we will discuss later, the drop in natural gas prices caused by
the proliferation of shale gas production has rendered the obvious hierarchy
with natural gas generation dubious.

Following coal, depending on relative prices of natural gas and coal, are
combined-cycle natural gas generators and fuel oil generation, which start
and ramp more quickly. The most expensive fossil-fuel generation con-
sists of natural gas– or distillate-fired jet turbines called peakers, which
can start very rapidly to meet unanticipated fluctuations in supply or
demand.

Finally, demand-side management contracts, also referred to as demand-
response contracts, are a relatively recent development and one of growing
importance. Such contracts usually occur between large retail customers and
their suppliers or local utilities and give the supplier the option to require
the customer to reduce consumption. Typically, there are a defined number
of hours per year that such an option can be exercised; the supplier typi-
cally will exercise the option at times when demand and spot prices are high.
The effect of reduced consumption is equivalent to additional generation.
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Figure 3.38. PJM supply stack circa 2011.

Consequently, such contracts are sometimes considered part of the stack
and are usually more expensive than even peaking units.

A stack is formally constructed from a set of generator capacities
[C1, . . . ,CN] sorted so that the associated marginal costs in $/MWh
[p1, . . . ,pN] are increasing. The stack is a graph of pn versus C̄n ≡∑1≤k≤n Ck,
for 1 ≤ n ≤ N. Figure 3.38 shows an approximate rendition of the supply stack
for PJM as of 2011. This typical portrayal of a stack exhibits the broad struc-
ture; however, the composition of the stack by generation type is hard to
discern. Figure 3.39 shows the stack from the perspective of the composition
of the generation capacity by fuel, effectively plotting C̄n as a function of
pn. Here the general hierarchy of cost by fuel type is more easily discerned.
With the relatively low natural gas prices in 2011, some natural gas units are
in fact comparable, on a marginal-cost basis, with the more expensive coal
units. At lower natural gas prices, additional coal generation would be dis-
placed by natural gas. Less coal will be burned, and power price dynamics
could be affected, with offpeak power prices likely to be increasingly cou-
pled with natural gas prices. This phenomenon, known as coal switching, is
a simple illustration of the nonlinearities that can arise as fuel prices change

The relative placement of each type of generation in the stack is visible
another way. Figure 3.40 shows the installed capacity of generation in the
United States by type using data compiled by the U.S. Energy Information
Administration. Compare the relatively modest 10 percent of capacity that
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Figure 3.39. PJM supply stack circa 2011.
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Figure 3.40. U.S. power generation capacity by source (2011). (Source: U.S. Energy
Information Administration.)

nuclear generation comprised with the 20 percent of actual megawatt-hours
generated, as shown in Figure 3.41. This is due to the low position on the
stack that nuclear occupies. The same phenomenon was manifest for coal
generation, with 30 percent capacity versus 45 percent of megawatt-hours
generated. The opposite was true for natural gas, which, because of its
position further up the stack, is dispatched less frequently.

Many trading desks make price forecasts and trading decisions using
methods that effectively superimpose expected demand onto the supply
stack. Because demand is generally inelastic, the point of intersection of
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Figure 3.42. PJM Western Hub spot prices versus load (January 2003 to December
2011).

a load forecast with the stack could be viewed as an estimated spot price.
Such a train of thought can yield useful qualitative attributes. For one thing,
the actual relationship between realized spot prices and loads immediately
exhibits the stacklike structure shown in Figure 3.42, which plots histori-
cal PJM Western Hub spot prices versus load. In addition to the general
increase in price with load, note also the occasional negative clearing price
that results from optimal generation dispatch – it is better for a nuke to keep
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Figure 3.43. Mean temperature at KPHL.

generating during low-demand hours, even at a negative price, rather than
shut down.

Proceeding a bit further with the stack paradigm, consider Figure 3.43,
which shows the expected temperature19 in Philadelphia, which is located in
PJM.

The results of Figures 3.36 and 3.37 imply that demand peaks in the sum-
mer, with a smaller peak in the winter. If we superimposed such an expected
demand on the stack in Figure 3.38, a reasonable hypothesis is that expected
spot power prices should peak in the summer with a smaller peak in the
winter. The forward curves exhibit precisely this dual peaking structure, as
shown in Figure 3.44.

This was a heuristic and somewhat obvious result. More can be obtained.
For example, it is reasonable to expect that the variance of spot prices would
peak in the summer given that demand is closest to the end of the stack.
However, pushing such stylized analysis to a level where actionable price
forecasting is attained is very challenging for several reasons.

First, the stack is not static. Not only do generators sustain forced
(unplanned) outages owing to mechanical failures, but planned maintenance
is usually derived as a function of the forward curve. Figure 3.45 shows
the time series of available nuclear generation. The typical nuke requires
roughly a month for refueling and maintenance once every eighteen months,

19 Th is is the r esult o f methods discussed in Chapter 10.
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and this figure shows that such maintenance is usually scheduled in the
shoulder months, where the economic loss is minimized. The stack there-
fore varies in composition seasonally and is subject to random perturbations
as a result of outages.

Second, in competitive markets, generators often bid their capacity above
their marginal costs. How individual units are bid is a tactical decision
made independently by owners of generation, and such bidding strategies
can change over time. Quantifying future bidding behavior of hundreds
of generators is a serious obstacle to construction of stack-based pricing
forecasts.

Third, and most important, the stack is only a stylized rendition of how
power markets work.20 Most competitive markets are nodal markets, typi-
cally referred to as locational marginal pricing (LMP) markets. In LMP mar-
kets, the spot price at each node at which generation can deliver power or
load can receive it is established via an optimization methodology referred to
as security-constrained optimal dispatch. Generators and loads submit offers
and bids, respectively, at an hourly time scale, usually the day before delivery
(the day-ahead market) and then in a second auction the day of delivery (the
real-time market). Market-clearing computations are performed subject to
reliability constraints, hence the phrase security constrained, that ensure that
the resulting configuration of generation dispatch, transmission, and load are
stable to certain perturbations in the physical system deemed by the system
operator as warranting concern. Spot prices are the shadow prices at each
node resulting from this optimization; that is, the spot price for power at any
node is the cost of incremental additional demand at the node.21

In general, transmission constraints and losses result in nodal prices that
are not uniform over the system, rendering a “stack view” little more than
a caricature of the physical system. However, the typical behavior of power
markets is that transmission and stability constraints result in subsets of the
system (groups of nodes) that have very similar market-clearing prices; these
subsets are referred to as congestion zones or simply zones. Liquid swaps
markets almost always reference zonal or hub prices which are averages of
a set of nodal prices in a particular congestion zone.

There is a purity to the LMP market design. Every participant is paid or
charged a well-defined and justifiable economic value of the commodity at
every instant of time and at every location, with costs due to losses and con-
gestion fairly allocated. The argument in favor of such a design goes further

20 “(see [Kam12] and [KS04])” right after “work”
21 In addition to the price of the commodity, stability of the power system requires that some gen-

eration be held in reserve for reliability purposes. The need for such reserve supply, which must
be compensated for not being dispatched, results in several additional traded products referred to
as ancillary services that consumers must procure, in addition to the power itself. The details vary
significantly by market, but forward markets for such products are only liquid at short tenors.
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– such a market design clearly incentivizes the building of new generation
or transmission where such will receive higher prices or revenues, ultimately
reducing the cost of power for the enduser.

Viewed from the perspective of an asset purchaser or a trader attempting
to hedge a portfolio of generation, nodal pricing can pose significant chal-
lenges. Swaps liquidity is concentrated at hubs, but economic exposures are
at the nodes. The future decisions of other market participants or regulators
can affect the economics of an asset in ways that are challenging to hedge and
nearly impossible to predict. On the face of it, this is no different from the
problem confronting any investor in any commercial enterprise. However,
the behavior of electricity systems is notoriously difficult to model, and in
an LMP market, investors have to bear the risks of the node-to-hub spreads,
which in simpler market designs would be socialized across market partic-
ipants. The quest for idealized equilibrium, with thousands of locational
prices, has had the effect of complicating valuation and hedging. There is a
compelling argument that competitive markets at the zonal or regional lev-
els constitute a more effective balance between efficient allocation of costs
and the transparency required for rational long-term investment decisions.

Conclusion

Each of the markets that we surveyed in this chapter is a mechanism by
which supply and demand are matched. The important drivers of price
dynamics are global energy trends coupled with technological features that
are unique to each market. The central themes were

• Global energy consumption has risen consistently, interrupted by a few periods of
relatively minor drops owing to geopolitical or global economic turmoil.

• Crude oil remains the dominant source of energy, with coal and natural gas
rapidly gaining ground. Of particular note are unconventional sources of natural
gas production, which are affecting the energy landscape significantly.

• Energy markets and infrastructure, including shipping, pipelines, and storage,
exist to accommodate local imbalances between producing and consuming regions
and locations, as well as variations in demand.

The details of how supply and demand are balanced vary significantly by
commodity. The challenge with crude oil and refined products is the lack of
uniformity of the underlying commodity – each crude stream is unique in its
characteristics. With natural gas, the product is uniform – transportation and
storage are the primary challenges. For power, which is an instantaneous
manifestation of a variety of input commodities, the near-total absence of
storage spawns technological and modeling challenges that are distinct from
those of other commodities.

The presence of inventory smooths price dynamics, dampening short-term
variations in supply and demand and lowering costs to endusers. In the
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absence of storage, as in the case of power, markets are designed and oper-
ated in a manner that ensures stability of supply exogenously. The features
of each of these commodities markets motivate the hedging activities and
resulting structures that we will discuss in what follows. Next, however, we
turn to the mechanics of the instruments most commonly used by traders to
effect risk transfer.



Part II

Basic Valuation and Hedging

All markets have limitations in the instruments that can be efficiently traded.
The broader the set of liquid tradable instruments in a market, the more
effectively risks embedded in exotic structured trades can be hedged. As the
collection of available price data expands, calibration of valuation models
becomes less dependent on statistical estimation of unhedgeable parame-
ters, reducing modeling risk. In most markets, concerns about market depth
and liquidity revolve primarily around the options available for model cali-
bration. In energy markets challenges arise at the much more basic level of
swaps and forwards.

We saw in Part I that energy is produced and c onsumed at many physical
locations. However, swaps liquidity is typically limited to a few benchmarks
such as West Texas Intermediate (WTI) and Brent for crude oil, Henry Hub
or National Balancing Point (NBP) for natural gas, and PJM Western Hub
for U.S. power. The result is that many energy portfolios have risks of very
high dimensionality, while portfolio managers have relatively few hedging
instruments at their disposal. Successfully navigating the challenges of such
portfolios depends greatly on analysis of forward dynamics and sensible
application of the results.

The situation is even more severe in the energy options markets, where
liquidity is typically concentrated at even fewer benchmarks and at shorter
tenors. To compound matters, the types of options that are traded shed rel-
atively little light on the term structure of volatility for any given forward
price, which results in exposure to modeling risk in situations that would, in
most other markets, be viewed as quite routine.

Construction of hedging strategies for complex swaps books and design
of realistic commodities pricing models begin with an understanding of the
dynamics of forward prices. We start Part I I with a review of the basic ten-
ants of risk-neutral valuation, establishing some very general results and
describing the original risk-neutral framework for derivatives on futures –
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a modification of standard Black-Scholes to accommodate futures prices
as the underlying tradable known as Black-76. We will then turn to anal-
ysis of the empirical attributes of forward price dynamics and conclude with
practical applications of these results to the management of swaps books.



4

Risk-Neutral Valuation

Valuation of options structures in energy often follows the same paradigm
as in other asset classes. A model for price dynamics is posited, ideally moti-
vated by empirical features of the underlying price dynamics, calibrated to
market prices that are available, and then used to price nonstandard struc-
tures. The integrity of this approach is predicated on many assumptions,
widely discussed in the general mathematical finance literature, that collec-
tively imply the ability of market participants to replicate derivative payoffs
by trading the underlying asset [Hul12], [Wil07]. In this chapter we will sur-
vey basic derivatives valuation methodology as it pertains to commodities,
emphasizing some important facts about commonly traded instruments. All
the results here will involve standard arbitrage arguments and apply to any
forward or futures contract [Shr04].

The key results that we will establish are

1. Forward prices are martingales1 under the risk-neutral measures used to value
derivatives on forwards. This is to be expected because there is zero cost of entry
for forward contracts, and drifts in risk-neutral price processes result from the
cost to fund positions.

2. Forwards and futures prices are functionally identical. While technically differ-
ent, the corrections are very small.

3. American options on forwards should never be exercised early.
4. American options on futures in which the premium is paid at trade inception,

commonly referred to as equity-style options, can be optimal to exercise early.
The alternative futures-style options, in which the premium is paid at expiration,
are never optimal to exercise early. Both types of options are traded on various
exchanges.

1 A stochastic process Xt is a martingale under measure E[·] if E [Xt|F s] = Xs, where Fs is the
filtration, or information, at time s. Martingales are drift-free.
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Black-76

Of the preceding four facts, the first is the most important because it imme-
diately constrains the processes that can drive forwards, simplifying matters
considerably in comparison with cash instruments such as stocks with their
associated funding rates and dividend payments. The original derivatives
valuation framework for forwards and futures is Black-76 [Bla76]. As the
name would suggest, this approach is simply Black-Scholes without the fund-
ing costs, with returns of the forward price F(t,T) normally distributed and
the price process governed by geometric Brownian motion (GBM) with
constant volatility σ :

dF(t,T)
F(t,T)

= σdBt (4.1)

This is the process for a specific forward or futures contract under the risk-
neutral measure, and no explicit relationship is specified between contracts
of different tenor. Equation (4.1) is easily integrated:

F(t,T) = F(0,T) e−1/2σ 2t+σBt (4.2)

and closed-form valuation is identical to Black-Scholes if one sets the div-
idend rate equal to the risk-free interest rate, thereby zeroing the cost of
carry. Details are provided in Appendix A.

The simplicity of the Black-76 approach is its virtue. If the activities of a
desk are confined to trading standard “vanilla” options with no off-market or
exotic risks, this valuation framework can accomplish most, if not all, of what
is required for reliable valuation and functional greeks. Once commercial
activities extend beyond vanilla products, however, more is required.

The martingale property of forwards is seen by some as suspect given the
folklore that commodities prices mean revert, the argument being that if
prices get too high, demand will fall, production will increase, and substitu-
tion of alternatives will collectively pull prices back down, and conversely.
We will see later that mean reversion in spot prices is a concept that is dis-
tinct from that of forward prices and that mean reversion in forward prices
is not nearly as obvious as many are tempted to think. The martingale prop-
erty, however, applies under the risk-neutral measure. Suppose, however,
that the dynamics of forwards under the physical measure is specified by

dF(t,T) = µ [t,F(t,T)]dt+σFtdBt (4.3)

with µ of a form implying mean reversion to a stationary expected value L;
for example, µ(t,F) = −β(F − L), where β is the mean-reversion rate. The
key point is that even if prices meanrevert in reality, under the risk-neutral
measure, the martingale property holds. Derivatives valuation would still
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proceed using (4.1) because the drift in (4.3) is rendered moot due to delta
hedging, as shown in A ppendix A .2

The key results just listed are very general and predicated only on the stan-
dard arbitrage pricing conditions required for a complete market [Shr04].
Model specification of the form used in Black-76, however, is very specific –
returns are normal and volatility constant. In the next chapter we discuss the
statistical properties of commodities forward curves, in part to understand
the limitations of Black-76.

The remainder of this chapter is a somewhat technical exposition of the
preceding four basic results, and the reader can proceed to the next chapter
without liability.

Equivalent Martingale Measures

Risk-neutral valuation is predicated on the selection of a reference asset,
or numeraire, the price of which is used to discount other asset prices. Sub-
ject to conditions guaranteeing the existence of a unique equivalent measure
under which all discounted prices are martingales, the price of any deriva-
tive payoff is obtained by calculating the expected discounted payoff with
respect to this equivalent martingale measure.

Denoting the reference asset price by Dt and the prices of all assets being
driven by stochastic processes �Xt, the value of a derivative at time t with
payoff U( �XT) is

V(t, �Xt)
Dt

= ED

[
U( �XT)

DT
|Ft

]
(4.4)

Here ED is the risk-neutral measure using the reference asset price Dt, and
Ft denotes the information (filtration) available at time t [Hul12], [Wil07].
The choice of reference asset is usually a matter of convenience; a good
choice can make seemingly challenging problems routine.

The most commonly arising reference assets in finance are the moneymar-
ket and the zero-coupon bond:

• Money-market measure. The reference asset is the money-market account Mt,
which appreciates at the spot interest rate rt: dMt = rtMtdt. The associated
martingale measure will be denoted by Ẽ[ · ].

• T-forward measure. The reference asset is the unit-notional zero-coupon bond
at time t maturing at T, the value of which is simply the discount factor:

d(t,T) = Ẽ
[
e−∫ T

t rsds|Ft

]
. The associated martingale measure is referred to as the

T-forward measure, which we will denote by Ẽ(T)[ · ].

2 One could construct drifts that are singular enough so that F would be confined to a finite interval,
in which case this result would not hold, but that is not considered a particularly relevant concern
in practice.
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The money market and zero-coupon bonds relate naturally to the mechanics
of funding a transaction. We will see later that in commodities, a third ref-
erence asset arises naturally in situations where payoffs depend on spreads
between prices; in this case, using one of the commodities as a reference
asset simplifies calculations considerably.

Martingale Property of Forward Prices

Our first key fact can now be stated more precisely. Forward prices are
martingales under the T-forward measure Ẽ(T), and futures prices are
martingales under money-market measure Ẽ. The distinction arises from
funding considerations associated with the futures margin accounts.

Starting with forwards, let Vs denote the value of a forward contract
established at time t with delivery at time T for t ≤ s ≤ T. We know the
following:

• Vt = 0; the cost of entry for a forward contract is zero.
• Vt/B(t,T) is a martingale under the T-forward measure.
• At expiration, d(T,T) = 1, and the forward payoff is VT = F(t,T)− F(T,T).

The first two facts yield

0 = Vt

d(t,T)
= Ẽ(T)

[
VT

d(T,T)
| Ft

]
(4.5)

Coupled with the last fact, this result implies the martingale property.
Futures contracts, in contrast, are effectively exchange-margined forward

contracts. A futures contract is marked-to-market on a daily basis, with the
futures exchange publishing settlement prices at the close of each trading
day based on trades executed in the final minutes of trading. The change in
the value of a customer’s trades, as calculated using the settlement prices, is
reflected in the balance of a customer’s margin account. Margin require-
ments vary among exchanges and are typically quite complex owing to
provisions that attempt to net offsetting positions in closely related con-
tracts. For our purposes, however, margining means that the value of the
futures contract is zero at the end of each trading day. This contrasts with
forwards, where the value is known to be zero only at inception.

The fact that a position in a futures contract generates daily cash flows,
which accrue at a spot interest rate,3 results in a distinction between futures
prices and forward prices. We will denote a futures price by F̃(t,T) to
distinguish it from the analogous forward price F(t,T).

Proceeding in discrete time, note that the mark-to-market due to margin-
ing implies that the value of the position is reset to zero at the next margining

3 The fact that the interest rate earned on margin accounts is not identical to other more commonly
used short rates is being ignored here.
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time t+ δ:

0 = Ẽ
[
M(t, t+ δ−)Vt+δ−|Ft

]
= Ẽ

{
M(t, t+ δ−)

[
F̃(t+ δ−,T) − F̃(t,T)

]
|Ft

}
where Vt+δ− is the value of the position just before t+δ. Here we are working
under the money-market measure. The short rate rt is known at time t, so
M(t, t+ δ) = e−rtδ is Ft-measurable, yielding

F̃(t,T) = Ẽ
[
F̃(t+ δ,T)|Ft

]
(4.6)

This establishes the martingale property of futures prices under the money-
market measure. Moreover, the delta of the futures contract is the notional
due to the margining protocol, in contrast to a forward contract, in which the
delta is the discounted notional.

It is worth noting that the result in (4.6) applies to any cash-margined
derivative. The fact that this was a linear payoff was never used in the pre-
ceding argument – an observation that we will use shortly in the context of
options.

Forwards versus Futures

Forwards and futures are distinguished only by the margin cash flows that
futures positions sustain. A simple argument establishes equivalence of for-
ward and futures prices in the case that interest rates are deterministic.
A long forward position initiated at time t will have a terminal payoff of
F(T,T) − F(t,T). A futures trading strategy that holds a position of α(s)
futures contracts for s ∈ [t,T] will yield a payoff of∫ T

t
α(s) e

∫ T
s rudu dF̃s (4.7)

because each differential cash flow α(s)dF̃s accrues at the spot rate to the
terminal time T. As for forwards, this futures trading strategy involves zero

initial investment. By choosing α(s) = e−∫ T
s rudu, the futures strategy results

in a terminal value of F̃(T,T) − F̃(t,T). By assumption, the forward and
futures contracts require delivery of the same commodity at the same time,
so the two prices at expiry must be identical: F(T,T) = F̃(T,T). It follows that
F(t,T) = F̃(t,T); otherwise, there would be an obvious arbitrage opportunity.

To obtain a more general relationship between forwards and futures for
the case when interest rates are dynamic, we need to be viewing both prices
through the same measure. Choosing the money-market measure, the zero
price of entry of a forward contract can be written as

0 = Ẽ
{

[F(T,T) −F(t,T)]e−∫ T
t rsds|Ft

}
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which yields

F(t,T) =
Ẽ
[
e−∫ T

t rsdsF(T,T)|Ft

]
B(t,T)

(4.8)

For futures, recall that (4.6) implies F̃(0,T) = Ẽ [F(T,T)].
Taking the difference of the two results yields the price difference:

F(0,T) − F̃(0,T) = 1
B(0,T)

{
Ẽ
[
e−∫ T

0 rsdsF(T,T)
]
− Ẽ

[
e−∫ T

0 rsds
]

Ẽ [F(T,T)]
}

This result can be written in a slightly more intuitive form:

F(0,T) − F̃(0,T) = 1
B(0,T)

cov
[
e−∫ T

0 rsds,F(T,T)
]

(4.9)

A first consequence of this result is a generalization of the deterministic
interest-rate result: if the price process is uncorrelated with interest rates,
then the preceding covariance is zero, and the two prices are identical. More
generally, if the covariance between interest rates and prices is positive, then
the covariance between the discount factor and prices in (4.9) is negative,
and the futures price exceeds the analogous forward price. This is reason-
able – in this scenario the margin account for a long futures position tends
to be credited when rates are high and debited when rates are low, which
enhances the value of the futures contract relative to the forward, resulting
in a higher futures price.

Does this covariance effect really matter? Historical data suggest not.
Equation (4.9) can be written as

F̃(0,T)
F(0,T)

− 1 = −cov

[
e−∫ T

0 rsds

B(0,T)
,
F(T,T)
F(0,T)

]
(4.10)

Figure 4.1 shows a scatter of the forward ratio F(T,T)/F(T − 1,T) versus the
following proxy for the first term in the covariance in (4.10):

[
1 + r(12)

1

] 12∏
m=1

[
1 + r(1)

m

12

]−1

where r(n)
m is the n-month USD LIBOR rate at the beginning of month m

for each contract month spanning January 1992 to December 2010. While
the correlation is nontrivial (increasing rates tending to be associated with
increasing WTI prices), the covariance, which is what affects the price ratio,
is very small.
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Figure 4.1. Effect of correlation on futures/forwards spread.

American Optionality

We turn now to the third key fact – the American feature of an option on
a forward contract is trivial. The argument is simple and informative for the
case of a standard call or put.

Consider an American call option with strike K expiring at time Te ≤ T. At
any time t ≤ Te, the option holder can exercise immediately into a long for-
ward contract with forward (undiscounted) value F(t,T) − K. Alternatively,
the holder could short an at-the-money (ATM) forward and hold the option
to expiration yielding the payoff

V(T) =



F(t,T) −F(Te,T) if F(Te,T) < K

F(t,T) −K otherwise

This dominates the former payoff. The sale of the forward contract served
to lock in the intrinsic value, swapping the call into an out-of-the-money put,
as shown in Figure 4.2 in the situation where K = 8 and the current forward
price is F(t,T) = 10.
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Figure 4.2. Suboptimality of early exercise.

While harder to portray visually, this result is true for any convex payoff
f( · ) of the forward price. By Jensen’s inequality,4 we have:

f[F(t,T)] = f
{

Ẽ(T) [F(Te,T) | Ft
})≤ Ẽ(T){f[F(Te,T)] | Ft

}
(4.11)

where we have used the fact that the forward price is an Ẽ(T) martingale.
The first term is the undiscounted value of the immediate exercise at time
t, while the last term is the undiscounted value of the option. It follows that
such options are never optimal to exercise early.

Our final key fact pertains to exchange-traded American options on
futures. The mechanics of these options vary by exchange and fall into one
of two categories:

• Equity style. Options with up-front premium payments.
• Futures style. Those without up-front premia.

Equity-style options are standard on the CME/NYMEX, while options on
ICE exist in both forms. See [Wha86] and [Ovi06] for related discussions.

Starting with equity-style options, a call option gives the holder the right
to acquire, on exercise,

4 Jensen’s inequality states that for any convex function f and random variable X, f
(
E [X]

)≤ E [f(X)]
provided that these expected values exist.
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• A futures contract
• A cash balance of the difference between the futures price and option strike

Given the up-front premia, equity-style options sustain a cost of carry that
can make early exercise optimal. To see this, note that, on exercise of, say, a
call at time t, the immediate value to the holder is F̃(t,T)−K. If the option is
in-the-money, as interest rates increase with everything else held constant,
including the futures price, the immediate payoff and the forward value of
the option do not change. However, the latter needs to be discounted from
settlement time T to current time t. Therefore, there is a level of interest
rates where the value of immediate exercise exceeds the value of continuing
to hold the option, implying that the value of the American option is strictly
higher than that of its European analogue.

Futures-style options are simply another form of a futures contract. At
trade inception, there is no cost of entry. Denoting the price of the option at
time t by Pt, the margin account is credited or debited according to changes
in Pt. Recalling that (4.6) holds for any cash-margined derivative, we know
that

Pt = Ẽ [PT | Ft]

Considering the case of a call, on exercise at any time t, the holder of the
option receives a position in the futures contract and sustains a cash flow
equal to the difference between the futures price and the strike less the cur-
rent market price of the option: F̃(t,T) − K − Pt. Because the option payoff
is convex, it follows from Jensen’s inequality that{

Ẽ
[
F̃(Te,T) | Ft

]
−K

}+ ≤ Ẽ
{

[F̃(Te,T) −K]+ | Ft

}
= Ẽ [PTe | Ft] = Pt

which means that the value of immediate exercise is nonpositive. This
argument only required convexity of the payoff, so the implication is that
American options of this type are never optimal to exercise early.

The fact that some markets such as CME/NYMEX WTI crude options
are equity style with a nontrivial American feature means that obtaining
implied volatilities from options prices is model-dependent. Even using a
simple model such as (4.1), this requires either lattice-based valuation meth-
ods or approximation methods (see, for example, [Shr04]). For short-tenor
options in what has been a generally low-interest-rate environment in the
past decade, this can be ignored, but care must be taken for options with
longer maturity.

Conclusion

The four basic facts underpinning the discussions in this chapter were all
direct implications of arbitrage pricing methods and were independent of
modeling paradigm.
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• Forwards and futures are martingales under the appropriate risk-neutral mea-
sure – for forwards, it is the T-forward measure; for futures, it is the money-market
measure. This distinction is not usually significant in practice, and the two prices
are typically nearly identical.

• The Black-76 model for forwards/futures is Black-Scholes without the drift,
thereby yielding the required martingale property. Option valuation formulas and
techniques are simple modifications of the cash-based approach.

• American optionality is never relevant for options on forwards and only affects
options on futures in the case where the option premium is paid up-front, so-called
equity-style options. Low-interest-rate environments diminish the effect.

These results are predicated on the assumption that the underlying market
satisfies the usual no-arbitrage conditions. In many situations, these assump-
tions are reasonable. However, as we will see in the subsequent chapters,
circumstances often arise where these assumptions are seriously flawed,
and market incompleteness cannot be dismissed as merely a higher-order
correction.



5

Dynamics of Forwards

Empirical analysis of price returns is an essential component of the
development of valuation methods in any asset class. The design of hedg-
ing strategies, construction of investor index products, and model selec-
tion for derivatives valuation each rely heavily on statistical estimates of
moments and models of returns processes. Energy commodities present
some unique challenges: the effects of seasonality and inventory on covari-
ance structure are significant; forward price volatility decays rapidly with
tenor; returns are highly nonnormal. These features are juxtaposed on
markets in which options liquidity is concentrated at short tenors and
near the money, and trading activity in correlation products is minimal,
constraining the availability of market-implied information about returns
distributions.

A casual examination of forward prices shows that correlations in returns
between different contracts of the same commodity can be quite high.
Figure 5.1 shows several nearby price series for West Texas Intermediate
(WTI); recall that the nth nearby contract is the nth contract currently trad-
ing. A nearby price series is the concatenation of a set of nearby prices across
trading dates. Variations between the different prices are discernible, but
the dominant feature is that these price series are tightly coupled, suggest-
ing high correlations between price returns of the series of forward contracts.
This is the case, as we will see shortly.

Reconciliation of high returns correlations with the empirical fact that for-
ward curves can show periods of significant backwardation and contango
requires that the volatility of forward prices decrease with tenor, a fea-
ture that we will refer to as volatility backwardation. Forward prices at
short tenors are significantly more volatile than at long tenors, which is
why large variations in forward yields can arise in tandem with high returns
correlations.

Nontrivial term structure of volatility and correlation is of central impor-
tance to hedging programs. For example, we saw in Chapter 2 that liquidity
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Figure 5.1. WTI nearby price series.

in commodities futures contracts is highly concentrated at short tenors. This
incentivizes traders to use near-dated contracts to hedge longer-term risks –
so-called stack-and-roll hedging, which we will examine closely in Chapter
6. Constructing hedges in which short-tenor positions hedge long-tenor risks
requires a framework for estimating and modeling the term structure of
volatility and correlation.

Option pricing is also affected. The constant-volatility assumption implicit
in Black-76 must be reconsidered when valuing option structures with non-
standard features. Even simple departures from “vanilla” options are cause
for concern. Consider, for example, pricing and hedging a WTI option that
expires three months before the underlying futures contract (recall that the
listed WTI option expires three business days before futures expiry). If
volatility is heavily backwardating, that is, if instantaneous returns volatility
is decreasing rapidly with the tenor of the contract, prices calculated using
an assumption of constant volatility could be seriously flawed.

In what follows, we will examine

• The empirical distribution of forward yields. Is there a bias toward backwardation
or contango? Is there a relationship between forward yields and commodity index
performance?

• The term structure of volatility. How rapidly does volatility backwardate, and are
there effective parameterizations of the effect?
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• The term structure of correlations. How does the correlation between the returns
of F(t,T) and F(t,T+ S) depend on the tenors of the two contracts?

• The distribution of returns. How flawed is the assumption of normal returns?

Our analysis will use the WTI and natural gas (NG) futures contracts as
primary working examples. Despite the flaws of the WTI contract, WTI
remains a deep futures market with a long data series, and the empirical
results apply broadly across energy commodities.

Dealing with Contract Rolls

Empirical analysis of commodities returns is encumbered by a technical
annoyance: contracts expire. Unlike interest-rate swaps, for example, where
each trading day yields a set of effectively identical data comprised of swap
rates at approximately identical tenors, for commodities, the underlying
contracts march relentlessly toward expiry. The market data available for
analysis is therefore of the form F(tn, �Tn), where �Tn denotes the set of con-
tract months active on date t. The tenor of all contracts �Tn − t changes with t.
Volatility and correlation analysis requires stationary (or nearly stationary)
data, and the data of the form F(tn, �Tn) are not stationary. Not only are
tenors changing with time, but discontinuities arise when the first active
contract expires.

There are two common approaches to dealing with this problem. The first
is to construct returns series from nearby price series. This approach does
not mean calculating returns from a nearby price series; this would result in
anomalies at contract roll dates where returns would be between two distinct
contract prices.1 This “return” between the price of the second nearby versus
the first nearby on the previous date can be anomalously large in magnitude.
The correct approach is to generate returns for each individual forward con-
tract and then concatenate these returns into nearby returns series, thereby
avoiding spurious returns at roll dates.

A second approach is to build constant-maturity forwards from which
returns are calculated. On each day, the prevailing forward prices are
interpolated onto a fixed-tenor grid. This yields forward data of the form
F(t, t + ��), where � denotes a fixed set of tenors. Such data are analogous
to the interest-rate swaps data and are ostensibly a stationary rendition of
forward prices on which returns analysis can be performed.

Each of these approaches is technically flawed in some way. The nearby
approach ignores the fact that the tenor associated with each return series is
varying by roughly one-twelfth of a year in a periodic fashion. The constant-
maturity approach, on the face of it, avoids this issue. However, problems

1 If we let tk denote the last trading day for the first active contract Tk(1), then the return generated
using the simple (and flawed) approach would be log{F[tk+1,Tk(2)]/F[tk,Tk(1)]}.
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can arise at roll dates as a result of the effect of the change of data on the
spline, which can cause spurious jumps at the short end of the forward curve.
Despite the technical differences, the statistical results obtained from either
approach are usually consistent.

Forward Yields: Backwardation versus Contango

Two closely related issues have garnered the attention of several generations
of researchers:

• What drives forward yields, and is there a bias toward backwardation or con-
tango?

• Is there a systematic drift (risk premium) in commodities forward prices, and if
so, what are the drivers?

These issues revolve around two distinct phenomena that, because of their
similar nature and common vernacular, are easy to confuse.

Recalling the carry formalism as per (2.13), empirical analysis of forward
yields is equivalent to analysis of modified convenience yields: η̃ ≡ q − η.
Traders and energy research teams use the terms backwardation and con-
tango to refer to negative and positive values of the forward yield (2.8),
respectively, fully inclusive of funding costs. Forward yields are directly
observable from market forward or futures prices, and hence their statistical
attributes and the impact of fundamental drivers can be estimated.

The second issue pertains to a bias in the forward price relative to
expected future spot prices, expectation in this case referring to the physical
measure. We know that under the risk-neutral measure F(t,T) = Ẽ [F(T,T)],
where F(T,T) is the final settlement price or the spot price. This need not
hold under the physical measure E [·], and the spread

µ(t,T) ≡ E [F(T,T)]−F(t,T) (5.1)

is the expected increase (drift) in the forward price F(t,T) over the time
interval [t,T]. This drift, or risk premium, is of considerable interest to index
investors who are making “physical-measure decisions.” The challenge is
that E [F(T,T)] is not observable.

Theories and empirical analysis pertaining to µ(t,T) abound. A longstand-
ing thesis is that forward curves of consumable commodities exhibit a bias
toward µ(t,T) > 0; that is, forward prices are statistically below expected
future spot prices. This postulated phenomenon is referred to as normal
backwardation, and results in the confusing vernacular. The theory of nor-
mal backwardation dates back to Keynes [Key50] and Hicks [Hic46]. The
essence of the argument is that producers of a commodity tend to hedge
more than consumers, being less diversified in economic activity – often
producing only a single commodity. Consumers, in contrast, typically rely
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on a variety of input resources and have comparatively diverse exposure
to multiple risks. This asymmetry, it is posited, results in selling pressure
in futures markets, pushing futures prices below expected spot prices and
effectively providing compensation in the form of the premium µ(t,T) > 0
to speculators willing to fill the void.

It is true that for many commodities, producers are larger and more orga-
nized entities than consumers, which are often simply individual customers
purchasing food or gasoline and, as such, are neither inclined nor able to
hedge. In a modern economy, however, there are certainly many counter-
examples. Airlines are naturally short energy and are active hedgers in the
oil and products markets. Utilities and other retail energy providers can be
short power to customers and are also active hedgers. Moreover, there are
empirical studies that cast doubt on the hedging asymmetry explanation. For
example, analysis by Gorton, Hayashi, and Rouwenhorst [GHR07] rejects
the hypothesis that there is a significant correlation between hedging pres-
sure, defined as the aggregate position of commercial exchange positions (as
reported by the CFTC2 in its Commitment of Traders Report), and future
drift in forward prices.

A set of alternative approaches to forward yields and risk premia, grouped
under the rubric of the theory of storage alluded to in Chapter 2, formal-
izes the relationship between forward yields and inventory. We have already
encountered several instances of a relationship between inventory levels and
forward yields. Examples included crude oil forward yields versus OECD
inventory in Figure 2.8 and a similar relationship with natural gas calendar
strip yields versus inventory relative to seasonal norm in Figure 3.27. We will
discuss this theoretic al fr amework more in Chapter 12, but one consequence
of particular relevance is that backwardation (in the yield sense) is related
to normal backwardation in the sense of positive drift µ(t,T).

The heuristic argument, appearing more formally in equilibrium models,3

is that an increase in net demand results in a decrease in available inventory.
This should result in two effects. First, spot or short-tenor forward prices
should increase more than long-tenor forward prices because market expec-
tations typically posit an equilibration to normal inventory levels. Second,
the actions of those in possession of inventory tend to mitigate price fluc-
tuations. By selling inventory when spot prices are high relative to forward
prices and increasing inventory when spot prices are low, owners of stor-
age capacity reduce the variance of returns at all tenors. However, at low
inventory levels, the degree to which this can occur is reduced. Hence one

2 The Commodities Futures Trading Commission (CFTC) regulates futures trading and increasingly
over-the-counter (OTC) trading in commodities in the United States as a result of the Dodd-Frank
bill.

3 See, for example, a model developed by Gorton, Hayashi, and Rouwenhorst [GHR07] that
incorporates risk-averse hedgers in the presence of inventory optimization
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would expect higher volatility in the short run, which would clearly affect
the risk premia of forward prices; hedgers should expect to pay more in
the way of nonzero µ(t,T). The upshot is that the two forms of backwarda-
tion, namely, negative forward yields and positive risk premium, should be
related.

The preceding issues arise naturally in the context of commodity
exchange-trade funds (ETFs) or index products designed to allow investors
to participate in the commodities markets. The mechanics of such invest-
ment vehicles is to purchase a notional equivalent of the first nearby contract
(or contracts in the case of indices with exposure across multiple commodi-
ties) and to “roll” the position to the next traded contract, in a codified
manner, as the first nearby approaches expiry. There is no choice but to roll
the position. Failure to do so would result in taking physical delivery, which
index and fund managers are not equipped to do.

Each roll is done dollar for dollar, because the current notional value must
be pushed to the next contract. Typical protocols involve rolling the position
over a number of days, but assuming, for ease of exposition, that the roll
occurs at one moment in time, conservation of value implies

N1F(troll,T1) = N2F(troll,T2) (5.2)

where N1 is the notional in the first nearby just prior to the roll, and N2 is the
resulting notional in the second (and soon to be come first) nearby contract.

As a consequence of (5.2), index returns are typically closely approxi-
mated by the returns of the first nearby contract. The initial value of the
index (per unit notional) is V0 = F(0,T1). Assuming, for simplicity, that
rolls occur exactly at maturity of each futures contract Tn and applying (5.2)
recursively give us the value of the index at any future time t:

Vt =

N(t)∏

n=1

F(Tn,Tn)
F(Tn,Tn+1)


F(t,TN(t)+1) (5.3)

for Tn < t ≤ Tn+1, where N(t) = max{n : Tn < t} is the number of rolls that
have occurred by time t. The term in brackets is simply the number of
contracts that the index is holding at time t. For example, at the time of
the first roll T1, the value of the index VT1 = F(T1,T1) is converted into
F(T1,T1)/F(T1,T2) T2 contracts.

The important point is that the value of the index evolves according to
the changes in the current first nearby price F(t,TN+1). This means that the
index returns are identical to the first nearby returns series, and this is where
contango and backwardation come into play. Figure 5.2 shows the price tra-
jectory for the first nearby contract for WTI over the course of 2009, as well
as the index price that an investor would have experienced by summing the
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Figure 5.2. WTI first nearby price and cumulative returns series.

first nearby returns. This was a period of high contango. It is the index-price
series that is relevant to financial investors. Investors who opted to go long
oil by purchasing a position in an index or ETF during this period realized
an annual return of −3 percent, while optically the first nearby price series
gained over 50 percent.

There is often a notion among investors that the index is “malfunctioning”
when the nearby price looks so lucrative in comparison with the index price.
This is not the case; in fact, this misconception is identical to making the mis-
take of calculating returns from the first nearby price series rather than first
calculating individual contract returns and then concatenating them. Recall
from Chapter 4 that under the risk-neutral measure, forwards are martin-
gales; under this measure, holding a forward contract from t to t + δ will
have zero expected profit and loss (P&L).4

Taking this a step further, the forward price for the index V for settlement
at time T is independent of T – the forward curve for the index is flat. To
see this, the forward price is given by Ẽ [VT], which can be calculated recur-
sively. Using (5.3), for t ∈ (TN,TN+1], conditioning on FTN(t) , and applying

4 While this is not true in general under the physical measure, because risk premia can result a drift
in the forward price, additional analysis is required beyond simply looking at the next nearby price
for an estimate of where the current nearby price will be at expiry.
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the martingale properly for F
(
t,TN(t)+1

)
yield

Ẽ
[
Vt|FTN(t)

]
=

N(t)∏

n=1

F(Tn,Tn)
F(Tn,Tn+1)


F
(
TN(t),TN(t)+1

)

which becomes:

Ẽ
[
Vt|FTN(t)

]
=

N(t)−1∏

n=1

F(Tn,Tn)
F(Tn,Tn+1)


F
(
TN(t)−1,TN(t)

)

Recursively conditioning on each FTn yields Ẽ [Vt] = F(0,T1) = V0. This
applies for any t, so the forward curve for V is flat.

The risk-neutral measure is in general not the same as the physical mea-
sure. The point, however, is that the forward value of the index is the current
spot value, and only owners of storage capacity can earn the forward yield.
Index investors looking at a steeply rising forward curve should not be
expecting to see such gains. In fact, the opposite is the case. Risk premia
matter.

If, for example, a forward price is sustaining a positive drift in the physical
measure, the case of µ(t,T) > 0 in (5.1), then investors with long positions are
enjoying positive expected returns. In a contango environment, it is natural
to expect negative returns because a given contract price F(t,T) “rolls down
the curve.” Periods of contango are associated with excess inventory. Being
long during such periods incurs a tax of sorts as the value of the index will
tend to drift as dF(t,TN)/dt, which is negative if the curve is in contango.
When the index rolls, physical market participants are essentially agreeing
to take delivery of the product. In a period of surplus inventory, storage is
scarce, and contango is effectively compensating the owners of storage for
use of their facilities.5

A complete econometric analysis across commodities is beyond the scope
of this work. However, as an example of such analysis, recent WTI forward
dynamics suggests that positive risk premia are associated with backwarda-
tion, and conversely. Using WTI data from Jan2000 to Dec2012,6 the returns
of the second nearby can be regressed against forward yields:

r2(d) = α +βy1,2(d) (5.4)

5 Bouchouev [Bou11] explores this issue in detail and posits that the increasing role played by finan-
cial investors in index products, who are generally inclined toward long positions, is resulting in a
new paradigm of “normal contango” owing to positive hedging pressure on forward prices. In this
case it is storage operators, as opposed to hedgers, who are reaping the benefits of the negative risk
premia [µ(t,T) < 0].

6 WTI is particularly useful in this analysis because of the high levels of contango experienced as a
result of in ventory build s in the latter p art o f this d ata s et as discussed in C hapter 3.
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Figure 5.3. WTI forward yield (first and second nearbys).

Here r2(d) is the daily return of the second nearby, and

y1,2(d) ≡ 12log
[

F(td,T2)
F(td,T1)

]
(5.5)

is the forward yield of the first two nearby contracts. The result is β =
−0.0030y1,2.7 Annualized, this amounts to a drift corresponding to 74.75
percent of that implied by the forward yield, which is significant and
gives credence to the notion that long positions in commodities indices
tend to perform better in backwardated environments. Statistically forward
prices tend to roll up or down the curve in backwardated and contango
environments, respectively.

Given the relationship in (5.4), the presence or absence of a system-
atic bias toward backwardation is relevant to investors contemplating index
investments. In what follows, we will examine WTI as an example of a non-
seasonal commodity and NYMEX natural gas as a seasonal commodity.
See [GHR07] for a more complete treatment of the empirical relationship
between drift and forward yields across a broad set of commodities.

Figure 5.3 shows the yield between the first and second nearby
contracts for WTI: 12 log[F(t,T2)/F(t,T1)] from January 2000 through

7 The standard deviation of β is 0.0016, or, equivalently, a Z-score of 1.872.
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Figure 5.4. WTI forward yield (twelfth and twenty-fourth nearbys)

December 2012. The large contango in aftermath of the credit crisis is clearly
visible. The lower plot shows the distribution function of the yield. Over this
time period, the probability of being in contango was nearly 60 percent. The
story is different at longer tenors. Figure 5.4 shows the same statistics for the
twelfth and twenty-fourth nearby contracts. In this case, the curve at longer
tenors was backwardated roughly 70 percent of the time. The different for-
ward yield statistics between the two cases is due to the inventory effects
at Cushing, forcing near-term yields into contango as a result of the inven-
tory glut. In contrast, during this same time period, the Brent forward curve
was in backwardation and contango with almost equal probability at short
tenors.

Turning to natural gas, forward yields for seasonal commodities will gen-
erally oscillate between contango and backwardation as nearby contracts
move up and down the forward curve. A simple way to strip out season-
ality is to consider the first two rolling calendar strips, the results of which
are shown in Figure 5.5. The forward curve was in contango approximately
60 percent of the time, skewed in recent years by the shale gas glut.

This analysis of forward yields included all components of carry: storage
costs, convenience yield, and funding. Funding costs induce a bias toward
contango, as seen in (2.13). If an investor takes cash and starts a program
of buying the first nearby and rolling to the next nearby as in (5.2), the
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Figure 5.5. NG Forward Yields (1st and 2nd calendar strips)

collateral posting for futures contracts is a fraction of the notional value; the
rest of the cash will simply earn the short rate. Furthermore, the collateral
in the margin account also accrues interest. Moreover, some (although not
all) index investment vehicles pay total returns, which passes this accrued
interest through to the investor. It is therefore more appropriate to consider
forward yields net of funding costs.

Defining modified forwards as F̃(t,T) = F(t, t)e−r(t,T)(T−t) leaves purely
storage and convenience yield effects. Figure 5.6 shows the distribution func-
tions for the resulting modified forward yields for WTI. The bias toward
backwardation is meaningfully greater for the longer-tenor forward yields
than for the unadjusted forward yields, with the backwardation occurring
over 80 percent of the time once adjusted for financial carry.

Term Structure of Volatility and Correlation

We turn next to the term structure of realized volatility and correlation.
This topic affects many aspects of portfolio management, from the design
of hedging strategies to the valuation of nonstandard options structures, and
its importance is due in large part to the limited types of options that are
most commonly traded in energy markets.

We saw in Figure 2.2 the rapid decay in volume and open interest for the
WTI futures contract. Concentration of liquidity at short tenors is a universal
feature of energy commodities which results in traders using stack-and-roll
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Figure 5.6. WTI forward yields net of funding costs.

hedging methods (using near-dated futures contracts to hedge longer-dated
positions), especially on the execution of sizable long-tenor transactions.
The issue at hand is how to determine optimal hedge ratios. Given a position
�T on contract T, the goal is to find a �S on another, more liquid contract S
so that

�TdF(t,T) ≈ �SdF(t,S) (5.6)

Phrased more formally, this can be states as a minimum-variance problem
commonly discussed in financial engineering and reviewed in Appendix B
(see [Hul12]):

min
w

var[dF(t,T) −wdF(t,S)] (5.7)

The solution to this problem is given in (B.9):

w(t,S,T) = F(t,T)
F(t,S)

σ (t,T)
σ (t,S)

ρ(t,S,T) (5.8)

where σ (t,T) is the local (time t) returns volatility for contract T, and
ρ(t,S,T) is the returns correlation between contracts S and T. Any practical
implementation of this result requires estimation of the joint returns covari-
ance. This is the simplest among many applications of empirical volatility
and correlation estimates.

The result (5.8) is general, applicable to both seasonal and nonseasonal
commodities. The nonseasonal case is much simpler, however, because the
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Figure 5.7. WTI returns volatility versus tenor (2005–2008).

local volatility can be parameterized as σ (T − t) and the returns correla-
tion as ρ(S − t,T − t), thereby reducing the dimensionality of the estimation
problem. Figure 5.7 shows the standard deviation of returns versus tenor for
WTI using data from 2005 to 2008.8 Here we are using the constant-maturity
interpolation method, with the grid of relative tenors �� corresponding to
thirty-day increments in delivery times. The return for grid point �i is

ri(t) ≡ log
[

F(t+ δ, t+ δ +�i)
F(t, t+�i)

]
(5.9)

The time lag δ, over which returns were calculated, was set to ten trading
days, and the returns standard deviation was annualized by multiplying by a
factor of

√
250/δ.

The systematic decrease in returns volatility with tenor is commonly
referred to as the Samuelson effect. This backwardation of volatility arises
across most markets with an underlying concept of a forward, but the mag-
nitude of the decrease is particularly high for energy commodities. This
empirical behavior is also manifest in implied volatilities. Figure 5.8 shows
the implied volatilities for WTI on November 25, 2009, where backwarda-
tion occurs at all but the shortest tenors. The volatility contango observed

8 We have chosen this estimation window for consis tentcy with a w orking example in C hapter 7.
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Figure 5.8. WTI ATM implied volatilities.

in the first few contracts is not typical but does occur at times and poses
nontrivial modeling questions that we will discuss later.

It will be useful to parameterize the decay of volatility shown in Figure 5.7.
Maximum-likelihood estimation (MLE) of stochastic models that are mul-
tifactor extensions of Black is commonly attempted in the literature, but
these are laden with challenges involving nonnormality and nonstationarity
of volatility. We will discuss this topic later, but for the moment we will opt
now for simple curve fitting of the standard-deviation estimate by tenor.

Exponential forms will prove to be particularly tractable, but a semilog
version of the results, shown in Figure 5.9, clearly demonstrates that the
decay of volatility with tenor is not readily handled with a single exponential.
Two exponentials, however, fit the data effectively. Using the form

σ 2(T − t) =
2∑

j=1

σ 2
j e−2βj(T−t)

= σ 2
1

(
e−2β1(T−t) +λe−2β2(T−t)

)
(5.10)

and minimizing the L2 error of the empirical variance over the free parame-
ters σ1, β1, β2, and λ yield the results shown in Figure 5.10. We chose to use
the second form because a single volatility parameter appears in front of the
term that defines backwardation; this will be useful in calibrating one-factor
models to implied volatilities.
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Figure 5.9. Returns volatility versus tenor (semilog).
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Before applying such parameterizations of volatility as in Figure 5.10, it
is worthwhile to assess the stability of such estimates. The results for the
minimum L2 error using ten-day returns fit are shown in Figure 5.11 using
data starting at three different nonoverlapping four-year intervals with start-
ing dates January 2001, January 2005, and January 2009. The results have
been normalized to unity at the first nearby. Clearly, the rate of volatility
backwardation can change meaningfully over different epochs.

Another way to look at this is to consider how the realized volatility of
a price at long tenor relates to that of a shorter tenor. Figure 5.12 shows
the rolling four-year estimate of the volatility at tenor T = 1 to that at tenor
T = 60 days; the higher the ratio, the flatter the volatility term structure. The
estimates are indexed to the end of the estimation interval. Realized returns
volatility started to flatten substantially in the mid-2000s, interestingly coin-
cident with the trend toward inclusion of commodities as an asset class in
investment portfolios.

Just as volatility exhibits a nontrivial term structure, returns correlations
also do so. Correlation has a two-dimensional structure ρ(T,S) between
returns at tenor T and S:

ρ(T,S) ≡ 〈rT,rS〉 (5.11)

where rT is the forward return at tenor T as defined in (5.9). There are at
least two qualitative features that we should expect:
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Figure 5.12. Four-year rolling estimate of volatility ratios: one year versus 2M.

• ρ(T,T + S) ↑ as S ↓. Correlations increase as contracts become closer in delivery
period.

• ρ(T,T + S) ↑ 1 as T ↑. At long tenors, the correlation between returns of two
contracts of fixed tenors approaches unity; far enough out the curve, all prices
behave similarly.

These features are manifest in Figure 5.13, which shows the correlation sur-
face between the daily nearby returns of WTI between 2005 and 2008. A
one-dimensional crosssection that is pertinent to the hedge ratio (5.8) is
shown in Figure 5.14, which plots the returns correlation between the first
nearby and other nearby series plotted versus tenor. As the tenors between
the two delivery times increases, the correlation decreases, as expected.

An alternative view of the correlation structure of forward returns is via
principal-components analysis (PCA). PCA reduces the dimensionality of
the joint returns processes and is a basic tool in the design of risk metrics.
The PCA decomposition is of the form

�r(t) =
∑

j

λ
1
2
j �j

(
��
)

Zj(t) (5.12)

where, as before, �� is indexing either the tenor grid or the nearby contract,
and the returns are for a time step t to t + δ. Here

{
λj,�j

}
are the eigen-

values/eigenvectors of the covariance matrix of the returns series, and �Z are
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Figure 5.13. WTI returns correlation surface.
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Figure 5.14. Correlation of WTI returns as a function of tenor using nearby returns
series.
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Figure 5.15. Results of PCA on WTI returns.

uncorrelated unit variance random variables. The interpretation is that each
of the uncorrelated random variables Zj(t) perturbs the forward curve via
returns of the shape smashλ

1
2
j �j(�T − t).

Figure 5.15 shows the results for WTI using data on the first twenty-four
nearby contracts from 2002 through 2012. The top plot shows the factor stan-
dard deviations

√
λj. The first two factors comprise over 97 percent of the

variance. The bottom plot shows the first three factors. As expected, the first
factor decays with tenor, and the second factor exhibits the usual structure
of having one sign change, in this case at a tenor of approximately one year.

Analysis of volatility and correlation structure for commodities with
seasonal structure is a much more challenging affair, and most methods cur-
rently used are somewhat ad hoc in nature. Using NYMEX NG futures
as our working example, complexities are already manifest in standard
PCA. As a seasonal commodity, the rote application of PCA is question-
able because volatility should no longer be parameterized as σ (T − t) but
more generally as σ (t,T); the absolute time of the delivery is relevant for
commodities that are systematically special in high-demand months.

Ignoring this concern for the moment, Figure 5.16 shows the results for
standard PCA using the same dates and contracts as for WTI earlier. The
slower decay in the spectrum in comparison with WTI suggests that season-
ality increases the dimensionality of forward dynamics. In addition, the third
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Figure 5.16. Results of PCA on NG returns.

factor already shows the vestiges of seasonality, revealing the limitations of
our liberal use of standard PCA in a nonstationary setting.

Various extensions of PCA to handle seasonality have been proposed,
usually involving nontrivial assumptions regarding the structure of σ (t,T).
For example, [CC13] assumes that returns are of the form

�r(t,T) = s(t)
∑

j

λ
1
2
j �j

(
��
)

Zj(t) (5.13)

with s(t) annual periodicity. The seasonal adjustment s(t) is estimated ini-
tially using, for example, the first nearby contract or a strip of contracts and
applying standard averaging or Fourier methods. PCA is then applied to
the normalized returns r(t,T)/s(t). This is a compelling heuristic, supported
by the seasonality in s(t) shown in Figure 5.17, which used the three-year
calendar strip (twenty-four nearby contracts) and normalized results over a
calendar year. However, the resulting PCA analysis is largely unchanged.
Figure 5.18 shows the change in spectrum and eigenvalues from the origi-
nal results, as well as the factors resulting from the analysis. The differences
are small – the change in the spectrum is under 1 percent for each of the
first five factors. Moreover, the factors themselves are optically identical
to the results in (5.16). The correlation structure is more complex than the
representation embodied in (5.13).
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Figure 5.19. Natural gas returns volatility by calendar month (2002–2012).

Natural gas exhibits volatility periodicities in T that are consistent with
fundamental facts about the commodity. Figure 5.19 shows the realized
volatility (annualized) by calendar month using contract months spanning
2002 through 2012. For each contract month, the volatility was calculated
over the interval from thirteen months to one month before expiration. All
results were grouped by calendar month, so all January contracts were aver-
aged. Note in particular the higher volatility for contracts near the end of
winter and at the peak of the hurricane season, both periods of significant
potential supply stress.

Natural gas volatility also exhibits seasonality in local time t; some times of
the year are systematically more volatile (for the entire forward curve) than
others. Figure 5.20 shows the realized returns variance with accompanying
error bars for a rolling calendar strip binned by time of year. Seasonality
in local time is higher in the winter months and perhaps affected by the
superposition of the hurricane season.

Correlation structure is even more complex. Market participants tend to
believe that returns between contracts in the same season, injection (sum-
mer) or withdrawal (winter), are more correlated with each other than those
between seasons; for example, January 11 and 12 are more correlated than
January 11 and October 11. Some evidence of this folklore is shown in
Figure 5.21, which shows returns correlations between the first nearby and
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Figure 5.20. Natural gas rolling calendar strip volatility by time of year.
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Figure 5.22. Correlation of NG versus tenor conditioned on inventory levels.

other nearby contracts. Unlike WTI, there appears to be a higher correla-
tion at roughly a year from the current nearby than one would expect by
interpolating between the short- and long-tenor correlations.

More daunting, however, is the impact of inventory on correlation struc-
ture. We saw earlier that inventory affects forward yields in a reasonable
way; high inventory is associated with contango which incentivizes the injec-
tion of surplus commodity. This theory of storage also has consequences for
correlation structure. Inventory serves to “smooth” forward-curve dynam-
ics. If a forward curve is too “rough,” then storage owners will buy forward,
where prices are low, and sell when they are high, smoothing the forward
curve.9 At low levels of inventory, short-tenor contract returns can decou-
ple from those of longer tenors. Figure 5.22 shows the same results as in the
preceding figure by quartile of departure of inventory from normal shown
in Figure 3.26, the first quartile corresponding to low levels of inventory and
the fourth to the highest. Note the much more rapid decrease in correlation
as tenor increases at low inventory levels.

The implications of this last result are significant: volatility and correlation
structure depends on inventory level. Valuation and hedging methodologies

9 This can be formalized in some idealized settings in which rigorous bounds on forward dynamics
are given by storage value [ADS02].



Dynamics of Forwards 115

−4 −3 −2 −1 0 1 2 3 4
−0.2

0

0.2

Nearby: 1

−4 −3 −2 −1 0 1 2 3 4
−0.1

0

0.1

Nearby: 12

−4 −3 −2 −1 0 1 2 3 4
−0.1

0

0.1

Nearby: 24

Figure 5.23. QQ plots of WTI returns by nearby.

should incorporate inventory, either directly or proxied by some function of
forward yields, into the dynamics of the forward curve. The upshot is that
seasonality and inventory effects result in meaningfully increased structure
and complexity in volatility, with commensurately more complex modeling
and risk-management issues.

Returns Distributions

We will conclude this chapter with some empirical results on the nature of
the returns distribution. Figure 5.23 shows QQ plots of daily returns for the
first, twelfth and twenty-fourth nearby contracts for WTI from 2002 through
2012. The associated Kolmorogov-Smirnoff statistics unambiguously reject
the hypothesis of normality.

Figure 5.24 shows the kurtosis10 as a function of lag; for example, lag 15
means that returns are being calculated over fifteen-day increments. Returns
kurtosis does not appear to decrease with lag.

This nonnormality could arise as a mixture of distributions with a wide
range of volatilities. Figure 5.25 shows the time series of kurtosis of fifteen-
day returns for the twelfth nearby calculated over rolling one-year intervals

10 The kurtosis of a random variable X is E
[
(X −µ)4

]
/σ 4, where µ and σ are the expected value

and standard deviation of X, respectively. Normal distributions have a kurtosis of 3.
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(the dates are the starting month of the averaging window). Realized annual-
ized returns volatility is also shown. Note the varying kurtosis as well as the
obvious mixture of distributions. This figure suggests that at least some of
the apparent nonnormality is due to the returns being a mixture of realized
volatilities, pointing to a stochastic volatility component of the dynamics.

Conclusion

The empirical behavior of forward dynamics has the following key fea-
tures:

• Empirical returns exhibit a systematic decrease in volatility with tenor – volatility
backwardates.

• Correlation between contract returns decays with difference between tenors, with
the rate of decay fastest at short tenors.

• Volatility and correlation structure exhibit nonstationary features; in particular,
◦ Historical volatility backwardation has decreased systematically, with much

greater rates of decrease with tenor in the 2001 to 2004 time frame than in recent
times.

◦ Correlation structure is clearly correlated with inventory level.
• Seasonality results in significantly greater structure (complexity) in volatility and

correlation surfaces.
• Returns, viewed over long time scales, are nonnormal largely due to mixtures of

very different volatility levels.

These phenomena affect the decisions that portfolio managers make in prac-
tice – from construction of hedging strategies of large illiquid positions to the
selection of valuation models for more complex options structures. It also
motivates the decisions that risk and control groups make in the design of
risk metrics and limits. We will see in what follows that most of the modeling
that is applied in practice does not attempt to accommodate all these fea-
tures at once. Efforts to do so usually result in unwieldy models and unstable
calibrations. The pragmatic objective is the design of valuation methods that
come close to capturing the features relevant to any particular setting and
understanding where breakdowns in the methodologies can occur.
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Energy is produced and consumed at myriad locations and across tenor, and
supply and demand must balance locationally and temporally. The risks of
such portfolios therefore, are, often high-dimensional. Risk management of
such portfolios is effected primarily with linear instruments: swaps, forwards,
and futures. There is a tendency in the field of financial engineering to focus
on complex structures, relegating the topic of the management of swaps
positions to a lesser status, perhaps owing to the fact that the mathematics of
the former appears more interesting. Whereas options structures in energy
trading do play a significant role because of the embedded optionality in
many physical assets, linear instruments are the risk-transfer workhorses.

Our focus so far has been on contracts with commonly acknowledged
liquidity – the benchmarks. Benchmark trades typically constitute the dom-
inant component of hedging programs; however, many energy portfolios
span much broader locational and temporal risks. Swaps portfolios can
have a very high-dimensional risk profile, and their level of complexity
can become far greater than one might expect, confounding efforts to dis-
play risk in usable forms, making sensible profit and loss (P&L) attribution
elusive, and rendering the design of effective controls challenging.

In this chapter we will first survey the chain of risk transfer that occurs
through linear instruments. We will then build on some of the results from
the Chapter 5 to describe methods of organiz ing r is k and ascribing P&L to
risk drivers.

The number of variations of swaps and forwards is quite large, and often
the distinctions are technical. In Appendix D we survey some commonly
traded instruments by commodity, only a few of which we will use in the
examples that follow. However, extension to other commodities and settings
should be clear. Furthermore, the examples that follow will be in the context
of swaps in which settlement is financial. Each of these examples has a phys-
ical delivery analogue. If a swap is used to mitigate physical risk, it is usually
replaced by the associated physical contract at some point prior to delivery,

118
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if required. Physical portfolios are operationally more challenging, requiring
personnel and systems to effect scheduling and delivery of the commodity,
but from the perspective of commodity price risk, there is little distinction.

Linear instruments can be categorized according to which of the four basic
risks are transferred1.

• Macro price-level risk for which benchmark contracts are typically used at trade
inception

• Time-spread risk originating from changes in forward yields or, equivalently,
backwardation and contango

• Basis-price risk arising from locational price variations, usually between less liquid
delivery points and benchmark delivery points

• Cross-commodity risk involving price differentials between one commodity, often
a benchmark, and other commodities into which it is converted [Examples of this
risk category, which one could describe as conversion risk, include crack spreads
between refined products and crude oil prices, as well as spreads between power
and input fuels such as natural gas (spark spreads) or coal (dark spreads).]

We will discuss these risks and how they are handled through a sequence of
sample trades.

Managing Price-Level and Time-Spread Risk

Here we will explore the first two risks in the preceding list using the
following trade example:

Trade 1

On May 31, 2011 , you enter into a transaction in which you buy 2/day (2 lots
per calendar day) of Henry Hub natural gas for financial settlement over the
term January 12 to December 18.

In a transaction such as this, in which a large volume of a benchmark
commodity is bought or sold over a long tenor, the first step in the hedg-
ing process is usually to enter into an offsetting trade at shorter tenor where
liquidity is greater and execution more efficient. Assuming that we use the
Cal12 strip to hedge, the resulting delta profile is shown in Figure 6.1. This is
an example of stack-and-roll hedging; the term stack refers to stacking short-
tenor hedges against long-tenor risk; roll refers to the subsequent process of
moving (rolling) the hedge to longer tenors by buying/selling the short-tenor
position and selling/buying the long-tenor equivalent as liquidity permits.
The ultimate goal is to completely (or nearly completely) neutralize the risk.

1 Other swaps transfer “market mechanics” risks. For example, pen-last swaps convert a penultimate
settlement swap to a standard futures settlement. These are used to manage risks in portfolios with
both types of contracts as expiration approaches. We will not go into such swaps in much detail, but
numerous references exist that describe them. A good natural gas reference is [Stu97].
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Figure 6.1. Stack-and-roll delta profile.

Note that there are variations in delta by contract month due both to dis-
counting and to day count because the swaps were defined as volumetric
rates per day.

How did we arrive at the choice of selling −6.75/day of the Cal12 strip,
as shown in Figure 6.1? In Appendix B we discuss the construction of
minimum-variance hedges using one contract to hedge another, with the
hedge ratio given in (B.6). Here we are using a set of contracts for both
the original risk position and the potential hedge, in this case a calendar
strip. The Cal12 strip is represented by weights �w corresponding to the exact
volumes per month of the calendar strip (1/day), with the original 2/day
purchase corresponding to �W over the seven-year strip. Letting �w∗ and �W∗
denote these respective weights multiplied componentwise by the discount
factors to the contract settlement dates, the minimum-variance problem
becomes:

min
α

var
[
α
(

�w†
∗d�F

)
+ �W†

∗d�F
]

(6.1)

The unknown α is the quantity of the Cal12 strip to be used as a hedge.
Defining the vectors obtained from componentwise multiplication, �η ≡ �w∗ �F
and �ζ ≡ �W∗ �F, the solution is

α = −�η†A�ζ
�η†A�η (6.2)
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where A is the matrix of the returns covariance between the set of con-
tract months spanning the problem at hand. The numerator is the covariance
between the risk that we want to hedge �W†∗d�F and the risk of the strip that
we will use to effect the hedge �w†∗d�F; the denominator is the variance of the
hedge value. The ratio of the two gives the optimal hedge quantity, as shown
in Appendix B.

Another way to look at (6.2) is to consider the situation in which the first
PCA factor is the only driver; that is, all other factors have zero variance. In
this situation, (6.2) reduces to

α = −
�ζ † ��1

�η† ��1
(6.3)

or, more intuitively, to

0 =
[
α�η + �ζ

]† ��1

where ��1 is the first PCA factor. The optimal hedge does what we would
expect: create a portfolio that is orthogonal (delta-neutral) to the first factor.
This is the approach that we used to calculate the hedge shown in Figure 6.1.

We opted for this factor-oriented method of hedge construction for sev-
eral reasons. First, the returns for the original trade and the hedge are
dominated by the first factor. Second, because the original trade and the
hedge instruments span calendar years, seasonality is less of an issue than if
we were trying to hedge, say, the winter strip Nov12-Mar13 with the summer
strip Apr12-Oct12. Finally, implementation is simple, although a technical
point warrants mention that we discuss in the next paragraph.

The results shown in Figure 5.16 used interpolated forward data with a
tenor of two years. As the hedging problem here involves a much longer
tenor, extrapolation is required. We could have performed a PCA decom-
position on a longer time frame, but limited liquidity at longer tenors makes
returns data, and ultimately PCA results, of no greater validity than extrap-
olation. As with the volatility fitting done in Chapter 5, we used a two-factor
exponential fit with the results shown in Figure 6.2. The extrapolated values
were then used for �1 in (6.3), with the strip weights �w corresponding to the
unit volume Cal12 hedge and �W to the original seven-year swap. Note that
the effective discount factor must be removed in converting the solution �w∗
to �w.

At this point the first step of using benchmark hedges to control price
level risk has been completed. This was the stack. The next step is the roll,
in which the short-tenor hedges are replaced with longer-term hedges. This
amounts to buying back some of the hedges in Cal12 and selling further-
dated calendar strips. The commonality of this situation is evidenced by the
fact that calendar spreads (or rolls, as they are referred to on trading desks)
are quoted and quite liquid. In crude oil these usually take the form of a
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Figure 6.2. First-factor extrapolation for natural gas (NG).

swap or futures contract on the spread between two contract months; at long
tenors, the Dec-Dec spreads are the points of liquidity. Calendar spreads are
quoted with the convention that backwardation is premium. For example, if
a Dec14-Dec15 spread is trading at −$3.30, this means that the December 14
contract is priced $3.30 below the December 15 contract. For natural gas,
monthly spreads are quoted at short tenors; at longer tenors, liquidity is con-
centrated in calendar-strip spreads. As with oil, calendar spreads are quoted
with the same convention of backwardation premium.

In practice, implementation of stack-and-roll hedging is not as clean as the
situation portrayed earlier, in which calendar strips are executed and then
neatly rolled from one year to the next. Idiosyncrasies in the various mar-
kets often result in client trades that do not coincide with calendar strips. In
natural gas, the seasonal spreads (winter and summer) are highly liquid and
therefore, are, useful in hedging programs.2 They do not, however, coincide
with calendar strips. In power markets, ISOs and utilities often design hedg-
ing programs around planning years that span June to the following May.
The energy exposures of such trades are often hedged using calendar strips,
which results in stub exposures at either end of the transaction. Regardless
of the origin, the reality is that flow books in energy develop a roughness

2 Recall from Chapter 3 that ISOs , o r I ndependent System Op erators, administer the operations of
some electricity markets.
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to their delta profiles – entropy increases. One of the tasks of the portfo-
lio manager is to keep this under control and continuously “mop up” delta
debris at the monthly contract level as exposures roll into more liquid tenors.

Managing Locational Spread Risk

The stack-and-roll method of handling limited liquidity at long tenors is used
for nonbenchmark exposures as well. The principle remains the same. The
mechanics of transferring risk from benchmark hedges to nonbenchmark
exposures is the challenge to which we now turn. This is the basis category
of risk transfer and is third in our list of risk types.

Trade 2

On May 31, 2011 , you enter into a transaction in which you buy 4/day of
Cal12 TETM3 natural gas, financially settling on the Gas Daily index.

TETM3, short for TETCO M3, is a delivery location for natural gas
from the Tennessee pipeline in the northeastern United States. We saw in
Figure 1.6 that the basis between TETM3 and Henry Hub spot prices can
be exceptionally volatile. Trade 2 is an example of a Gas Daily swap in
which settlement is based on a locational price index derived from surveys
of trading activity as published by Platts.

The liquidity in Gas Daily swaps, while high relative to many delivery
locations, is significantly lower than in NYMEX natural gas futures. There-
fore, at trade inception, the first order of business is to neutralize the macro
price risk using the benchmark futures or swaps. Once accomplished, a
sequence of trades will then be executed to hedge the locational price risk.
The first question is therefore how much of the benchmark contract should
we sell?

Figure 6.3 shows the two forward curves on the trade date in question.
The significant differences in price levels and seasonal structure suggest that
a one-to-one hedge, that is, using the same volumes, is probably naive.

One train of thought is to follow the preceding approach of calculating
hedge ratios using estimated returns covariances. The delivery period is a
calendar strip, and as with Trade 1, this allows us to avoid seasonality issues.
Using rolling calendar strips to compute the hedge ratio (B.9) yields a hedge
ratio of w ≈ 1.04; that is, we should sell 1.04 MMBtu of Henry Hub natu-
ral gas for every MMBtu of TETM3 exposure, which amounts to a sale of
4.17/day. In practice, swaps trade in units as small as 1

4 /day, so the hedge
would end up being a sale of 4.25 contracts per day.

Another approach is to study the price relationships directly. Figure 6.4
shows rolling calendar strips of TETM3 versus Henry Hub from January
2007 through May 2011. The origin of this coupling, as with most locational
basis settings in commodities, is the existence of tangible infrastructure costs.
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In the case of natural gas, pipelines run from Louisiana to the northeastern
United States, and flow is almost3 always from the Gulf Coast to the cold
regions. Furthermore, pipeline tariffs typically involve three components:

• A fixed capacity charge that the owner of transportation rights pays the pipeline
company

• A variable charge paid on volume transported, usually articulated in cents per
MMBtu

• A fuel charge in terms of percent of fuel transported, which economically amounts
to the shipper paying a percentage of the spot price of the commodity at the time
of transport

The capacity charge is paid every month regardless of usage and conse-
quently is a sunk cost that does not affect the daily decision to transport
a decision that is driven by the second and third components. Viewed as
an option, transport should occur when the spot price differentials make it
economical:

pD − (1 +b)pH − a > 0 (6.4)

where the subscript D denotes the delivery (or basis) location, and the sub-
script H denotes hub. In this relationship, a is the variable charge and b is the
volumetric charge. Furthermore, statistical analysis of spot price data using
models based on the form shown in (6.4) yields estimates for a and b that
are close to the tariff costs.

Before proceeding with regressions motivated by (6.4), it is useful to look
a little closer at the relatively large width of the scatter at low price levels in
Figure 6.4. Figure 6.5 shows the price-ratio FD/FH versus FH using rolling
calendar strips. The structure shown in what we have labeled as “Regime 1,”
consisting of data prior to July 2009, is at least optically consistent with a
relationship of the form FD = α + βFH + ε. Alarmingly, however, two sub-
sequent regimes appear to have occurred since, and as of our trade date,
Regime 2 is in play. These regime changes, which probably resulted from
market response to infrastructure and supply or demand changes occurring
during this period, clearly point to risks that we would not have discerned
had we relied purely on the returns analysis.

The results of the linear regression for Regime 2 are shown in Figure 6.6.
The fit clearly captures the most salient features, and the estimated parame-
ter values are for Regime 2 are α ≈ 0.34 and β ≈ 1.07.

The hedge ratios implied by estimation of price relationships are close to
those obtained from the covariance method. Differences can be understood
by writing the linear price relationship in returns form:

dFD

FD
= dFH

α +βFH
(6.5)

3 For a more detailed discussion see [Kam12].
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Figure 6.5. Price ratio versus price level (rolling calendar strips).
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Figure 6.7. TETM3/NYMEX ratio estimate by contract month.

The volatility of FD is now clearly price-level-dependent: σD =
σH/(α +βFH), a feature not accounted for by the basic covariance calcula-
tion.4 This nonlinearity in returns volatility is real, and the price regressions
imply a hedge volume (once rounded) of 4.25/day. Although this result hap-
pens to coincide with the minimum-variance returns-based approach once
rounded to the nearest tradable contract size, the approaches are funda-
mentally different, and the results can differ meaningfully. We prefer the
priced-based regression methods and will see why in our next example on
cross-commodity risk.

Before concluding our analysis and hedging program for Trade 2, it is
worth pointing out that had we been dealing with a hedging problem that
required seasonal analysis, the problems confronting us would be signifi-
cantly more complex. Figure 6.7 shows estimates of the form pD/pHub =
β + ε by contract month using the trailing one year of historical data for
each contract. Note the seasonality in the ratio, which is also apparent in the
forward curves – winter months exhibit much higher spot price volatility,
and the risk premia are commensurately higher.5

4 We could, of course, attempt to modify the returns regressions to account for price dependence, but
the differentiation of price series implicit in returns will simply make estimation harder.

5 We used this regression form because monthly estimates of a linear model pDelivery = α +
(1+β)pHub + ε show spurious results for α and β for some months. A more refined analysis
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Returning to our hedging program for Trade 2, after we have sold the
4.25/day of Henry Hub swaps, we are still left with significant basis risk, as
evidenced by the regime changes seen in Figure 6.5. In addition, the swap
that we have entered into fixes on daily spot prices, whereas the benchmark
hedge expires before each delivery month. Were we to stop here, not only
would we have basis risk, but at each futures contract expiry we would be
left with a full exposure to natural gas prices during each cash month. Two
common tradables exist to solve this problem.

The first are basis swaps, which settle on the difference between a monthly
locational price survey and the expiration price of the associated futures con-
tract. Several data services publish monthly price surveys for a variety of
delivery locations; these are based on transactions done during the five busi-
ness days preceding each delivery month, a period known as bid week. Basis
swaps settle on the difference between the bid-week price and the futures
settlement price FD(TBW,Tm) −FH(Te,Tm), where Tm denotes the delivery
month, Te is the expiration date of the futures contract, and TBW is the time
corresponding to bid week.6 As liquidity permits, we would hedge the loca-
tional price risk by selling 4/day of basis swaps, remembering to buy the
additional 1

4 /day of NYMEX gas that resulted from the higher volume of the
initial hub sale.

This leaves us with the final remaining risk, namely, that the basis hedge
will expire just before each delivery month, whereas our Gas Daily swap
length has not expired. The instrument that is traded to mitigate this risk
is known as an index swap, which settles on the difference between the
basis price and the Gas Daily index:

∑
d∈M [pGD(d) −FD(TBW,Tm)], where

pGD(d) denotes the Gas Daily spot price on day d. Once we have sold 4/day
of index swaps, we are now fully hedged.

The mechanics of these two instruments, which effectively telescope from
the futures price to the Gas Daily fixing, may seem arcane. However, these
trade types constitute a logical decomposition of the risks embedded in
our original swap. Every market, whether it be crude oil and refined prod-
ucts or power, has trade mechanics that are idiosyncratic but usually logical
when viewed in context. Nonetheless, the thought process behind our hedge
construction in the two trades just discussed is common:

• Estimate the hedge ratio for a viable benchmark hedge, and execute the hedge.
• Roll the hedge from the benchmark to the inventoried risk either through

calendar rolls or basis hedges, unwinding the benchmark hedge pro rata.

This train of thought also applies to our fourth risk category, conversion risk,
to which we turn to now in the context of power.

incorporating seasonality into a single regression problem across all contract months is required
here.

6 We have taken a little license with notation because FD(TBW,Tm) is really a five-day average of
prices for physical delivery over the contract month.
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Managing Cross-Commodity Risk

Trade 3

On May 31, 2011 , you enter into a transaction in which you buy 400 MW
of Cal15 PJM 5x16 power, financially settling on the real-time spot price as
published by the PJM ISO.

PJM on-peak power swaps are among the most liquid in the North Amer-
ican power markets. If this purchase had been for Cal12 settlement, life
would be simple. You would simply sell 400 MW of Cal12 swaps, which
would take all of about an hour, thereby locking in whatever margin was
associated with the original transaction less whatever transaction costs you
sustained in the sale.

Calendar-strip PJM peak swaps are much less liquid at tenors of more
than a few years, and a staged hedging strategy similar to those discussed
in the preceding trades often would be required. One option would be to
stack and roll using Cal12 PJM, much as we did in Trade 1 for natural gas.
Another option, and one used more commonly, is to sell Cal15 Henry Hub
natural gas swaps and then opportunistically convert the natural gas short
into a power short in Cal15.

This is a common problem in conversion structures – the best available
benchmark hedge can involve a different commodity. For end users of
refined products such as airlines, as another example, hedging individual
refined-product price exposure usually first involves a crude oil hedge and
then crack-spread transactions as they become achievable at a reasonable
cost. As with the locational hedging example in Trade 2, analysis is required
to ascertain optimal hedge ratios.

Analysis of conversion is often very similar to that of locational price
differentials that we just discussed. Figure 6.8 shows the PJM and HH for-
ward curves, as well as the market heat-rate curve. Recall that the market
heat rate is the ratio of the forwards H(t,T) = F(t,T)/G(t,T), where F and
G denote power and natural gas forward prices, respectively. We saw in
Chapter 3 that power forward prices are highest in the summer, whic h
is when natural gas forward prices are lowest. Electricity demand for air
conditioning pushes expected loads further up the generation stack during
summer months, resulting in comparatively higher market heat rates.

Practitioners frequently do the simple calculation of converting the power
delta to an equivalent natural gas delta using the market heat rate:

�̃(T) ≡ �(T)
F(t,T)
G(t,T)

(6.6)

where � denotes the power delta, and �̃ is the natural gas equivalent. The
units are clearly correct because the right-hand side reduces to MMBtus as
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Figure 6.8. PJM and Henry Hub forwards and market heat rates (May 31, 2011).

it should:
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$

]
= MMBtu (6.7)

In the case of Trade 3, the Cal15 market heat rate is 11.14. Using (6.6), for
every MWh of power that we had purchased in the sample trade, we would
sell 11.14 MMBtus of natural gas. The total notional for the swap is the prod-
uct of the number of on-peak days in 2015 (256) and the notional (400)
multiplied by the 16 hours in the peak bucket. This yields a total notional of
1,638,400 MWh. Converting to a natural gas hedge (which is delivered over
all 365 days), the result is a sale of 5.00 lots per day of natural gas rounded
to the nearest 1

4 /day. This is how many desks would craft their hedges.7

Paralleling our analysis of natural gas basis, Figure 6.9 shows rolling calen-
dar strips for power versus Henry Hub natural gas using data from January
2007 through May 2011.8 The dominant linear relationship between power
and natural gas prices is indeed reminiscent of the gas-basis result in Figure
6.4, but with a visibly higher variance.

7 A similar forward price-ratio approach could have been taken with natural gas basis in Trade 2, but
often basis traders let the form of the tariff guide hedging decisions, which yields results quite close
to those that we presented in that case.

8 Note that by this we mean the ratio of the calendar-strip prices, not an average of the calendar-strip
heat rates. As in the basis setting, there is significant seasonality in monthly heat-rate contracts,
which renders the ratio of the averages distinct from the average of the ratios, but for now we will
work on the calendar-strip level.
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Figure 6.9. PJM versus Henry Hub (rolling calendar strip).

The market heat rate clearly depends on natural gas price level, as shown
in Figure 6.10. Using the simple linear model F(t,T) = α+βG(t,T) yields the
fit shown and an implied hedge ratio of β = 8.02 MMBtu/MWh. For compar-
ison, a returns-based approach results in a substantially different effective
heat rate of 7.63.

This result is very different from the basic heat-rate conversion, with
hedge ratios differing by 30 percent. Instead of selling 5.00 contracts per day
of natural gas implied by the price-ratio approach, this approach results in
selling only 3.50 per day. The nonlinear form of the heat rate implied by
the fit in (6.10) has lowered the required delta considerably. The fact that
the heat rate increases as the gas price decreases effectively dampens the
response of the power price. Because F(t,T) = G(t,T)H(t,T), we have

dF
dG

= H+G
dH
dG

(6.8)

The second term is negative, at least as implied by our regression, yielding
a lower gas-equivalent delta than obtained from the simple assumption that
dF/dG = H.

The natural gas hedge, in this case selling 1.75 per day, can be put in place
very quickly given liquidity in natural gas futures. The next step is to swap
the natural gas short into the desired power short. In many cases this is
done in the obvious way – sell the power as liquidity permits, buying back a
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Figure 6.10. PJM/Henry Hub heat rate versus Henry Hub (rolling calendar strip).

pro-rata amount of the natural gas short. In some markets, for example, in
ERCOT,9 power is often priced and traded as a heat-rate transaction. When
quoted in terms of a heat rate, the reference natural gas price is usually
NYMEX NG futures. For example, a quote of 9.0 heat rate for a single con-
tract month is at inception a floating price for power. Once the natural gas
futures contract fixes at the usual expiration date, the price for power is fixed
as the product of the heat rate and the futures settlement. If in our working
example, the natural gas futures contract expired at $5.00/MMBtu, the price
for power in the trade would then be fixed at $45/MMBtu. This method of
trading power is quite natural; by bundling the two components into a sin-
gle transaction, the natural gas hedge has (at least to a good approximation)
already occurred.

Managing High-Dimensional Swaps Books

All the trades that we have just discussed, as well as the hedges used, were
linear in form. Viewed individually, these trades are quite simple – valuation
and risk are matters of basic arithmetic. The preceding examples, however,
serve to show that hedging activities can immediately increase the set of
deltas to which a portfolio is exposed because of liquidity concentration

9 The Electric Reliability Council of Texas (ERCOT) adminsters the Texas power market.
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at benchmarks and idiosyncrasies of market mechanics. As a result, many
energy swaps books are of very high dimension from a risk perspective.

To illustrate this point, suppose that you are monitoring a swaps port-
folio with both Henry Hub and PJM, the benchmarks for natural gas and
power, as well as, say, ten gas-basis locations and fifteen PJM locational
(zonal) forwards spanning a tenor of five years. All production-risk sys-
tems in commodities work on the basis of contract months; in our example
here, we have 1,620 contract months of exposure, all rather closely related.
Furthermore, if properly hedged, large exposures may exist at individual
delivery locations offset by positions at the benchmark or other more liq-
uid locations. This is by no means an unusual state of affairs for a power
book.

In a setting such as this, what happens when you see a daily P&L that
is not what you expect? Most risks systems will generate P&L explanation
reports that will show the change in value by delivery location and contract
month, or by trade. However, given the sheer number of exposures, such
displays are bewildering, with very large and offsetting positions by location.
Explaining daily P&L and the salient risk composition of such portfolios in
a cogent form requires more thought.

The preceding hedge-construction examples suggest an organization of
risk that is more effective than simply a rote display of results by tenor and
location. The order in which we hedged transactions earlier – benchmark
hedging at trade inception, followed by subsequent transactions that tele-
scoped the hedge to the desired location – motivates a hierarchical approach
to risk management that is pertinent to almost all situations in commodities.
In the sample setting of North American natural gas and power, the top of
the hierarchy is the NYMEX natural gas contract. Regional natural gas –
basis hubs (we use the word hub to denote the most liquid basis locations)
are usually the next in the hierarchy. Below these are less liquid natural gas –
basis locations and regional power hubs, followed by zonal and nodal power
locations.

The result is a branching tree, a caricature of which is shown in Figure 6.11,
which we will discuss in more detail in Chapter 16. Every contract month
is organized in such a fashion. Each node on the tree is identified by an
index I indicating its location in the hierarchy; the forward price associated
with each location in the tree is FI . This forward price will be related to
the price of its parent one level up Fπ [I], where π [I] denotes the parent. For
example, assuming the Northeast NG hub (e.g., TETM3) corresponds to I =
(2,1), its parent, the NYMEX NG contract, is (1,1) = π [(2,1)]. Once such a
branching tree is constructed, connected pairs of nodes require a functional
relationship between prices:

FI = �I
(
Fπ [I]

)+ εI (6.9)
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Figure 6.11. A sample North American natural gas/power risk hierarchy.

We have written this in the form of a regression result where ε denotes a
residual by analogy to the regressions that we used earlier. These regressions
are good candidates first because of their simplicity of form but also because
risk and P&L attribution should be consistent with the methods used for
hedge construction.

Once the price relationships are specified, risk and P&L analysis are trans-
parent and consistent with hedging methods. The portfolio delta at node I
is the sum of the native exposure at this node and that of all its child nodes;
we denote this by �̃π [I]. Computing the portfolio delta at the benchmark
location (Henry Hub in our example) for each contract month is just an
application of the chain rule at each level of the tree:

�̃π [I] = �I
d�
(
Fπ [I]

)
dFπ [I]

(6.10)

This computation is performed iteratively up the tree, summing exposures
along the way, resulting in a total portfolio delta �̃(1,1)(m) for contract
month m.

The utility of such a hierarchical risk organization for energy portfolios
cannot be overstated. A head trader trying to monitor the risks across a num-
ber of traders or desks has little hope of gleaning much of anything staring
at a spreadsheet of several thousand deltas. Having total risk exposures at
each level of the tree allows fast analysis of portfolio risk.

The same applies to P&L attribution, working down the tree. On any
given trading day, all the prices in the hierarchy can change. How much can
be related to the change in the benchmark price F(1,1) from day d − 1 to day
d? This is a reasonable question, the answer to which is simple to calculate
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using the total exposure to this risk factor:

�̃0
[
F(1,1)(d) −F(1,1)(d − 1)

]
(6.11)

Proceeding down the tree, the impact on portfolio value resulting from the
risk factor corresponding to any price node in the tree is the product of
the total equivalent delta at the node and the associated unexplained price
change:

�̃I [εI(d) − εI(d − 1)] (6.12)

The result is an allocation of P&L across risk factors that is logical and
intuitive.

The hierarchical approach also adds clarity to the construction of basic
risk metrics such as value-at-risk (VaR), which we will discuss at length in
Chapter 16. A properly c onstr ucted hierarchy parallels the liquidity in the
markets, with the benchmark at the top node being most liquid. In many sit-
uations, only the first few levels exhibit meaningful trading activity on a daily
basis. This means that whatever marking apparatus each trader is using –
intuition, spreadsheets of varying degrees of complexity, or more advanced
statistical models – the fact is that the daily changes in the prices at nodes
further down the tree are not merely dominated by their parent nodes but
often are entirely driven by such except for sporadic remarking.

The implications for VaR and other statistical risk metrics are significant.
Price- and credit-risk exposure can be very large in lower levels in the hierar-
chy without affecting standard metrics. Historical data do little to safeguard
against such situations, rendering VaR-like approaches inherently limited.
Position limits are the logical recourse, but closely related risk can be scat-
tered across many locations, thereby not triggering any flags. Once again,
deployment of a hierarchical risk structure resolves many of the issues; as
risk is summed up the tree, the effective risk at any node represents the total
risk at closely related locations and on which limits can sensibly be applied.

Conclusion

The unifying theme of the topics in this chapter is that the mechanisms
for hedge construction are typically sequential, proceeding from the use of
liquid benchmark hedges through a set of telescoping trades in which the
hedge is either rolled out in tenor or propagated to the desired delivery loca-
tion and commodity. The way in which this is done in any given market is
idiosyncratic, but the concept pertains to all markets:

• Relationships between the target risk and the instrument used to hedge can be
nonlinear and can exhibit regime shifts.

• Nonlinearities can affect the calculation of the appropriate hedge ratios.
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• The risk profile of many energy swaps books can be high dimensional because of
the long time scales required to hedge spread risk between illiquid delivery points
and benchmark hedges.

• Hierarchical organization of risk, in which less liquid risks are aggregated to more
liquid benchmarks, facilitates more efficient risk analysis and P&L attribution.

The analysis required to relate the price at one tenor/location/commodity
to another serves to define a sequence of hierarchical risk calculations. The
integrity of the portfolio management and risk analysis depends on sensible
construction of the risk hierarchies and valid estimation methods for posited
price relationships.



Part III

Primary Valuation Issues

The valuation framework of Black-76 provides a zeroth-order model in
which forwards are martingales, volatility is constant, and returns are nor-
mal. The martingale attribute is robust, being a direct consequence of the
assumptions underpinning all risk-neutral valuation. The assumptions of
constant volatility and normal returns, however, are definitely at variance
with the empirical behavior of forward prices. When does this matter?

In Part III we will explore three central features of commodities price
dynamics and related structures: backwardation of volatility, skew, and cor-
relation. Each of these features require enhancements of some form to
Black-76 to even begin to sensibly price commonly occurring structures.
We will not posit a holistic pricing framework that solves all problems and
is consistent with all empirical results. Our goal here is to adapt Black-76
as required to (arguably) handle these three core risks while pointing out
limitations and deficiencies as appropriate.

The problems that we will discuss here are those in which risk-neutral
valuation is generally believed to be a defensible approach. In reality, no
market is complete; certainly no one who has ever managed structured
options portfolios would think otherwise. The applicability of risk-neutral
pricing methods depends on just how incomplete the market is. In many
practical settings, a model of price dynamics involves parameters that can-
not be inferred from the market prices of instruments that actually trade
liquidly. Changes in such parameters are hard to hedge, which means that
the validity of pricing and risk results depends on the stability of these
parameters. In what follows we will be paying particular attention to what is
estimated and the risks associated with such estimates.
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Term Structure of Volatility

The purpose of any derivatives pricing framework is to use an underlying
model of price dynamics to make valuation inferences from observable mar-
ket prices. The pricing engine effectively serves as either an interpolation
or extrapolation device from prices of liquid “vanilla” forwards and options
to prices for nonstandard or exotic structures. Exactly what constitutes an
exotic option can be debated, but a good working definition is any option
structure for which valuation depends on modeling assumptions regard-
ing the structure of local volatility and correlation that cannot be implied
from liquid tradables. It follows, therefore, that the more limited the set of
vanilla options in a market, the less complex a structure has to be to warrant
designation as exotic.

Nonstandard Expiry

In the case of energy markets, vanilla options have a universal and limiting
feature: expiry is always very near the delivery date. Recall, for example,
listed options on crude oil, in which options expiration is three days before
the related futures contract expiry; options on natural gas futures expire one
business day before futures expiration. Unlike interest-rate swaptions mar-
kets, which span an MxN grid (M years expiration into an N-year swaption),
energy options markets can be thought of as spanning a one-dimensional
grid. All that is available in the way of volatility information for a contract
month with tenor T is the volatility implied by the vanilla options over the
time interval to expiry [0,T (e)], where T(e) � T. The implications of this
limitation are significant, rendering seemingly innocent variations of option
structures challenging to value and hedge.

Consider, as an example, options on exchange-traded funds (ETFs) or
indices, which by construction usually reference the current nearby. As dis-
cussed in Chapter 5, the value of the index is obtained iteratively through
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contract rolls:

Vt =

N(t)∏

n=1

F(Tn,Tn)
F(Tn,Tn+1)


F(t,TN(t)+1) (7.1)

for Tn < t ≤ Tn+1, where N(t) is the number of rolls that have occurred by
time t. The returns for Vt therefore are, identical to the returns for contract
n over the time interval t ∈ (Tn−1,Tn]. Consequently, the value of an option
on the index expiring at time τ must depend on the implied volatilities of
all contracts that will have first nearby status during the time interval [0,τ ].
Because the time interval in which the nth contract has first nearby status
[Tn−1 < t ≤ Tn] is not the same as the vanilla option term [0,T(e)

n ] (except
perhaps for the first time interval), valuation requires assumptions regarding
local volatility.

Another commonly occurring example is provided by price-hold structures.
In many circumstances, a structured trade is part of a larger underlying deal,
for example, financing the purchase of an asset such as a generation unit. It is
common for a transaction to be contingent on a variety of uncertain factors,
some of which are simply not market-driven, such as regulatory approval.
In situations such as this, a trading desk can be asked to put a price on the
structured hedge that is to remain on offer for a prescribed period of time,
usually coincident with when the contingencies are expected to be resolved.

A price-hold put, for example, has a payoff of the form

max
{

K−V
[
F(τ , �T)

]
,0
}

(7.2)

where V is the value of the contemplated hedge. Such a structure can be used
to floor a transaction price at the level K. If the structure V is comprised
solely of swaps or forwards, unless the expiry τ and the underlying swaps
happen to coincide exactly with traded options, valuation of the price hold
involves assumptions about local volatility. In fact, it is common for V to
have embedded optionality, in which case (7.2) is a compound option with
additional complexities.

There are countless variations of options structures that have risk to
model design and calibration based on the limited vanilla options that trade.
So-called TARN1 structures, in which a strip of standard listed options is
packaged with a defined maximum total payout of the options strip, trade
sporadically in energy markets. Many commodities index desks offer a
dizzying array of exotic structures with nonstandard energy components.

1 TARN is an acronym for Targeted Redemption Notes.
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Structured notes, in which coupons vary according to the dynamics of
baskets of commodities, are another source of exotic optionality. The list
of structures in which valuation requires local volatility and correlation
assumptions is constantly evolving, and attempting to catalog it would be a
fruitless endeavor. The point of the example that we will work through sub-
sequently is that even relatively simple options structures provide modeling
challenges that are nontrivial.

Consider the following situation:

Working Problem

On February 18, 2009, you are asked by the sales desk to price WTI
December 11 at-the-money (ATM) European straddles with expiration on
December 17, 2009.

The vanilla listed option expiration date for the December 11 contract is
November 15, 2011, so the requested expiration is almost two years earlier
and is, consequently, a straddle with the same nonstandard exercise feature
of the price-hold payoff (7.2). Although a very simple structure, the exercise
is illuminating.

The market data pertinent to this problem are shown in Figure 7.1. The
implied volatilities correspond to ATM European options with standard
listed expiration dates.2
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Figure 7.1. WTI Market Data (18Feb2009)

2 Recall from Appendix D that listed WTI options are American. In many risk systems, European
volatilities are marked in some fashion, and American option-valuation methods are used to ensure
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Figure 7.2. Local and term volatilities for the working problem.

The relevant times for the working problem are

• December 11 contract expiry: T = 2.784.
• December 11 standard option expiry: T(e) = 2.740.
• Nonstandard option expiry: T∗ = 0.827.

In addition, on the trade date, we have

• The forward price: F(0,T) = 57.970.
• The implied volatility for the standard option: σ̄T(e) = 0.308.

Given that realized volatility backwardates, the naive approach of apply-
ing Black valuation using σ̄ over the interval [0,T∗] would appear to have
the potential of overvaluing the option due to the backwardation of volatil-
ity. Figure 7.2 shows historical returns volatility by tenor from January 2005
to December 2008 in the solid curve. In this figure, the local volatility is a
function of the tenor of the December 11 contract, so the origin is the local
volatility as the contract expires on November 15, 2011. The local volatility
at the pricing date February 18, 2009, is the volatility at T (e) = 2.740. Local

consistency with the listed options prices. Standard approaches to American valuation are discussed
in many sources, for example, [Hul12] and [Shr04], and we have nothing new to add to the subject.
All working examples will be confined to European exercise.
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volatility starts low at long tenors and increases as remaining tenor T − t
decreases to zero.

The “Standard term vol” line shows the term volatility3 for December 11
implied by the empirical result. Note that this is not calibrated to the implied
volatility in the working problem but simply integrates the historical profile
to illustrate the effect of backwardation. The “Nonstandard term vol” line
corresponds to the term volatility using the historical returns profile over the
life of the nonstandard option [0,T∗].

The point being made is intuitively reasonable: if volatility of a contract
starts low and increases systematically over the life of the contract, then an
option on the December 11 forward contract for the period [0,T ∗ ] should
have a lower implied volatility than that for the vanilla option over [0,T(e)].
When asked about this, most options traders would agree with this train of
thought. However, the simplicity of the argument (and ultimately its flaw)
is that we are only using the market data for the December 11 contract.
Nonetheless, we will see this approach through to completion and then work
to improve it.

Time-Varying Volatility

The most straightforward way to accommodate volatility backwardation is
to allow the volatility in the Black framework to be time-varying:

dFt

Ft
= σ (T − t)dBt (7.3)

where Ft denotes the December 11 forward price. Exactly the same argu-
ments as those shown in Appendix A yield the following generalization
of the Black partial differential equation (PDE) for the forward (undis-
counted) value of our option:

∂V
∂t

+ 1
2
σ (T − t)2F2 ∂2V

∂F2 = 0 (7.4)

We are using the forward value to eliminate discounting for ease, discount-
ing being applied trivially to the forward value in the case of constant interest
rates.

A simple change of time-variable argument (see Appendix A) results in
the value of an option expiring at time τ being the solution to the standard
Black PDE:

∂V
∂s

+ 1
2
σ̄ 2

τ F2 ∂2V
∂F2 = 0 (7.5)

3 The adjective term in this case means over the time period from the present to the relevant expiry
or settlement date. This term volatility means the volatility over the interval in question. Likewise
for phrases such as term correlation.



144 Primary Valuation Issues

using a variance equal to the average variance of the time-varying volatility
over the valuation interval [0,τ ]:

σ̄ 2
τ = 1

τ

∫ τ

0
σ 2(T − t)dt (7.6)

This well-known and intuitively reasonable result is a consequence of the
fact that volatility is deterministic.4 All that is required now to complete this
first cut at valuing the nonstandard option is to construct a sensible estimate
of σ (T − t) that is consistent with the implied volatility of the vanilla option.

Recall the parametric form (5.10):

σ 2(T − t) = σ 2
1

[
e−2β1(T−t) +λe−2β2(T−t)

]
(7.7)

The parameters �η ≡ [β1,β2,λ] collectively define the backwardation rate of
local volatility. In what follows, we will use the results of the estimation done
in Chapter 5 and shown in Figure 5.10: β̄ = [0.025,0.817] and λ = 0.631.

Using (7.7) in (7.6) yields

σ̄ 2
τ = 1

τ

∫ τ

0
σ 2(T −u) du

= σ 2
1
τ

∫ τ

0

(
e−2β1(T−t) +λe−2β2(T−t)

)
dt

= σ 2
1
τ

[� (T,τ |β1)+λ� (T,τ |β2)] (7.8)

where we have simplified appearances by defining the results of the integra-
tions:

�
(
T,S|βj

)≡ e−2βj(T−S) − e−2βjT

2βj
(7.9)

Calibration consists of setting σ1 so that the implied volatility obtained
from (7.8) with τ = T (e) = 2.740 is equal to the market implied volatility
σ̄T(e) = 0.308, which yields

σ 2
1 = σ̄ 2

T(e)T
(e)[

�
(
T,T(e)|β1

)+λ�
(
T,T(e)|β2

)] (7.10)

Using (7.7) with this value of σ1 exactly reprices the vanilla option; our
simple model is now calibrated.

The final step is to use (7.8) with τ = T∗ to obtain the term volatility for
our nonstandard option, the result of which can be expressed as a ratio of

4 This result also holds if volatility is stochastic and independent of the underlying price process
[Hul12].
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Figure 7.3. Volatility ratio ζ versus tenor.

the nonstandard variance to the vanilla variance:

ζ 2(T∗) ≡ σ̄ 2
T∗

σ̄ 2
T(e)

= T(e)

T∗

[
� (T,T∗|β1)+λ� (T,T∗|β2)

�
(
T,T(e)|β1

)+λ�
(
T,T(e)|β2

)
]

(7.11)

While visually unpleasant, the volatility ratio ζ (T∗) is simple to calculate,
and the basic features are intuitive.

Figure 7.3 shows ζ as a function of T∗. The ratio is unity when T∗ = T(e)

and decreases the farther T∗ is from the vanilla expiry T(e).
The effect of volatility backwardation is also as expected: the greater the

level of backwardation (in this case parameterized by higher values of λ,
holding the values of β fixed), the larger is the effect on implied volatilities.
Figure 7.4 shows the volatility ratio for three values of λ as a function of T∗.

Ultimately, the value of options is what matters. Figure 7.5 shows the
difference in the dollar price for the ATM straddle obtained using the back-
wardated volatility versus that using naive Black for different values of λ.
Note that the impact diminishes as time to expiry T∗ approaches zero; the
volatility correction might be larger, but the pricing correction is driven by
the difference in total variance

(
σ̄ 2

T∗ − σ̄ 2
T

)
T∗, which vanishes as T∗ → 0. The

largest price difference is at intermediate values of T∗, where the difference
in returns variance is largest.
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Figure 7.4. Volatility ratio ζ versus tenor for varying backwardation rates.
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Working Problem Solution (Single-Contract Approach)

Using the preceding results with the market data as specified in the working
problem yields an implied volatility for the option of σ̄T∗ = 0.284 and a value
of $11.908. The ostensibly more sophisticated approach of backwardating
the implied volatility yields a lower option value than that obtained from
the naive application of Black, which is $12.916.

We turn now to the hedging strategies implied by this single-contract
method. The implied volatility σ̄T∗ earlier was calculated with the double-
exponential parameterization of local volatility, with the prefactor σ1 set to
yield the market implied volatility of the vanilla option σ̄T(e) . The parame-
ters �η ≡ [β1,β2,λ] are statistical estimates and are therefore risk parameters.
Here we will assume that �η is constant and focus on hedging the standard
Greeks.

Beginning with vega hedging, assume that we are long the nonstandard
option with a value function V. At any particular time t, the goal is to hold a
quantity q(t) of a vanilla option with standard expiry T(e) and value function
U so as to neutralize exposure to changes in the implied volatility σ̄T(e) :

∂(V +qU)
∂σ̄T(e)

= ∂V
∂σ̄T∗

∂σ̄T∗

∂σ̄T(e)

∣∣∣∣�η +q
∂U

∂σ̄T(e)

∣∣∣∣
�η

(7.12)

The first term arises by application of the chain rule, yielding the product of
the conventional vega for the nonstandard option and the sensitivity of the
term volatility σ̄T∗ to the market implied volatility σ̄T(e) assuming that �η is
constant.

Constructing a vega hedge is now merely arithmetic. Figure 7.6 shows
the evolution of vega of both the target option V and the vanilla option
U in the top figure, assuming that the underlying price F(t,T) is constant.
The lower figure shows the evolution of q(t). This vega hedge will require
repeated rebalancings of the short vanilla option hedge, which can result
in large cumulative transaction costs in practice. In some markets, notably
power, the significant bid-offer spreads in the options market would seri-
ously impede effecting anything but the coarsest approximation to this
hedging strategy.

A second issue also emerges in this working problem. Vanilla options
markets consist exclusively of options that expire near the delivery month.
Using this modeling paradigm, it is not possible to simultaneously eliminate
vega and gamma risks. Figure 7.7 shows the evolution of gamma for the two
options as well as the resulting gamma path for the vega-hedged portfolio
under the same assumption of unchanged forward price. Note the severe
divergence of the total gamma t ↑ T∗, which clearly could be problematic
near expiry.
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Suppose instead that we focus on hedging gamma by instantaneously sell-
ing the required quantity of vanilla options to zero the portfolio gamma.
Figure 7.8 shows the evolution of the required hedge quantity to main-
tain gamma neutrality under the assumption of constant forward paths. The
gamma of the nonstandard option is diverging as t ↑ T∗ because we have held
the forward price constant and the option is ATM. In contrast, the vanilla
option gamma remains finite because expiry is in the future. The result is that
we would need to hold increasing quantities of the vanilla option as expiry
approaches; a position that would have to be unwound at expiry. This illus-
trates the “dual” problem, where large vega exposures can arise by hedging
gamma.

One way to understand this is to explicitly address delta-hedging slippage
if realized volatility is different from that modeled. Assume that we have
sold an option payoff u (FT) at price V(0,F0), where V is the solution to
basic Black-76 (see Appendix A):

∂V
∂t

+ 1
2
σ 2(T − t)F2 ∂2V

∂F2 = 0

where we are using our calibrated local volatility σ (T − t). Suppose that the
actual evolution of forwards turns out to be consistent with a different local
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volatility surface:
dFt

Ft
= σ̃ (T − t)dBt

What is the hedging error sustained by working with the wrong model?
Ito’s formula provides the evolution of our value function under the actual

dynamics:

V
(
T∗,FT∗

)= V(0,F0) +
∫ T∗

0
VF(t,Ft) dFt

+
∫ T∗

0

[
Vt + 1

2
σ̃ 2(T − t)F2

t VFF

]
dt

where VFF is the gamma of the option. The actual economics of the dynamic
hedging of the option using � = VF yields a random payoff V̂ given by

V̂
(
T∗,FT∗

)= V(0,F0) +
∫ T∗

0
VF(t,Ft) dFt

= V(0,F0) +
∫ T∗

0
VF(t,Ft) dFt

+1
2

∫ T∗

0

[
Vt + 1

2
σ 2(T − t)F2

t VFF

]
VFF dt

where the second equality uses the fact that V satisfies (7.4), so the last
integral is identically zero.

The result of delta hedging is therefore E ≡ V̂(T∗,FT∗) −V(T∗,FT∗):

E ≡ 1
2

∫ T∗

0

[
σ 2(T − t) − σ̃ 2(T − t)

]
F2

t VFF dt (7.13)

This result is consistent with intuition – if we are short a convex pay-
off (VFF > 0) priced with a volatility that was lower than what is realized
(σ < σ̃ ), then we will lose money by simply delta hedging according to our
specified model.

The expression for E relates vega to expected path integrals of gamma.
Because we do not have options on the same forward contract with vari-
ous expiration dates, we can either neutralize vega (the entire integral), the
instantaneous gamma, or some weighted combination but not both gamma
and vega.

Modeling Extensions: “Big-T” versus “Little-t”

The approach of using a deterministic volatility calibrated to the implied
volatility of the relevant contract is not unreasonable; after all, it involves
a relatively minor modification of standard Black-76 and yields results that
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are, on the face of it, consistent with the stylized fact that volatility back-
wardates. Our construction of hedging strategies, however, was constrained
by the fact that the entire modeling paradigm was restricted to the use of
options on a single underlying contract, all of which have the attribute of
expiring near the start of the contract month.

We saw in Chapter 6 that the first factor in PCA was by far the dominant
source of volatility – to leading order, the forward curve is moving in tandem.
It would stand to reason that we could gain a lot by approaching the problem
using all contracts and traded options. This is the tack that we will take now.

The single-contract dynamics in (7.3) can be extended in a one-factor
setting by explicitly identifying the contract dependence in the following
way:

dF(t, �T)

F(t, �T)
= σ (t, �T)dBt (7.14)

where �T denotes the array of contracts currently in play at time t. Our first
approach to the working problem was equivalent to calibrating each contract
independently of the other contracts using a local volatility of the form

dF(t, �T)

F(t, �T)
= σ (�T)��η(�T − t)dBt (7.15)

where

��η(T − t) ≡
(

e−2β1(T−t) +λe−2β2(T−t)
)1/2

Here σ (�T) is equivalent to σ1 in (7.7) and obtained for each contract exactly
as done in (7.10). Under this modeling paradigm, the implied volatility of
a contract σ̄Tj affects only σ (Tj) and no other σ (Tk), k �= j. Because we are
modifying the basic volatility profile ��η(T − t) by a function of T, we will
call this big-T calibration going forward. In assuming that σ (t, �T) = σ (�T)�
(�T − t), all that we have accomplished is to formally couple the dynamics of
all contracts. Implied volatilities of each contract are calibrated separately,
and no information content is shared between contracts.

An alternative is to consider the form σ (t, �T) = s(t)�(�T− t) and to assume
a piecewise constant form for s(t)

s(t) = sj1{T(e)
j−1<t≤T(e)

j }

so that the local volatility is sj when the jth contract is the next to expire (the
first nearby). Calibration involves setting the values of {sj}J

j=1 to be consistent
with the implied volatilities of contracts [1, . . . ,J], where J is the last contract
relevant to the valuation problem. We will refer to this as little-t calibration.

The little-t form for the local volatility has significantly different implica-
tions than the big-T form. The little-t formulation assumes that stochastic
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perturbations affect the entire set of forward-contract returns. If circum-
stances transpire to affect the implied volatility for near-dated contracts,
longer tenors will follow suit. It is typical for unanticipated events to result
in periods of higher volatility for the entire forward curve (hence the
dominance of the first PCA factor). Information embodied in local volatil-
ities of near-dated contracts should be relevant to the local volatilities of
longer-dated contracts. If an event, for example, the formation of a tropical
disturbance that could be a threat to production in the Gulf of Mexico, is
viewed by the markets as likely to yield a short-term period of high volatility
for the next few weeks, little-t calibration can handle this. An increase in s1
results in higher local volatility for the entire forward curve during the life of
the first nearby only. Big-T calibration, on the other hand, requires that each
σ (Tj) increase, resulting in higher local volatility for each forward contract
over its entire life.

Figure 7.9 depicts the two calibration approaches in such a situation for a
single contract with maturity at T = 1. The plots show the model-estimated
instantaneous volatility as a function of spot time t through the evolution of
a single contract. Note that big-T calibration “interprets” information with
a shift of this estimated volatility through the life of the contract, in contrast
to little-t, which perturbs the volatility near t = 0.
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Figure 7.9. Big-T versus little-t calibration response.
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The response of the local volatility to events resulting from the little-
t approach is clearly more reasonable than that obtained from the big-T
formulation, but the actual situation is almost certainly ambiguous. Recall
Figure 5.19, which illustrated a meaningful seasonality of volatility by con-
tract calendar month; this is clear evidence for seasonality in T that would
not be captured in the little-t formulation. Within the confines of determin-
istic volatility, parameterizations of a hybrid form σ (t,T) = s(t)�(T− t)σ (T)
are probably more appropriate, although such an approach requires esti-
mation of a larger parameter set. We will return to this issue at the end
of this chapter, proceeding now with the working problem using the little-t
approach.

The Little-t Approach

In the little-t approach, the implied volatility σ̄Tj is a function of
[
s1, . . . ,sj

]
;

conversely, the value of an implied volatility σ̄Tj affects the local volatilities
sk for k > j via a bootstrap calibration. Using the same double-exponential
parameterization of volatility backwardation, calibration requires

σ̄ 2
J T(e)

J =
J∑

j=1

s2
j

∫ T(e)
j

T(e)
j−1

(
e−2β1(TJ−t) +λe−2β2(TJ−t)

)
dt

The intuition behind this is that during each time interval
[
T(e)

j−1,T(e)
j

]
, the

local volatility sj is affecting all contracts in play. Local volatility is still a
decreasing function of tenor, consistent with our empirical observations.

The result is a bootstrap solution for calibration:

s2
J =

σ̄ 2
J T(e)

J −∑J−1
j=1 s2

j I
[
T(e)

j−1,T(e)
j ,TJ

]
I
[
T(e)

J−1,T(e)
J ,TJ

]

where we have defined

I [t1, t2,T] ≡
∫ t2

t1
(e−2β1(T−t) +λe−2β2(T−t)) dt

Each sJ depends only on values of sk for k < J and the implied volatility at
σ̄J; hence this is a bootstrap calibration starting with s1 and proceeding out
through the valuation horizon.

The result of this calibration for our working problem is shown in
Figure 7.10. Note that s(t) is rapidly decreasing in t. The trade date for
this problem was in the immediate aftermath of the credit crisis, a period
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Figure 7.10. The working problem little-t calibration result s(t).

of extreme volatility accompanied by a high rate of volatility backwarda-
tion. Traders were anticipating high volatility in the near future, and this is
reflected in high values of s(t) at short tenors as well as a rapid decay.5

With our calibrated values of �s in hand, the next step is to construct the
implied volatility for the December 11 contract over the interval [0,T∗] by
summing the contributions of each of the intervening intervals. The interval
[0,T∗] is decomposed into

0 < T(e)
1 < T(e)

2 · · · < T(e)
J(T∗) < T∗ (7.16)

where J∗ denotes the last contract with expiration before T∗. When the
local time t is in the interval (T(e)

j−1,T(e)
j ], the local volatility for contract T

is sj�(T − t), and the total contribution of this interval to the term variance

of contract T is s2
j I
[
T(e)

j−1,T(e)
j ,T

]
. The total term variance is obtained by

summing the contributions of each interval, with the last interval truncated
at time T∗:

σ̄ 2
T∗T∗ = s2

1I
[
0,T(e)

1 ,T
]
+·· · + s2

J∗I
[
T(e)

J∗−1,T(e)
J∗ ,T

]
+ s2

J∗+1I
[
T(e)

J∗ ,T∗,T
]

(7.17)

5 The roughness of s(t) is due to kinks in the marked implied volatility, often barely visible. This
roughness is an artifact of simple interpolation methods by traders or exchanges between liquid
contracts months.
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The result is a term volatility of σ̄T∗ = 0.404 and an option value of
$16.892. This result is in stark contrast to the naive Black value of $12.916,
as well as to the big-T result $11.908. The high values of s(t) near t = 0 imply
a high volatility for all contracts, which yields a result that is very different
from the lower “intuitively reasonable” results of the big-T approach.

The differences in hedging strategies are also significant. In constructing a
vega hedge, we now have exposure to sj for every contract j: 1 ≤ j ≤ J∗. An
exact vega hedge amounts to constructing a portfolio so that exposure to sj

for all j ≤ J∗ is zero. In what follows, we will assume that we are using vanilla
ATM straddles for contracts �T ≡ [T1, . . . ,TJ(T∗)

]
with value functions �U. The

hedge quantity �q must solve the linear system

A�q = −�v, where Ai,j = ∂Uj

∂si
and vi = ∂V

∂si

Note that A is lower triangular because the exposure of the jth option does
not have exposure to an si for i > j. Figure 7.11 shows the options positions
required. While the dominant contribution to the hedge is in the January
2010 contract, the last active contract J∗ actually corresponds to the Febru-
ary 2010 contract, since the January 2010 contract expired one day before
December 17, 2009. This results in the small residual vega in the February
contract.

The dominance of the January option in the hedge is understandable.
Under this modeling paradigm, selecting the option with the expiry closest
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Figure 7.11. Vega hedge for little-t calibration.
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to that of our nonstandard option is the obvious choice – the vegas of the
two options depend on the same sj values. In practice, no sensible portfolio
manager would actually bother with the relatively small quantities over the
shorter-tenor vanilla options and would choose to use the dominant vanilla
option. This results in the vega profile shown in Figure 7.12, which is a very
small residual risk.

The merit of the little-t approach is further validated by the gamma profile
assuming constant forwards. Two contracts are now in play with this hedge,
namely, the nonstandard option on contract T and the vanilla option TJ(T∗),
so technically gamma is a two-dimensional matrix. To map things to a single
T-gamma in this one-factor framework, note that

dF(t,Tj) =
[
σ (Tj − t)F(t,Tj)
σ (T − t)F(t,T)

]
dF(t,T)

The second-order Ito term in the evolution of Uj can be written as

1
2

∂2Uj

∂F2
Tj

d〈FTj ,FTj〉 = 1
2

∂2Uj

∂F2
Tj

[
σ (TJ − t)F(t,TJ)
σ (T − t)F(t,T)

]2

d〈FT,FT〉 (7.18)
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Figure 7.13. Gamma paths using little-t calibration.

where d〈FT,FT〉 = σ 2(T − t)F2
T dt is the quadratic variation of FT. The

T-gamma equivalent of Uj is therefore

∂2U

∂F2
Tj

[
σ (TJ − t)F(t,TJ)
σ (T − t)F(t,T)

]2

Figure 7.13 shows the constant-forward gamma trajectories of each option
as well as the gamma trajectory for the vega-hedged position. Note the very
small residual gammas in contrast to the big-T results.

A Comparison of the Two Approaches

Among deterministic volatility approaches, the big-T and little-t approaches
are at modeling extremes. For a given parametric form of �(T − t), calibra-
tion in the big-T formulation is done contract by contract. Its advantage is
simplicity: calibration is unambiguous, and Greeks pertain only to any given
underlying contract. The price for this simplicity is that no information is
gleaned from options on other contracts. This restricts potential hedging
strategies and, given the dominance of the first PCA factor, is a significant
sacrifice for simplicity.

By contrast, the little-t approach involves a bootstrap to generate local
volatilities �s, and calibration uses information from all contracts. This is
reasonable given the empirical results and facilitates using options across
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Figure 7.14. NG ATM implied volatilities (January 31, 2008).

contracts for hedge construction, mitigating the divergences that plagued the
big-T hedging strategies. The disadvantage, however, is that for a prescribed
form of �(T − t), calibration can fail.

The origin of calibration failure, at, say, contract k, is that high levels of
term volatility σ̄j for j < k can result in a value of integrated variance for

contract k that exceeds that implied by the term variance σ̄ 2
k T(e)

k .

k−1∑
j=1

s2
1I
[
T(e)

j−1,T(e)
j ,T

]
> σ̄ 2

k T(e)
k

The local volatility in time interval k would have to contribute a negative
variance, something that is obviously not possible. This situation can arise
using estimated forms of � in seasonal commodities such as natural gas.
Figure 7.14 shows the ATM volatilities for the NYMEX natural gas (NG)
contract on January 31, 2008. As with the forward curve, implied volatilities
for NG typically change markedly between seasonal boundaries, particu-
larly between the March and April contracts, although much less so since
the inception of the shale gas revolution. At such seasonal boundaries, care
must be taken to avoid little-t calibration failure.

To illustrate how this can occur, suppose for the moment that we choose
the simpler form for local volatility backwardation �2(T − t) = e−2β(T−t).
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Letting µ(T) = σ̄ 2
TT and ζ (t) = s2(t), calibration amounts to solving

µ(T) =
∫ T

0
ζ (t)e−2β(T−t)dt

Differentiating this with respect to T yields

∂µ(T)
∂T

= ζ (T) − 2β

∫ T

0
ζ (t)e−2β(T−t) dt

If the implied volatility σ̄ (T) decreases at a sufficient rate, ∂µ(T)/∂T < 0.
If, moreover, we reduce β to a sufficiently low level, lowering the rate of
backwardation of �, the second term on the right-hand-side will be small
enough in magnitude that we must have ζ (T) < 0, clearly an impossibil-
ity because ζ is a variance. This is calibration failure, the origin of which
is implied volatilities backwardating too slowly for the form of � to “keep
up.” The solution is to backwardate � faster or to use a hybrid approach
employing nonconstant values of σ (�T).

Conclusion

Limitations in the nature of vanilla options markets induce model risk for
even relatively simple structures. Assumptions must be made regarding local
volatility. We considered two particular modeling paradigms, as well as the
potential for hybrid approaches, in dealing with structures with nonstandard
expiry. In all cases, some estimate for the functional form of backwarda-
tion rate �(T − t) is required. Given �, the choice of the local volatility
model σ (t,T) = s(t)�(T − t)σ (T) was ours to make. The two models that
we examined:

• Big-T: Calibration based on single-contract implied volatilities where s(t) ≡ 1 with
σ (T) calibrated to options on F(t,T)

• Little-t: Calibration using the entire term structure with σ (T) ≡ 1 with s(t)
calibrated via bootstrap to options of all tenors

The point of this analysis is that two reasonable approaches to valuation
of mildly off-market options structures can yield very different results and
that reliable market data do not resolve the selection of model. Additional
thought and assumptions are inherent to the enterprise.

The dominance of the first PCA factor is what leads us to ultimately favor
the little-t paradigm between the two extremes. The key assumption under-
pinning this approach is that forward curve dynamics are to leading order
one-dimensional. This allowed us to use information from options on all
contracts to complete a construction of the local volatility trajectory. We
will see later in our discussion of multifactor models, however, that higher
factors can be relevant, especially at extreme values of inventory levels.
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Skew

Among the many assumptions underpinning the Black framework, one of
the most noteworthy is that returns are taken to be normally distributed –
an assumption at variance with empirical observations. While most traded
asset classes exhibit nonnormal returns, the effect is particularly pronounced
in energy markets, a fact that is reflected in the implied volatility surfaces
that often exhibit extreme skew. Many common structures cannot be valued
properly without accounting for skew in some fashion. Moreover, assump-
tions about skew dynamics can have meaningful effects on the delta-hedging
regimen of all options portfolios, even those comprised solely of “vanilla”
options.

The goal in this chapter is to introduce some common skew-dependent
structures, working through basic valuation and hedging. We will also dis-
cuss empirical results on the dynamics of energy volatility surfaces with
implications for both hedging programs and the design of models that can
be calibrated to implied volatility surfaces.

Common Structures

The simplest and by far the most commonly transacted energy structures
with skew dependence are collars, sometimes referred to as fences. A collar
consists of a long/short combination of a high-strike call and a low-strike put
of equal notional size. The payoff is therefore of the form

Nmax[F(Te,T) −Kcall,0]−Nmax
[
Kput −F(Te,T),0

]
where N is the notional and Kput < Kcall. These are almost always transacted
with strikes that bound the prevailing forward price: Kput < F(0,T) < Kcall.
Note that if the two strikes are equal, this payoff is that of a simple swap. The
component options are usually vanilla – exchange-traded or OTC look-alike.
In most circumstances, the transaction is free of premium, in which case

160
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Figure 8.1. NG ATM volatility term structure (February 3, 2010).

these are called costless collars.1 The demand for collars arises from naturals,
producers, or consumers who want to bound their price exposure at some
threshold. While the simplest (and some might argue the best) hedges avail-
able to producers and consumers are swaps or forwards, options structures
such as these are frequently transacted. Consider the following.

Working Problem

On February 3, 2010, a producer indicates interest in hedging Cal11 natural
gas (NG) price exposure for two-a-day by selling calls at $1 premium to the
current forward strip and buying Cal11 puts struck at K; both calls and puts
are NYMEX-listed options. What K should you quote?

As with forward prices, the implied volatilities for natural gas exhibit
marked seasonality both in term structure and in skew. Figure 8.1 shows
the term structure of at-the-money (ATM) volatilities on the pricing date.
Volatilities are clearly highest in the withdrawal season and lowest during
the injection season. Within the withdrawal season, the highest volatilities
are often in the earlier months due to a combination of effects: in the returns
numerator, this is at the tail end of hurricane season as well as the beginning

1 The term costless is a bit of a euphemism because the profit to the dealer is embedded in the location
of the strikes. Costless collars should be viewed as “costless” only insofar as no up-front premium
changes hands.
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Figure 8.2. Implied volatility surfaces for December 2011 NG at multiple dates.

of exposure to cold weather; in the denominator, prices are typically lower
in October and November relative to, say, January. This results in higher
expected returns volatility.

The volatility surface for a given contract month evolves as the underly-
ing contract approaches expiry. Figure 8.2 shows volatility surfaces for the
December 2011 contract on a sequence of trade dates. The x axis is log of
the price ratio: κ ≡ log(π), where the price ratio π is defined as the ratio of
strike to underlying price: π = K/F. Note that the levels of implied volatility
are increasing as time to expiry decreases, as one would expect given volatil-
ity backwardation. Call skew2 until recently has been the norm for natural
gas, particularly in the winter months when potential demand stress due to
cold weather results in higher forward prices, higher implied volatilities,
and greater call skew. Figure 8.3 shows the same sequence of volatil-
ity surfaces normalized by the ATM volatility. As expiry is approached,
the relative level of skew is actually decreasing with time, likely a man-
ifestation of the a systemic drop in call skew resulting from shale gas
production.

2 Call skew is the situation in which implied volatility is increasing with strike level above the forward
price; put skew is the situation when implied volatilities are decreasing with strike level below the
forward price. Mixed skew or smiles is when both occur.
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Figure 8.3. Normalized volatility surfaces for December 2011 NG at multiple dates.

Figure 8.4 shows skew for NG on February 3, 2010, for a summer and
winter contract that affords a comparison between volatility surfaces in
the injection and withdrawal seasons. Note both the lower volatility in the
summer months and the markedly reduced skew in comparison with the
winter contract. I n Chapter 3 we dis cussed the secular drop in North Amer-
ican NG prices, even with global energy prices rising in 2010 and 2011,
as increased shale gas production and estimated reserves decoupled North
American natural gas from world energy markets. This has coincided with
the appearance of put skew, especially in summer months, which prior to
2010 was essentially unheard of.

Returning to the working problem, the Cal11 strip price is $6.335, and
the call strike, by client request, is $1 higher at Kcall = $7.335. For perspec-
tive on the size of the transaction, the notional volume is approximately
$46.245 million in undiscounted value. Any transaction such as this involves
an assessment of hedging costs by the trader taking the position. In most
circumstances, trader judgment and rules of thumb pertain (whether or not
this is the right way to do things is debatable). Here, in the spirit of codifying
matters for well-defined calculations, we will assume that initial swap hedg-
ing costs (and margin) are $0.05/MMBtu, and we will parameterize volatility
hedging costs by α +β |π − 1|, where

• α = 0.01 (one volatility point)
• β = 0.05 = 0.005/0.1 (one-half a volatility point per 10 percent move in price

ratio)
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Figure 8.4. Volatility surfaces for June 11 and December 11 NG.

The point here is that the bid-offer spread for options increases as one
moves further away from the money. These parameters are selected to be
reasonable and are not calibrated or based on historical analysis, although
such could be done.

The first thing to notice in valuing this structure is that while the call strike
is fixed, the natural gas forward curve is highly seasonal, resulting in vary-
ing levels of skew across the individual contracts. Figure 8.5 shows both the
forward prices and the variation of κ for the call side of the structure by con-
tract month; note that the winter months are near-the-money, whereas the
summer months are distinctly out-of-the-money.

Given the vanilla nature of the component options, the first step is to value
the twelve calls using the volatility look-up heuristic: specifically the implied
volatility used for a given strike K is σ̄ (κm), where κm = log[K/Fm] for each
contract month m. There are two approaches to marking a volatility surface.
The first is to specify a set of implied volatilities for a grid of strikes for each
contract month; the grid can be defined in various ways, but the concept
is simple. In this case, volatility look-up implicitly relies on an interpolation
mechanism to define σ̄ (κ) from the marked volatility grid – think of linear or
cubic splines. Alternatively one can specify a parametric form for volatility
surfaces that depends on a set of parameters �η: σ̄ (κ) = φ�η(κ), WHERE the
parameters are calibrated to fit marked volatilities, minimizing a metric of
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some type. One has to take care that the parametric form is arbitrage-free
for the space of allowed parameters �η.3

The second step in the working problem is to scan over put strikes Kput,
once again using volatility look-up. Figure 8.6 shows the value of the struc-
ture in units of $/MMBtu as a function of Kput. The breakeven strikes
are shown for midvalue, excluding transaction costs (“No TC”), as well as
including transaction costs as prescribed earlier (“Including TC”). Note that
the inclusion of transaction costs pushes Kput lower, as it should – you as the
dealer are giving the client something of less value, namely, a lower strike
put, to compensate you for your hedge costs and margin. Another obser-
vation is that the breakeven put strike $5.686 is substantially closer to the
forward strip price than the call strike due to skew. As the dealer, you are
getting the calls that, due to the prevailing call skew at the time, are provid-
ing you with more value per unit distance of strike from ATM than you are
giving up in puts.

Aside from vanilla swaps or forwards, the collar structure is the sim-
plest hedge for producers and consumers. Often, however, hedgers have
a predisposition for more complex structures. A common example, espe-
cially popular in the 2007–2008 time frame, are knockout swaps. These are
standard swaps with embedded European binary options, which results in

3 An arbitrage problem arises if a volatility surface increases with strike at a rate that would imply
that higher strike calls were worth more than those at lower strikes; equivalently, call spreads of
negative value and similarly on the put side.



166 Primary Valuation Issues

4 4.5 5 5.5 6 6.5
−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

Put strike ($/MMBtu)

$
/M

M
B

tu

Collar Value versus Put Strike per Unit Notional

Including TC
No TC

Figure 8.6. Collar value as a function of put strike.

a payout that looks like a swap but vanishes above or below the knockout
strike.4 Figure 8.7 shows an example of the terminal payout of such a struc-
ture. This payoff is shown from the dealer’s perspective and is a situation in
which the client is selling natural gas.

The purpose of this structure for the hedger is that it gives the appear-
ance of a sale of natural gas at a price above the prevailing market price.
This “above market” sale, of course, comes at a cost – namely, the possibil-
ity that the hedge could evaporate exactly when it would be needed most,
namely, in low-price environments. This structure amounts to the seller of
the commodity embedding an inherently speculative element in the hedging
program, reflecting the belief that prices may fall a little, but not a lot. At
least one well-established natural gas producer in the United States trans-
acted large volumes of knockout swaps before the commodity price sell-off
in 2008, resulting in extremely poor performance of its hedging program and
a white-knuckle experience for both shareholders and management.

From the perspective of the dealer, managing a portfolio of knockout
swaps is anything but trivial. Valuation and booking are often accomplished
using tight call or put spreads to approximate the binary, as shown in
Figure 8.8, as well as to allow a buffer in the hedging program – something

4 The use of the term knockout is poetic license commonly taken on energy desks, at times confusing
financial engineers who appropriately interpret the phrase as relating to barrier options. In this case,
the term knockout is intended to describe the vanishing of the swap hedge below a certain strike.
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akin to an inexplicit reserve. Moreover, tight call spreads with strikes sep-
arated by say $0.10 are in fact quoted and traded in the broker markets,
allowing for hedging these structures, at least if the volumes are not too
large.

Valuation of the binary, which is the limiting case of call spreads with
converging strikes and diverging volumes, is highly sensitive to the slope of
the volatility curve:

N
�

{
V [F,K, σ̄ (K)]−V [F,K−�, σ̄ (K−�)]

}≈ N
(

∂V
∂K

+ ∂V
∂σ̄

∂σ̄

∂K

)

Figure 8.9 shows the value as a function of the underlying forward prices for
each monthly structure in a Cal11 payoff with strikes ATM ± $1 as seen from
December 20, 2010. The appearance of these value functions at longer tenor
is deceptively benign. Unless the binaries have been hedged with tight call
spreads, near-expiration hedging activities devolve into a game of Russian
roulette if the underlying forward price is near the binary strike; the January
2011 value function is already showing signs of this in the figure.

More complex structures requiring proper skew modeling, not merely
volatility look-up, do arise from client hedging programs, although they
are much less common than the structures discussed so far. One type of
modification is to apply a maximum total payout constraint on a strip of
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collars, so-called TARN features.5 These structures require modeling the
joint dynamics of all underlying forward contract prices, ideally accommo-
dating term structure of volatility, correlation between contracts, and skew.
This requires multifactor models, which we will discuss in a later chapter.

Another structure that also trades on occasion is a proper knockout swap,
in which the option payoff is zero if any settlement price of the underlying
contract during the life of the option crosses a specified knockout barrier.
The mathematics behind this is well developed in a variety of settings,
whether skew is modeled by local volatility surfaces, stochastic volatility
models, or jumpdiffusions. We will not discuss valuation mechanics of exotic
structures that commonly appear across asset classes because this territory
is well grazed in the literature both broadly (e.g., [Gla04], [Hul12], [Wil07])
and in the energy space (see [CS00], [EW03]). Rather, we will turn to some
empirical results as they relate to the design of hedging strategies and the
relevance of commonly used models.

Skew Dynamics: Sticky versus Floating

While the collar and knockout structures can be handled by volatility look-
up, skew dynamics affects the design of hedging programs for options
portfolios. Ideally, on entering a transaction, the trader will flatten the posi-
tion shortly thereafter, capturing the margin embedded in the pricing. In
practice, options liquidity can be problematic for a number of reasons:
far out-of-the money strikes, large binary positions, or even mismatches
between strikes at which liquidity is present at the time of transaction versus
those in the structure. The result is that even vanilla flow options portfolios
are rarely flat. In many cases, nontrivial convexities are maintained in the
portfolio for some period of time.

Most portfolio managers who have had the experience of taking over dis-
tressed energy options books found portfolios comprised of a large number
of options of varying strikes and tenors, often not particularly balanced. The
high volatility of the underlying commodity price can rapidly move options
liquidity, which is concentrated near-the-money, away from the strikes
where client transactions have occurred. Traders, faced with the choice
of paying increased transaction costs now or waiting to flatten the posi-
tion opportunistically, often will choose the latter. It may very well be that
some use of the second option is beneficial, but experience shows that too
much of the “wait for a better price to hedge” philosophy can result in bad
outcomes.

5 TARN is an acronym for target accrual redemption note, in which target or capped payout features
are appended to an underlying structure.
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This leads to the following question: How does the volatility surface
behave as a function of the forward price? This question has implications
for the effective delta of any options portfolio, even those comprised solely
of vanilla options.

This basic question can be refined as follows: Given a prescribed change
in the underlying forward price, what inference can be made about the
change in the implied volatility surface? In the context of energy commodi-
ties, which often show pronounced skew, assumptions about the dynamics
of volatility surfaces as a function of changes in forward prices can affect the
value of delta meaningfully.

The volatility look-up protocol implicitly assumes that the ATM volatility
does not change because of forward price movements. This is commonly
referred to as the floating-skew convention because the default estimate for
the new volatility surface given the new forward price is that the volatility
surface shifted in tandem with the forward price with shape unchanged. As
prices move, the volatility surface appears fixed when viewed in reference to
the forward price but changes for any fixed strike option. By using the form
σ̄ (κ) earlier, we have implicitly been using a floating-skew convention.

The other hypothesis most frequently discussed is sticky skew, in which the
volatility surface is parameterized by absolute strike σ̄ (K). Here the volatil-
ity surface is fixed with respect to option strike and moves when viewed from
the reference of the prevailing forward price F(t,T).

The value functions for an option at strike K takes the following forms for
the two hypotheses:

V [t,F,K, σ̄ ( · )] =
{

V [t,F,K, σ̄ (K)] Sticky skew

V
{

t,F,K, σ̄ [log (K/F)]
}

Floating skew
(8.1)

where we have eliminated extraneous arguments (such as tenor and rates)
from the value function. As a consequence, delta under the floating-skew
hypothesis is not the standard delta obtained from Black but is rather the
total derivative:

dV
dF

= ∂V
∂F

+ ∂V
∂σ̄

· dσ̄ [log(K/F)]
dF

(8.2)

To illustrate the effect, consider the volatility surface for the December 2008
NG contract on February 15, 2008 shown in Figure 8.10. For a call with strike
corresponding to a price ratio π = 1.20, we have

dσ̄ [log(K/F)]
dF

< 0

This is so because as the forward price F increases, the price ratio K/F
decreases, so σ̄ (κ) decreases due to the call skew. Therefore, the skew-
adjusted floating delta will be lower than the sticky (Black) delta. The
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Figure 8.10. NG December 2008 volatility surface (February 15, 2008).

magnitude of the second term in (8.2) can be significant. In this example,
the forward price is F = 50.40, and the strike corresponding to π = 1.20 is
K = 11.62, with the comparative results

• Sticky skew: � = 0.365
• Floating skew6: � = 0.304

From the perspective of the trader hedging the position, this is a significant
difference.

So which of these paradigms is more consistent with empirical behavior?
The results are not particularly compelling in part because any difference
between the two approaches appears to be small relative to daily changes
in implied volatility levels. For example, an analysis of Henry Hub monthly
volatilities in which contracts in the range January 2008 to December 2010
were used between twelve months and one month to contract expiry yields
ambiguous results.7 For each trading day t, forecasts for the volatility surface
on the next trading day t + dt were made for price ratios π in the inter-
val [0.8,1.2]. The sticky forecast is that the volatilities for options at strikes

6 The skew-adjusted delta is obtained perturbatively by moving F to F + 0.10, interpolating the
volatility skew array and evaluating the option.

7 The last month of life of the option was excluded because of the potential distortions arising from
small values of the term variance σ̄ 2T.
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�K = �πF(t,T) are unchanged:

σ̂S( �K) = σ̄

[
t,

�K
F(t,T)

]

The floating forecast is that the new volatility will be

σ̂F( �K) = σ̄

[
t,

�K
F(t+dt,T)

]

The error used is the L2 norm of estimate versus actual: ‖σ̂ ( �K)−
σ̄ (t + dt, �K)‖2. The two paradigms yielded nearly equivalent performance,
with a floating error of 0.0132 and a sticky error of 0.0136 . In each case,
the prediction error is of the order of a volatility point, which is substan-
tial; clearly, there are other drivers of the volatility surface beyond merely
the dynamics of the underlying forward curve.8 This is far from a complete
study, but it serves to illustrate the fact that the nature of the dynamics is
not obvious. The opinions of natural gas options traders vary widely on
this point, and the truth is probably somewhere between the floating- and
sticky-skew hypotheses.

Parameterizing Skew

The search for more sophisticated models that handle skew using a single
stochastic process starts with an understanding of the empirical behavior of
the volatility surface, not merely the sticky versus floating issue earlier, but
also on the effects of tenor and fundamental variables on skew dynamics.
We will focus again on West Texas Intermediate (WTI), which eliminates
the seasonality issues that continue to challenge modeling efforts.

Figure 8.11 shows skew for the WTI December 2011 contract on three
dates. Crude oil volatility surfaces have historically exhibited both call and
put skew regimes as well as both. As seen for natural gas, as the tenor of
the contract decreases, the implied volatility typically increases. It is inter-
esting to note, however, that the minimum volatility in the surface is often
achieved at strikes that are greater than the forward price (i.e., κ > 0). To
examine relative levels of skew, as before, we put these on an equal foot-
ing by normalizing the volatility surfaces by the prevailing ATM volatility at
each date; this is shown in Figure 8.12. Skew (in this case, put skew) is more
extreme at shorter tenors.

Two questions arise naturally from these figures. First, was the use of price
ratio κ as the metric for strike versus forward price the right thing to do?

8 The topic of whether the volatility surface is driven solely by forward dynamics has, to the surprise of
anyone trading options books, garnered a fair amount of attention within the academic community.
This work goes under the term unspanned stochastic volatility. S ee, for example, [ TS 09 ] [TS09].
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Figure 8.11. Volatility surfaces for December 2011 WTI at multiple dates.
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Second, why did we choose to normalize skew by ratios to ATM volatility as
opposed to, say, differences?

On the first question, much of the literature on the subject of volatil-
ity dynamics parameterizes skew as a function of κ ≡ log (K/F), thereby
preserving a natural returns orientation. However, if we think of skew as
a perturbation around a GBM price process, the returns distribution has
a standard deviation that scales as σ̄

√
T. A more natural parameterization

of strike distance is therefore λ ≡ κ/σ̄
√

T. This term appears, of course, in
the Black-Scholes option pricing formulas, and it is conventional to take
one additional step and parameterize skew in terms of the � of standard
options.9

Using call option implied volatilities, as the � of a call decreases with
strike, it is conventional to preserve the natural monotonicity by using
σ̄ (1 −�) or, equivalently, the negative of the delta of the put at the same
strike. Thus, in what follows, σ̄ (0.9), for example, refers to a strike that
is above the underlying price, corresponding to a call with � = 0.1 or put
with � = −0.9. Finally, because the � of an option depends on the implied
volatility, this reasoning is a bit circular; however, the natural “engineering”
solution and market convention is to obtain strikes from � values calculated
using the ATM volatility.

Recalling that the (undiscounted) delta of a call struck at K is �K =�(d1),
where �( · ) denotes the standard normal distribution function, and

d1 = ln (F/K) + 1
2 σ̄ 2

ATMT

σ̄ATM
√

T

a given � corresponds to a strike K given by

K = Fe[−σ̄ATM
√

T�−1(1−�)+ 1
2 σ̄ 2

ATM]

This provides the mapping between strike and � used in parameterizing
volatilty surfaces by delta.

The second question pertains to the appropriate way to think of the
magnitude of skew. Does skew scale with volatility level? Analysis is com-
plicated by the fact that skew can be put call, or mixed in direction and
varying with tenor. In the following analysis, the tenor is fixed, and a one-
year constant-maturity volatility surface is created using linear interpolation
of the volatility grid from January 2007 to December 2010 .10 Figure 8.13
shows a scatter plot of the standard deviation of the implied volatilities on
the � grid: �� ≡ [0.4,0.5,0.6] (effectively the L2 norm) versus the implied
volatility at � = 0.5, which we have termed the ATM volatility. Notice the

9 Options traders use volatility for fixed strikes when discussing specific trades or quotes but use
volatility as a function of � in more qualitative discussions.

10 The tenor was T = 0.9863 purely due to grid construction.
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Figure 8.13. Skew differential standard deviation versus ATM volatility.

increase in this skew metric as a function of volatility level, as evidenced by
the linear regression. Alternatively, if we replace the standard deviation of
the implied volatilities with the standard deviation of the ratios, specifically

std
[
σ̄ ( ��)/σ̄ (0.5)

]
, the results are as shown in Figure 8.14. This has no dis-

cernible dependence on volatility level and hence points to the fact that the
ratio of the implied volatilities to the ATM volatilities is the more natural
representation of skew.

Effect of Inventory

What drives skew?
Daily variations in flow can have meaningful short-term effects. Large

transactions of the type described in the working problem can result in
temporary demand for option hedges that can distort the volatility surface;
this is true in all markets, not just energy. In addition, as we will see in
the next section, skew changes systematically with tenor. On longer time
scales, however, fundamental drivers are relevant, most notably inventory
levels.

Figure 8.15 shows normalized skew versus OECD crude oil inventory
levels using the same one-year-tenor interpolated data over the same time
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Figure 8.14. Skew ratio standard deviation versus ATM volatility.
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period.11 With a skew metric defined as the slope of a linear interpolation of
σ̄ ( ��) versus the same grid �� ≡ [0.4,0.5,0.6], normalized skew is calculated
the same way with the modification that the regression is on the normal-

ized volatilities
[
σ̄ ( ��)/σ̄ (0.5)

]
. Put skew (corresponding to a negative slope)

increases systematically as inventory levels increase. Heuristically, at high
inventory levels, negative fluctuations in demand (increases in net supply)
are harder to absorb into inventory than positive fluctuations are to allevi-
ate. This results in skew to the downside. Inventory levels have a significant
effect on the dynamics of implied volatility surfaces.

Skew Dynamics: Effect of Tenor

There is an important remaining question: How does skew behave as a
function of tenor? Our snapshots of NG and WTI volatility surfaces earlier
suggest an increase in prevailing skew as option expiry is approached.

Focusing on crude oil, WTI skew can exhibit put or call skew, as well as
mixed skew, as seen in Figure 8.12. To characterize “how much skew” is
present, we first interpolate implied volatility series by tenor for a grid I of
κs or �s (e.g., I ≡ ��={0.4,0.5,0.6} would use the skew at these values of �),
thereby creating a constant-maturity representation. For each trading day t,
we compute the maximum departure of the ratio of the implied volatilities
to the reference (ATM) volatility, which we will refer to as the normalized
skew:

S(t, t+ τ ) ≡ max
K∈I

∣∣∣∣ σ̄K(t, t+ τ )
σ̄K∗(t, t+ τ )

− 1
∣∣∣∣

Here K denotes the strikes in the grid I , and K∗ denotes the reference strike
corresponding to κ = 0 or � = 1/2. We have suppressed some notational
rigor here because the strikes K ∈ I depend on both t and τ , but the concept
should be clear: S(t, t + τ ) represents how much variation in volatilities is
present across a range of strikes relative to the reference (ATM) volatility
at tenor τ . Finally, we calculate the average value

S̄(�τ) ≡ 1
N

N∑
n=1

S(tn, tn + �τ )

over the data set for a grid of tenors �τ , thereby yielding a profile of the typical
skew level as a function of tenor.

Figure 8.16 shows the results using data from 2007 through 2010 and
choosing the interval based on price ratio π : I = {π ∈ [0.8,1.2]}. Viewed
from this perspective, skew is clearly diverging as τ → 0. If we look at the

11 The period January 2007 to December 2010 is before the large decoupling of WTI from global
markets for the idiosyncr atic reasons discussed in Chapter 3.
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same phenomenon from a delta perspective, the picture is more interesting.
Figure 8.17 shows the results using I = {� ∈ [0.4,0.6]}. This is qualitatively
different and shows that skew viewed on a length scale consistent with the
width of the returns distribution is initially an increasing function of tenor,
out to a range of approximately two years, and then decreasing at longer
tenors.12

A Digression on Power Options

Our previous analysis was focused exclusively on WTI and NG. Power
options and their volatility surfaces can exhibit much higher implied volatil-
ities and skew, at least for some option types, than we have seen so far.
Liquidity away from the ATM options is severely limited, however, so our
discussions of volatility structure will remain more heuristic than those for
WTI and NG earlier. The close relationship between natural gas and power
would suggest that for similar option types, specifically for options with
monthly exercise, many of the features would be similar between the two
commodities.

For power options, the underlying is one of the standard swaps or
forwards, with delivery in the peak or off-peak buckets as described in
Chapter 3. Most options liquidity is in the peak products , with limited tr ad-
ing volume in off-peak options. As with the swaps markets, the standard
notional is 50 MW in eastern markets and 25 MW for the west. There are
three commonly traded option types.

• Swaptions. These are options in which exercise results in a swap position in a strip
of contracts at a fixed strike K. The most commonly traded swaptions are calendar
swaptions, in which the underlying is a calendar strip. Exercise is usually a week or
two before the first delivery month and is specified by trade. The terminal value of
the swap at option expiry τ is Vτ = 1/12

∑
m d(τ ,Tm)[F(τ ,Tm)− K]. For example,

a call swaption has a value at expiry of max(Vτ ,0). As options on a basket of
forward contracts, valuation of swaptions involves modeling the joint dynamics of
multiple forward prices.

• Monthly options. These are options that exercise into swaps, or in some cases
physical power, for settlement or delivery in a single contract month. Exercise is
usually two business days (“−2b”) before the delivery month in the eastern U.S.
markets and five business days (“−5b”) for the west. The value at expiration is
based on the difference between Fm(Te)−K for contract month m, where K is the
strike and Te denotes option expiry. For example, the value of a call at expiration
is Nm max[Fm(Te)− K,0], where Nm denotes the number of MWh in the delivery

12 The slight increase visible near four years is an artifact resulting from what is effectively a smaller
data set for the longest tenors.
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Figure 8.18. PJM ATM Volatility Term Structure (February 3, 2010)

bucket for the month.13 These options are the closest analogue to monthly listed
options in natural gas.

• Daily options. Daily options also trade by contract month. A daily option for
a particular month for peak power consists of a set of distinct options, one for
each peak delivery day in the month (typically twenty to twenty-two options in
a month depending on day count and holidays). The typical form is for manual
(phone) exercise by 10 a.m. one business day before the delivery day, and the set-
tlement amount is

∑
d∈m 1Ed[F(d,d)−K], where d ∈ m denotes the active delivery

days in the option during month m, and Ed denotes the event that the option was
exercised for day d.14,15 Less commonly traded are autoexercise, which settle on∑

d∈m max[F(d,d)− K,0]; this is lookback exercise.

Implied volatilities for power exhibit seasonality that is consistent with
the power forward curve. Figure 8.18 shows the ATM implied volatili-
ties for monthly and daily options in PJM. Daily volatility is dramatically
higher than monthly volatility at short tenors – a manifestation of the

13 We have ignored discounting here; settlement on the swap is almost always in the following month,
and risk systems will, of course, apply the discounting to the settlement date.

14 The notation 1A is referred to as the indicator function for event A and takes the value 1 if A
occurs; zero otherwise.

15 Note that 1Ed
[F(d,d) − K] can be negative. This arises when, at the time of exercise the price for

next-day power, F(d − 1,d) is in the money, and the option is exercised. However, the final index
F(d,d) as computed by the ISO can be out-of-the-money, hence resulting in a negative value.
This does not mean that the trader erred. On exercise on d − 1, the power is presumably sold
immediately (in the case of a call option) at the price F(d − 1,d), thereby locking in the intrinsic
value.
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Figure 8.19. PJM volatility surface for July 2008 and October 2009 contract
(March 3, 2008).

high spot volatility observed in power prices. In addition, as with forward
prices, summer implied volatilities are systematically higher than other con-
tract months, once again reflecting that market participants are aware of
Figure 3.42, where high variance in spot prices occurs at the highest levels of
demand, which typically occur in the summer months. Note also that the dif-
ference between monthly and daily ATM volatilities decreases with tenor,
as it should. As tenor increases, the returns variance increases, and the for-
ward price at expiry is increasingly likely to be far from the current forward
price, in which case the two options types are economically equivalent.16

There can be a significant difference in skew between monthly and daily
power options. Figure 8.19 shows monthly and daily volatilities for the July
2008 contract as of roughly three months prior to delivery. Note the high
levels of implied volatility and skew for the daily options, which are more
pronounced than for monthly options.

It is commonly stated that power is the most volatile energy commod-
ity, for that matter, the most volatile of all commodities. This statement
is usually made with daily implied volatilities in mind. However, a more
appropriate comparison is between natural gas implied volatilities for listed

16 They are, however, not ergonomically equivalent because the trader still must manually exercise
each daily option, even when the options are flagrantly in the money
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Figure 8.20. NG and PJM monthly ATM volatilities (February 3, 2010).

(monthly) options and those for monthly power options.17 In this case, the
results are not what many would expect. Figure 8.20 shows the term struc-
ture for the ATM NG and PJM monthly options. The reason that monthly
power volatilities are lower than for the natural gas analogues is due to the
nonlinear relationship between power and natural gas prices discussed in
Chapter 6. Recall Figure 6.10, which showed that the forward heat rate:
H(t,T) = F(t,T)/G(t,T), where F and G denote power and natural gas for-
ward prices, increases systematically as natural gas prices decrease. The
model used in Chapter 6 was the linear form F(t,T) = α + βG(t,T) + ε(t),
which fits the observed heat-rate behavior tolerably well. If we assume that
the residuals ε(t) are stationary with relatively small variance in comparison
with cumulative natural gas returns, then power returns can be written as

dF(t,T)
F(t,T)

= βdG(t,T)
α +βG(t,T)

<
dG(t,T)
G(t,T)

where the inequality is holds because α > 0. The behavior of the heat rate
as a result of changing natural gas prices serves to dampen the power price
fluctuations and explains why monthly power volatilities are almost always
meaningfully lower than their analogous natural gas implied volatilities.

17 Daily options of a forward-starting form, namely, the IFERC/Gas Daily options described in
Appendix D, are traded in natural gas, although they are much less liquid than daily options in
power.
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Skew Dynamics: Implications for Model Selection

The empirical characteristics of skew dynamics provide some guidance as to
potentially viable modeling approaches. Valuation of many skew-dependent
structures requires stochastic processes that are at least roughly consistent
with the empirical dynamics of volatility surfaces and that can be calibrated
to observed market data. In what follows we will briefly survey the fea-
tures of common approaches to modeling volatility surfaces, in addition to
discussing the challenges in applying these in the context of energy markets.

The development of approaches to handle skew across a broad array of
asset classes has typically focused on three general modeling paradigms,
some of which have been used in tandem:

• Local volatility
• Stochastic volatility
• Jump diffusions

The following summary draws heavily on Gatheral’s rendition of the subject
[Gat06].

The local volatility approach developed by both Dupire [Dup94] and
Derman and Kani [DK94] modifies the Black-Scholes framework by allow-
ing local volatility to depend on the underlying state variable. In the context
of Black, this modification is of the form

dFt

Ft
= σ (t,Ft)dBt (8.3)

Under such dynamics, the function σ (t,Ft) can be inferred from the option
value surface

σ 2(t,K;F0) = ∂C/∂T
1
2K2(∂2C/∂K2)

(8.4)

where C(T,K) is the value of the call with strike K expiring at time T. It is
assumed that the options markets have enough liquidity to generate smooth
interpolates of the value surface C(T,K).

There are two major problems with this approach. The first is common
across the asset classes to which this has been applied, in particular, equi-
ties, in which the skew dynamics implied by (8.3) is simply at variance with
what is observed. Local volatility models imply that volatility surfaces move
in the opposite direction of the change in the underlying (one might call
this antifloating) [HKLW91]. The second commodities-specific problem is
that unlike in equities, where you have a fighting chance of constructing a
continuous surface of call option prices on the same underlying, in energy,
the only available option prices for the specific underlying F(t,Tm) expire at
T(e)

m �Tm. The difficulties in constructing a useful continuous surface C(T,K)
in equities are well known; in commodities it is impossible, at least within
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the framework of modeling a single underlying forward contract. This limi-
tation is the reason that skew modeling in energy is inherently a multi-factor
endeavor, which complicates matters greatly.

The stochastic volatility approach has more traction. The general frame-
work is given by the following joint diffusions:

dFt = �(T − t)νtFtdB(1)
t

dνt = α(t,Ft,νt)dt+ηβ(t,Ft,νt)dB(2)
t

where η denotes the “volatility of volatility,” and the correlation between the
driving Brownian motions is 〈dB(1)

t ,dB(2)
t 〉 =ρdt. This is the form specified in

[Gat06] modified by �(T− t) to accommodate volatility backwardation. This
form is too general for tractable solutions, and the search for quasi-tractable
subsets of this class of diffusions has yielded some viable candidates that rely
on transform methods to obtain European option pricing formulas.18

One such is the Heston model, which in our setting takes the form

dFt = �(T − t)νtFtdB(1)
t

dνt = λ(νt − ν∗)dt+η
√
vtdB(2)

t (8.5)

It is unclear whether the transform methods can accommodate the back-
wardation modification �(T − t), but the basic attributes that have been
established for the � ≡ 1 case shed light on what we can expect from this
slightly modified form.

The asymptotic behavior of skew as a function of tenor for (8.5) with � ≡ 1
is well understood (see [Gat06]). Parameterizing skew using price ratio or κ ,
specifically not reducing the length scale by σ̄T1/2, the typical skew profile
for stochastic volatility models shows an initial increase with tenor, transi-
tioning ultimately to decreasing skew at long tenors. Comparing this with
the visual portrayal in Figure 8.16, one can immediately see problems. The
asymptotic decrease at long tenors is consistent with empirical behavior.
However, the observed decrease in skew at short tenors suggests that unless
we use a tortured set of time-varying parameters, a pure stochastic volatility
framework will fail to match the behavior at both short and long tenors.

The third general approach to skew modeling is via jump diffusions, in
which jumps driven by a Poisson process are superimposed on the standard
Brownian-motion returns [Gat06]. The basic framework is

dFt

Ft
= µtdt+�(T − t) [σdBt + (J − 1)dqt] (8.6)

18 The criterion for fast computation of vanilla options is to facilitate calibration; exotics usually
require simulation-based approaches, which are much more time-consuming but viable if not
included in calibrations.
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where dqt is a Poisson process with jump rate λ(t)19 independent of Bt, and
the jump size J is a random variable, independent of Bt and qt, with density
fJ having support on [0,∞). At each Poisson event, Ft jumps to JFt. To
preserve the martingale property for F, the drift needs to compensate for
the expected jump size occurring at rate λ(t):

µt = −λ(t)E(J − 1) (8.7)

This expression is referred to as the compensator for the jump process.
Jump diffusions are a much less subtle way of forcing skew than stochastic

volatility. However, the somewhat “spiky” behavior of energy spot prices
has engendered interest in applying this class of models to energy options,
particularly in power. Positive jumps have a negative compensator µJ that
results in behavior that is consistent with intuition – positive jumps yield
positive (call) skew.

It is known that jump diffusions exhibit rapid decay of skew beyond a
characteristic time scale, which is at variance with the slow decay shown in
Figure 8.16. Jump diffusions alone do not appear to be up to the task of
explaining the empirical behavior of skew dynamics. However, the asymp-
totic behavior at long tenors is what stochastic volatility models (arguably)
get right. Together, each could potentially handle behavior at different
tenors, leading naturally to hybrid models combining the two approaches,
so-called stochastic volatility/jump diffusion models.

The hybrid of stochastic volatility and jumps is appealing because the
approach is effectively fusing the rapid initial decay of jump diffusions
with a slower T−1 decay at longer time scales. However, calibration is
problematic in the commodities setting once again because of the limited
set of traded options. In equities, calibration is more tractable by sepa-
ration of time scales – short-tenor options can be used to calibrate jump
parameters; long-tenor options can be used to calibrate stochastic volatility
parameters. Modification of the little-t approach fr om Chapter 7 along the
lines of

dFt

Ft
= µtdt+�(T − t)

[
νtdB(1)

t + (J − 1)dqt

]
(8.8)

dνt = λ(νt − ν∗)dt+η
√
vtdB(2)

t (8.9)

could potentially facilitate calibration using separation of time scales as in
equities.

19 dqt = 1 with probability λ(t)dt and 0 otherwise.
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Conclusion

The issues that we have surveyed relating to skew dynamics and its impact
on valuation and hedging have yet to be definitively resolved – no real con-
sensus has been reached, and research continues. A few themes stand out,
however:

• The significant levels of skew observed in energy markets makes even basic
issues, such as the appropriate computation of Greeks, ambiguous and model-
dependent.

• Among the common approaches to skew modeling, the dynamics of skew exhibits
qualitative features that suggest elements of both stochastic volatility and jumps.

• Calibration of hybrid price processes governing a single forward price combining
stochastic volatility and jumps is challenging because of the limited set of traded
options.

• Multifactor models extending the little-t approach from Chapter 7 could poten-
tially render calibration of hybrid models tractable.

The fact that skew dynamics is so clearly related to inventory and hence, by
extension, forward yields suggests that more sophisticated (and arguably yet
to be developed) models will ultimately be required to unify the relationship
between forward yields, returns correlations, and skew.
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Correlation

Up to this point, our focus has been on single-commodity options structures.
These are commonly used by producers and consumers to hedge their natu-
ral positions, as well as by speculators or investors desiring levered exposure
in some form. As a general rule across asset classes, however, options
markets of meaningful depth usually result from “natural” sources of option-
ality. Mortgages provide the best and certainly the largest example. Typical
home mortgages have embedded prepayment options that are a major rea-
son for the existence of closely related interest-rate swaptions markets. For
energy markets, it is infrastructure, essential to the basic balancing of supply
and demand, that is the natural source of “steel in the ground” optionality.

A power generator is, to a first approximation, an option to convert a fuel
to electricity – a call option on the spread between the input and output
commodity prices. A natural gas pipeline connecting one delivery point to
another is an option on the spread between two locational prices. A natural
gas storage facility, as we will see later, is a complex structure that can loosely
be thought of as a combination of options on the spread between forward
prices with different delivery times.

Spread options are by far the dominant natural source of optionality in
energy markets. It is in the valuation and hedging of spread options that
correlation risk first arises. The methods commonly used to value spread
options are discussed in standard references [Hul12, Shr04], although the
very high correlations that usually arise in energy spread options raise issues
that are not typically encountered in other contexts, such as equities basket
options.

Common Correlation Structures

Single-commodity spread options come in two basic flavors: time spread and
locational spread. The former have a natural source of optionality in storage

187
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facilities; the latter in shipping, transportation (pipelines), and transmission
(power lines).

The most common time-spread structures are calendar spread options
(CSOs), which are options on underlying spreads of the form F(τ ,T2) −
F(τ ,T1), where τ denotes expiry.1 A CSO straddle, for example, has a pay-
off of the form

∣∣F(τ ,T2) − F(τ ,T1)
∣∣. In general, there is also a strike K to

accommodate forward yields: F(τ ,T2) − F(τ ,T1) − K. Markets in CSOs are
not particularly deep, and liquidity is concentrated in the benchmark futures
contracts such as West Texas Intermediate (WTI) and natural gas (NG).

Calendar swaptions in natural gas and power provide another example.
The terminal value of a swaption is based on the present value of the swap
at exercise:

Sτ ≡
∑
m

d(τ ,Tm)wm [F(τ ,Tm) −K]

where wm is the notional quantity of the swap in contract month m, which
can vary due to day count.2 A call swaption, for example, has a terminal
payoff of the form max (Sτ ,0). While not often considered spread options,
swaptions are, in fact, options on a linear combination of contract prices
�w†F(τ , �T) and therefore warrant this classification.

Turning to locational optionality, basis options settle on spreads of the
form Sτ ≡ F2(τ ,T) − F1(τ ,T), where subscripts index different delivery
locations. This is an idealization of the actual mechanics since in most
instances each leg fixes at slightly different times and with different aver-
aging conventions. These are technical points in the greater scheme of
things.

The various option types just listed can be combined. For example, loca-
tional time-spread options, while much less common than CSOs, can arise
naturally as hedges for time-spread risk between say Brent and WTI, where
delivery times also can be distinct due to the time required to ship crude oil
between Europe and the United States.

Multiple-commodity spread options arise naturally from conversion
infrastructure such as power generation and refineries. The primary pur-
pose of these structures is to hedge the value of an asset in order to facilitate
financing the purchase of an existing asset or to fund the construction of
a new asset. A lender is generally not inclined to assume the commodity-
linked default risk and requires that the value of an asset against which
financing is sought be hedged for some period of time.

1 The term calendar can be misinterpreted as referring to options on spreads between calendar strips.
Most CSOs are, in fact, on monthly spreads.

2 Note that here and in what follows, for ease of notation, we will assume that settlement is either at
delivery or option exercise as convenient. In practice, settlement often occurs at other dates defined
by the trade confirm, and the modification of discounting is straigthforward.
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Tolling deals are structures designed to hedge a power generator that con-
verts a fuel or, in some cases, multiple fuels into electricity. The term tolling
is often rigorously interpreted as meaning a transaction in which the buyer
of the option has operational control of the generator and is responsible for
physical procurement of the fuel and sale of the electricity. Financially set-
tling transactions of the same mathematical form are more common; these
are often referred to as heat-rate options or spark-spread options. Here we
will simply use the term tolling for both cases.

The typical tolling deal involves daily optionality: exercise for day d results
in a spark-spread swap of the form FB(d,d) − H∗G(d,d), where FB denotes
the power price for a particular delivery bucket B (e.g., “5x16”), and G
denotes the fuel price, usually natural gas. The heat rate H∗ defines the spark
spread underlying the transaction and is typically close to that of a generator
being hedged.

The exercise convention is almost always manual (by phone) exercise
on the day preceding delivery, usually before 10 a.m. The manual exer-
cise payoff is [FB(d,d) −H∗G(d,d) −V]1Ed , where Ed denotes the event
that the option was exercised on day d − 1. Much less commonly traded
“autoexercise” tolls have a lookback payoff for day d of [FB(d,d) −H∗
G(d,d) −V]+. In either case, the valuation problem is of the form

V = Ẽ



∑
m

d(0,Tm)C
∑

d∈B(m)

[FB(τd,d) −H∗G(τd,d) −V]+

 (9.1)

where m indexes calendar months, d is days, and τd denotes the exercise date
for day d. Also, B(m) denotes the days in the month m corresponding to the
delivery bucket, C denotes the capacity (hourly quantity), and V is a strike in
units of $/MWh. Usually C is between 50 MW (for small OTC broker trades)
to over 1,000 MW for large asset hedges. Typical combined-cycle generators
or groups thereof will have capacities between 400 and 2000 MW.

OTC tolls transacted over the broker markets, which are always financial,
involve up-front premium payment. Larger tolls arising from asset hedging
programs are usually structured with monthly capacity payments over the
life of the transaction. This serves to mitigate credit risk because the owner
of the asset (and the seller of the toll) is often unrated and is using the asset
as collateral for the transaction. Tolls are usually quoted in one of the fol-
lowing two forms (in what follows, V is the present value of the toll and C is
the capacity in megawatts)3:

• Up-front premium (USD/MWh). This is the broker market convention obtained
by:

V∑
m Qm

(9.2)

3 In power, our examples are taken from U.S. markets, hence the USD currency convention.
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where Qm = C
∑

d∈B(m) Nh(d) is the monthly notional calculated from the number
of hours Nh in the bucket B on day d.

• Monthly capacity payment (USD/kW-mo). Monthly payments are typically quoted
in USD/kilowatt-month, calculated as

V
1,000C

∑
m d(0,Tm)

(9.3)

Note that V/[
∑

m d(0,Tm)] is the monthly annuity that has present value equal
to V. The factor of 1,000 simply converts the result to the result kilowatts from
megawatts.

Crack spread options are another example of conversion optionality.
These are options on the spread between the prices of a refined product,
or a basket of refined products, and a reference crude oil price:

max[FProduct(τ ,T) −FCrude(τ ,T),0] (9.4)

The product is usually heating oil or gasoline, although other commonly
traded crack spread options reference multiple products, in which case the
underlying spread is of the form �w† �FProducts(τ ,T) − Fcrude(τ ,T), where �w
defines the weights defining the refined products basket. The options are
usually either monthly exercise or Asian lookback. Crack spreads options
are typically traded in “vanilla” form and, unlike tolling deals, are usually
less tailored to specific assets.

Each of the preceding structures has a common mathematical form, and
all require as valuation inputs the relevant forwards and implied volatilities
surfaces, as well as the new ingredient – pairwise returns correlations.

Basic Spread Option Valuation: Margrabe

There is a substantial body of work on a variety of methods to “properly”
value spread options and related physical assets. Some are risk-neutral-
based and predicated on dynamic hedging; others depart from the assump-
tion of market completeness and are predicated on models, usually
simulation-based, of the physical measure. The unambiguous starting point
for spread option valuation, however, is the framework developed by Mar-
grabe [Mar78], which effectively extended Black-Scholes to options on
spreads when underlying prices are driven by GBMs. While more sophis-
ticated approaches can yield different results, the qualitative results for
valuation and hedging obtained via Margrabe are shared by most enhanced
models.

The Margrabe pricing framework, derived in Appendix A, values options
on spreads between two assets, for example, a call option with expiry τ and
terminal payoff max[F(τ ,T1) −H∗G(τ ,T2),0]. In our context, F and G are
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the forward prices of two possibly distinct commodities with potentially dif-
ferent delivery locations and times. H∗ is a multiplier, which in the case of
distinct commodities is a conversion factor such as a heat rate of a generator.

The starting premise in Margrabe is two underlying GBM drivers:

dF(t,T1) = σFF(t,T1)dB(F)
t

dG(t,T2) = σGG(t,T2)dB(G)
t

The correlation between the two Brownian motions is ρ. As shown in
Appendix A, the value of this call spread option is given by

V [0,F(0,T1),G(0,T2)] = d(τ ) [F(0,T1)N(d1) −H∗G(0,T2)N(d2)] (9.5)

with

d1,2 =
log
[

F(0,T1)
H∗G(0,T2)

]
± 1

2 σ̂ 2

σ̂
(9.6)

where

σ̂ 2 = τ
(
σ 2

F +σ 2
G − 2ρσFσG

)
(9.7)

Extensions to deterministic volatility where σF,G ≡ σF,G(T − t) to accommo-
date volatility backwardation are straightforward, as we will see in our first
example.

Application to CSOs

The following shows a sample of broker chat pertaining to WTI CSOs on
April 15, 2011:

9:11:13—CSO K/M -0.50 call 2/12 (ref-0.58)
09:56:18—CSO N/Q -0.30 straddle..49/65
09:58:41—CSO N/Q -0.30 straddle..50/60
10:00:01—CSO N/Q 0.00 call 12/20 (ref-0.31)
10:00:21—CSO N/Q -0.30 straddle..52/60
10:03:18—CSO K/M -0.50 call 2/10 (ref-0.58)
10:36:07—CSO N/Q -0.30 straddle..52/59
11:10:27—CSO M/N -1.00 put 8/15 (ref-0.48)
11:36:08—CSO N/Q-1.00 put 6/16 (ref-0.30)

Consider the 10:00:01 post. This is a two-way market for a call CSO on
the July 2011–August 2011 contracts. The strike is K = 0.00. Note that in the
CSO pricing convention, the strike defines the payoff spread via

S(t) ≡ F1(t) −F2(t) −K (9.8)
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Figure 9.1. WTI market data (April 15, 2011).

where the subscripts denote the order of months listed in the spread. For
this particular CSO, we have St = FN11(t) − FQ11(t). The payoff of the call

is max
[
S(T(e)

1 ),0
]
, where T(e)

1 denotes the standard option expiry for the

WTI N11 contract, and the bid-offer shown is $0.120 at $0.200. The last
component of the quote “(ref-0.31)” means that the reference spread at the
time of quote is S(0) = −0.310.

We will now proceed to apply Margrabe to this CSO, accounting for
volatility backwardation, to obtain a market implied correlation ρ. Figure 9.1
shows the WTI forward and at-the-money (ATM) volatility at the close of
April 15, 2011. The relevant market data for our problem are

• Forward prices: F(0,T1) = 110.680 and F(0,T2) = 110.960.
• ATM volatilities: σ̄1 = 0.293 and σ̄2 = 0.301.

Three issues confront us:

• Current spread. The spread at close is different from the spread at quote:
110.680 − 110.960= −0.280 �= −0.310.

• Term structure of volatility. The second contract expires after the CSO expiry
T(e)

2 > T(e)
1 .

• Skew. The required strike K = 0 differs from the market spread −0.310.4

The first is benign given the relative stability of spreads. In lieu of a con-
temporaneous set of forwards, which would be available in practice on the

4 In addition, nonnormal returns implied by skew affect spread option valuation. We will discuss this
later in this chapter.
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desk in real time, we will adjust the second forward: F(0,T2) = F(0,T1)+
( − 0.310) = 110.990.

For the second matter, because the working problem involves two differ-
ent contracts, with local volatility exposure on the longer-tenor contract, we
will use the little-t parameterization

dF(t,T)
F(t,T)

= s(t)�(T − t)dBt (9.9)

where, as in Chapter 7, we will assume

�2(T − t) = e−2β1(T−t) +λe−2β2(T−t) (9.10)

with β̄ = [0.065,1.049] and λ = 0.469.5 Once we have decided how to handle
skew, we will apply this calibration to obtain the term volatility σ̄2(T(e)

1 ) for

contract 2 over [0,T(e)
1 ].

The issue of skew is more subtle. There is ambiguity as to what volatil-
ity to use because the skew for each underlying is defined in terms of fixed
strike options. In the spread option setting we have what are effectively
floating strikes, in that each leg is acting as a strike for the other. A com-
mon approach (and one that makes purists cringe) is to use the forward
price of the opposing leg to define moneyness, which we will refer to as
the volatility look-up approximation. This look-up heuristic for an option
on the spread F1 − F2 − K involves using price ratios (or equivalently �s)
from each respective volatility surface in terms of the strike implied by the
opposing leg; specifically,

• The implied volatility used for F1 references moneyness using F2 + K:

π1 = F(0,T2)+ K
F(0,T1)

• The implied volatility used for F2 references F1 − K:

π2 = F(0,T1)− K
F(0,T2)

This is an “engineering” solution, and there are indeed errors sustained
in this approach. Numerical tests suggest that the errors can be relevant,
in excess of the change in value implied by the bid-offer spreads on the
underlying volatilties in some situations. The ease of implementation and
computational efficiency of the volatility look-up heuristic are compelling;
however, when used, the effect of approximation should be estimated. We
will return to this topic later in this chapter.

A s we s ta r te d to s e e in Ch a p te r 8 , a d d r e s s in g v o la tility b a c k w a r d a tio n
and skew in single-commodity structures is already fraught with challenges.

5 These parameters were estimated with the same method used previously with data from 2007 to
2010.
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Figure 9.2. WTI local volatility (April 15, 2011).

Adding to this the requirement for multifactor models that will arise shortly,
as well as coupling two commodity price processes to address spread options,
is quite a tall order and one that arguably remains unresolved.

The strike K is zero in our current problem, so π1 = 1.003 and π2 = 0.997.
These near-unit values of the price ratios mean that we will simply be
using the ATM volatilities (this will not be the case in our second example
involving tolls).

On calibration, we have the required set of local volatilities [s1,s2, . . . ]
shown in Figure 9.2. Proceeding as we did in (7.17) yields the term volatility
σ̄2(T(e)

1 ) = 0.286; note that the implied volatility for the first leg is the same
as for the vanilla option σ̄1.

Now that we have obtained the term volatilities of the two legs, we can
apply Margrabe across a range of correlations. The inputs to Margrabe, aside
from the correlation ρ, are

• Forwards prices: F(0,T1) and F(0,T2)
• Term volatilities: σ̄1 and σ̄2(T(e)

1 )

• The time to expiry: T(e)
1

• The discount factor d(0,T(e)
1 ) = 0.99966

6 In this case, as well as in some subsequent examples, the discount factor is of almost no relevance
given the near-zero interest rates prevailing during recent years courtesy of our central banks.
Nonetheless, we include this for completeness.
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Figure 9.3. CSO value versus correlation.

Figure 9.3 shows the results using the basic Margrabe formula for a call
as a function of correlation ρ. Note that the midvalue of 0.16 corresponds
to an implied correlation of ρ = 0.9988, which is effectively implying unit
correlation between the two legs. A lower rate of backwardation in our
parameterization of local volatilty would lower the implied correlation.
However, the near-unit implied correlation suggests that the market view
at the time was that this CSO was rather boring. Nonetheless, several
important themes stand out in this analysis.

First, spread options on the difference between two commodities prices
increase in value as the correlation decreases. In addition, the sensitivity
to the correlation ρ can be significant as ρ → 1 when the forwards and
volatilities are nearly equal, which was the case in this example.

Second, the extrinsic value of the spread option need not be zero even at
unit correlation because, in general, σ̄1 �= σ̄2(T(e)

1 ). At unit correlation, the
volatility σ̂ that enters the Margrabe formula given in (9.7) is

σ̂ 2 = T(e)
1

[
σ̄1 − σ̄ 2

2 (T(e)
1 )
]2

When the two relevant volatilities are not equal, σ̂ > 0, resulting in positive
extrinsic value.

Finally, very high correlations can occur for commodities spread options.
In fact, as we will see later, situations arise where implied correlations in
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the range of mid-90s occur even when empirically estimated correlations are
much lower – a topic that we will discuss at various points going forward.

Application to Tolls

Although tolls are usually daily exercise, here we will consider a toll with
monthly exercise, dealing with the more challenging daily variety once we
have multifactor models at our disposal. Monthly tolls do not trade over the
broker market, and when they arise, they are almost always part of struc-
tured transactions. Many of the issues that we encounter here, however, will
be pertinent to the more common daily exercise structures.

Consider a monthly exercise tolling deal with the following terms:

• Pricing date: January 11, 2010
• Commodities: PJM Western Hub 5x16 and Henry Hub natural gas
• Heat rate H∗ = 11.0
• Delivery monthly July 2010
• Exercise is standard penultimate settlement (-4b) of NYMEX NG
• Notional: 400 MW

Recall that standard exercise for monthly power options is “−2b”; for
simplicity, we will assume that PJM monthly options also expire “4b” in
the calculations that follow. We will also assume financial settlement at
expiration.

Comment

A heat rate of H∗ = 11.0 is high compared with the most efficient combined-
cycle generators, which are just below 7. Natural gas generators with a heat
rate above 10 are considered peakers, which are dispatched infrequently to
capitalize on (and to alleviate) short-time-scale price spikes. Monthly tolls
would rarely be used as hedges for high-heat-rate generation. We have used
this heat rate to push the option close enough to the market heat rate to
make things interesting.

As for most power options, the notional just quoted is in units of
megawatts – a megawatt is a rate, in this case 400 MWh per hour. The num-
ber of NERC7 business days in July 2010 is 21, so the total notional of this
toll is

Q ≡ 400 × 21 × 16 × 400 = 134,400 MWh (9.11)

The relevant forward prices on these pricing date are

• F(0,T) = $69.650/MWh
• G(0,T) = $5.603/MMBtu

7 NERC is the North American Electric Reliability Corportation, self-described as “a not-for-profit
entity whose mission is to ensure the reliability of the Bulk-Power System in North America.”
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If we convert the natural gas leg by the toll heat rate to units of $/MWh
(recall that the units of H∗ are MMBtu/MWh and the units of G are
$/MMBtu), the second fuel leg of the option has a forward price (in $/MWh)
of 11.0 × 5.603 = $61.633. Note that the market heat rate is H =
69.650/5.603 = 12.431, which is higher than the tolling heat rate H∗ = 11.0,
so this option is in-the-money. Finally, the discount factor is 0.999.

On the face of it, we do not have a volatility backwardation issue as we did
in the CSO setting because the respective legs are expiring (by assumption)
at their vanilla expiry. In our initial cut, we will simply use term volatil-
ities and discuss implied term correlations; this will be a straightforward
application of Margrabe.

As with the CSOs, we will use the volatility look-up heuristic:

• πF ≡ H∗FG(0,T)
FP(0,T)

= 0.885

• πG ≡ FP(0,T)
H∗FG(0,T)

= 1.130

The results of the volatility look-up, depicted in Figure 9.4, are σF = 0.393
and σG = 0.445.

We now have to grapple with what correlation should be used. There is no
broker market for monthly tolls from which to calibrate correlation. In this
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Figure 9.4. Volatility look-up for the monthly toll.
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Figure 9.5. Empirical returns correlation by contract: PJM versus NYMEX NG.

situation, we have little choice but to rely, at least in part, on empirical anal-
ysis. Figure 9.5 shows the returns correlation by contract month estimated
over a one-year trailing window using several time scales (lags) for returns.
Returns at lag L are defined as log[F(d,T)/F(d −L,T)]. There are two rea-
sons for considering returns for L > 1. First, hedging activity will turn out
to occur on the time scale of days. Second, longer lags are less sensitive to
anomalies in historical marks.8

Looking at the results in Figure 9.5, it might be tempting to conclude that
there were price-data errors driving the low correlations that are visible
in the August 2010 contract. This turns out not to be the case. Figure 9.6
shows the heat-rate history for this contract. A hot and high-priced July
in PJM drove market expectations for the August contract, resulting in a
rather meaningful breakdown in correlation between power and natural gas
forwards for this delivery month.

This is admittedly a simplistic analysis of correlation that does not account
for possible seasonal effects, volatility backwardation, or a term structure
of correlation – one would expect that correlations would decrease as the
contract month approaches delivery and short-term drivers of power prices

8 Imagine a day in which the power trader is on vacation and the natural gas trader marks the power
curves keeping heat rates constant when in fact they have changed; this is not supposed to happen,
but in practice it does.
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Figure 9.6. August 2010 heat-rate history for PJM versus NYMEX NG.

such as local temperature forecasts and generation outages begin to manifest
in the power forwards. We will examine correlation more closely in Part IV
when we transition to the multifactor setting. For now, it is reasonable to
work under the assumption that term correlations are in the low to middle
90s (in percent).

The results for our working problem are shown in Figure 9.7 for a range of
correlations. In what follows, we will take ρ = 0.90 as our working implied
correlation, which yields a value of

• Up-front: $ 8.809/MWh
• PV: $1,183,881
• $/kW-mo: $2.964

The fraction of intrinsic value to total value is 0.909.

The Value Surface

A natural representation of the value of a spread option with zero strike is
given in (A.21), which in the present setting takes the form

V [0,F(0,T1),G(0,T2)] = d(τ )G(0,T) [H(0,T)N(d1) −H∗N(d2)] (9.12)

with

d1,2 =
log
[

H(0,T)
H∗

]
± 1

2 σ̂ 2

σ̂
(9.13)
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The implication is that if the forward heat rate H(0,T) is held constant, the
value of the option is linear in G(0,T). Figure 9.8 shows the value surface for
the toll, where it is clear that the highest values are achieved at high natural
gas prices and high heat rates.

Delta and Gamma

Turning our attention to hedging, the deltas for the spread option are as
shown in (A.23) and (A.25). When modified by discounting and the conver-
sion factor H∗ as in (A.33), as well as multiplied by the notional (9.11), we
get

∂V
∂F

= d(τ )QN(d1)
∂V
∂G

= −d(τ )QH∗N(d2) (9.14)

In our working example, the power delta is 112,978 MWh, which is 337 MW
or roughly seven 50-MW blocks; this is what would be sold to hedge this toll.
The natural gas delta is −119.312 lots or 3.85/day, which rounds to 33

4 per
day.

The gamma for a spread option is a matrix (or Hessian):

� = d(τ )Q
N′(d1)

σ̂




1
F(0,T)

− 1
G(0,T)

− 1
G(0,T)

F(0,T)
G2(0,T)


 (9.15)

The diagonal terms are both positive, as expected, given the similarity of the
valuation results to single-commodity options. The cross-gamma term is neg-
ative: increasing the value of the second leg G(0,T) lowers the moneyness of
the option, thereby reducing ∂V/∂F.

Collectively, � as a matrix is positive-definite; for any vector �α,

�α†��α = d(τ )Q
1
F

N′(d1)
σ̂

(
α1 − F

G
α2

)2

≥ 0 (9.16)

This is to be expected: a spread option is an option – when delta-hedged, all
directions point up.

In our example, the � takes the value

� =
(

3564 −44,307
−44,307 550,771

)
(9.17)

Units are important here: �(1,1) is in units of Q/F or MWh2/$, which is
more appropriately thought of as MWh/($/MWh) – the change in the power
delta ∂V/∂F per change in the notional price of power. Similarly �(2,2)
has units MMBtu/($/MMBtu) and �(1,2) has units of MWh/($/MMBtu) or
MMBtu/($/MWh), however you choose to view it.

Because � is positive semidefinite and symmetric, it is interesting to diag-
onalize the matrix to see where the convexity is – or rather is not. Note that
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the determinant of � is zero, and the matrix is singular. The eigenvalues are

λ1 = 0

λ2 = d(τ )Q
N′(d1)

σ̂

[
1

F(0,T)
+ F(0,T)

G(0,T)2

]

The eigenvector corresponding to λ1 = 0 is9

�v1 =

 F(0,T)

G(0,T)
1


 (9.18)

This is saying that there is no convexity when �F = H�G, that is, when the
market heat rate H(t,T) is constant. This is easily seen from (9.12), where
the value surface, viewed as a function of gas price and heat rate, is linear in
G(0,T) when H(0,T) is held fixed.

The second eigenvector is

�v2 =




1

− F(0,T)
G(0,T)


 (9.19)

Convexity is maximal for price changes in which �G = −H�F. This is in a
direction that is not particularly relevant to empirical natural gas and power
dynamics: in this direction, a $1 increase in forward power prices is asso-
ciated with a roughly $12 drop in natural gas prices, hardly an expected
event.

Impact of Contract Size on Hedging

The high empirical correlations that we saw earlier imply movements that
are predominantly in the v2 zero-convexity direction. This begs the question:
How much would prices have to move to yield a change in � that could
actually be hedged? Recall that you can only trade 50-MW blocks of power
in eastern U.S. power markets.

Figure 9.9 shows the change in power delta (converted to MW) as a func-
tion of a change in heat rate holding natural gas prices constant: To see a
change in delta of 50 MW requires a drop in heat rate of nearly 0.50 point.

To put this in context, Figure 9.10 shows a history of the forward heat rate
for the July 2010 contract as well as the distribution of five-day heat-rate
changes. Heat-rate changes of the magnitude required to result in a 50-MW
change in power delta for our toll are not particularly frequent occurrences
on the time scale of a week, suggesting that attempting to monetize extrin-
sic value by delta hedging is not going to be a particularly fruitful affair. A

9 Here �v is not of unit norm, but it is more intuitively useful, as shown here.
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Figure 9.9. Change in power delta (MW) versus change in heat rate.
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Figure 9.10. July 2010 heat-rate history and histogram of five-day changes.
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400-MW toll is considered to be of noteworthy size. While the toll we ana-
lyzed here involved monthly exercise, the 50-MW contract size is also a very
significant market friction for daily structures.

This point is often either unknown or unspoken. Contract size in com-
modities hedging, particularly in power, severely impacts one’s ability to
capture modeled extrinsic value and results in a level of incompleteness
that certainly must give one pause before applying the basic tenants of
risk-neutral valuation.

Vega

The Margrabe valuation formula in (9.5) is identical to a call option with
underlying price F struck at H∗G(0,T), with the modification that the term
volatility is given by (9.7):

σ̂ 2 = τ

(
σ 2

F +σ 2
G − 2ρσFσG

)
(9.20)

The standard vega calculation yields

∂V
∂σ̂

= d(τ )F(0,T)N′(d1) (9.21)

As for a single underlying option, the vega with respect to the term volatility
is positive. Applying the chain rule yields the vegas with respect to the two
underlying volatilities:

∂V
∂σF

= ∂V
∂σ̂

∂σ̂

∂σF
= d(τ )F(0,T)N′(d1)

τ
1
2 (σF −ρσG)

σ̃
(9.22)

where the second equality is obtained by implicit differentiation of ∂σ̂ 2/∂σF.
By symmetry, we also have

∂V
∂σG

= d(τ )F(0,T)N′(d1)
τ

1
2 (σG −ρσF)

σ̃
(9.23)

The implication is that

sign
(

∂V
∂σF

)
= sign(σF −ρσG)

sign
(

∂V
∂σG

)
= sign(σG −ρσF)

because σ̃ is positive.
An important consequence is that one of the vegas will be negative if

min
(

σF

σG
,
σG

σF

)
< ρ
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Figure 9.11. Tolling vegas versus correlation.

Moreover, we know from our working examples that correlations, both
estimated and implied, often are very close to unity.

It is often assumed that a long option position has positive vega, or in this
case vegas. Commodities spread options often violate this notion, but the
intuition is simple: if the correlation of the two assets is high, and if σF > σG,
then any increase in σG reduces the volatility of the spread σ̂ . Increasing the
lower volatility allows the associated underlying price to “keep up with” the
changes in the price of the higher-volatility leg, thereby lowering the option
value.

Returning to our monthly tolling example, natural gas volatility exceeded
that of power, and the correlation threshold for negative vega is σF/σG =
0.882. We expect, therefore, to see ∂V/∂σF be negative. This is in fact
the case, as seen in Figure 9.11, which shows both vegas as a function of
correlation.

Non-zero Strikes: Numerical Methods

In practice, one typically encounters nonzero strikes:

V [0,F(0,T),G(0,T)] = d(τ )Ẽ
{

[F(τ ,T) −H∗G(τ ,T) −K]+
}

(9.24)
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The presence of a nonzero strike precludes the closed-form solutions
obtained in Appendix A. In the tolling setting, values of the peak power
forward prices historically have been of the order of $50 to $100 depending
on natural gas prices and delivery location; the value of the strike K repre-
sents variable operation and maintenance (VOM) costs, which are typically
between $3 and $6 per MWh. The strike K is therefore often a nontrivial
percentage of the underlying commodities prices.

There are two ways to proceed: numerical integration or approximation
methods. In most settings, the number of underlyings is small – typically
just two. This renders numerical integration tractable and preferred, espe-
cially given modern computational capabilities. We will, however, discuss
approximation methods, many of which were developed to deal with higher-
dimensional baskets such as those that arise in equities and for which
quadrature is not a viable approach. These continue to be used by some
practicitioners and commercial risk systems.

The key observation for the direct approach of numerical integration is
that conditional on G(τ ,T), the distribution of F(τ ,T) remains log-normal:

G(τ ,T) = G(0,T)eσGBG(τ)− 1
2 τσ 2

G

F(τ ,T) = F(0,T)e
σF

[
ρBG(τ)+

√
1−ρ2W

]
− 1

2 τσ 2
F

Conditioning on G(τ ,T) or, equivalently, setting BG(τ ) = τ 1/2z, yields

F(τ ,T) = F(0,T)e
(
ρσFτ1/2z−1/2τρ2σ 2

F

)
e

[
σF

√
1−ρ2W−1/2τ

(
1−ρ2

)
σ 2

F

]
(9.25)

Denoting the “modified” forward and strike by

F̃(0,T) (z) ≡ F(0,T)eρσFτ1/2z−1/2ρ2τσ 2
F

K̃(z) ≡ K+G(0,T)eσGτ1/2z−1/2τσ 2
G

we have:

V [0,F(0,T),G(0,T)] =
∫ ∞

−∞
B
[
F̃(0,T),K̃,T,σF

√
1 −ρ2

]
φ(z) dz (9.26)

where B denotes basic Black valuation of a call option, and φ(z) is the
standard normal probability distribution function (pdf). The benefit of this
calculation is that B can be evaluated analytically, thereby avoiding the need
for a two-dimensional quadrature. Various methods can be used. A fast and
simple approach, especially for prototyping, is to create a uniform probabil-
ity grid by letting I ≡ { 1

N , . . . , (N − 1)/N} and then letting Z ≡ N−1 (I). The
integral is then approximated as

V [0,F(0,T),G(0,T)] ≈
∑
z∈Z

B
[
F̃(0,T),K̃,T,σF

√
1 −ρ2

]
(9.27)
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More sophisticated quadrature methods typically would be used in produc-
tion settings.

Nonzero Strikes: Moment Methods

Numerical integration is fast enough to render approximate solutions nec-
essary. Nonetheless, a number of approximation methods are standard in
many production risk systems, and it is useful to have an assessment of the
accuracy of the methods.

One class of approaches is based on the approximation that the dynamics
of G̃(t,T) = G(t,T) + K̃, with K̃ ≡ K/H∗, is close to that of a GBM when
K̃ is small. Note that K is normalized by H∗ so that F(t,T) − H∗G̃(t,T)
is the required spread. The approximation methods distinguish themselves
with respect to how the volatility σG̃ is obtained from σG. Once calculated,
valuation is rote application of Margrabe.

Two well-known approaches are

• The Kirk approximation [Kir95]. The simple heuristic underpinning this approach
is that the size of the returns is altered by the constant K based on the initial value
of second leg10:

σG̃ = σG
G(0,T)

G(0,T)+ K̃
(9.28)

• The Levy approximation. This is a moment-matching method based on the
observation that a log-normal random variable L has the following moments:

E(L) = eµ+1/2σ 2

E(L2) = e
2
(
µ+σ 2

)

from which we have:

σ 2 = log

[
E
(
L2)

E(L)2

]

For a spread option with nonzero strike, if we assume that G(t,T) + K̃ is log-
normal, the following must hold:

τσ 2
G̃

= log




E
[
(G(τ ,T)+ K̃)2

]
E
[
G(τ ,T)+ K̃

]2


 (9.29)

= log




G2(0,T)eσ 2
GT + 2K̃G(0,T)+ K̃2[

G(0,T)+ K̃
]2




where the second equality follows from

E
[
G2(τ ,T)

]
= G2(0,T)E

(
e2σ 2

GBτ− 1
2 σ 2

Gτ
)

= G2(0,T)eσ 2
Gτ (9.30)

by the properties of moment-generating functions of normal random variables.

10 See [AV11] for a more refined exposition and minor modification of this method.
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These two approximation methods are practically the same in the relevant
parameter regimes. Expanding (9.29), we have

τσ 2
G̃

= log


1 +

G2(0,τ )
(

eσ 2
Gτ − 1

)
G2(0,τ ) + 2K̃G(0,τ ) + K̃2




≈ G2(0,τ )

G2(0,τ ) + 2K̃G(0,τ ) + K̃2

(
eσ 2

Gτ − 1
)

≈ τσ 2
G(0,τ )

G2(0,τ )[
G(0,τ ) + K̃

]2

which is exactly the Kirk approximation. The approximate equivalence
holds when both σ 2

Gτ and K̃ are small.
Figure 9.12 compares the results of these approximations with those of

the quadrature (numerical integration) for our tolling example as a function
of strike K. As expected, the Kirk and Levy approximations are practically
identical, and the accuracy is quite good. Recall, however, that we are deal-
ing with a situation in which expiry τ = 0.452 is reasonably small. If, for
simplicity, we keep all market data the same but increase the expiration
time to τ = 4, the errors start to become relevant, nearly 1 percent at typical
strikes, as seen in Figure 9.13.
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Figure 9.12. Comparison of approximation methods: short-tenor case.
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Figure 9.13. Comparison of approximation methods: long-tenor case.

The speed with which quadrature can be applied leaves little need for
deployment of these methods in production risk systems.

Nonzero Strikes: Modeling the Spread

The underlying premise of Margrabe is that both underlying prices are mod-
eled and calibrated separately to market data and that correlation assump-
tions are what tie them together. Another train of thought in the effort to
arrive at closed-form valuation formulas for nonzero strikes involves posit-
ing that the relevent spread itself is governed by a diffusion – a reduction
to a single factor. This method is described in a survey by Carmona and
Durrleman [CD03] that compares methodologies for valuing spread options
and that we will follow closely here. As we will see, there are significant
problems with modeling the spread directly, although this approach is also
commonly used.

Unlike an asset price, which is of positive value, a spread can take either
sign. The simplest spread model is arithmetic Brownian motion with drift,
sometimes referred to as the Bachelier model:

dSt = µSStdt+σSdBt (9.31)

where St is a spot (cash) price spread. The drift µ must account for costs of
carry, dividends, and storage.
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Because we are focusing on forward spreads of the form St ≡ F(t,T) −
H∗G(t,T), the martingale property of the two underlying legs is inherited by
St so that

dSt = σSdBt (9.32)

This simple diffusion yields straightforward pricing formulas, and some
practicioners favor this approach for perceived simplicity.11

There are different ways to implement calibration and valuation using
(9.32). The simplest is to calibrate S to the current forwards, which is triv-
ially accomplished by setting S(0) = F(0,T)−H∗G(0,T). One then sets σS to
match a traded spread option, assuming that a liquid market exists for the
spread option in question. Working under this assumption, we have

mτ ≡ E(Sτ ) = F(0,T) −H∗G(0,T)

s2
τ ≡ var(Sτ ) = σ 2

S T

Option valuation is then a simple direct integration; for example, the value
of the call max(Sτ −K,0) is

V(0,S0) = e−rτE
[
(mτ + sτ Z −K)+

]
(9.33)

= e−rτE
[
(mτ − sτ Z −K)+

]
= e−rτ

∫ mτ −K
sτ

−∞
(mτ −K− sτ )dz

= e−rτ
[
(mτ −K)N

(
mτ −K

sτ

)
+ sτ φ

(
mτ −K

sτ

)]

where, as usual, N and φ are the standard normal cumulative distribution
function (cdf) and pdf, respectively. The second equality results from the
symmetry of the distribution of Z and yields a simpler formula at the end.

The most important consequence of this result is that, by construction, the
deltas of the two legs always have the ratio H∗ because

∂V
∂G

= ∂V
∂S

∂S
∂G

= −H∗
∂V
∂S

∂S
∂F

= −H∗
∂V
∂F

regardless of the prevailing forward prices of the two underlying commodi-
ties. This result is an immediate consequence of the calibration assumptions
and is questionable, as we will show shortly.

Another obvious weakness to this approach is that the vegas that a trader
has to deal with expand with each new spread – each new spread volatility
σS(H∗) is an additional risk parameter for every new H∗ traded. Each σS(H∗)

11 We could add backwardation of volatility by allowing σ to be a function of time, but the purpose
here is to discuss the distinctions between the arithmetic versus Margrabe approaches.
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vega is unrelated not only to other spread vegas but also to vegas of the
underlying volatilities σF and σG. Furthermore, we know that there must be
a relationship because setting H∗ = 0 is in fact a single-commodity option
with F(t,T) as the underlying.

A more sophisticated approach to modeling the spread directly is to cal-
ibrate s2

τ to the implied volatilities and correlations of the two underlying
legs. The reason for proceeding this way is that consistency with single-
commodity options markets is maintained, and the point of modeling the
spread is that closed-form solutions for nonzero strikes are maintained
via (9.33). Standard moment-generating function calculations (see [CD03])
yield

s2
τ = F(0,T)2(eσ 2

Fτ − 1
)− 2F(0,T)G(0,T)

(
eρσFσGτ − 1

)+G(0,T)2(eσ 2
Gτ − 1

)
(9.34)

It is worth contrasting the results with those obtained using Margrabe
quadrature.

We will begin by examining the differences as a function of H(0,T) ≡
F(0,T)/G(0,T) in the case of zero strike (K = 0) using our working example.
While the spread modeling is intended to facilitate closed-form solutions for
nonzero strike, robustness of results to underlying market data is important,
and starting with K = 0 has its advantages. Rewriting (9.34) as

s2
τ = G(0,T)2

[
H(0,T)2

(
eσ 2

Fτ − 1
)

− 2H(0,T)
(
eρσFσGτ − 1

)+
(

eσ 2
Gτ − 1

)]
(9.35)

we see that when K = 0, the value of (9.33) takes the simpler form

V(0,S0) = e−rτG(0,T)� [τ ,H(0,T)] (9.36)

where

� [τ ,H(0,T)] = [H(0,T) −H∗]N
[

H(0,T) −H∗
ητ

]
+ητ φ

[
H(0,T) −H∗

ητ

]

and

ητ ≡
[
H(0,T)2

(
eσ 2

Fτ − 1
)

− 2H(0,T)
(
eρσFσGτ − 1

)+
(

eσ 2
Gτ − 1

)]1/2

The point of (9.36) is that as with the Margrabe result (9.12), the value also
scales linearly with G(0,T) if we hold H(0,T) constant. This means that we
only need to focus on the heat rate in contrasting the approaches.

Figure 9.14 shows valuation comparisons between Margrabe and the
spread model for the monthly toll. Note the degrading performance as the
market heat rate decreases relative to the tolling heat rate H∗ = 11.0 when
viewed as a ratio. Greeks also exhibit inaccuracies. Figure 9.15 shows the
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Figure 9.14. Value comparison of spread model to Margrabe.
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Figure 9.16. Delta ratio comparison of spread model to Margrabe.

power and natural gas deltas (per unit notional), which might appear accept-
able. However, viewed as ratios, the situation becomes more questionable,
as shown in Figure 9.16, where the deltas can differ by as much as 25 percent
over the heat-rate range shown.

Finally, Figure 9.17 shows the hedge ratios, that is, the ratio between
power and gas deltas. The first observation is that as with the other pre-
ceding metrics, the departure between the two methods increases as H(0,T)
decreases. More interesting, however, is to note that in both cases the
hedge ratios required are altogether different from H∗ = 11.0 implied by
the simple-minded application of spread valuation first discussed.

This analysis shows that one must view spread models with caution. How-
ever, the purpose of the spread approximation is to handle nonzero strikes.
Figure 9.18 shows results similar to the preceding analysis but by strike K.
A nonzero strike in effect lowers the market heat rate, hence the similari-
ties with earlier results. Likewise for Greeks and for hedge ratios, which we
show in Figure 9.19.

Ultimately, the computational challenges of numerical integration are
minimal, rendering approximations typically unnecessary – that is, unless
there is a reason to believe that modeling the spread is somehow justified
empirically. This, however, does not seem to be the case. We have seen
before that ratios between commodities prices exhibit nonlinear structure
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Figure 9.19. Hedge ratio comparison by strike.

versus one of the single-component prices. For example, in Figure 6.10 we
saw that heat rates expand as the natural gas price in the denominator
decreases. The following figures show similar results in the settings of spark
spreads and heat rates.

Figure 9.20 shows the behavior of the heat rate versus the natural gas price
in the top figure and, more pertinently, the H∗ = 11 spark spread F(t,T) −
H∗G(t,T) versus the gas price in the lower figure. Treating each idiosyncratic
spark spread as a separate underlying stochastic process omits the systematic
response to natural gas prices shown here, which is ultimately the origin of
the nontrivial power and natural gas deltas discussed earlier.

Turning to crack spreads, Figure 9.21 shows the results for the unit crack
spread (H∗ = 1) between heating oil and WTI. While the unit crack spread
FHO(t,T) − FWTI(t,T) is arguably nearly independent of WTI prices, ratios
other than H∗ = 1 would exhibit more structure, and refiners are not always
asking for hedges at exactly the ratios implied by the commonly traded crack
spreads.

The point is that even in a primitive way, Margrabe dynamics with prop-
erly set volatilities and correlations exhibit structure qualitatively similar to
that shown in these figures. Later we will discuss more sophisticated methods
than correlated GBMs for generating realistic distributions of multiple com-
modity prices. However, one-factor diffusion models of commodity spreads
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Figure 9.20. PJM versus Henry Hub December 2010: heat rates and spark spread.
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Figure 9.21. Heating oil versus WTI December 2010: conversion ratios and crack
spread.



Correlation 217

simply cannot generate these empirical features, making the case for sepa-
rate stochastic processes driving each commodity leg compelling, even if a
computational cost is involved.

The Volatility Lookup Heuristic and Correlation Skew

The treatment of skew via the volatility look-up approach based on price
ratio was purely heuristic. Some researchers have examined this subject; see,
for example, work by Alexander and Venkatramanan [AV11], although rig-
orous bounds on errors sustained by this method have yet to be established.

Numerical tests are the fastest way to shed some light on this issue. As an
example, consider the following jump-diffusion setup:

• A spread option with tenor of τ = 1/2 year
• Power and gas forwards of F(0,T) = $100 and G(0,T) = $10
• Heat rates spanning the interval 8 ≤ H∗ ≤ 12

The simulation results that follow are based on 106 independent standard
normal deviates �Zn, where each �Zn ∈ R

2. Poisson jumps with an arrival rate
of four per year and a size of two were added to Zn,1. The { �Zn}N

n=1 were nor-
malized to unit standard deviation and linearly transformed to yield �Xn with
correlation ρ = 0.90; this results in skew for both commodities. The resulting
returns (to time τ ) distributions were normalized to have a standard devia-
tion of 0.50 and 0.60 for the two legs, respectively. Figure 9.22 shows the
skew for the two legs.

Given these nonnormal joint returns distributions with volatility levels
and skew that are qualitatively similar to those seen in market data, we can
now compare Monte Carlo valuation, which we will label “exact,” versus
the value obtained using the volatility look-up heuristic. Figure 9.23 shows
the results comparing exact valuation with the volatility look-up methods as
a function of heat rate. The top plot shows the value of the toll using the
two approaches. The coincidence of the results is deceptive. The middle plot
shows the percentage premium of the approximation over the exact value.
Most transacted tolls correspond to heat rates below 10, where the errors
in this experiment are under 2 percent. That said, 2 percent is a big num-
ber when applied to the fully loaded value of the toll – including intrinsic
value. The bottom plot shows the ratios of extrinsic values, which are more
ominous, with low heat rates seeing ratios above 1.5. Another way to char-
acterize this error is shown in Figure 9.24, in which the difference in extrinsic
value is converted into an equivalent change in σG by dividing the difference
by the σG-vega. Here we see that the error in extrinsic value can be sev-
eral volatility points, which is at least a factor of two larger than the typical
bid-offer spread of, say, natural gas volatility at such tenors and strikes.

The moral of the story is that while this is an appealing heuristic and one
that is easy to implement, valuation errors cannot be ignored, and valuation
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adjustments based on more sophisticated off-line12 simulation methods are
used by some practitioners to calculate valuation adjustments.

The numerical experiment also can be used to illustrate how the appear-
ance of a correlation skew can arise purely out of volatility skew. If we
calculate a Margrabe implied correlation based on the exact values and
relevant market data (forwards and volatilities obtained by look-up and
therefore including skew effects), the implied correlation varies with heat-
rate as seen in Figure 9.25. Note that this is purely an artifact of the
interaction of skew with the Margrabe formulation. The underlying corre-
lation structure of returns was the same for each heat rate H∗. This exhibits
another basic weakness of applying skew heuristics to spread options –
namely, that skew risk can manifest as spurious correlation risk simply due
to the look-up heuristic (see [AV11]).

Conclusion

Spread options constitute the major source of natural optionality aris-
ing from energy infrastructure and the related hedging requirements for
financing, acquisition, and earnings management. Analysis of spread options
requires the additional complexity of correlation.

The key results are

• The Margrabe formula is based on the assumption that the underlying price pro-
cesses are correlated geometric Brownian motions and yield an exact solution for
spread options with zero strikes.

• Convexity in a spread option is zero in the direction implied by the conversion
factor (H∗): �F = H∗�G. Gamma is greatest in the orthogonal direction.

• The implied correlations of spread options in energy markets can often be quite
high, resulting in vegas of mixed sign.

• High implied correlation also means that the dominant forward price changes are
in the zero-gamma direction, which can result in a severe impact on the ability of
the hedger to monetize the extrinsic value due to standard traded contract size.

• For spread options on two commodities with nonzero strikes, numerical quadra-
ture is preferable to approximation methods, whether based on moment matching
or on modeling the underlying spread directly.

• Heuristic methods to deal with skew in the Margrabe setting induce errors that
can be relevant at conversion factors H∗ well away from the money and also
induce the appearance of correlation skew.

12 The term off-line means not in production risk systems that run batch valuation on a daily basis.



Part IV

Multifactor Models

In Part III we addressed a series of problems that focused almost exclusively
on structures with payoffs depending on the price process of a single under-
lying contract. Single-factor models were sufficient to establish reasonable
valuation and to craft hedging programs provided that sensible decisions
were made regarding model form and calibration.

Many franchise and merchant energy desks confront far more complex
situations, including structures that depend in a nontrivial way on multiple
forward prices and options structures with exercise mechanics on a range of
time scales. A simplistic approach is to push the use of single-factor mod-
els to more complex situations, approximating multiple contract payoffs as
arising from the dynamics of a single diffusion and using entirely separate
models for different settings even if these are obviously closely related.

Multifactor models can provide (somewhat) holistic frameworks for val-
uation of large classes of related structures. The resulting benefit is that
comparable risk metrics and hedging programs can be used for portfolios
consisting of a broad set of trade types.

We will start by discussing the motivations for the deployment of multi-
factor models in the context of energy structures. This will be followed by the
introduction of a standard Gaussian multifactor forward model that main-
tains a high degree of tractability while dramatically increasing the types of
structures that can be handled collectively. This will be followed by a survey
of various multifactor modeling paradigms, the relationships between them,
and their relative strengths and weaknesses.
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Covariance, Spot Prices, and Factor Models

The term multifactor model is very broad, encompassing any model-
ing framework in which multiple stochastic processes, often correlated
Brownian motions, drive a set of asset prices. We know from the factor anal-
ysis in Chapter 5 that the volatility of the second PCA factor is c ertainly
present, with a volatility of roughly 20 percent of that of the first factor
for crude oil and natural gas. This would suggest that structures with non-
linear dependence on multiple forward prices will require something more
than a single Brownian motion. Moreover, single-factor models do not pro-
vide the flexibility required to unify and synthesize closely related market
data.

Consider the following questions:

• How should we value more complex structures in which the payoff depends
explicitly on the joint dynamics of many forward prices? These can arise in rel-
atively simple settings such as strips of “vanilla” options structures with a total
capped payout (TARN structures) or more complex situations such as natural
gas storage, which requires a control theoretic framework applied to the entire
forward curve.

• How do we accommodate the broad separation of time scales in price dynam-
ics from “long-wavelength” features in which the entire forward curve moves in
tandem (think of the first factor) to spot price dynamics? For example, in power,
price dynamics is driven by factors with characteristic time scales of the order of
a few days.

• How do we construct models that can be calibrated efficiently to multiple option
types? This is closely related to the preceding point. In the context of crude oil,
European, American, and Asian options all commonly trade. Monthly and daily
options, in addition to annual swaptions, trade in power and natural gas markets.

• Liquidity in correlation structures is concentrated at short tenors (if any liquidity
exists at all) in any given market. How can we extrapolate to correlation struc-
tures at longer, less-liquid tenors? This pertains not only to the intracommodity
setting but also to cross-commodity structures such as tolls, which depend on the
nontrivial behavior of returns correlations between the two underlying prices.
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Most important, how do we handle all of this in a tractable setting? Quests
for extremely realistic models usually result in valuation behemoths that can
be prohibitively slow and too unstable for deployment in production risk
systems. Although the relentless improvements in computational speed have
helped matters, the search for viable models that are consistent with relevant
empirical observations and market data continues.

Factor Models

Our first valuation efforts started with nonstandard option expiration in
Chapter 7. There we saw that even for option structures depending on
only one underlying forward price, using the information embedded in
the implied volatilities of all contracts yielded more sensible results. We
approached this problem in a single-factor setting defined in (7.14):

dF(t, �T)

F(t, �T)
= σ (t, �T)dBt (10.1)

where one Brownian motion drove the dynamics of the entire forward
curve. At the time our focus was on the construction of reasonable forms of
σ (t,T), and because, we were not dealing with spreads, we argued that the
dominance of the first factor provided some justification for this approach.

An obvious and quite general extension of (10.1) ascribes a distinct
Brownian driver to each contract:

dF(t,Tj)
F(t,Tj)

= σj(t,Tj)dB(j)
t (10.2)

with the Brownian motions in general correlated: 〈dB(i)
t ,dB(j)

t 〉 = ρij(t). This
specification alone does not accomplish very much. The real challenge is
crafting parameterizations of the volatility functions and the correlation
structure that facilitate efficient calibration and valuation while maintaining
consistency with empirical facts so that extrapolation from sparse market
data is plausible.

Broadly speaking, there are two approaches to reducing general multi-
factor specifications such as (10.2) to more tractable forms. One approach
starts by using diffusions to jointly describe the dynamics of the spot price
and the instantaneous convenience yield, from which forward prices and
implied volatilities are calculated. The other proceeds in the HJM tradition
(see [HJM92]), with specification of forward returns factors and calculation
of the drifts required in a risk-neutral setting. These two modeling paradigms
are analogous to the distinction between short rate and factor models in
interest rates [BR96]. We will compare these approaches in a later chapter;
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for now, however, we will focus on Gaussian HJM-style models of the form

dF(t,T)
F(t,T)

=
J∑

j=1

[
σj( · )�j(T − t)dB(j)

t

]
(10.3)

The volatilities σj( · ) are usually functions of either spot time t or delivery
time T, precisely the little-t and big-T dichotomy from Chapter 7. In addi-
tion, the factors � are almost always chosen to be exponentials for reasons
of tractability, in which case the dynamics take the form

dF(t,T)
F(t,T)

=
J∑

j=1

[
σj( · )e−βj(T−t)dB(j)

t

]
(10.4)

The factor decay rates βj will turn out to be mean-reversion rates of under-
lying diffusion processes, but for now, the intuition is that the factor e−β(T−t)

affects the forward curve at delivery time scales of 1/β. A low β factor drives
the forward curve “globally,” while a factor with a high value of β primarily
affects nearby forward prices.

The Gaussian exponential modeling (GEM) framework was introduced
in the energy setting by Clewlow Strickland [CS99] and is a straightforward
extension of the original HJM modeling in the rates setting [HJM92]. Other
researchers introduced precursors to this framework, notably [Gab91].
Although this modeling approach is commonly used, it is by no means
the only way to describe the multifactor dynamics of commodities for-
ward curves. We will discuss other approaches, many of which are, broadly
speaking, quite similar to ( 10.4), in Chapter 12.

How useful are factor models of this form at addressing our preceding set
of questions?

Aside from its obvious limitations, that is,

• Returns are normal, and skew requires ad hoc approaches, and
• Covariance surfaces are stationary and deterministic,

the form of (10.4) is robust enough to make compelling representations of
covariance structure, spot dynamics, and cross-commodity correlations.

Multifactor models are effective at unifying the valuation of many dif-
ferent option types on the same underlying commodity forward curve.
However, multifactor models do not eliminate and, in fact, can increase the
need for parameter estimation. There are rarely enough liquid options to
calibrate all parameters of a model, and inference is almost always required
to fill in the gaps.

The nature of the given commodity market and the structures that are
typically traded play an important role in guiding model selection. A useful
dichotomy categorizes markets according to the time scales involved in
typical structures:
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• Long-time-scale markets. These are commodities markets in which most traded
structures involve time scales at or beyond monthly delivery. Crude oil and
closely-related refined products, as well as coal, are examples of such commodi-
ties because typical swaps and options refer to monthly delivery or averages of
the first nearby contract prices. In such markets, there is a limited notion of the
price of the commodity for immediate delivery. Price-reporting agencies such as
Platts and Argus publish “spot” prices for crude oil, but these are based on trades
with delivery extending into the delivery period of the first benchmark contract
[Fat11]. This effectively puts a lower bound on pricing time scales.

The primary modeling goal in such markets is the valuation and hedging of
multiple contract structures. The factor decay rates are either obtained through
estimation using historical returns or set by calibration to multiple traded options
types. These are usually in the ranges of β1 ∈ [0,0.5] and β2 ∈ [1,10], corresponding
to factors that affect the forward curve on time scales of many years and fractions
of a year, respectively.

• Short-time-scale markets. In these markets, which include natural gas and power,
there are well-defined spot prices that play a central role in contract mechanics
and risk management. Swaps and options structures referencing daily (or even
hourly) spot prices commonly trade.

The primary modeling goals in these markets is the valuation and hedging of
both single-commodity and cross-commodity correlation structures, usually with
daily spot price exposure. As we will see shortly, in these markets it is imperative
to have a high-β factor to accommodate the spot price dynamics. While one can
bolt a third factor onto the long-time-scale paradigm, it is more common to use
two factors, with β1 ∈ [0,0.5] and β2 >> 10, thereby avoiding the complexity of
calibration associated with three or more factors.

As we proceed, it is important to bear in mind that risk-neutral valuation
constructs are devices for interpolation and extrapolation, using market data
to make inferences about the value of illiquid, nonstandard products. Signif-
icant modeling risk arises when one is extrapolating to valuation at tenors
beyond which markets typically trade or to options structures that are mean-
ingfully different from vanilla products. A good example is afforded by the
CSOs discussed in Chapter 9. As could be s een fr om the broker c hat s hown,
liquidity in CSOs is typically at short tenor and for specific contract months.
Valuation of any structure involving correlations at long tenors is an enter-
prise in extrapolating from limited correlation information at short tenors.
With this thought in mind, we turn to covariance structure.

Long-Time-Scale Covariance Structure

For a modeling framework to deal with more complex structures with
limited market data, it must be flexible enough to generate covariance
structures that are reasonably close to those observed empirically. Recall
the correlation surface for WTI shown in Figure 5.14, which exhibited the



Covariance, Spot Prices, and Factor Models 227

expected asymptotic behavior of the instantaneous correlation ρ(T,S) in T
and S. How effective are models such as (10.4) at replicating such correlation
surfaces?

The correlation between the two Brownian motions in the two-factor set-
ting could be time-varying, but in what follows we will assume that it is a
constant ρ1,2. In this case, the local volatility at time t takes the form

σ 2(T − t) = σ 2
1 e−2β1(T−t) +σ 2

2 e−2β2(T−t) + 2ρ1,2σ1σ2e−(β1+β2)(T−t) (10.5)

which subsumes the form (5.10) that we found to be a useful parameteriza-
tion of the empirical volatility term structure.

Setting t = 0 without loss of generality, the instantaneous correlation
between contracts T and S is

ρ(T,S) =
σ 2

1 e−β1(T+S) +σ1σ2ρ1,2

(
e−(β1T+β2S) + e−(β2T+β1S)

)
+σ 2

2 e−β2(T+S)

σ (T)σ (S)
(10.6)

The free parameters in (10.6) are

• The difference in the decay rates β2 −β1

• The volatility ratio λ = σ2/σ1

• The cross-factor correlation ρ1,2

The fact that the volatility ratio and the difference in βs values are the rele-
vant free parameters can be seen by noting that the returns of the T contract

can be written as σ1e−β1T
(

dB(1)
t + σ2

σ1
e(β1−β2)TdB(2)

t

)
; the prefactor σ1e−β1T

does not affect the correlation matrix.
These three free parameters provide a considerable degree of flexibility,

and sample correlation surfaces are shown in Figure 10.1 for two volatility
ratios with �β = [0.2,3] and ρ1,2 = 0.

The high-β factor serves to decouple the short-tenor returns from longer
tenors – the higher the volatility ratio, the lower is the correlation. The factor
correlation ρ1,2 serves a similar qualitative purpose, with local correlation
increasing as ρ1,2 increases. A visual comparison of the lower plot in the
figure with the empirical surface looks promising.

We can proceed more rigorously by optimizing over our parameter set to
see how close we can get the model covariance to fit the empirical covari-
ance – we are using the covariance so as to obtain estimates for β1 and σ1
and not merely for β2 − β1 and λ. Figure 10.2 shows the results of minimiz-
ing the Frobenius norm1 of the difference of the empirical and exponential
covariance matrices using WTI returns from January 2007 to December
2010.

1 The Frobenius norm of a matrix A is
√∑

i
∑

j A
2
i,j
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The top figure is the empirical covariance matrix; the lower figure is
the ratio of the empirical to the estimated. The optimal decay rates are
�β = [0.106,1.528]; the first factor decays at a tenor of nearly ten years; the
second, at about eight months. The estimated correlation between the fac-
tors is ρ1,2 = 0.119, and the respective factor volatilities (on the time scale of
one trading day) were �σ = [0.022,0.013].

This parametric fit of the empirical covariance matrix is arguably accept-
able. The short-tenor fitting errors are of the order of a few percent, which
would affect valuation of near-term CSOs, although fitting methods are
easily designed to weight shorter-tenor results more heavily. Some model-
ers espouse using three (or more!) factors, which expands the number of
free parameters meaningfully and results in even “better” fits. The conse-
quence of course, is a more challenging calibration, with more dependence
on parameter estimation and potentially a lack of stability of results due
to over-fitting and the related problem of local minima in calibration. The
main point, however, is that flexibility in covariance structure, coupled with,
as we will see shortly, a high degree of analytical tractability, has made factor
models of the form (10.4) quite popular in practice.

The estimated time scales on which the first two factors act are typically
quite consistent across commodities – the first factor having a character-
istic time scale of many years and the second of the order of a year. If
we proceeded with natural gas or power in a similar vein, perhaps mak-
ing adjustments for seasonality, we would obtain similar results. Of equal
interest, however, is the fact that cross-commodity correlations also exhibit
a nontrivial structure that becomes much more understandable in the mul-
tifactor setting. Figure 10.3 shows the average daily returns correlation
between PJM and Henry Hub using contracts between January 2007 and
December 2010 as a function of tenor.

No adjustments were made for seasonality. Note the systematic drop in
correlation at short tenors. This behavior is real, and commodities prices
that are highly correlated at long tenors typically exhibit a drop in correla-
tion as short-term information (e.g., weather forecasts or announcements of
generator or transmission outages) decouple the two markets.

As with intracommodity correlations, this phenomenon could be handled
by time-varying correlation ρ(T − t) between the two commodities’ price
returns in a Margrabe setting. However, such behavior arises much more
naturally using (10.4) for each commodity. The first long-wavelength factors
in both power and natural gas can be highly correlated, while the second
high-β factors can have a lower correlation. At long tenors, the high-β fac-
tor has been “washed out,” and correlations are high; as tenor decreases,
the influence of the second factor becomes manifest, lowering the local cor-
relation. Behavior such as that shown in Figure 10.3 falls naturally out of a
simple relationship between the respective two-factor models.
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Figure 10.3. Local correlation between PJM and NG by tenor (2007–2010).

The drop in intercommodity correlation at short tenors is due to short-
time-scale information, idiosyncratic to either market. Such short-time-scale
information leads naturally to power and natural gas spot price dynamics
and the related issue of short-time-scale optionality.

Multiple Time Scales in Options

Options in natural gas and power span the broadest time scale of deliver-
ables among energy commodities. One approach to dealing with multiple
option types is to simply treat each of these separately with its own one-
factor model. For less complex trading operations, such as hedge funds with
proprietary trading activities confined to the basic vanilla options types, this
approach may be sufficient. It is simple, unambiguous, and extremely reli-
able from an operational perspective. Only a few volatility matrices need to
be marked, and extrapolation to nonstandard structures is not required.

For more complex operations, this approach is wanting. If you are trading
many options products, such as Asian options, quarterly swaptions, forward
starters, and autoexercise daily options, in addition to the vanilla options,
the absence of a unifying model means that vegas of each option type are
unrelated to the others; hedging a less-liquid options structure with more
liquid options is outside the framework. The number of volatility surfaces
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can be very large, and maintaining a handle on the total macro vega risk of
a portfolio is challenging, if not impossible.

The breadth of time scales in natural gas and power markets is a good
example of how multifactor models help to order one’s thoughts. Before
delving into this, it is useful to review the basic options structures in these
markets, which are discussed in more detail in Appendix D:

• Annual swaptions. These are fixed-strike options exercisable just before the start
of a calendar year into a calendar swap.

• Monthly options. These are fixed-striked options that exercise just before the
beginning of the delivery month into either a swap or a forward. Monthly options
can trade as single-contract months or as seasonal or annual strips.

• Daily options. These are a set of fixed-strike daily “optionlets” usually exercis-
ing one business day before delivery/pricing date. As with monthly options, these
trade as single-contract months or as seasonal or annual strips. For peak (“5x16”)
power options, the number of optionlets is equal to the number of business of
days in the particular month (typically twenty to twenty-two).

• Daily options – forward starters. As with the fixed-strike daily options, these struc-
tures constitute a sequence of daily options. The difference is that the strike is set
based on the final settlement price for monthly delivery, hence the term forward
starter becaue the strike is floating up until the delivery month. These are most
common in natural gas markets, in which the settlement price is typically the bid-
week price (recall that the bid-week price is a volumetric average transaction price
for delivery in the upcoming month over the week prior to the delivery month).

Commonly traded options in natural gas and power involve characteristic
delivery time scales that span years to days. Judicious choice of decay rates
�β can facilitate unified valuation of these disparate option types.

Spot Price Dynamics

Daily swaps and option structures exist because spot price dynamics exposes
market participants to risks that cannot be hedged using annual or monthly
structures. We saw in Chapter 8 that the difference in implied volatilities
for monthly and daily options can be significant (see Figure 8.18). These
differences at short tenors suggest a rapidly decaying high-β behavior in the
heuristic of exponential factor models.

It is not entirely clear how one should define spot returns for energy
commodities, particularly a nonstorable commodity such as power. Returns
measure the percentage changes in the price of a single thing. In the absence
of storage, power delivered at one time is a different commodity from power
delivered at another time. Even for storable commodities such as natural
gas, limits on inventory, as well as injection and withdrawal rates, can be
binding constraints during periods of extreme supply-demand imbalance,
decoupling pricing relationships between adjacent delivery periods.
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Figure 10.4. Statistics for Henry Hub classical spot returns.

Setting these concerns aside for the moment, it is useful to have a look
at the behavior of spot returns defined in the typical fashion log

(
pd+1/pd

)
.

Figure 10.4 shows the realized returns volatility, skew, and kurtosis by cal-
endar month for Henry Hub natural gas from January 2004 to December
2011. Over the total data set, the realized spot volatility was 0.036. This
is a volatility on the time scale of one trading day; annualized, the value
is roughly a factor of 2 greater than typical monthly implied volatilities
for natural gas but certainly of the same order of magnitude. Binned by
calendar month, seasonality is visible, with realized volatility (annualized)
approaching 100 percent in early winter. There also appears to be seasonal-
ity in volatility as well as in skew (arguably) and kurtosis. Of note is that the
kurtosis, calculated over the entire data set, is 14.579.

Turning to power, which is effectively not storable, Figure 10.5 shows the
same results for PJM Western Hub peak daily spot prices. Here we see
returns volatility that is almost an order of magnitude higher than for nat-
ural gas. The average spot volatility was 0.287; annualized, this is close to
450 percent. Also, surprisingly, kurtosis is much lower than for the natural
gas case, with an average of 4.971.

The problem with using the classical definition of returns for spot prices
in power, and perhaps for natural gas as well, is that the presence of large
short-term variations and rapid mean reversion can cause drift in spot prices
of a magnitude that affects the estimation of volatility and correlation. In
the language of (10.4), this corresponds to a “spot” factor with high β and σ .
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Figure 10.5. Statistics for PJM daily peak classical spot returns.

In Appendix C, it is shown in (C.25) that spot returns drift at the slope of
logF(t,T) at T = t:

dF(t, t)
F(t, t)

= ∂ logF(t,T)
∂T

∣∣
T=t +

∑
j

σjdB(j)
t (10.7)

In the high-volatility – high-mean-reversion setting, this term can be
large – a manifestation of the limited ability to store a commodity.

A more useful definition of spot returns is

ξt ≡ log
[

F(t, t)
F(0, t)

]
(10.8)

which relates the return of the spot price in reference to the initial forward
price for the same delivery time. The issue of carry from one time period
to the next is rendered moot; returns as defined by ρt reference the same
commodity delivered at the same time and same location. For the purposes
of estimation, one needs to take t << 1, in which case we have, courtesy
of (C.27),

ξt ∼ σ2

(
1 − e−2β2t

2β2

)1/2

Z (10.9)

where Z is a standard normal random variable. This expression is devoid of
the confounding effect of large drift in spot prices and a preferable definition
of spot returns.
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Figure 10.6. PJM and Henry Hub spot returns statistics.

To this end, using a beginning-of-month contract settlement as the refer-
ence price, and referencing time t to the settlement date of the contract Te,
the modified spot returns takes the form

ξ̃d ≡ log
[

pd

Fm(Te)

]
(10.10)

where Fm(Te) is the settlement price for the last trading day of the standard
futures or forward contract for delivery in month m, and pd denotes the daily
spot price a given day d in this month.2 Because this settlement price is the
cost for uniform delivery of power or natural gas over the delivery days in
the month, this serves as the reference price F(0, t) in (10.8).3

Figure 10.6 shows historical spot returns statistics for PJM and Henry Hub
as defined in (10.10) by calendar month in the sense that all returns in Jan-
uary during the interval January 2004 to December 2011 were viewed as a
single data set. The top plot shows the seasonality in spot returns volatil-
ity. Power spot volatility is dual peaking in summer and winter, whereas
natural gas peaks solely in the winter. The skew statistics in the middle plot
seem largely devoid of structure. Kurtosis is slightly greater in power, in part

2 For power, a daily spot price is the average hourly spot prices over the delivery bucket. So a “5x16”
daily spot price is the average of the sixteen peak hourly spot prices over the day.

3 This definition will, of course, fail for negative daily spot prices, and the analysis here does not apply
to markets with negative daily average spot prices.



Covariance, Spot Prices, and Factor Models 235

because of a price spike contributing to the high kurtosis in May. However,
the existence of fat tails in the summer months is evident.4

The spot returns (10.10) also provide a mechanism for estimating mean-
reversion rate: β2 in a two-factor world. In Appendix C [see Eq. (C.30)] it is
shown that over short time scales, the correlation of spot returns decays as

〈ξt,ξt+s〉 = e−β2s (10.11)

The point is that the rate of decay of the spot return autocorrelation function
(ACF) is determined at short time scales (t << 1) by the fast “spot” factor,
as one would expect.

We will apply this result directly to power price data momentarily, but
first it is interesting and informative to analyze the effects of the dominant
fundamental driver of spot prices – weather. Reliable weather data at a large
number of meteorologic stations spans fifty years or more, as opposed to, at
best, a little over a decade of power price data of questionable stationarity.
Analysis of weather correlation provides a guide as to what time scales are
pertinent to both power and natural gas spot price dynamics.

Figure 3.42 showed the relationship between PJM Western Hub spot
prices and PJM Classic Load. The conditional variance of price given load
var(ph|Lh) is quite large; knowing only Lh, it would still be hard to prop
trade based on the conditional mean. This is due in part to other relevant
variables, notably fuel prices and seasonal maintenance cycles. More sophis-
ticated regression-based models, which remove the effects of seasonality and
fuel prices, reduce price forecasting error significantly. Load is, however, a
primary determinant of the distribution of spot prices. We also saw the effect
of temperature on realized load in Figure 3.37. Together these two observa-
tions imply what all power traders know – temperature is a primary driver
of spot power prices.

Figure 10.7 shows historical daily average temperature at KPHL, a
NOAA5 weather station in Philadelphia in the heart of the PJM power
market. Daily average temperature refers to the arithmetic average of the
daily high and low temperatures measured on the respective day rounded
to the nearest 1/2oF; it is not an hourly (or continuous) average of realized

4 For skew, the estimator is √
N(N − 1)
N − 2

1
N
∑

n [xn − µ̂]3

σ̂ 3

where N is the sample size, and σ̂ is the unbiased estimator of the standard deviation. Similarly for
kurtosis, the estimator is

(N + 1)N2

(N − 1)(N − 2)(N − 3)

1
N
∑

n [xn − µ̂]4

σ̂ 4
+ 3

[
1− (N − 1)2

(N − 2)(N − 3)

]

5 The National Oceanic and Atmospheric Administration.
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Figure 10.7. Historical average daily temperature at KPHL.

temperatures. This definition of daily average temperature is the primary
underlying index in weather derivatives markets and is used for simplicity of
calculation and verification. It also suffices as a regression variable in most
price risk analysis, with relatively little to be gained by inclusion of finer
structure.

The seasonality in daily average temperature should come as no surprise
to anyone paying attention to his or her surroundings. However, in order to
extract correlation structure, we need to deal with seasonality in the mean
and variance of daily temperature distributions. A common and effective
modeling approach starts with the premise that daily temperature τ has
dynamics of the form

τd = µ(d) +σ (d)Xd (10.12)

where d denotes day and Xd is a stationary time series, of a simple ARMA
model.6 The subtleties occur in the parameterization and estimation of µ( · )
and σ ( · ), as well as the form of X.

We will proceed here using the following parameterization:

µ(d) = α0 +α1(d −d∗) +
K∑

k=1

{
ck cos[2πk�(d)]+dk sin[2πk�(d)]

}
(10.13)

6 Auto-Regressive Moving Average models; see [BD02].
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which includes a drift α1 and a Fourier representation for seasonality. Here
d∗ is an arbitrary reference date, and �(d) is the fraction of the year
corresponding to d: �(d) = [d − BOY(d)]/365, where BOY( · ) is a mapping
of a day to the beginning of its calendar year. A similar form is used for σ ( ·),
which also shows seasonal behavior.

Estimation involves model selection – choosing the number of modes K,
as well as accepting or rejecting the presence of a systematic drift (α1 �= 0).
This requires using out-of-sample selection criteria to avoid overfitting.7

The method that we used here is brute force – selecting a sample fraction
of, say, 1 percent, sequentially removing intervals of this fraction of the
data, estimating using the remaining data, and calculating the out-of-sample
estimation error on the removed data. Model selection involves selecting
parameters that minimize the average out-of-sample forecast error over the
entire data set. Using this approach yields

• α1 ≈ 1.25 × 10−4, which is approximately 0.045oF/year.
• K = 3 for both µ and σ .

These results vary by weather station. Cities with high population growth in
warm climates such as Phoenix, Arizona, can exhibit much higher drifts. The
goal in each case, however, is to produce a stationary set of residuals.

The preceding regressions yield the profiles for the mean µ(d) and
standard deviation σ (d) of daily average temperature for 2011 shown in
Figure 10.8. The lower variance in summer months is common in North
America.

The residuals from the regressions are

X̂d ≡ τd −µ(d)
σ (d)

(10.14)

which can be used to estimate parametric forms for X. Here our goal is to
get some clarity on spot price dynamics through the ACF:

ρ(j) = E
[
Xd ·Xd−j

]′ ‘ (10.15)

Figure 10.9 shows ρ and the implied β obtained via

e−β(j)(j/365) = ρ(j) (10.16)

Were the residuals amenable to an AR(1) model of the form

X(d) = αX(d − 1) +Zd (10.17)

with Zd independent random variables, then the implied β( · ) would be
a constant. Here we see a decay corresponding to just under three days

7 Selecting a value of K that is too high yields what to the naked eye is obviously an overfit, with
periodicities that we know from experience are not present in weather.
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Figure 10.8. KPHL: mean and standard deviation temperature profiles.
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Figure 10.9. ACF and implied β for KPHL regression residuals.



Covariance, Spot Prices, and Factor Models 239

−3 −2 −1 0 1 2 3 4
−2

−1

0

1

2

S
p
o
t 
R

e
tu

rn
s

PJM/KPHL:  Spot Returns vs Temperature Residuals

−3 −2 −1 0 1 2 3
−1

−0.5

0

0.5

1

1.5

S
p

o
t 
R

e
tu

rn
s

Spot Returns Versus Temperature Residuals (Jul/Aug)

Figure 10.10. PJM spot returns versus Philadelpia temperature residuals
(2007–2010).

(≈ 365/130) at lag 1, followed by a faster decay at intermediate lags, ulti-
mately settling down to a decay rate of between three and four days at longer
lags. This would suggest that the modeling of spot price dynamics would
require values of β in the second (or higher) factor of order 100.

Before turning directly to power price data, the relationship between
temperature X(d) and spot power prices is more than a heuristic. Figure
10.10 shows power spot returns as defined in (10.10) versus the temperature
residual that we have just analyzed. The top plot shows a scatter of spot
price returns versus the temperature residual series X(d) over the period
2007–2010. The distribution of spot returns is affected by the temperature
residual at both low and high departures from normal. The effect, however,
is obscured by seasonality. The lower plot shows the results including only
data for July and August, the months comprising the summer seasonal strip
in power. Here the dependence of ρ̃d on X(d) is much more discernible.

Turning to the direct analysis of spot price data, Figure 10.11 shows both
the ACF and the implied β by lag for PJM Western Hub “5x16” daily spot
returns. Note that by concatenating monthly returns series, we are making
the assumption that the boundary effects at each change of monthly fixing
is not a significant issue. In addition, we are ignoring the weekday/weekend
distinction in the time intervals, a data issue that is not present in temper-
ature analysis. Nonetheless, the results are of comparable magnitude with
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Figure 10.11. ACF and implied β for PJM spot returns (2007–2010).

those obtained in the analysis of temperature, which helps to validate that
spot price dynamics imply mean reversion time scales on the order of a few
days.

The preceding analysis was for power – the commodity that exhibits the
most dramatic spot price dynamics. The effect of storage reduces volatility
and increases correlation times. The results of the same spot returns analy-
sis for Henry Hub natural gas are shown in Figure 10.12. Note the marked
reduction in implied values of β, which implies mean reversion times of the
order of a week or two, which is several times greater than for power.8

A Caricature of Spot Volatility

The rapid decay in correlations between both temperature and spot returns
in the case of power, and even for natural gas, motivates a simple caricature
of spot price dynamics. Inverting our working definition of spot returns in
(10.10), and assuming that daily spot returns are uncorrelated, spot price
dynamics would take the form

F(t, t) = Fm(Te)eζZd−1/2ζ 2
(10.18)

where the Zd are independent (of both Fm and other Z values) standard
normal random variables, and ζ is the spot volatility. The interpretation is

8 The origin of the difference in monotonicity of β(j) between power and natural gas is not clear.
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Figure 10.12. ACF and implied β for Henry Hub spot returns (2007–2010).

that the spot price on each day d is the monthly contract settle Fm(Te) price
perturbed by a random and independent spot return Zd. The presence of the
1/2ζ 2 term in the exponential ensures the required martingale property.

If we also assume that Fm(t) is driven by a GBM in the traditional Black-76
setting, then this “model” can be thought of as a formal limit of a two-factor
form of (10.4) with β1 = 0 and β → ∞. This caricature of short-time-scale
dynamics couples spot prices to monthly contract prices. As such, it provides
us with a method for relating monthly and daily options prices, but in a much
simpler way than the more r igorous form in Chapter 11.

We will denote monthly implied volatilities by σ̄M and daily by σ̄D; if there
is any skew pertinent to the discussion, these will be functions of strike.
Before proceeding, the meaning of σ̄D warrants explanation because it per-
tains to the strip of daily options in the contract month. Market price is
the only unambiguous attribute of anything that trades, and implied volatil-
ities can depend on convention. Technically, the implied volatility for daily
options satisfies the following equation for the observed market value Vt of
the option:

Vt = d(t,TS)Ẽt

{∑
d∈m

max[F(τd, td) −K,0]

}
(10.19)
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Figure 10.13. PJM and Henry Hub spot ATM spot volatility by contract month
(January 11, 2010).

for a strip of daily calls where TS is the settlement date. Here τd denotes
expiry of option d, and each expectation depends via Black on σ̄D. In prac-
tice, because the vega for the options varies slowly with td at all but the
shortest tenors, this is typically replaced by

Vt = d(t,TS)NmẼt
(
max

{
F(τ ∗, t∗) −K,0]

}
(10.20)

where t∗ corresponds to the midpoint of the month, and Nm are the number
of exercise days in the month.9 Calculating σ̄D using either (10.19) or (10.20)
is a routine numerical inversion.

Equations (10.18) and the approximation (10.20) yield the following basic
relationship between σD and σM:

σ 2
DTD = σ 2

MTe + ζ 2 (10.21)

where TD ≈ Tm + (1/24); that is, halfway through the delivery month. The
monthly and spot variances are additive because of the assumption of inde-
pendence of Zd and Fm(t). Figure 10.13 shows the at-the-money (ATM) spot
volatility ζ by contract month for PJM Western Hub and Henry Hub using
monthly and daily volatilities on January 11, 2010. By solving (10.20) for ζ ,

9 While seemingly a very casual convention, errors induced by this approximation are well within the
bid-offer spread.
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we have in a sense calibrated our first single-commodity multifactor model
formally corresponding to (10.4) with �β = [0,∞].

Although this model is only a caricature of a proper multifactor model,
many traders and analysts use the spot volatility ζ to assess potential trading
opportunities involving spreads between daily and monthly options. More-
over, the conceptual content is almost exactly what will transpire as we work
through similar calibration and valuation issues using exponential Gaussian
factor models in Chapter 11.

Conclusion

A number of features of energy markets lead us inevitably toward the
development of multifactor models:

• Historical forward dynamics exhibits covariance structure that a one-factor model
will have difficulty replicating. Valuation of structures such as CSOs, as well more
complex structures such as natural gas storage, requires empirically reasonable
returns covariances.

• Empirical attributes of the term structure of cross-commodity correlation, which
would require awkward correlation parameterizations using single-factor models,
arise naturally from correlated multifactor models.

• The broad separation in time scales of price dynamics from global factors that
act on time scales of many years to spot price dynamics in power and natural gas
with correlation time scales of only a few days can be accommodated easily using
multifactor models.

• Statistical analysis of fundamental drivers, notably weather, yields results that are
consistent with spot returns behavior and that can be used to estimate factor decay
rates.

As we tr ansition to applying ( 10.4) in Chapter 11, the c omputations
become more complex. However, the underlying approach is conceptually
identical to the simple caricature of spot price dynamics introduced ear-
lier. Equipped with a set of market implied volatilities for options spanning
multiple time scales, calibration of factor volatilities follows naturally.
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Gaussian Exponential Factor Models

Financial modeling is a tradeoff between reality and tractability. The use
of Brownian motions to model returns, when precious few asset classes are
consistent with normal returns, is the prototypical example. There is, how-
ever, a lot to be said about the utility of Black-Scholes. Exponential factor
models for yield curves and commodity forwards are another example of a
balance between tractability and reality. These models can capture several,
though certainly not all, important empirical features of price dynamics. In
this chapter we will discuss in detail the Gaussian exponential factor models
of the form (10.4) covering calibration to market data as well as application
to specific valuation problems.

We saw in Chapter 10 that the c ovariance s tr uctures and separation of
time scales achievable through the Gaussian exponential model (GEM)
framework are broad. In addition, the exponential structure and assump-
tions of normality yield exact solutions in many situations and efficient
numerical approaches in others. Some of the underlying calculations in what
follows have been relegated to Appendix C in an effort to highlight the
essential concepts.

Exponential Factors and Ornstein-Uhlenbeck (OU) Processes

Gaussian exponential models (GEMs) are of the general form

dF(t,T)
F(t,T)

=
J∑

j=1

σj( · )e−βj(T−t)dB(j)
t (11.1)

where the local volatilities σj(·) are deterministic functions of either spot
time t, delivery time T, or both. The Brownian motions can be correlated.
The fact that the factors and volatilities are deterministic implies that the
distribution of the forward curves F(t, ·) is jointly log-normal. Multifactor
models of this form are effectively souped-up versions of Black, expanding

244
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achievable covariance structure and breadth of time scales in dynamics but
skirting the issue of skew. In our applications we will be working in the two-
factor setting (J = 2); in practice, three factors are the most that one will see
deployed in production settings, and even this is rare.

The utility of exponential factors has been appreciated in financial engi-
neering for some time. The key feature, as shown in A ppendix C, is that if
the volatility functions are separable in the sense that σj(t,T) = νj(t)σj(T),
then F(t,T) can be represented as

F(t,T) = F(0,T)e
∑J

j=1

[
σj(T)e−βj(T−t)Yj(t)

]
−1/2V(t,T)

(11.2)

where the Yj processes satisfy

dY = −βYjdt+ ν(t)dB(j)
t (11.3)

and V(t,T) is the variance of the sum of stochastic integrals given in (C.4).
Diffusions of the form

dY = −βYdt+σdBt (11.4)

for constant σ are called Ornstein-Uhlenbeck (OU) processes. The form
(11.3) is a generalization with time-varying volatility.

It is important to realize that (11.2) is simply saying that

F(t,T) = F(0,T)eX−1/2σ 2
X (11.5)

where X is the normal random variable:

X =
J∑

j=1

[
σj(T)e−βj(T−t)Yj(t)

]
(11.6)

The implications are:

• The forward prices distributions are analytically tractable and described by a finite
set of OU (or closely related) processes. The initial forward curve F(0,T) and
the values of �Y(t) define the entire forward curve F(t,T) for all tenors T. This
is extremely useful for path-dependent structures, including natural gas storage,
which we will encounter later, and avails to us a set of numerical methods that
would otherwise not be applicable.

• The exponential factors are consistent with the basic heuristics of volatility decay
and have the flexibility to closely approximate empirical returns covariances.

We will illustrate the use of multifactor models in a single-commodity set-
ting using two working problems. First, however, we have to address the
issue of calibration of these models to market data.
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Calibration

A common misconception is that production risk systems at sophisticated
shops feed all observable market prices to a calibration engine, which adjusts
all free parameters of the “house” model to fit the market data. In practice,
this is rarely done. Such optimizations are nonlinear and laden with local
minima that render the calibration process extremely time-consuming and
the results unpredictable.

Typically calibration tools are provided to trading desks to facilitate the
efficient marking of a few parameters that change daily in tandem with the
most commonly traded options in the particular market. Other free parame-
ters are adjusted in a more ad hoc fashion, if and when less commonly traded
structures are seen quoted or if econometric estimates suggest that changes
are warranted.

In crude oil markets, it would be typical to calibrate a two-factor model
to match the prices of listed monthly options and Asian options, which
commonly trade. When CSOs or American/European spreads trade, adjust-
ments to the mean reversions rates �β or the correlation parameters can be
made. For natural gas, the instruments to which one would naturally gear
daily calibration are swaptions, listed options or OTC look-alikes,1 and daily
options (typically forward starters). Less liquid structures such as CSOs are
accommodated with other free parameters. In power, monthly and daily
options are the most commonly traded options, with swaptions a close third.

Ideally, an efficient computational method maps market data to the fast-
changing parameters; for example, if the fast parameters are the local
volatilities �σ and the prices of the liquid tradables �π , then a mapping

�σ ( · ) = ��β,ρ [�π ] (11.7)

yields the term structure of the volatilities based on the observed prices �π .
Constructing � for any given market is a nontrivial enterprise, and there is
little value here in working through the forms of � for the variety of situa-
tions that can arise, many of which involve nonlinear relations that are not
amenable to closed-form solution.

In what follows, we will consider two working problems that involve
optionality at the daily time scale. Structures with daily optionality are, in
many respects, the most challenging to value and hedge. We will approach
these problems using (11.1) in the two-factor setting; monthly and daily
options will be used for calibration.

We have two factors and, for each contract month, two implied volatilities,
namely, monthly and daily. The goal is to set σ1 and σ2 to be consistent with

1 Look-alike means an OTC derivative that has features that are identical to a listed futures or options
contract
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the market prices for these two option types. To do this, we need to have
tractable pricing formulas. We will assume that the mean reversion rates �β
are specified. Moreover, for ease of exposition, we will also assume that the
Brownian motions are uncorrelated (ρ = 0), in addition to working in the
big-T setting; the little-t setting involves a bootstrap modification akin to
that used in Chapter 7.

Starting with daily volatility, a single daily option with delivery T expiring
u time units before the delivery date has an implied volatility of

σ 2
T,u = 1

T −u

2∑
j=1

∫ T−u

0
σ 2

j (T)e−2βj(T−s) ds

= 1
T −u

2∑
j=1

σ 2
j (T)

(
e−2βju − e−2βjT

2βj

)
(11.8)

The time interval between exercise and delivery u is different due to the
presence of nonbusiness days, notably weekends. This matters in a very high-
β2 market as such as power.

Daily options are traded by contract month, and calibration involves solv-
ing for the sum of the individual daily option prices. Alternatively, a useful
approximation is to average implied volatilities under the assumption that
the market quote is referring to a single option at the midpoint of the month.

σ̄ 2
D(m)T(m)

mid = 1
N

∑
d∈m

σ 2
Td,ud

(11.9)

where m indexes contract month, T(m)
mid is the midpoint of month m, and σ̄D

is the daily volatility.
Together (11.8) and (11.9) result in a linear equation that must be satisfied

by the two unknowns σ1 and σ2:

D1σ
2
1 +D2σ

2
2 = σ̄ 2

D(m) (11.10)

The coefficients D1 and D2, while not pleasant to compute by hand, are
simple to evaluate numerically.

We turn next to monthly options, for which some notation is useful:

• T1 and T2 will denote the beginning and end of the delivery month.
• Te will be the expiration of the monthly option.
• σM(m) will denote the implied volatility for the monthly option.
• Fm will be the initial monthly forward price.

It will be understood by context that T1, T2, and Te are indexed by month m.
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The exact expression for the monthly forward price at expiration is
obtained from (11.2):

Fm
1

Nd

∑
d∈m

eσj
∑

j e
−βj(Td−Te)Yj(Te)−1/2V(Te,Td) (11.11)

where Nd is the number of days in the month.
A comment is in order regarding the use of a single value for F(0,T) = Fm

for all days in month m (T ∈ [T1,T2] ), at the same time that we are modeling
daily structure at expiration. Viewed at the daily level, the initial forward
curve being used here is a step function in tenor T, with constant values
over each delivery month. One can use interpolation methods to create daily
forward curves that are consistent with monthly forward prices. The distinc-
tion has meaningful effects in natural gas storage, where we will explore this
more. For now we will proceed using the constant forward price at the daily
level over a contract month.

Sums of log-normals as in (11.11) are not log-normal, which is an annoy-
ance. One way around this problem is exact numerical quadrature or
simulation coupled with nonlinear solvers. Alternatively, one can resort to
moment matching. It can be shown that using the Levy approximation and
assuming that σ 2

MTe << 1 result in

Teσ̄
2
M ≈ var


 1

T2 −T1

∫ T2

T1


∑

j

σje
−βj(T−Te)Yj(Te)


 dT


 (11.12)

where we have returned to continuous time for ease. Using the fact [see
( C.15) in A ppendix C] that

var
[
Yj(Te)

]=
(

1 − e−2βjTe

2βj

)
(11.13)

this can be reduced to:

Teσ̄
2
M =

∑
j

σ 2
j e−2βj(T1−Te)M2

j (T1,T2)

(
1 − e−2βjTe

2βj

)
(11.14)

where

Mj(T1,T2) ≡
[

1 − e−βj(T2−T1)

βj(T2 −T1)

]
(11.15)

As with daily options, the requirement for monthly options is of the form

M1σ
2
1 +M2σ

2
2 = σ̄ 2

M(m) (11.16)

The approximations that we used to reduce this to a linear form are use-
ful in practice. Provided that we evaluate monthly options using the same
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approximations, this is self-consistent. Moreover, there is also nothing pre-
venting the use of nonlinear solvers to reduce or eliminate the need for
such approximations. The relevant point is that we are using the two liq-
uid options types to solve for the two unknown factor volatilities, and the
approach that we have followed is computationally efficient.

In the big-T paradigm calibration for a single contract month involves
nothing more than calculating the coefficients ( �D and �M) and solving the
linear system (

D1 D2

M1 M2

)(
σ 2

1

σ 2
2

)
=
(

σ 2
D

σ 2
M

)

Under the little-t paradigm, a bootstrap is required, in addition to solution
of a similar linear system.

To summarize the procedure:

• Obtain σM and σD from market data, adjusting for skew via the volatility look-up
heuristic.

• Compute D1, D2, M1, and M2.
• Solve the preceding linear system.
• Use the resulting σ1 and σ2 for structure valuation.

The results, of course, depend on the mean reversion rates �β. Before pro-
ceeding to working examples, it is interesting to examine these calibration
results as a function of the mean reversion rates. Figure 11.1 shows σ1 and
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Figure 11.1. Calibrated σ values as a function of β2.
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σ2 for October 2010 as of pricing date Febuary 3, 2010, for varying β2 with
β1 =.3, which will be our default assumption. Note the increase in both σ1
and σ2 with increasing β2; as mean reversion rates increase, more factor
volatility is required to be consistent with the implied volatilities. This is
merely a manifestation of the nature of the underlying OU processes. The
limiting stationary variance of an OU process with parameter βj is 1/2βj, as
shown in (C.16). In (11.2) this corresponds to a factor variance of σ 2

j /(2βj).
To yield the same normal returns variance, the factor variance must increase
because σj ∼

√
βj.

Valuation Examples

Our first example involves a relatively straightforward extrapolation using
the commonly traded daily and monthly options in power to price and hedge
a forward-starting option. Forward starters are much more common in nat-
ural gas markets than in power markets, but the problem serves as a good
example of the use of multifactor models to accommodate nonstandard
options types. In fact, the inverse problem of extracting daily fixed-strike
volatilities from forward starter quotes would be required to calibrate these
models to quoted natural gas options.

Working Problem
Price an October 2010 forward-starting daily straddle on PJM Western Hub
“5x16” power as of pricing date Febuary 3, 2010, with the following terms:

• The notional is the standard lot size of 50 MW.
• Monthly index: ICE PJM Western Hub “5x16” with settlement one business day

prior to the delivery month.
• Daily index: PJM RT “5x16” daily average price as published by the PJM ISO.

The pricing date is the same as in our previous calibration example. On
this date, the initial forward price for the October 2010 contract is 50.40. We
need to evaluate

Ẽ

[∑
d

∣∣F(Td,Td) −Fm(Tf)
∣∣] (11.17)

where Tf refers to the date of fixing (“-1b,” the previous business day), and
Fm denotes the monthly contract price. The approach that we will follow is
commonly used for forward starters [Hul12]. Focusing on one particular day
d, the first step is to condition on FTf and calculate

Ẽ
[
|F(Td,Td) −Fm(Tf)|

∣∣FTf

]
(11.18)
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Because our processes are log-normal, this is rote application of Black for
an at-the-money (ATM) option – for example, the value of a call is

C(Tf,F) = e−r(Td−Tf)Fm(Tf) [�(d1) −�(d2)] (11.19)

where d1,2 = ±1/2σTf,Td

√
Td −Tf (the simplified form results from the fact

that the strike is the forward in this calculation). Here σTf,Td denotes the
volatility over the time interval [Tf,Td].2

All that remains is for us to calculate σTf,Td in the multifactor setting. Note
that in our simple caricature model, the result is the spot volatility: σTf,Td = ζ .

The evolution of F from Tf to Td is

F(Tf,Td) = Fm(Tf)e
∑2

j=1

[∫ Td
Tf

σj(m)e−βj(Td−s)dB(j)
s −1/2V(Tf,TD)

]
(11.20)

Integration yields:

σ 2
Tf,Td

(
Td −Tf

)=
∑

j

σ 2
j (m)

(
1 − e−2βj(Td−Tf)

2βj

)
(11.21)

We now have all the components for the conditional value:

Ẽ
[
max

(
F(Td,Td) −Fm(Tf),0

) |FTf

]
= e−r(Td−Tf)Fm(Tf) [�(d1) −�(d2)]

The only random component of the unconditioned expectation is Fm(Tf),
and we know that

Ẽ
[
Fm(Tf)

]= Fm(0) (11.22)

The one remaining challenge is the mechanical aspect of putting this all
together on precisely the right calendar days, which is not something to be
done by hand. Figure 11.2 s hows the pric ing r esults for various β2 given mar-
ket data as of February 3, 2010. Over most of the range shown, the value of
the forward starter increases with β2; this is reasonable because, as we saw
in Figure 11.1, high β2 results in higher “spot volatility” σ2, which is what is
driving the difference between the daily spot price and the month fixing. The
decrease in value at high values of β2 is due to weekends: at high mean rever-
sion rates, above roughly β = 90, the value of the Friday options with the
three-day lag to Monday delivery decreases. Our estimates for mean rever-
sions rates in power and weather in Chapter 10 suggest values of β2 in the
region of declining value. It is possible that this is merely an artifact of the
model; as “Friday-only” daily options do not trade as a single product, there

2 The prefactor Fm(Tf) could be written as a daily forward for each day. However, becaue we are
assuming that the initial forward curve is a step function over each delivery month, the result would
be unchanged once we take the expected value in (11.22).
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Figure 11.2. Forward starter value as a function of β2.

is no way to validate market consensus on the point. However, there is good
reason to believe that it is not an artifact. The weather analysis in Chapter
10 certainly exhibited decay in autocorrelation functions that would make
this phenomenon plausible.

This valuation exercise is our first example of using a multifactor model as
an extrapolation device, calibrating to liquid tradables, and using the result-
ing model to value a nonstandard structure. The question remains – how
would we hedge this forward starter in practice?

Once the floating leg fixes at time Tf, our forward starter morphs into a
fixed-strike [K = Fm(Tf)] daily option. Standard fixed-strike daily options
trade up to a few days before the start of the month, at which point liquidity
diminishes rapidly. Near the fixing date Tf we would have a good idea of
where Fm(Tf) is likely to settle. At some time τ < TF, when daily options
are still trading, we would take an offsetting position at a strike at or close
to Fm(τ ), which can be viewed as the market’s estimate of where Fm(Tf)
will fix.

Assuming that we had a long position in the forward-starting straddle and,
near expiry, sold the daily fixed-strike straddle, by the time the dust settles at
Tf, we would have the following spread position for each day d in the month:

|F(Td,Td) −Fm(Tf)|− |F(Td,Td) −Fm(τ )| (11.23)
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Figure 11.3. Forward starter with straddle hedge.

which is equivalent to a long or short call spread position depending on the
sign of Fm(Tf) − Fm(τ ). Assuming, for example, that Fm(Tf) = 60.00 and
that the short straddle hedge was done at Fm(τ ) = 62.00, the resulting ter-
minal payoff is shown in Figure 11.3. We should expect this sort of hedge
slippage because of the difference in the strikes Fm(Tf) − F(τ ). Recalling
Table 1.1, we know that even a few days can result in meaningful slippage;
however, this is a much better proposition than attempting to delta hedge a
naked daily option position in the cash month where swaps liquidity is essen-
tially concentrated on two instruments: next-day swaps or balance-of-month
swaps (swaps that fix on the remaining days of the month).

This is an important point: limitations in the instruments available for
hedging the risk in daily structures result in inherent, and often meaning-
ful, hedge slippage. The next example shows what can happen when we take
extrapolation even further.

Working Problem

The current date is April 1, 2011. Value a Henry Hub Gas Daily “peak-
ing” option that pays the best J daily forward-starting call options out of the
thirty-one days in January 12.

This is a lookback option. Let IJ denote the subset of the thirty-one days
in January 12 with the largest J values of max

[
pd −Fm(Tf),0

]
; td, denotes
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the spot delivery time for day d, and pd is the Gas Daily spot price for day d.
The structure will pay

1
J

∑
d∈IJ

max
[
pd −Fm(Tf),0

]
(11.24)

We are normalizing the payoff by 1/J to afford comparison between struc-
tures with different J – normally contracts specify a payoff that is based on
the sum only.

Peaking options are more commonly structured as manually exercised so
that the holder of the option can exercise a call option J times during month,
usually one business day before the delivery date. This is harder to value
and manage, and the preceding lookback (or autoexercise) example already
illustrates the challenges in managing such structures. See [CS00] or [JRT04]
for more detailed discussions.

The relevant market data on April 1, 2011, were

• NYMEX natural gas (NG) for January 12 delivery is trading at $5.131/MMBtu.
• The standard NYMEX ATM (monthly) call option for January 2012 has a

monthly implied volatility σM = 0.298.
• The analogous ATM daily option has an implied volatility of σD = 0.324.3

Using these market data and calibrating the Gaussian two-factor model
using �β = [0.30,40] yield σ̄ = [0.34,1.17].

The lookback peaking option is amenable to Monte Carlo valuation. The
dynamics of F(t,T) are driven entirely by the two OU processes �Yt (11.3),
which take the forms show in (11.3) with their respective values of β, because
we are using big-T calibration. Our goal is to construct the joint distributions
of Fm(Tf) and each of the spot prices F(d,d). The mechanics of simulation
are dis cussed in A ppendix C.

Given a realization of the OU processes[�YTF , �Yt1 , . . . ,Yt31

]
(11.25)

and the initial forward price Fm(0), we compute Fm(Tf) by integrating
F(Tf,T) as in (11.2) using t = Tf with T ∈ [T1,T2], where T1 and T2 are the
start and end times of the delivery month. Recalling that Fm(Tf) is a bid-
week construct, we have taken Tf to be four business days before the start
of the delivery month.4

3 While this option does not commonly trade, the forward starter being the more liquid, we will
assume for now that this mark has been made by the trader consistent with observed options trading
at or near this date.

4 It is possible to simulate Fm through bid week (recall the discussion on locational spreads in
A ppendix D), co mputin g a trade-weighted average using s ome a priori assumption about the trade
weighting, but in practice this is probably “more pain than gain” in accuracy compared with the
approach we have taken here.
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Figure 11.4. Swing option valuation results

The daily spot prices pd for each delivery day d are given by (11.2), where
t is set to be one business day before each delivery time td because the fixing
for the Gas Daily index occurs for trading on this day. For high-β factors, it
is important to keep track of exactly when indices are fixed relative to the
delivery time.

Valuation results are shown in Figure 11.4 for a varying J. The number of
simulations was 100,000, and the Monte Carlo error was approximately 0.3
percent of the estimated values. The top figure shows the value in $/MMBtu
as a function of swing number. Note that because as we have normalized by
J in (11.24), the value decreases with J since lower realized spot prices are
included in the average.

The second and third plots show how effectively one can expect to hedge
these structures. Using the most relevant liquid option hedge, namely, the
standard forward starter call (which corresponds to J = 31), a minimum-
variance hedge is computed as described in Appendix B. The hedge ratio,
shown in the second plot, is the quantity of the forward starter for the opti-
mal hedge; if you are long the swing option, this quantity should be sold to
yield the minimum-variance portfolio under the risk-neutral measure. The
third plot shows the resulting standard deviation of the hedged portfolio
payoff.

When J = 31, the swing option is coincident with the forward starter, so
the hedge quantity is unity and the hedge variance zero. More important,
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however, is the large hedge slippage that results at lower values of J. The
standard deviation of the hedge portfolio is of the order of 20 to 30 percent of
the value of the structure as calculated under the risk-neutral two-factor set-
ting – hardly a deterministic outcome. One can consider expanding the set of
options to include other strikes, but the gains are minor and the transaction
costs nontrivial.

Some traders argue that (somehow) they can delta hedge structures such
as these, although such optimism needs to be taken with a pinch of salt. All
that is really available for hedging within the cash month is natural gas for
next-day delivery or for the balance of the month. This is a very limited set
of instruments with which to extract the extrinsic value of daily structures.
For example, if forecasts suggest the likelihood of particularly cold weather
five days out, little can be done using these instruments to delta hedge the
increased value of the swing call option on that day.

The moral of the story regarding this second working example is that the
likelihood of substantial hedge slippage cannot be dismissed as a “higher-
order term.” The nature of the swing option structure is such that in many
cases one can do little more than construct an optimal portfolio prior to the
start of the delivery month and then simply watch the cash month realize,
summing the settlement results at the end to see what transpired. What this
means is that we have pushed the use of the model as a valuation extrapo-
lator beyond reasonable limits and, in the construction of hedge ratios and
calculation of residual risks, made the quite arbitrary decision to use the
risk-neutral measure as the reference measure for portfolio optimization.

Conclusion

The Gaussian exponential factor framework accommodates two important
features of the energy markets commonly encountered:

• Backwardation of volatility
• Separation of time scales – slow mean reversion of price level (at all tenors); fast

mean reversion of spot prices

In addition, the flexibility in covariance surfaces that can be obtained
through such models makes them useful in a variety of settings, notably in
valuation of swaptions and CSOs, as well as other correlation structures.
In this modeling paradigm, however, forward returns remain normally dis-
tributed, and volatility lookup heuristics are required for skew-dependent
structures.

The fact that one can formally evaluate expected payoffs for spot price
structures, as in the case of peaking options, does not mean that the underly-
ing tenets of risk-neutral evaluation pertain. Many a trading desk has failed
to fully appreciate the deleterious effects that result from a lack of liquid
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tradables available for hedging. Even with carefully crafted hedges, the sub-
stantial residual risks inherent in structures such as the daily swing option
example render the realized economics “actuarial”5 in nature.

Applying models such as (11.1) in such settings is arbitrarily selecting a
risk-neutral measure for use as a reference measure in an incomplete mar-
ket setting in order to facilitate portfolio-optimization calculations. In light
of this observation, it is fair to ask why one would not be better off making
an effort to craft models of the “physical” measure, performing portfolio-
optimization calculations based on such. We will return to this question
shortly.

5 By actuarial, we mean simply being realized as opposed to dynamically managed.
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Modeling Paradigms

The original Black-76 framework for risk-neutral forward price dynamics is
a model for a single futures contract. While it is easy to generalize Black-
76 to the forward-curve setting by considering a set of correlated geometric
Brownian motions (GBMs), each driving an individual contract price, this
is merely a cosmetic improvement. Modeling the returns correlation struc-
ture effectively while maintaining tractability is the hard part. Simply writing
martingale diffusions for forward curves in the absence of empirical analysis
accomplishes little.

A number of modeling approaches beyond Black-76 have been developed
over the past several decades, each intended to capture either observed or
postulated attributes of commodities price dynamics. The preponderance of
the work has been motivated by a body of thought referred to as the theory
of storage  , dis cussed earlier in Chapters 2 and 5 in the context of the c arry
formalism.

The Theory of Storage

The carry formalism decomposes forward yields into three components: the
cost of funding, the cost of storage, and the more ethereal convenience yield.
All that can be inferred about forward curves for consumption commodities
using basic carry arbitrage arguments was given in (2.12):

F(t,T) ≤ F(t, t)e[r(t,T)+q(t,T)](T−t) (12.1)

which provides an upper bound on F(t,T) in terms of the spot price F(t, t), the
financing rate r(t,T), and the cost of storage represented as a rate q(t,T). The
convenience yield η(t,T) is the “correction” that renders (12.1) an equality:

F(t,T) = F(t, t)e[r(t,T)+q(t,T)−η(t,T)](T−t) (12.2)

Before proceeding, it is useful to spend a moment discussing the meaning
of q(t,T). Does q(t,T) represent the market price for storage or the physical

258



Modeling Paradigms 259

costs associated with storage – for example, losses and fixed costs? As we
will see in Chapter 13, the market c ost of acquiring storage depends on the
forward curve and the volatility structure of the commodity. This is easy to
see – if a forward curve is in steep contango, the owner of storage can earn
the forward yield net of funding and storage costs and would require a higher
price to sell storage capacity than if the forward curve were backwardated.
Given that the only quantity observable from the forward curve is q(t,T) −
η(t,T), it is convenient to treat q(t,T) as purely the cost to the storage owner,
expressed as a rate applied to the spot price, to store the commodity over the
time interval [t,T]. The convenience yield η(t,T) is then the aggregate of all
other considerations, including the market value for storage capacity.

While we have referred to this as a carry formalism, the theoretical
underpinnings and empirical analysis of the yield decomposition in (12.2) is
referred to as the theory of storage. Research under this rubric has spanned
the better part of a century at this point. As summarized elegantly by Ng and
Pirrong [NP94], the theory of storage refers to two distinct trains of thought.
The first essentially posits (12.2), interpreting the convenience yield as a rate
of return that owners of storage capacity can achieve by holding the com-
modity in inventory for sale at a later time. References related to this stream
of work include Kaldor [Kal39], Working [Wor49], and Telser [Tel58]. This
was followed by work done by Brennan [Bre91] and Williams [Wil86], with
related work by Fama and French [FF87].

The second approach to relating forward and spot prices involves explic-
itly modeling supply and demand balance in the presence of storage option-
ality – storage operators will buy the commodity in the spot market when it
is “cheap” and sell it when it is “expensive.” Quantifying what this actually
means involves a dynamic control problem, closely related to what we will
use in Chapter 13 to value physical s torage. This approach was developed by
Bresnahan and Spiller [BS86], Williams and Wright [WW91], and Deaton
and Laroque [DL91], in addition to more recent work by others, notably
Routledge, Seppi, and Spatt [RSS00] and a monograph on the subject by
Pirrong [Pir12].

A simple arbitrage argument illustrates the connection between inventory
and price dynamics. Denoting current inventory by It, in discrete time, the
following must hold:{

F(t, t+�t) = e(r+q)�TF(t, t) if It > 0

F(t, t+�t) < e(r+q)�TF(t, t) if It = 0
(12.3)

where r and q are financing and storage costs over [t, t + �t]. This condition
can be viewed as an enhancement of (12.2) and illustrates how inventory
can affect the joint dynamics of spot and futures prices. Decreasing lev-
els of inventory increase the probability of a stock-out, that is, hitting the
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zero-inventory boundary, which would decouple spot and forward prices.
As a consequence, lower inventory levels should be associated with negative
forward yields.

Although the second approach essentially derives the concept of conve-
nience yields from first principles, the consequences of the theory of storage
extend far beyond merely the relationship between inventory and forward
yields. As summarized in [NP94], the postulated consequences for forward
dynamics are

1. Low levels of inventory are associated with low (negative) forward yields.
2. Realized returns volatility increases as convenience yields increase and, owing to

(1), as inventories decrease.
3. As convenience yields increase, realized volatilities become more backwardated

as a result of convexity of the convenience yield as a function of inventory.
4. The correlation between returns at two tenors T and T+S, ρ(T,T+S), as defined

in (5.11), decays more rapidly in S as convenience yields increase. Equivalently,
returns for distinct delivery periods become less correlated as inventories fall.

Just how compelling is the empirical evidence? Ng and Pirrong [NP94],
Pirrong [Pir12], and references therein address these matters using sophisti-
cated estimation methods on historical data. We have seen empirical support
for the “first law” of the theory of storage, namely, the preceding point (1),
in Figures 2.8 and 3.27. A visual survey of the other postulates is useful, if
only for comparison with the first.

Figure 12.1 shows realized volatilities of the first nearby and the ratio
of the realized volatilities of the second to the first nearby contracts ver-
sus forward yields for WTI from 2000 through 2011. Figure 12.2 shows the
same results using the first and second calendar strips1 to mitigate inventory
anomalies at the WTI delivery location in the last few years (recall Figure
3.12 and r elated discussion in Chapter 3). In each c ase, rolling three-month
windows incremented monthly were used; each point represents a three-
month statistic. The points corresponding to large positive values of forward
yields are at the apex of the credit crisis when massive contango and very
high volatilities were observed – both realized and implied. If one excludes
volatilities above 0.5, effectively removing this interval, it is possible that
structure exists that is consistent with the posited increase in volatility and
decreasing volatility ratio as forward yields decrease. This is illustrated by
the linear fit, although the regression has r2 = 0.084, suggesting a weak rela-
tionship at best. Figure 12.3 shows similar results for Henry Hub natural gas,
which are even less compelling. The relationships are weak.

Energy is not necessarily the best place to begin an empirical critique
of the theory of storage. Inventory data for crude oil and refined prod-
ucts are incomplete, often not including important global participants. North

1 The daily average of the twelve nearby returns in each strip was used as the strip return series.
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Figure 12.1. WTI volatility statistics versus forward yields: first and second nearby
contracts (2000–2011).
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Figure 12.2. WTI volatility statistics versus forward yields: first and second calendar
strips (2000–2011).
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Figure 12.3. NG volatility statistics versus forward yields: first and second calendar
strips (2000–2011).

American natural gas has reliable weekly inventory data, but conclusions are
much more difficult to draw due to the complexities of seasonality. Some
traded metals, on the other hand, have reliable inventory data and relatively
stable storage costs. Predictably, much of the research literature has focused
on metals, and Figure 12.4 shows results for London Metal Exchange (LME)
copper. Here the results are somewhat more compelling, although clearly
something unusual was afoot at high forward yields. In summary, the support
for the posited consequences of inventory-driven price dynamics provided
by a cursory graphic look at the data is underwhelming.

It is important to understand that the stylized facts enumerated earlier
are derived consequences from a plausible theory. A good deal of effort
has been made by researchers to validate or refute the validity of these pre-
dictions empirically. Most analysis has been in nonseasonal commodities,
in particular, in metals, where storage costs are explicitly defined by metals
exchanges such as the LME. We saw in the case of crude oil that storage
costs undoubtedly depend on forward yields in a recursive fashion – recall
our discussion is Chapter 2 of the flotillas of tankers, some of whic h were
used for storage in the immediate aftermath of the eruption of the credit
crisis. Moreover, in the case of natural gas with its seasonal attributes, an
upper bound on storage capacity, and no transparent mechanism for ascer-
taining the historical physical costs of storage, testing the theory of storage
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Figure 12.4. LME copper volatility statistics versus forward yields: first and second
nearby contracts (2000–2011).

is extremely challenging. Finally, it is clear that volatility can be driven by
much more than inventory. Global macroeconomic factors are relevant –
the credit crisis resulted in high volatilities even when inventories were high
and increasing rapidly. This motivates the use of stochastic volatility in the
drivers for inventory models, as suggested by Pirrong [Pir12].2

Models for commodity price dynamics can be grouped into three cate-
gories: reduced form, econometric, and structure. The postulated behavior
enumerated earlier has affected the evolution of the development of each of
these.

As in other asset classes, the reduced-form approach to valuation refers
to modeling frameworks that posit price dynamics in the absence of
“fundamental” considerations, specifically without a stylized representation
of the actual physical system and market that interact to set spot prices.
In the case of some energy commodities, a great deal is known about sup-
ply and demand. Examples include generator stacks and load dynamics in
power and weather-driven demand dynamics and storage facilities in natural
gas. In addition, pricing-setting mechanics can be quite well defined, either

2 The level of complexity of stochastic volatility coupled with the basic stochastic dynamic control
problem embodied in inventory optimization is, at this time, numerically intractable for all practical
purposes.
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through surveys or by means of more rigorous market-clearing algorithms
as in power. Models that start with a caricature of the underlying market
mechanics, referred to as structural models, are in a sense at one end of the
modeling spectrum, with reduced-form models at the other.3 Occupying a
space somewhere between reduced-form and structural models are what we
will refer to as econometric models, which craft regressions tailored to indi-
vidual markets and are often used in tandem with reduced-form models. In
what follows, we will survey these three general modeling paradigms.

Reduced-Form Models

Reduced-form models in commodities start with the thought that the sum of
storage costs and convenience yields is a natural stochastic variable because
neither component can be ascertained separately from forward prices. Con-
sequently, the convenience yield η net of storage costs q, which we will refer
to as the modified convenience yield

η̂(t,T) ≡ η(t,T) −q(t,T) (12.4)

can take any value. The fact that there are no a priori constraints on η̂ is
at the heart of reduced-form models, which can take the form of models
for the joint evolution of spot pric es and η̂ , the HJM-style factor models
intr oduced in Chapter 10 and developed in Chapter 11, or hybirds of the
two approaches.

We started our treatment of multifactor models in reverse chronological
order, beginning with HJM approach. As in interest-rate modeling, in which
short-rate models predated HJM-style forward factor models, the same is
true in commodities. The fact that we resorted to empirical analysis of spot
price dynamics to guide us in the selection of parameters in (10.4), however,
suggests that directly modeling spot price dynamics may have its virtues
[Pil98]. Moreover, in many situations, models in the two categories yield
identical forward dynamics, much as in the interest-rate setting, as discussed
by Baxter and Renie [BR96]. Whereas the direct modeling of spot price and
convenience yields introduced in the early 1990s was the dominant paradigm
for over a decade, it has been largely supplanted by forward factor models,
especially among practitioners.

3 Fundamental modeling is another term that is often used and that can be broadly interpreted. These
models include large computational efforts to effectively replicate market mechanics and infrastruc-
ture in extreme granularity, including, for example, details of transmission constraints, individual
generator attributes, or gas pipeline networks, resulting in large-scale optimization problems. One
could consider this as defining yet another part of the modeling spectrum, and in fact, Burger,
Graeber, and Schindlmayr [BGS07] survey commodities modeling with an emphasis on fundamen-
tal models. However, the computational burden and the large number of free parameters limit the
utility of such methods in financial mathematics and portfolio management.
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The first generation of risk-neutral commodities models, Black-76 aside,
started with diffusive models for the spot prices with mean-reverting
attributes as introduced by Schwartz [Sch97]:

dSt = κ
(
µ− logSt

)
Stdt+σStdBt (12.5)

In this model, referred to as the Schwartz one-factor model, logSt mean
reverts to a level µ, which can be generalized to a function of time µ(t)
for calibration. This model is related to the earlier work of Brennan and
Schwartz [BS85] and is effectively equivalent to a one-factor Gaussian expo-
nential model (GEM) with all the limitations associated with single-factor
models of forward dynamics.

A significant step in the evolution of spot models was the coupling of the
spot price and the instantaneous convenience yield, as introduced by Gibson
and Schwartz [GS90]. This model took the form of coupled diffusions – the
spot price being a log-normal diffusion with its drift a function of the conve-
nience yield, and the convenience yield being an Ornstein-Uhlenbeck (OU)
process mean reverting to a specified level:

dSt = (rt − δt)Stdt+σStdB(1)
t

dδt = κ (θ − δt)dt+ γ dB(2)
t (12.6)

with d〈B(1),B(2)〉t = ρ.
The basic train of thought is simple and compelling. By correlating the two

Brownian motions, increases in spot prices can be correlated with increases
in convenience yield, which is what is typically observed. Highly back-
wardated markets, that is, markets exhibiting substantial negative forward
yields, are associated with low inventory and commensurately high spot
prices.

Figure 12.5 shows this phenomenon for WTI from January 2000 through
December 2011 by plotting the forward yield implied by the first two cal-
endar strip prices versus the average of the two strip prices. Calendar strips
are used here to look at long-tenor forward yields, avoiding the effects of
Cushing surplus as well as financial index rolls4 that have an effect on for-
ward yields at short tenors. Two regimes are visible, depicted by showing the
2006–2011 interval separately. Aside from the transition period, each shows
forward yields decreasing with inventory. The later regime is much more
compelling due at least in part to the large range of prices spanned during
this interval.5

4 Recall that commodity exchange-traded funds (ETFs) move or “roll” their positions from an
expiring contract to the next contract on a monthly basis.

5 A lot was happening in the transition between these two regimes. In addition to OPEC changing
reference pricing policy, we will also see in Chapter 17 that open inter es t in longer -dated contr acts
increased considerably during this period.
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Figure 12.5. WTI calendar strip forward yields versus price level (2000–2011).

Similar phenonena are observed for natural gas, as seen in Figure 12.6. As
with oil, there was a similar regime change. Empirical results of this type are
observed broadly across energy and commodities more generally and are a
feature that can be captured successfully by (12.6).

As with all spot price models, forward prices are obtained via the martin-
gale property:

F(t,T) = Ẽ(ST|F t) (12.7)

When δt > rt, the spot price has a negative drift, and the forward curve is
locally backwardated; conversely, if δt < rt, it is in contango.

In the form just specified, it can be shown (see [CL04]) that

F(t,T) = Ste
∫ T

t rs dseB(t,T)δt+A(t,T) (12.8)

where

B(t,T) = e−κ(T−t) − 1
κ

A(t,T) = κθ +ρσγ

κ2

[
1 − e−κ(T−t) − κ(T − t)

]

+γ 2

κ3

[
2κ(T − t) − 3 + 4e−κ(T−t) − e−2κ(T−t)

]
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Figure 12.6. Natural gas (NG) calendar strip forward yields versus price level
(2000–2011).

An immediate consequence of (12.8) is that differentiation implies

dF(t,T)
dt

= σdB(1)
t + γ

e−κ(T−t) − 1
κ

dB(2)
t (12.9)

which is subsumed by the original GEM formulation (10.4). In short, the
Gibson-Schwartz approach is identical to a GEM with the first factor having
β1 = 0 and the second factor β2 = κ .

Another way of looking at the relationship is through spot dynamics,
which, in the GEM setting, is given by (C.25):

dF
F

(t, t) = ∂ logF(t,T)
∂T

∣∣∣
T=t

+
∑

j

σjdB(j)
t (12.10)

The spot price drifts at the local slope of the forward yield, a fact that applies
to all risk-neutral forward processes

Differentiation of (12.8) yields

∂ logF(t,T)
∂T

∣∣∣
T=t

= rt − δt (12.11)

as required, and the stochastic drivers are two Brownian motions, establish-
ing equivalence of spot dynamics.

The functional form for F(t,T) implied by (12.8) is very specific, and in
order to calibrate (12.6) to a general forward curve, time-varying coefficients
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are required. This was noted much earlier both in spot rate modeling as
discussed by Baxter and Renie [BR96] and surveyed by Hull [Hul12] and
as applied specifically to commodities in [Mil03]. This is the awkward aspect
of the spot diffusion approach; in forward models, the initial forward curve
is the state variable; by construction, it is consistent with observed forwards.
Whereas the forward dynamics implied by (12.9) is functionally equivalent
to that of (10.4), the initial calibration is more transparent in the latter. In
short, these two basic formulations [(10.4) and (12.6)] are equivalent and can
generate the observed relationship of forward yields and price levels.

The Gibson-Schwartz model can be represented in an alternative fash-
ion that can be more useful, as shown by Schwartz and Smith [SS07].
The approach decomposes the logarithm of the spot price into short- and
long-term components: log[St] = χt + ζt, which are driven by correlated
diffusions:

dχt = −βχtdt+σχ dB(1)
t (12.12)

dζt = µζ dt+σζ dB(2)
t (12.13)

The short factor is our familiar OU process, whereas the long-term log-price
level is a Brownian motion with drift. The equivalence to (12.6) can be estab-
lished (see [SS07]). The fact that the long-term price level diffuses without
any mean reversion, a significant assumption, is equivalent to the fact that
the first factor in (12.9) has β = 0 in the GEM equivalent.

This alternative to the original formulation (12.6) avoids explicitly mod-
eling convenience yields and takes the framework very close to that of
the GEMs, in which the two factors with (usually widely) separated decay
rates represent spot and long-tenor dynamics. Beyond this esoteric point,
empirical estimation of parameters is easier using (12.12). Estimates for the
correlation between the Brownian drivers in (12.6) can be relatively high, in
some cases above 0.90; the alternative formulation (12.12) yields much lower
correlations, allowing more robust estimation.

There are features of price dynamics, empirical or suggested by the theory
of storage, that are not captured by the Gibson-Schwartz formulation, or its
more general but moral equivalent GEM factor models. Among these are
the absence of both skew and a relationship between forward yields and
returns volatility. This has spawned an expansive collection of extensions of
(12.6) designed to more closely match observed or hypothesized features of
forward dynamics. While an exhaustive survey would distract from the main
issues, we will briefly mention a few innovations to give a flavor of some of
the modeling twists.

Schwartz introduced a three-factor version of the original model in which
interest rates are stochastic and correlated with spot and convenience yield
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drivers [Sch97]

dSt = (rt − δt)Stdt+σStdB(1)
t

dδt = κ (θ − δt)dt+ γ dB(2)
t

drt = αZ (r∗ − rt)dt+λdB(3)
t (12.14)

This model is functionally equivalent to a three-factor GEM, and closed-
form expressions for forward contracts can be computed. Empirical analysis
of this model, in comparison with the two-factor model discussed in [Sch97],
is ambiguous, with the two models often yielding very similar results. Rather
than estimate exponential factors directly, estimates of the interest-rate pro-
cess were done first using rates data, and then the two-factor [St,δt] process
was analyzed. The performance of the three-factor model in fitting historical
forward prices is not meaningfully better than that achieved by the Schwartz
two-factor model. The situation is different when it comes to extrapolation.
Estimating parameters empirically and using the current forward curve at
short tenors to set St and δt, the extrapolated values at long tenors can dif-
fer significantly between the two formulations. For example, the limiting
differential forward yields

lim
T→∞

1
F(T)

∂F(T)
∂T

can vary by several percentage points between the two formulations – a
nontrivial difference when valuing assets over long time horizons.

Many additional extensions of the basic Gibson-Schwartz formulation
have been made over the years, including the addition of stochastic volatility,
stochastic interest rates and jumps, and attempts to couple volatility directly
with the state of the forward curve. One example is a two-factor model intro-
duced by Ribeiro and Hodges [RH04] that was designed to allow volatility
to vary with forward yield – the second in our list of postulated attributes of
forward dynamics. The model takes the form

dSt = (rt − δt)Stdt+σStδ
1/2dB(1)

t

dδt = κ (θ − δt)dt+ γ δ
1
2 dB(2)

t (12.15)

The δ1/2 term in the volatility for δt is of the Cox-Ingersoll-Ross (CIR) vari-
ety [CIR85] used in rates modeling and serves to keep δt positive, a necessary
feature given the presence of δ

1/2
t in the spot price volatility. Closed-form

solutions for the forward curve can be obtained; however, in estimation
based on historical realizations of WTI forward prices, the model performs
only incrementally better than the Gibson-Schwartz model.

Stochastic volatility extensions are also easily added, although tractability
becomes an issue. For example, Hickspoors and Jaimungal [HJ08] consider
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a class of models of the form St = egt+Xt , where, adopting their notation,

dXt = β (Yt −Xt)dt+σX(Zt)dB(1)
t

dYt = αY (φ −Yt)dt+σYdB(2)
t

dZt = α (m−Zt)dt+σZdB(3)
t (12.16)

with σX( · ) positive, bounded, and smooth. The stochastic volatility driver
Zt is an OU process, and valuation formulas are obtained using perturbative
methods similar to those introduced in [FPS00], with the stationary variance
σ 2

Z/2α � 1 the small parameter.
These examples illustrate the importance, certainly in research circles, of

the Gibson-Schwartz model as a starting point from which to add extensions.
We have also seen that this model is subsumed by the HJM framework,
and it is natural to consider working directly with the HJM framework as
the starting point. This idea has been championed by Trolle and Schwartz
[TS09], who use transform methods to value “vanilla” options under forward
dynamics of the form

dF(t,T)
F(t,T)

=
∑

j

e−βj(T−t)v
1/2
j (t)dB(j)

t (12.17)

with

dvj(t) = [ηj − κjvj(t)
]
dt+ sjv

1/2
j (t)dB̃(j)

t (12.18)

The intuition here is similar in some respects to (12.15), in that the stochastic
volatilities associated with each exponential factor mean revert to station-
ary expectations with a square-root volatility-of-volatility term. The primary
thrust of the work in [TS09] is a detailed analysis of historical options data
and statistical evidence of unspanned stochastic volatility – dynamics of the
volatility surface that is not a function of the underlying forward dynamics.
The presence of unspanned volatility components renders vega exposure
unhedgable by purely trading the underlying forwards. While most com-
modities options traders would consider this self-evident based on their
experiences, the class of processes introduced and used in the study is, at
the time of this writing, one of the more advanced states of reduced-form
modeling.

All of the preceding examples have price dynamics driven by diffusions.
Energy commodities, however, frequently exhibit behavior that is far from
diffusive in nature. Power markets provide the most striking departures from
diffusive behavior, especially at short time scales because of the unstorable
nature of the commodity. Figure 12.7 shows a time series of PJM daily aver-
age peak spot prices and a QQ plot of spot returns as defined in (10.10) from
May through August 2011. The price dynamics near the end of May and in
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Figure 12.7. PJM peak spot prices and returns QQ plot (May–August 2011).

mid-July certainly could warrant the qualitative description of spikes; more-
over, basic tests for reject normality resoundingly – not surprising given the
appearance of the QQ plot.

Such behavior has spawned additional mutations of reduced-form models
in which price spikes are explicitly modeled, as suggested early in the his-
tory of power markets by several authors, including Kaminski [Kam97] and
Barz and Johnson [BJ98]. Deng [Den00], building on the work of Duffie,
Pan, and Singleton [DPS00] on affine models, explicitly incorporated spikes
in a sequence of models using Poisson jumps and regime switching. While
this was done in a two-commodity setting, with applications to valuation
of power generation in mind, the one-factor version of the jump diffusion
introduced

dSt = κ [µ(t) − logSt]Stdt+σStdBt +�Jt (12.19)

is effectively (12.5) supplemented by an additional Poisson jump process
�Jt with arrival rate λ(t) and jump density φ(·). This is similar in form to
the forward jump-diffusion processes discussed in Chapter 8. The heuris-
tic motivation of this model, as well as more refined versions introduced
by Deng and others (see, e.g., [CF05], [GR06], and [Kho05]), is that spikes
(�Jt) occur and mean revert to a running level µ(t), superimposed, of course,
on the basic mean-reverting geometric Brownian motion (GBM). In a sim-
ilar vein, use of the Levy processes in lieu of Brownian drivers has been
proposed by several authors (see, for example, [BKMB07] and [BNBV10]).
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There is a fundamental incompleteness in such market dynamics. The
value function of any derivative is now driven by both the Brownian motion
and the jump process. Therefore, delta hedging a derivative on the con-
tract price F(t,Tm) cannot result in a zero-variance outcome because of the
jumps – you cannot neutralize both sources of randomness simultaneously.
If the jump density φ( · ) is a pointmass, then it is possible (within the frame-
work of such a model) to effect a delta hedging strategy using two forward
contracts. The realistic situation, however, is with a continuous jump density
that results in an incomplete market given the finite set of forward contracts
available for hedging.

The design of reduced-form models is a balance between tractability and
retaining empirical features of price dynamics. Proponents of reduced-form
models view the number of variations of spot/convenience yield models, and
almost equivalently HJM-style factor models, as a sign of a vibrant and
evolving paradigm that is yielding increasingly realistic and useful valua-
tion and hedging methods. On the other hand, most of these approaches
are used by small subgroups of practitioners, if they are used at all. In fact,
production valuation is almost always accomplished using relatively simple
models – GEM or near equivalents, if not (in some unadvertised cases) sim-
ply Black-76. The lack of instruments available for calibration renders many
of these approaches intellectually stimulating but challenging to use in prac-
tice. Many of the more sophisticated reduced-form models serve, at best, as
“satellite” or off-line desk valuation tools.

Econometric Models

Limitations on the set of liquid tradables to which to calibrate any of the
preceding reduced-form models are an exogenous problem arising not from
a lack of quantitative methods but from capital limitations market con-
ventions, and a high level of uncertainty about future developments of
rapidly evolving markets. In energy markets generally and power markets
in particular, many practitioners have been at the vanguard of developing
alternative approaches to valuation that can depart meaningfully from the
complete-markets paradigm.

The typical approach to incomplete markets in mathematical finance
starts with a parametric specification of price processes on which the ulti-
mate results entirely depend. This renders many of the results of research
on incomplete markets less useful in situations where no simple class of pro-
cesses seems to match observed price behavior and is the primary motivation
for econometric and structural models.

The characteristic that distinguishes econometric and structural modeling
approaches from reduced-form modeling is that the balance between consis-
tency with empirical behavior and analytical tractability shifts meaningfully
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toward the former, with much more concern about fitting realized price
data. These methods often incorporate known structural attributes of the
physical and price-clearing mechanics of the market being analyzed. Econo-
metric methods attempt to construct models for spot price dynamics in the
physical measure via regression and simulation, with the structure of the
regressions based on known attributes of the market. For example, in power
markets we know that temperature affects load and that load and fuel prices
affect the ultimate market-clearing spot prices. This hierarchy guides the
design of regressions. Structural models can be thought of as turbo-charged
econometric models, adding far more detail about mechanical features of
the market and effectively creating classes of nonlinearities that would be
very challenging to discern using purely econometric methods.

Both the econometric and the structural approaches lead inevitably to a
dichotomy in the method of implementation. Once the physical measure
is constructed, it can be transformed in some way to be consistent with
observed market data, forwards, and options, thereby yielding a risk-neutral
measure. Alternatively, the physical measure can be used for construction
of optimal hedges using standard portfolio theory. We will illustrate this
distinction in the following example of econometric methods for valuation.

Working Problem

Price a TETM3 at-the-money (ATM) January 2013 daily call on December
30, 2011.

While some basis options traders would argue that TETM3 in the North-
east is a reasonably liquid hub and that one could obtain quotes for such an
option, such a view on almost any delivery location other than Henry Hub
is probably optimistic. Moreover, before hitting or lifting any bid or offer, it
would be prudent to independently establish an assessment of fair value.

We encountered TETM3 in Chapter 1, where Figure 1.6 illustrated that
rather dramatic locational price dynamics can occur in cold regions where
supply depends on long-haul transport for natural gas. We have also seen
that basis markets trade between Henry Hub and TETM3, which pro-
vide mechanisms for hedging fixed-price risk. In addition, there is a liquid
monthly options market at Henry Hub, and there is certainly some measure
of activity in daily options markets there. Our approach to this problem will
be to apply a model that relates temperature and Henry Hub spot prices
to the realized locational spot price at TETM3, thereby allowing us to con-
struct an effective hedge of the TETM3 daily call using both Henry Hub and
TETM3 swaps as well as Henry Hub daily options.

A natural variable for regression purposes is

ζ (d) ≡ log
[

pTETM3(d)
pHH(d)

]
(12.20)
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Figure 12.8. Mean TETM3 locational returns by calendar month.

which we will refer to as the locational return. Working with this variable
yields a (nearly) price-level-independent problem, allowing us to use data
across a much larger time span. In what follows, model calibration uses price
and temperature data from January 2002 to December 2011 .

Figure 12.8 shows the average realized values of ζ (d) by calendar month;
the seasonal behavior is manifest. Much of this seasonality is due to temper-
ature effects. The first plot in Figure 12.9 shows realized locational returns
ζ (d) versus temperature τ (d) at KBOS (Boston), labeled “Actual.” Basis
dynamics becomes most interesting at low temperatures, as expected.

A plausible representation of this behavior is the following parameteriza-
tion:

ζ (t) = α +βt+
K∑

k=1

[γk sin(2πkt) + δk cos(2πkt)]+
J∑

j=1

ηjθ(t)j + ε(t) (12.21)

where t is measured in units of years, and ε(t) is the residual. The variable
θ(t) is a regularized temperature variable:

θ(t) = eλ(t)

1 + eλ(t)
(12.22)

with

λ(t) ≡ τ (t) − τref

w
(12.23)
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Figure 12.9. TETM3 basis versus KBOS temperature.

with τref and w selected to be characteristic mean and width of temperatures
realized over the entire data set. The introduction of θ(t) is purely techni-
cal and is required to avoid aberrant behavior of the model (12.21) outside
the range of realized temperatures by bounding the independent variable
θ ∈ [0,1]. Although more sophisticated regression models can be envisioned,
for example, by including exogenous variables such as pipeline capacity or
peak winter demand, this representation does a reasonable job in fitting the
data and allows us to illustrate econometric valuation methods.

Out-of-sample model selection keeps one seasonal mode at very low
amplitude and a fifth-order polynomial in θ . The resulting historical estimate
is shown as the regression points in the top plot in Figure 12.9. The residu-
als ε(t) are shown as a function of temperature in the lower plot. Higher
volatility is observed at extreme temperatures, an effect that also has to
be regressed and used to normalize and subsequently fit the residuals with
standard time series methods such as ARMA processes.

We are now in a situation where, given a specification of the dynamics
for pHH(d) and τ (d), we can generate joint realizations of [τ (d), pHH(d),
pTETM3(d)] under a physical measure. We have already dealt with temper-
ature in Chapter 10, where the forms of the models were defined in (10.12)
and (10.13). A common approach to the modeling of the reference natu-
ral gas price pHH(d) is to use a risk-neutral pricing model, for example,
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Figure 12.10. Distribution of simulated average monthly TETM3 spot prices
(January 2013).

the GEM framework. This is purely a convenient assumption that facilitates
construction of a joint physical distribution for the relevant price variables
and weather index.6 In addition, we will assume independence of τ and pHH.
While this could easily be generalized to correlated processes, we will see in
Chapter 13 that s pot dynamic s at Henry Hub is positively c orrelated with
Northeast temperature to the tune of an R2 of roughly 10 percent, making
the assumption of independence not unreasonable.

Using these assumptions, (12.20) and (12.21) imply that the tempera-
ture and seasonal effects result in an adder to the the Henry Hub implied
volatility. This could facilitate closed-form solutions in some situations.
However, here we are looking to craft hedges of the monthly strip of daily
calls; auto-correlation of weather and prices complicate such calculations
considerably. Moreover, more sophisticated approaches could include cor-
relations between temperature and spot returns as well as nonlinearities
in pHH, each of which would render any attempt at exact calculation very
challenging. Simulation is the preferred approach.

Figure 12.10 shows a histogram for monthly average spot price of the 1,000
simulations generated using the preceding approach. Given the joint distri-
bution of pHH and pTETM3 in addition to the market prices of the respective

6 The process for pHH(d) can be replaced by whatever process a user would like to deploy.
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swaps and Henry Hub options, we are in a position to perform some rigor-
ous portfolio analysis. As of the pricing date December 30, 2011, the relevant
facts are

• The prevailing forward price for January 2013 Henry Hub was $3.882/MMBtu.
• For TETM3, the forward price was $5.341/MMBtu. In contrast, the simulated

(physical measure) forward price was $5.162/MMBtu, implying a positive risk pre-
mium for winter natural gas at TETM3, a feature generally expected by market
participants.

• The value of the ATM Henry Hub daily call option was $0.466/MMBtu. We will
use the Henry Hub ATM call as our sole options hedge in the portfolio analysis
that follows.

At this stage we face the choice mentioned earlier – use the physical measure
directly or “risk-neutralize” it.

If we shift the distribution of spot prices by the risk premium (the differ-
ence between the TETM3 forward price 5.341 and the simulated expected
spot price 5.162), the result is a distribution that is consistent with the
observed forward price. Using this modified distribution to value the daily
call option results in a value of $0.855/MMBtu. In more complex situa-
tions, where observed market data at the basis location are more extensive,
more elaborate mappings from the physical to a risk-neutral distribution
are required. The somewhat arbitrary nature of such transformations is a
weakness of this approach.

The alternative is to construct hedging portfolios directly from the simu-
lated physical measure. Denoting the payoffs of the three instruments that
we have considered as hedges by �h and the payoff of the basis option by π ,
the minimum-variance result

�α∗ = argmin
�α

var
(
π + �α†�h

)
(12.24)

yields a portfolio that hedges a long position in the basis option. Note that
π and �h are undiscounted terminal payoffs. For our working problem, the
minimum-variance hedge of the long TETM3 option, obtained as discussed
in Appendix B, is shown in Table 12.1. As expected, the hedge portfolio
involves selling the ATM Henry Hub daily call, which in tandem with the
TETM3 option results in a basis position: long TETM3 and short Henry
Hub. This is neutralized by the long position in the Henry Hub swap and the
short position in TETM3.

In constructing the hedged portfolio

π̃ ≡ π + �α†
∗ �h (12.25)

we receive the premium of $0.466/MMBtu from the Henry Hub daily call
option. In addition, the hedged portfolio has a mean E(π̃)= $0.469/MMBtu,
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Table 12.1. Econometric Analysis: Hedge of TETM3
Basis Option

HH Swap TETM3 Swap HH ATM Daily Option

0.899 −0.786 −0.975
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Figure 12.11. TETM3 basis option hedge residuals.

suggesting a midvalue for the TETM3 daily call of the sum of the two
values, $0.924/MMBtu. This is approximately 8 percent higher than the value
obtained by simply shifting the distribution to match the TETM3 forward
price.

Figure 12.11 shows a histogram of π̃ as well as the cumulative distribution
function. The standard deviation of the hedged portfolio is $0.228/MMBtu,
which is a significant fraction of the option premium.

The merit of this approach is that in a situation with illiquid options mar-
kets on a commodity that has a relationship with a benchmark commodity
that can be parameterized and estimated, the resulting physical measure can
be used to construct effective static hedges. This method also yields an esti-
mate of the distribution of realized values of the hedged portfolio – the
hedge slippage. This allows one to construct reasonable bid-offer spreads
on the structure in question.
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Critics of this type of valuation methodology, however, make several valid
points. First, the use of a risk-neutral measure for pHH was arbitrary and
done for convenience. That said, there is nothing preventing deployment of
a preferred rendition of spot price dynamics for the reference hub if one
exists. Second, the use of a static hedge and resulting valuation excludes the
possibility of rebalancings that would improve hedge effectiveness. In prac-
tice, however, the original portfolio typically does not require rebalancing
unless regime changes occur that result in basis dynamics that is no longer
represented by the original econometric model.

Limitations of Reduced-Form and Econometric Methods

There are merits to each of the previously discussed approaches. The con-
siderable variety of reduced-form models can span a great deal of model
“phase space,” leaving the ultimate practitioner a menu of models with dif-
fering qualitative attributes from which to choose. Econometric approaches
are often favored by portfolio managers dealing with less liquid positions
because they yield statistical results which bear resemblance to phenom-
ena that have occurred. Even these methods, however, are often layered
on top of a generic reduced-form model, as was the case for the basis option
example just completed. The reason for this is that locational prices typically
reference a benchmark, and developing econometric or structural models
for benchmark prices can rapidly expand to include global macroeconomic
considerations.

It is useful to revisit reduced-form models regarding consistency with
observed forward dynamics. Addressing this issue is not a simple matter
because the observed data are in the physical measure. Above and beyond
defining the structure of the model to be tested, assumptions must be made
about risk premia – assumptions that are usually made with tractability of
estimation in mind. For example, it is common to posit constant market
prices of risk. In the Gibson-Schwartz setting, this amounts to adjusting the
drift terms for the spot and convenience yield processes by constants.

Despite the somewhat ad hoc nature of assumptions on the form of
risk premia, there are indeed concerns about the consistency of stan-
dard reduced-form models. Carmona and Ludkovski [CL04] analyzed the
Gibson-Schwartz (12.6) two-factor model, applying filtering methods to
estimate the mean reversion and volatility parameters using WTI spot con-
tracts. With these parameters fixed, they then computed the time series of
convenience yields δt implied by different forward contracts using (12.8).

The results are disturbing. The convenience yields implied by the rolling
three-month contract bear little resemblance to those of the twelve-month
contract. Up to the assumptions made about risk premia, it would appear
that Gibson-Schwartz, as one example, cannot consistently fit the historical
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forward prices. This analysis is not conclusive by any means. Gibson-
Schwartz is a very specific model, a subset of the GEM framework; allowing
the long factor to have mean reversion could improve the results. Other
reduced-form models yet to be analyzed in this way may perform better.
These results, however, are, cause for concern.

Viewing the issue of consistency from the HJM framework, in which the
prevailing forward curve is specified as an initial condition, one might be
tempted to argue that the issue is resolved – either by using factor-based
models such as GEM or by using the equivalent of adding time dependence
to spot-convenience yield models. This notion, however, merely pushes
inconsistencies to an intertemporal form; factor dynamics such as those we
used in GEM are typically not consistent with realized forward dynamics. In
practice, on a daily basis the model is recalibrated to the most recent forward
curve; formally

F(t+�,T) = F(t,T)e
∑J

j=1

[
σj(T)e−βj(T−t+�)Yj(t+�)

]
−1/2V(�,T)

(12.26)

where at each time t the “initial” forward curve is set to F(t,T), and the OU
processes are reinitialized to Yj(t) = 0. A consistent model would not require
this daily recalibration.

Above and beyond this concern, there are situations that are commonly
encountered in energy markets, especially in asset valuation, that exceed the
capabilities of reduced-form models at a basic level. For example:

1. Data limitations. The maximum tenors at which forwards and options are liquid
and therefore useful for price discovery and calibration often fall far short of the
tenors required for valuation. Moreover, options liquidity often decays rapidly
away from the ATM strikes, rendering skew, as marked by traders, the result
of little more than guesswork, perhaps enhanced by parametric extrapolates
provided by modeling groups.

2. Uncommoditized risks. The payoffs of many structures have components that
are not traded but that clearly interact with the price components of the pay-
off. An example, which we discuss at length in a later chapter, is load swaps
in which the payoff is the product of the hourly realized system load and the
differential between floating and fixed price: Lh (ph − pfixed). Load is altogether
uncommoditized – vanilla swaps and options on Lh or daily averages thereof do
not trade.7

3. Macro changes in price dynamics. Exogenous forces, for instance, changes in
technology, market structure, or regulation, can significantly alter the dynamics
of forward prices. A recent example is the introduction of new forms of natural
gas exploration, which have resulted in an epochal change in price relation-
ships between natural gas and coal in the United States, fundamentally altering

7 For a brief period of time in the early 2000s, market making for load swaps did occur on Enron’s
electronic trading platform Enron On Line. This is the only instance that the author is aware of in
which such markets existed, and even in this case available tenors were only one or two weeks.
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generation stacks around the country. Tax incentives are another case in which
regulatory fiat can alter the energy landscape in parts of the world through the
subsidized addition of wind, solar, and other renewable generation technologies.

Reduced-form and econometric models have basic limitations in some or all
of these situations.

Consider the case where an existing asset with an expected remaining life
of ten years8 requires valuation for the purpose of acquisition. This means
that the present value of the asset over its remaining life must be established
at tenors beyond the range of market liquidity at the location of the asset.
Reduced-form models have only one way of dealing with this – namely,
the construction of extrapolations of forward prices and volatilities. Such
extrapolation usually involves ad hoc functional forms with no systematic
method to accommodate information about future events – think of gen-
eration retirements or transmission development, each of which is often
announced years in advance. Econometric models, which is based on sta-
tionarity of the variables being used to describe the system, fare only slightly
better. Regressions can be constructed that include high-level descriptors for
system supply and demand growth, but parameterizations of the effects of
such fundamental variables are usually the result of educated guesswork.

A greater distinction between the reduced-form and econometric
approaches appears in the second situation. Reduced-form models have no
concept of uncommoditized variables such as system load. Some practition-
ers have proceeded by simply decreeing the existence of load forwards and
volatilities. However, because such do not trade, these fictional “forwards”
and “options” are marked using econometric estimates, with the ultimate
result being a peculiar hybrid of physical and risk-neutral measures all being
used in a risk-neutral setting. The econometric approach, on the other hand,
often explicitly models key drivers such as weather-driven demand, which
allows for construction of a physical measure for the joint distribution of
both commodities prices and the uncommoditized variables. In this sense,
econometric models cover more ground.

High-impact events are another matter altogether. As we will see shortly,
changes in the relative value of key fuels such as coal and natural gas have
nonlinear effects on the price dynamics of power. Reduced-form models
usually depend on specification of constant or deterministic correlations
between drivers – a distinctly “linear” approach – and hoping to divine a
set of coupled diffusions that would adequately approximate the nonlinear-
ities in the system is not a viable strategy. Econometric models also suffer
in this context. Unless there have been historical precedents for fuel switch-
ing or changes in the supply stack, little can be done to credibly construct
physical distributions in such situations.

8 In many cases, the time horizon is several decades.
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These limitations have been appreciated by practitioners for many years.
Although reduced-form and econometric methods are quite useful and stan-
dard fare on many trading desks, models that use utilize known attributes
of the mechanics of a market to infer plausible nonlinear relationships, so-
called structural models, are the most promising avenue for improvements
in valuation methodology.

Structural Models

We will focus our initial discussion of structural models on power mar-
kets. Perhaps counterintuitively, the fact that power cannot be stored in
any meaningful quantity makes things simpler because there is no actively
managed inventory process to cause temporal coupling. The spot prices that
balance supply and demand are, to a good approximation, a one-time-period
calculation. Temporal coupling at short time scales does in fact occur as a
result of the mechanical limitations of generating units – most generation
cannot simply switch on and off instantly. For the problem of creating plau-
sible physical distributions, though, this short-time-scale coupling is typically
omitted.

In Chapter 3 we introduced the concept of a generation stack, which is the
function mapping cumulative capacity to marginal cost of generation. All
generation in a region of interest is grouped into a single supply stack with-
out any locational constraints. Given a set of fuel prices, which of course, are
essential to the calculation of the cost of both fossil fuel – and nuclear-based
generation, the generating capacities of the units [C1, . . . ,CN] are sorted
in increasing order of cost of generation [p1, . . . ,pN]. The stack is the step
function

�

(
C|�Ft

)
= pn(�Ft)1{Cn−1<C≤Cn} (12.27)

where �Ft is the set of relevant fuel prices at the prevailing time t. Typically,
the marginal price of a single generator pn depends on only one component
of �F. The reason that this function is of interest is due to the notion that at
a given level of system load (demand) L, the clearing price should be (more
or less) the marginal cost at level L:

p(t) ≈ �
(

L|�Ft

)
(12.28)

This is the basic modeling precept underpinning structural models for power.
The concept of a stack, as defined earlier, is replete with ambiguities

and flaws of which analysts of power markets are well aware. To begin
with, most modern power markets involve nodal pricing – this means that
the market-clearing mechanism sets prices at many hundreds of locations
as shadow prices from a network optimization, which accounts for system
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constraints on generation and transmission, enhanced with reliability cri-
teria. Real power markets more closely resemble graphical networks of
locational generation and load with constraints than a homogeneous collec-
tion of capacity as represented in (12.27). The stack representation assumes
that all generation and load sit unconstrained at one location with the price-
versus-supply function defined in (12.27). Another issue is that the capacity
of a generator Cn is usually taken to be the maximum output of the gen-
erator, while in fact the generator can be down owing to forced outages
(something breaks, suddenly taking a generator out of the stack) or planned
maintenance. Moreover, generators can operate within a range of capacities
at different levels of efficiency.

While it is easy to devolve into lengthy discussions about the inadequa-
cies of the stack as an engineering representation of the physical system, this
would be a distraction. The point is that a “reasonable” form for the stack
� is the basis for a structural model of power prices in a given market, pre-
sumably capturing key features of the interactions between various types of
generation, prevailing fuel prices, and system demand Lt, at a level of detail
that facilitates useful computation.

Although the detailed structure of generation stacks varies across control
areas, all stacks bear some commonalities. All are nondecreasing functions
(by definition), and broadly speaking (i.e., ignoring local roughness), stacks
are convex as the maximum system capacity is reached, beyond which a
market-specific price cap pertains. The PJM supply stack, shown in Figure
3.38, is a good example. A caricature of this general behavior is shown in
Figure 12.12. This is a plot of a functional form for a structural power model
introduced by Barlow [Bar02] of the form

�(C) =
{

fα(C) if C < Cmax ≡ (1 − ε)/α

ε−1/α otherwise
(12.29)

where

fα(L) =
{

1
(1−αL)1/α if α �= 0

eL α = 0
(12.30)

Barlow derived this form from a simple model for price setting assuming
price-inelastic load, and the result is a stack with some of the qualita-
tive features one expects. Prices increase with load as a convex function
hitting a maximum (the bid cap) of ε−1/α when demand exceeds a thresh-
old level (1 − ε)/α. The (near) singularity at Cmax yields the “price-spike”
behavior observed empirically. The case α = 0 is a simple exponential
stack.

Figure 12.12 shows � using α = 0.20 and a bid cap of 1000. The implied
value of ε yields a threshold on capacity that was scaled by 10,000 in Figure
12.12 to bring units up to levels that are typical of power pools with capacities
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Figure 12.12. Barlow stack and load distributions.

on the order of 104 to 105 MW in large systems. While Barlow system-
atized the discussions of parametric forms, many researchers have explored
parametric stacks during the same time frame, including [SIC00], [SGI00]
and countless proprietary efforts by industry researchers, some of which are
alluded to in [EW03].

Superimposed on the stack in Figure 12.12 are two normal probability
densities for future loads corresponding to low and high cases. We will
postpone discussion of how distributions of load should be constructed to
Chapter 15 on load hedges. I f we assume pric es clear at realiz ed loads, this
setup yields a distribution of spot prices. Although Barlow estimated param-
eters in this framework using realized spot prices and demand, it is useful to
examine the attributes of this model in a risk-neutral setting.

Using the distributions for load to generate a distribution of spot prices
p via the stack � yields a forward price that is Ẽ(p). Valuing options
across a grid of deltas produces the implied volatility surfaces as shown in
Figure 12.13. Higher load distributions result in higher implied volatilities
and greater skew. Moreover, these surfaces bear remarkable resemblance
to actual implied volatilities in power markets. This is quite an accomplish-
ment for such a simple model, and clearly, one could go a step further
by implementing calibration methods to observed forwards and options by
allowing some flexibility in the inputs – for example, by adjusting implied
load distributions or using a time-varying maximum capacity.
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Figure 12.13. Barlow stack implied volatility surfaces.

This type of modeling approach is in stark contrast to the full-blown
fundamental engineering models alluded to earlier, which because of their
daunting computational requirements, often apply deterministic “expected”
loads to dispatch models. It is clear from both the form of (12.29) and the
actual physical stacks such as those shown in Figure 3.38 that random load
applied to a convex stack yields expected prices that, as a result of Jensen’s
inequality, can be substantially higher than those obtained using expected
load profiles. This is a major weakness in the fundamental approach.

The simplicity of the Barlow stack limits its ability to account for some
aspects of spot power prices, including dependence on fuel prices, nega-
tive prices, and apparent regime changes. Dependence on fuel prices could
be partially remedied simply by rephrasing the stacks � as a heat rate in
which the power spot prices become pt = Gt�(Lt), with Gt the spot nat-
ural gas price at time t. This yields a joint distribution of [Lt,Gt,pt] with
nontrivial correlation structure between fuel and power prices as a func-
tion of expected load. In addition, this approach allows the use of skew in
natural gas markets, which is more observable than in power, to provide
extrapolates of power implied volatilities beyond the strike ranges observed.

This simple modification, however, accommodates a stack based on only
one fuel. Power markets involve the interaction of generators driven by mul-
tiple energy sources, including hydro, nuclear, coal, and refined products,
in addition to natural gas. A great deal of work has been done to develop
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structural models that can account for the interactions between fuel prices
and the composition of the stack. The basic challenge in dealing with multi-
ple generation types is that multiple stacks interact in a nonlinear fashion.9

Grouping each generator by input fuel and representing the “substacks” by
�j(C|Fj), the total stack � is obtained by

�−1
(

p|�Ft

)
=
∑

j

�−1
j

(
p|�Fj

)
(12.31)

Because �−1
(

p|�Ft

)
denotes the total capacity with cost less than p, this

result is merely summing the total capacity across all generation types
with marginal cost of generation less than p. In certain situations, (12.31)
is amenable to direct evaluation. Explict forms for � are constructed
by Carmona, Coulon, and Schwarz [CCS13] in the two-fuel setting with
exponential stacks.

More general structural models, which remain amenable to closed-form
(or nearly closed-form) solutions, have been developed that yield a broader
spectr um of pric e dynamic s; see for example, [A CHT09] and [CCS13]. Car-
mona and Coulon [CC13] have intr oduced probabilistic stack models in
which the spot price takes the value determined by one of a set of substacks
i = 1, . . . ,N of the form

pt = ( − 1)δ̃i(Gt)δieαi+βiL̃t (12.32)

selected with probability πi of the form

πi = π
(i)
low +π

(i)
high�

[
Lt −µ

σ
( − 1)δ̃i

]
(12.33)

which is increasing or decreasing with demand depending on the sign of δ̃i.
Here �( · ) is the standard normal distribution function, and L̃t is the load
bounded by zero and the maximum system capacity Cmax(t):

L̃t = max
{

0,min[Lt,Cmax(t)]
}

(12.34)

The constants δi, δ̃i ∈ {0,1} accommodate the presence or absence of fuel
dependence and negative prices. Analytical expressions for forward prices
are achievable if Lt and logGt are normally distributed.

Extensions of stack models along these lines expand the qualitative
dynamics that the models can produce, but at the expense of an increasing
set of parameters requiring estimation. The utility of models of this type, in
particular, regarding calibration to historical and market data and accurate

9 This also pertains to situations where one considers geographically distinct stacks coupled with a
finite transmission capacity between them.
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forecasting, has yet to be fully ascertained, although applications are being
researched (see [CPS12]).

These models just discussed are parametric structural models with judi-
ciously chosen functional forms and free parameters that have analogues
with physical attributes of the market. The maximum capacity Cmax(t)
in (12.29), for example, can be interpreted literally as a maximum avail-
able system capacity. This is not how parametric stack models are usually
implemented, however. Rather, such parameters are generally used as free
variables for calibration. This means that the situation in which significant
perturbations to the systems have occurred, or are expected in the future,
are difficult to reflect, requiring ad hoc modifications of parameters such as
Cmax(t). This can happen as a result of generation addition and retirement or
regulatory-induced regime changes such as the addition of renewable wind
generation, as witnessed in the United States in recent years.

Consequently, nonparametric stack models also have been proposed and
are used by some practitioners. Here the physical system is described at a
granular level, with the engineering attributes of each generator identified
and used as the primitive modeling data. The stack at time t is obtained from
the �i(t) associated with each generator:

�−1
i (p) =

{
C(i)

maxSi(t) if p > pi(t, �Ft)

0 otherwise
(12.35)

where pi(t, �Ft) denotes an engineering estimate of the marginal cost of gen-
eration of unit i given fuel prices �Ft (recall again that typically only one
component of �F matters). We have also introduced a time-varying avail-
ability adjustment Si(t), that is designed to accommodate observed seasonal
patterns in generation capacity. Recall Figure 3.45, which showed daily
historical available nuclear generation capacity in the United States. The
manifest seasonality is due to maintenance schedules, in which operators
bring parts of the fleet down for scheduled maintenance and refueling during
the less expensive shoulder months in the spring and fall. The same type of
behavior is consistently observed for other types of dispatchable generation.

Given the entire set of capacity functions (12.35) for the region in
question, one can posit a stochastic model for spot clearing; for example:

pt = �t

[
Lt(1 + δt)|�Ft

]
+ εt (12.36)

where �t is constructed from (12.35) for all i using (12.31). Here δ and ε are
stochastic processes reflecting uncertain availability of generation random-
ness in bidding, respectively. Assuming a particular distributional form for
each, maximum-likelihood estimation can be affected. Note that normality
of the underlying random variables or processes can still yield nontriv-
ial skew and spikes as a result of the nonlinearity of �. For reasons of
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tractability, significant simplifications have been made – this is after all a
structural model not an engineering replica. Use of a single δt at each time
effectively dilates the entire stack – outages are uniform. Similarly, a sin-
gle εt reflects a common aggressive or conservative bidding strategy across
generators. In addition, it is usually assumed that the seasonal availability
adjustments are common, either across the stack or by generation type, and
usually parameterized, for example, as

S(t) =
K∑

k=1

[γk sin(2πkt) + δk cos(2πkt)] (12.37)

This type of approach might be termed semiparametric structural mod-
eling because the stochastic drivers are parametric, but the stack itself is
(often quite laboriously) constructed from high-level engineering attributes
of the system. Such a modeling framework can be used to make predic-
tions about the effects of forced perturbations, such as the addition of large
renewable capacity or forced retirements due to emissions, on price dis-
tributions. The validity of such predictions has not yet been systematically
tested.

Structural models for storable commodities, in contrast to the preceding
stack models, have been a topic of research for a very long time. From a
perspective of practical implementation as derivatives pricing engines, how-
ever, these are actually at an earlier stage of development than the stack
models due in large part to daunting numerical challenges. Many versions
of structural models for inventory have been proposed, most of which are
substantively equivalent. The monograph by Pirrong [Pir12], which moti-
vates much of the following discussion, is an excellent survey of the potential
strengths and limitations of such efforts.

The basic assumption of inventory-based structural models is that spot
price formation occurs through a market equilibrium based on informa-
tion about supply and demand drivers and storage capacity. The starting
point is the specification of supply and demand functions pt = S(qS

t ) and
pt = D(qD

t ), respectively, as depicted in Figure 12.14. The equilibrium price
is characterized by the intersection of these two functions, where supply
and demand balance. An alternative characterization is that the equilibrium
price maximizes the sum of the consumer and producer surpluses defined,
respectively, as

D∗(q) =
∫ q

0
D(q̂)dq̂ −qD(q)

S∗(q) = qD(q) −
∫ q

0
S(q̂)dq̂ (12.38)
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Figure 12.14. Supply and demand equilibrium.

These are also shown in Figure 12.14. The consumer surplus D∗(q) can be
interpreted as the value that would be obtained by all consumers when
quantity q is consumed at the demand-curve price D(q). Consumers who
would have purchased at a higher price p̂ effectively make the difference
p̂ −p; those who would only consume at lower prices consume nothing. The
producer surplus is defined similarly as S∗(q), but with demand curve also
setting price as for D∗. The price at which the sum of the two surpluses

D∗(p) +S∗(p) =
∫ q

0
[D(q̂) −S(q̂)]dq̂ (12.39)

is maximized is the equilibrium price. This is the total shaded area in Figure
12.14. The use of the reference level qD(qt) in (12.38) yielded an economic
interpretation but was arbitrary in that it nets out in (12.39).

For a system in which agents can make intertemporal decisions involving
inventory of a commodity that is produced and consumed, it is the present
value of integrated future total surplus that must be maximized. Denoting
the level of inventory at time t by It, and adding randomness to the demand
and supply functions by making them functions of stochastic processes �Xt

and �Yt, respectively, the optimization problem amounts to computation of
the value function:

V
(

It, �Xt, �Yt

)
≡ sup

[qD(·),qS(·)]∈A

× Ẽ
(∫ ∞

t
e−r(T−t)

{
D∗[qD(T), �XT]+S∗[qS(T), �YT]

}∣∣Ft

)
dT

(12.40)
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Constraints on the allowed actions qD and qS are denoted by A and always
include

• Bounds on inventory: I(t) ∈ [0,Smax] for all t.
• Conservation of commodity: dI/dt = qS(t)−qD(t). In some cases this constraint is

modified to have losses of inventory while in storage.

In addition, there must be consistency of spot price formation

pt = D
[
qD(t), �Yt

]
pt = S

[
qS(t), �Xt

]
(12.41)

equating the marginal cost of supply and demand. This effectively reduces
the decision variables from [qD,qS] to qD.

In the case of valuing a single storage structure, as we will see in Chapter
13, the price process is s pecified exogenously, and it is assumed that a single
storage operator has no impact on price dynamics. Here the key point is that
dynamic control of qD and qS does not merely effect spot prices – it defines
them. Viewed from the perspective of simulation, along any given path at
time t, the spot price is obtained from (12.41).

Methods for solution of the dynamic control problem (12.40) are discussed
in detail in [Pir12]. In addition to the value function, such solutions
also provide the “carry-out” function, which specifies the rate of injec-
tion/withdrawal as a function of the current state of the system:

dI
dT

(
IT, �XT, �YT

)
(12.42)

or in discrete time: IT+�T = IT +�I(IT, �XT, �YT). With the carry-out function
in hand, forward prices can be obtained either via simulation or by solution
of a partial differential equation (see [Pir12]). It is important to realize that
both steps, the computation of the carry-out function and the computation of
forward prices, are numerically challenging, especially if the dimensionality
of [ �X, �Y] is large – and large in this case can be viewed as anything more than
two factors.

Various authors have studied models of this form or closely related
variations, including [DL91] and [RSS00]. Pirrong [Pir12] has the most com-
prehensive discussion of the behavior of inventory-based structural models,
analyzing a two-factor version of (12.40). The results of these studies suggest
that models of this form can generate many of the expected results, notably

• The instantaneous variance of returns (spot or forward) decreases with inven-
tory It.

• This effect decreases (in general) with tenor, with the ratio of spot to forward
returns variances greatest at high demand and low inventory.

• The returns correlation between spot and forward contracts is low at high demand
and low inventory and effectively unity at low demand and high inventory.
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This class of models also can exhibit plausible volatility surface dynamics
and in some cases (see [RSS00]) contango of implied volatilities at short
tenors – a phenomenon occasionally observed in market data, as we saw in
Figure 5.8.

While the plots shown earlier in this chapter showed little or no rela-
tionship between returns volatility and forward yields, there is empirical
evidence that structural inventory models are a step in the right direction.
Consider the following results from LME copper market data. The ideal
markets for empirical studies of the effects of storage are those devoid
of seasonality and that have good price and inventory data. Inclusion of
seasonality complicates solution of optimization problems such as (12.40)
considerably. Although crude oil prices, both spot and forward, can be con-
sidered nonseasonal, oil inventories do exhibit some seasonality. Moreover,
global inventory data for crude oil are hard to compile, and the data that are
available are not considered to be particularly reliable. Crude oil is therefore
not a leading candidate. Natural gas has reliable storage data in the United
State but is seasonal.

Copper, however, has the merit of being a consumable commodity with
reliable inventory data provided by the metals exchanges and is devoid
of meaningful seasonality in demand and prices. Copper price dynamics is
amenable to direct application of PCA. Figure 12.15 shows historical LME
inventory levels, which have clearly spanned a considerable range over the
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Figure 12.15. Forward yields versus inventory for copper.
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Figure 12.16. PCA for copper.

past decade. The lower plot shows forward yields versus inventory. The
monotonicity of forward yields as a function of inventory is similar to what
we saw in Figure 3.27, although the convexity in this relationship for cop-
per is much more significant. At high inventory, the change in expected
forward yields as a function of inventory is smaller than at low inventory
levels, presumably because the marginal cost of increasing storage capacity
is relatively low for copper, at least in comparison with the elaborate and
costly requirements for natural gas storage.

Returns correlations also show interesting structure as a function of inven-
tory level. Figure 12.16 shows the results of PCA analysis, plotting the
volatility of factors j ≥ 2 over that of the first factor by month versus inven-
tory level over the entire data set. Specifically, the PCA factors {�j}J

j=1 are
computed over the entire data set in addition to the “factor amplitudes”:

αj(d) ≡ �
(m)
j · �R(d) (12.43)

The factor amplitude αj(d) represents the “amount” of �j present in the
realized forward returns for day d. The scatter plot shows the ratio

[∑
d∈m

∑J
j=2 α2

j (d)
]1/2

[∑
d∈m α2

1(d)
]1/2 (12.44)
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The noteworthy feature of dependence of this ratio on inventory is that at
high inventory levels the forward dynamics are tantamount to one-factor
dynamics, with multifactor correlation structure being manifest only at low
inventories. Models such as (12.40) exhibit precisely this behavior.

Modeling forward dynamics for, say, copper and, certainly by plausible
extension, crude oil or natural gas without inventory effects should be done
at one’s peril. It is also clear, as emphasized by Pirrong [Pir12], that there
are missing ingredients that will be required for consistency with empir-
ical observation, notably stochastic volatility or some moral equivalent in
the underlying drivers. Anyone watching oil markets through the credit cri-
sis would have to conclude that volatility, both realized and implied, was
anything but stationary during that time. The issue, once again, is tractability
of the modeling framework.

Conclusion

Attempts to construct models for commodities forward price dynamics
encounter a tradeoff between tractability and consistency with empirical
results. We have categorized the large and varied approaches to this task
into three categories:

• Reduced-form models. These are the workhorse models FOR the industry, involv-
ing posited parametric dynamics, usually consisting of diffusion models of price
dynamics.
◦ The dominant form in use are the HJM-style models, in which the set of forward

prices is the underlying primitive.
◦ Spot convenience yield models take the approach of specifying spot price

dynamics with drift adjusted by a second process, the local convenience yield.
Calibration to forward prices requires time-dependent drifts, which ultimately
render these models equivalent (or nearly equivalent) to HJM-style models.

◦ The merit of reduced-form models is tractability coupled with some degree of
consistency with empirical features of forward curve dynamics.

◦ Attempts to capture more subtle behavior, such as price spikes and associated
heavy skew, as well as correlation dependence on underlying variables such as
inventory, are ad hoc and usually result in complex models with large number
of parameters that are challenging to estimate.

◦ Application of reduced-form models is predicated on the existence of liquid
forward and options markets to facilitate calibration. In the absence of such,
extrapolation methods are required.

• Econometric models. Econometric models are useful in situations where historical
data are abundant and amenable to regression methods, but where market data
are scarce and liquidity is limited.
◦ The approach is predicated on stationarity of spot price and index data such as

weather, to which econometric methods are deployed to construct models that
can be used to simulate physical measure realizations of the underlying prices.
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◦ Incompleteness is explicitly modeled, and optimal hedge construction is an
exercise in standard portfolio theory.

◦ Econometric modeling relies on stationary time series, rendering estimation
challenging when a commodities market is undergoing upheaval through either
regulatory changes or shocks to supply and demand profiles.

• Structural models. Structural models use known aspects of a particular market
to identify plausible nonlinear relationships between fundamental drivers and
inputs, such as supply, demand, inventory, and weather, and realized spot prices.
◦ Stack models handle the situation where the commodity cannot be effectively

stored, notably in power, which renders the calculation of spot price distribu-
tions relatively efficient. Such models are commonly used to generate plausible
volatility, skew, and correlation structure in the absence of liquid markets.

◦ As with econometric models, pricing is effected either in the physical measure
with portfolio analysis methods used for hedge construction or in a risk-neutral
setting with model parameters adjusted to yield price distributions that are
consistent with market data.

◦ Inventory-based models attempt to handle the situation in which the commod-
ity is stored, with price distributions resulting from an intertemporal stochastic
equilibrium calculation. Research suggests that such models can generate price
dynamics and volatility surfaces with features that are more consistent with
empirical results than those obtained from reduced-form or purely econometric
approaches.

◦ Numerical efficiency is the dominant challenge in the analysis and development
of structural models for energy derivatives pricing.



Part V

Advanced Methods and Structures

The s tr uctures that we dis cuss here in Part V c ombine all the primary
valuation issues discussed in Part III and many aspects of the modeling
paradigms described in Part IV. We c oncentrate on three c ommon types
of structures that in many respects continue to challenge portfolio managers
and valuation specialists.

Natural gas storage facilities are arguably the most challenging and least
resolved class of energy structures in the business. We start with storage
primarily because it involves a single commodity; complexities arise for
several reasons. First, optionality is high dimenionsional, occurring at the
daily level, and more important, each decision point (exercise time) is cou-
pled with optionality in the future. The decision to inject or withdraw from
storage affects the state of the system, specifically how much inventory
remains, which changes one’s degrees of freedom in the future. This coupling
means that valuation depends on correlations between returns of differ-
ent contracts or delivery periods. However, the market implied correlation
information is scarce and often of a nature that is not particularly useful for
model calibration or hedging. Finally, storage operators, while competitive,
are all attempting to achieve much the same thing. Hence the assumption
of no feedback of hedging actions into price dynamics is potentially flawed.
There is evidence that returns correlations do, in fact, depend on inventory
levels, presenting a modeling problem that has yet to be resolved.

Tolling transactions are the second class of structures that we address
here. I n Chapter 9 we dis cussed monthly tolling structures; here we focus
the much more pertinent and commonly traded daily structures. The intro-
duction of daily exercise requires estimation or calibration of returns corre-
lations between power and natural gas at the daily level. Here we start by
applying the standard two-factor Gaussian exponential models, which turn
out to require correlations that are much higher than empirical estimates
would suggest in order to be consistent with price levels at which these struc-
tures are known to trade. High correlations reduce the value of the structure,
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which, we argue, is likely a result of market frictions that severely degrade
one’s ability to extract extrinsic value. Alternative methods to the standard
financial engineering models are explored, including econometric and struc-
tural models in which we explicitly address market incompleteness via the
use of static hedges constructed in the physical measure.

Finally, we conclude Part V with a discussion of variable-quantity swaps.
These commonly arise in several contexts. The most common, and the one
on which we focus the most, are load swaps or physical load obligations in
which hourly variations of the demand of a tranche of electricity consumers
define the notional quantity. The absence of any direct commoditization of
load renders the use of quantos irrelevant, and the approach that we fol-
low here is predicated altogether on econometric or structural approaches.
Another source of variable-quantity risk is provided by unit-contingent
transactions in which the notional is defined by how much a facility is able
to produce of the product. The most common examples are unit-contingent
off-takes from nuclear generators. In these transactions, the risks associated
with variable quantity are largely unhedgeable.

The unifying theme of this section is that the nature of these structures
requires extrapolation from traded markets in a manner than renders stan-
dard methods challenging to defend and potentially hazardous to use. This
has pushed many practicioners into realms of valuation and analysis that
revolve around construction of (hopefully) realistic physical measures about
which standard portfolio analysis can be applied.



13

Natural Gas Storage

Humanity has continually strived to efficiently store commodities of all
types. The purpose of storage is to resolve supply and demand imbalances
across time, particularly to accommodate (if not to survive) fluctuations in
either supply or demand. All commodities can be stored to a greater or
lesser extent. Among energy commodities, coal and oil are the easiest to
store, requiring little more than fields and tanks. Electricity, on the other
hand, is extremely challenging to store; the amount of storage capacity for
power is typically a minute fraction of total generation capacity and insignif-
icant in comparison with the typical hourly variations in demand. This is why
electricity production and distribution infrastructure must be extremely reli-
able; reliability often achieved at the cost of significant redundancies in the
physical system.

Natural gas lies somewhere between these two extremes – it can be stored
in relatively large quantities, provided that geologic formations exist that can
be modified to hold natural gas at required pressures. The development of
such facilities is expensive but not prohibitively so. As a consequence, the
ratio of working storage capacity to total demand can be substantial. For
example, as we saw in Chapter 3, in 2012, the United States had roughly 4.2
tcf of storage capacity with annual consumption of approximately 24 tcf per
year. This has historically proven to be adequate to resolve the mismatch
between the seasonal variations in demand and the relatively slow changes
in production shown in Figure 3.24.

Valuation of a storage facility as a derivative, or real option, is astonish-
ingly difficult. There are few practitioners or academics who would contend
that the issue is resolved; most view this as one of the major outstanding
valuation issues in the business. There are, however, interesting approaches
to the problem that are commonly used and that at a minimum provide
frameworks about which to construct a toehold on valuation.

In this chapter we will first discuss key attributes of physical storage
infrastructure, proceeding subsequently to describe the general valuation
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problem. We will then turn to virtual storage, which is an idealized facility
with no constraints other than maximum inventory. While departing signif-
icantly from the realities of actual storage, virtual storage has the merit of
being amenable to exact valuation, and analysis of the solution is both infor-
mative and intuitive. Moreover, many of the key results pertain, at least
qualitatively, to physical storage. This will be followed by a discussion of sev-
eral commonly used methods for physical storage valuation, accompanied by
appropriate words of caution.

Physical Storage

There are several ways to store natural gas. One way is to compress or liquify
it, reducing the volumes to levels that engineered structures can handle. The
trouble with this is, of course, cost. Such methods are typically used to trans-
port natural gas but are rarely used to store it over the course of a season. As
a result, natural gas storage is almost always affected by modifying suitable
geologic structures.

Structures engineered to store natural gas are usually grouped into the
following three categories:

• Aquifer storage. Facilities consisting of large porous rock structures.
• Reservoir storage. Depleted natural gas or oil production fields suitably modified

for natural gas storage.
• Salt caverns. Salt dome formations that can be engineered to store natural gas.

Of the three types of storage, salt caverns most resemble large, uncompli-
cated tanks with relatively high injection and withdrawal rates that make
these facilities particularly useful for meeting rapid changes in demand.

Unlike other physical optionality, such as power generation, where the
engineering constraints and capacities, while complex, are extremely well
defined, natural gas storage has inherent uncertainties given the dependence
on large and only partially observable geology. To clarify this point, total
“nameplate” storage capacity in the United States is thought to be around
8,800 bcf as of 2010. Of this, approximately 4,600 bcf holds base gas that
is injected once at inception to raise the pressure in the storage facilities
to required levels. Base gas can be thought of as a minimum inventory level
below which withdrawal is not economically viable. The exact level of inven-
tory at which withdrawal would cease to be achievable is only an estimate
and could very well change with time, even for a specific facility. The remain-
ing storage capacity, roughly 4,200 bcf, is referred to as working storage; this
is the useful capacity. Note, however, that given the uncertainty regarding
the quantity of working storage, the only way to know the bounds on inven-
tory levels at which withdrawal or injection rates would become effectively
zero is to actually hit the engineering limits – this has yet to happen on a
macroscopic scale in the United States.



Natural Gas Storage 299

In the presence of engineering uncertainties, storage structures, specifi-
cally leases or off-takes (tranches) of a storage facility, are designed within
what are thought to be conservative parameters. Physical storage affords
the owner the option of injecting and withdrawing natural gas, typically on
a daily basis. Each decision affects the future optionality due to constraints
on inventory and rates. The owner of a storage facility has the following
considerations:

• Capacity constraints. Ensure that enough capacity exists to accommodate a stor-
age contract. This involves specifying bounds on contracted capacity: S(t) ∈
[0,Smax], where S(t) denotes the inventory level at time t.

• Rate constraints. Ensure that contracted injection and withdrawal rates can be
achieved. This is accomplished by constraints on the rates s(t) ∈ [s∗,s∗], where
s(t) ≡ dS/dt is the injection rate. Here s∗ < 0 and s∗ > 0. In practice, as inventory
approaches the bounds 0 or Smax, these constraints can change – as the tank gets
full (empty), putting more in (taking more out) becomes harder. Such constraints
take the form s∗ = s∗[S(t)] and s∗ = s∗[S(t)].

• Inventory constraints. All storage contracts specify initial and final conditions, the
most common structure being that the facility is to be left with the same inven-
tory at the end of the contract as at the beginning: S(T) = S(0), where T denotes
the term of the contract. Often the contract spans the start of the injection season
April 1, and terminates at the end of the withdrawal season, March 31 of the fol-
lowing year. It is not uncommon for inventory levels to be constrained to specified
inequalities at intermediate times. In general, these limits can take the form of a
sequence of constraints through the contract of the form S�τ∗ ≤ �L∗ and S�τ∗ ≥ �L∗
for specific times �τ and limits �L. The purpose of constraints of this type is to force
cycling of natural gas into and out of the facility, which results in lower migration
of natural gas to unrecoverable areas of the geologic structure and prevents the
development of pressure gradients that are deleterious to reservoir integrity.

The term ratchets is often applied to the rate and inventory constraints, par-
ticularly to the latter. From a valuation perspective, these constraints reduce
the set of allowable actions of the holder of a storage contract and, therefore,
reduce its value.

Storage is often characterized by its cyclability, that is, by how many times
it can fill and then empty, in the parlance cycle or turn, in one year. In the
case of constant limits, one cycle time is

τ = Smax

|s∗| + Smax

s∗ (13.1)

and the number of turns is 1/τ . Most aquifer and reservoir storage is effec-
tively “one-turn storage,” that is, one cycle per year. Salt-cavern storage is
much more flexible, with some facilities able to turn several times a year.
There is, of course, more option value in facilities with high cyclability.

Finally, to add to what is clearly a set of nontrivial constraints, some
aquifer storage can have path-dependent forms for the rate-constraint
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functions s∗
(
S≤t
)

and s∗ (S≤t
)
. Constraints of this form arise as a result of

nontrivial times required for equilibration of pressure gradients – if you
withdraw quickly now, s∗ will increase for some period of time, which
is to say that you can withdraw less until the reservoir has returned to
equilibrium.

Valuation of natural gas storage involves a confluence of high-dimensional
optionality in the daily injection/withdrawal decisions embodied in s(t),
accompanied by nontrivial path constraints on actions and inventory trajec-
tories. Coupled with seasonality in volatility and correlation structure, with
very limited clarity afforded by traded CSOs, the valuation of natural gas
storage is a nontrivial affair. Qualitatively, however, we would expect that
“rougher” dynamics of forward curves will result in a higher value of a stor-
age facility, as storage capacity allows one to exploit time spreads in prices.
We expect, therefore, that higher volatility and lower returns correlation
result in greater value. This actually works both ways – the presence of stor-
age capacity in a market smooths the forward dynamics that would otherwise
have transpired in the absence of storage.

Forward Yields, Carry, and Virtual Storage

Valuation of natural gas storage involves the same basic goal associated with
any long option position: maximize value. For European options, this is easy
– exercise if in the money. For American options, for which the exercise
feature is nontrivial, more work is required to ascertain optimal exercise
boundaries. For the general storage problem, the situation is much more
complex. Before plunging directly into the general formulation, it is quite
informative to examine a simple and highly idealized inventory problem.

The simplest storage structure is afforded to us by a slight modification
of the CSOs introduced in Chapter 9. Consider options with the following
payoff:

max
[
F(τ ,T +U) − erUF(τ ,T),0

]
(13.2)

where we are assuming constant interest rate r. This option can be thought
of as providing the holder with the ability to purchase natural gas at exercise
time τ for delivery at time T at price F(τ ,T), funding the cost to time T +
U, and simultaneously selling the same quantity forward at time T + U. A
long position in this option provides the owner with the ability to store the
product from time T to T+U or the financial equivalent. Clearly, the holder
of such an option will only exercise if the accrued cost of the purchase is less
than the forward price at withdrawal; this is equivalent to the forward yield
exceeding the financial cost of carry:

y(τ ,T,T +U) = 1
U

log
[

F(τ ,T +U)
F(τ ,T)

]
> r (13.3)
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Although actual storage is much more complex, with constraints resulting in
current decisions affecting future value, (13.3) captures one essential aspect
of storage – the value is driven by the difference between forward yields and
financing costs.

With the CSO example in mind, consider a storage facility where the
only constraint is S(t) ∈ [0,Smax], notably without constraints on injection
or withdrawal rates and without inventory ratchets. This type of structure is
sometimes referred to as virtual storage and is clearly an idealization as the
owner can toggle between empty and full instantaneously. One might argue
that some commodities infrastructure could be approximated by virtual stor-
age – for example, compressed-air storage for power generation. However,
even this is a stretch, and the purpose for considering virtual storage is that
it is analytically tractable.1

In discrete time, virtual storage can be represented as the sum of nearest-
neighbor CSOs:

V [Tn,F(Tn, ·)] = SmaxẼTn

×
{ N∗∑

m=n

e−(Tm+1−Tn)r max
[
F(Tm,Tm+1) − er�TF(Tm,Tm),0

]}

(13.4)

where the problem is defined on the time grid T ∈ {n�T}N∗
n=1. At each time,

the decision is made to hold maximum inventory if the net carry is positive
or to hold zero inventory otherwise. Note that the current inventory level Sn

is not an argument of V due to the absence of any rate restrictions, which
renders Sn irrelevant in the optimization – you can set inventory at any level
that you would like to instantly.

Evaluation of virtual storage in discrete time is equivalent to CSO
valuation. If we use the Gaussian exponential factor framework in the form

dF(t,T) = F(t,T)
J∑

j=1

σj(T)e−βj(T−t)dB(j)
t (13.5)

the mth option value is

Vn,m = e−(Tm+1−Tn)r
[
F(Tn,Tm+1)�(d1) − er�TF(Tn,Tm)�(d2)

]
(13.6)

where

d1,2 =
log
[

F(Tn,Tm+1)
er�TF(Tn ,Tm)

± 1
2 σ̃ 2
]

σ̃

1 It is also rumored that such structures have occasionally traded purely as derivatives between
counterparties, but if so, it has happened very rarely.
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with � and φ the standard normal CDF and PDF, respectively, and

σ̃ 2 = (Tm −Tn)
(
σ̄ 2

m,m+1 − 2ρm,m+1σ̄
2
m,mσ̄ 2

m,m+1 + σ̄ 2
m,m

)

Here σ̄ 2
m,m and σ̄ 2

m,m+1 are the term volatilities of contracts Tm and Tm+1
over the time interval [0,Tm], respectively, and ρm,m+1 is the term correla-
tion between the two contracts over the same interval. Each term in σ̃ 2 can
be evaluated exactly using (C.19) and (C.21).

A continuous time representation of virtual storage can be obtained from
(13.4), which we rewrite as

V [Tn,F(Tn, ·)] = SmaxẼTn

{ N∗∑
m=n

e−(Tm+1−Tn)rF(Tm,Tm)

× max
[

F(Tm,Tm+1)
F(Tm,Tm)

− er�T,0
]}

Taylor expanding F(Tm,Tm+1) = F(Tm,Tm)+∂F(Tn,T)/∂T
∣∣
T=Tm

�T] and
taking the limit �T → 0 yield

V [t,F(t, ·)] = SmaxẼt

{∫ T∗

t
e−r(T−t)F(T,T)

[
∂logF(t,U)

∂U

∣∣
U=T − r

]+
dT

}

(13.7)

where T∗ denotes the end of the contract. This result is simply saying that
at each time T, if the instantaneous forward yield exceeds the financing cost,
it makes sense to have maximum inventory; if the opposite holds, then zero
inventory is optimal.

The preceding expression is amenable to exact solution, either by direct
evaluation (see [ADS02]) or by series expansion of (13.4). Using the Gaus-
sian exponential model (GEM) framework, direct substitution, and Taylor
expansion eventually yields leading-order expressions for σ̃ ∼ O(�T2) and
Vn,m ∼ O(�T) with the limiting expression for the value function of the form

V(t, �Yt) =
∫ T∗

t
e−r(T−t)F(t,T)v(t,T)

{
h(t,T)�[h(t,T)]+φ[h(t,T)]

}
dT

(13.8)
where

v2(t,T) =
∑

j

[
βj −

σ ′
j

σj
(T)

]2
σ 2

j

2βj

(
1 − e−2βj(T−t)

)
(13.9)

and

h(t,T) = 1
v(t,T)

[
∂ logF(t,U)

∂U

∣∣
U=T − r

]
(13.10)
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Here �Yt are the GEM state variables – the Ornstein-Uhlenbeck (OU)
processes driving the forward curve.

Valuation for virtual storage is therefore reduced either to a discrete
sum of CSOs (13.4) or the one-dimensional integral (13.8). In either case,
numerical evaluation is significantly less challenging for virtual storage than
for physical storage with nontrivial constraints. This is apparent in the cal-
culation of intrinsic value, which is obtained from an inventory trajectory
consisting of step jumps from 0 to Smax:

SIntrinsic(t,T) =
{

Smax if ∂ logF(t,U)
∂U

∣∣
U=T − r > 0

0 otherwise
(13.11)

yielding an intrinsic value of∫ T∗

t
Smax

[
∂ logF(t,U)

∂U

∣∣
U=T − r

]+
dT (13.12)

The fact that we have a closed-form solution (13.8) allows us to effi-
ciently explore the behavior of inventory value as a function of �Yt. Before
proceeding to a working problem for natural gas, with seasonality in both
forward prices and implied volatilities, it is worth examing an idealized non-
seasonal setting. If we consider an infinite horizon setting (T∗ = ∞), with
constant values for the local volatilities (σj(T) = σJ) and with the forward
curve asymptotically constant and of the form:

F(0,T) = F∞e
∑

j e
−βjTYj (13.13)

then the value function depends solely on �Y, with no t dependence.
Figure 13.1 shows the results for a one-factor infinite-horizon valuation

using F(0,T) ≡ 1, β = 1.00, σ = 0.50, and r = 0.05. The top figure is the value
versus Y(0). Negative values of Y(0) correspond to contango; therefore,
the value function must be a decreasing function of Y(0) in order to be an
increasing function of the forward yield. The middle figure shows the change
in value with respect to Y(0); because this is a single-factor model, the plot
shows �Y = ∂V/∂Y versus Y(0). Finally, the bottom plot of �Y = ∂2V/∂Y2

versus Y(0) illustrates an important point: much as with a simple vanilla
option, the convexity of the structure decreases at extreme values of back-
wardation or contango.2 Value converges to intrinsic at |Y(0)| → ∞. Just as
for standard options, extrinsic value arises near-the-money; in the case of
storage, this is when/where the forward curve is relatively flat.

Higher-dimensional analysis exhibits results that are similar to the one-
dimensional case shown – in particular, a decay in convexity at extreme

2 The negative values of �Y and the related change in montonoticiy of �Y are due to the fact that Y
is a “returns” variable. The structure remains convex in the sense discussed earlier in (9.16).
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Figure 13.1. Virtual storage valuation versus forward yield.

values, with a greater sensitivity to the value of the high-β factors. Although
these results are based on a highly idealized storage structure, the qualitative
features pertain to all storage facilities.

Before using virtual storage in the seasonal setting with real market data,
there is one remaining issue that we must address. The time scale required
for pricing is daily, but market data provide price information at the time
scale of monthly delivery. Storage valuation requires that we use forward
prices over a given delivery period, notably monthly contract prices, to infer
“forward” prices at shorter delivery periods (the quotes are to emphasize
the fact that daily forwards do not trade at all but in the cash month).3 We
will digress for a moment on this technical, but important, issue.

Construction of Daily Forward Curves

Storage optimization usually occurs on a daily time scale �T = 1/365 as in
(13.4), while forward contract price data are at the monthly level. Within
the cash month, one can also trade the spot price for next-day delivery as
well as the balance-of-the-month price in many locations, but this is not
directly relevant to the construction of term daily forward curves. The goal

3 It could be argued that this should have been done earlier for daily fixed strike or forward-starting
options. The issue is much less relevant for vanilla daily option setting. Storage optionality depends
on differences of daily forward prices, unlike strips of daily optionlets, each of which depends on
the spot price on a single day.
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Figure 13.2. NYMEX natural gas (NG) forward curve and cubic spline interpolate.

is to construct daily forward prices from monthly contract prices in a reason-
able way. One obvious, though primitive, solution is to use step functions,
as shown in Figure 13.2 for Henry Hub on March 1, 2010, which is simply
positing that all that the market is telling us is the price for ratable delivery
over a month, and one might as well assume that the price is flat. There is,
of course, information in neighboring contract prices, which leads us to con-
sider using other methods. The results of one such method are also shown in
Figure 13.2; this daily forward curve is consistent with the monthly forwards.

This interpolate was constructed by calculating the cumulative forward
value of the commodity:

C(N̄M) =
M∑

m=1

NmFm (13.14)

where Nm is the number of days in month m, Fm is the month forward,
and N̄M = ∑M

m=1 Nm is the number of delivery days from across all pre-
vious delivery months inclusive. The resulting data {N̄m,C(Tm)}Mmax

m=1 were
then interpolated using a cubic spline to obtain C(n) for all delivery days
n ∈ [1,Nmax]. The discrete function C( ·) was then differenced to yield a daily
forward price F(0,n). Consistency with the monthly forwards is guaranteed
because, by construction,

NmFm = C(Nm) −C(Nm−1) =
∑
d∈m

F(0,d) (13.15)
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This clearly yields a more reasonable daily forward curve than the
step-function representation, although there are kinks and changes in mono-
tonicity that are not natural.

In continuous time, this approach amounts to constructing an interpolate

C(T) =
∫ T∗

0
F(T) dT (13.16)

on discrete data {Tm,C(Tm)}M
m=1 obtained from the monthly prices. The

forward price is then F(T) = ∂C(T)/∂T. The presence of the

∂ logF(t,U)
∂U

∣∣
U=T

in (13.8) would clearly benefit from a high degree of smoothness in C(T),
while the cubic spline only guarantees continuity of this term. We will see
the effects of this momentarily. More sophisticated interpolation schemes
can be used to yield smoother valuation results, but we will use the simple
cubic spline as our default method in what follows.

Virtual Storage Results

With daily forward curves at hand, we can now examine the behavior of
virtual storage. The purpose in this section is to exhibit qualitative attributes
that will also pertain to more realistic storage transactions.

Working Problem:

Our working example will be a contract over one typical season: April 1,
2010 to March 31, 2011. The pricing date will be March 1, 2010.

To start, suppose that we had used the step-function form of daily prices
in the discrete CSO evaluation and with our default parameter settings
�β = [0.30,40]. The total value of the structure is $10.71/MMBtu of capac-
ity. However, the intramonth CSOs are effectively at-the-money, and the
preponderance of the value is concentrated at the boundaries between con-
tract months where the forward prices jump. Figure 13.3 shows both the total
and intrinsic value by delivery date in the top plot. The value spikes at the
monthly boundary are almost entirely intrinsic value, with extrinsic value
visible only on the intramonth CSOs. The middle plot shows daily deltas,
and the bottom plot shows the delta to each monthly contract price. Clearly,
the value concentration at the boundaries is counterintuitive, although the
monthly contract deltas are reasonable with the dominant long and short
positions in the most expensive and cheapest months, respectively.

If we perform the same exercise using daily forwards constructed via the
cubic spline method, the result is a total value of $10.44 , which is surprisingly
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Figure 13.3. Virtual storage value (step-function forward).
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Figure 13.4. Virtual storage value (cubic-spline forward).

close to the preceding result given the difference between the daily forward
curves used. The results of the two methods are, as expected, quite different
at the daily time scale, as shown in Figure 13.4. The intrinsic-value profile
is more reasonable, concentrated where the forward yields are the highest.
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Figure 13.5. Virtual storage value versus β2.

The lack of smoothness in the value function and the small outcropping of
intrinsic value in February are consequences of the limitations of the cubic-
spline interpolate discussed earlier.

The relative computational ease in valuation allows us to easily examine
sensitivity to assumptions regarding volatility parameters, much as we did in
the c ase of the forward s tarters in Chapter 11. Figure 13.5 shows the value
of this structure as a funtion of β2 holding β1 fixed. The sensitivity of value
to the high mean reversion rate is very significant. Replacing β2 = 40 with
β2 = 60, which changes the decay in the returns auto-correlation function
from approximately nine days to six days, increases the value by a stunning
50 percent. The value of storage is very sensitive to mean reversion rates.
This exposure to estimated parameters is also present in high-turn physical
storage.

The General Valuation Problem

The valuation problem for storage structures with constraints on rates and
inventory ratchets can be approximated using CSOs, a topic we will return
to later in this chapter, but the procedure is more challenging and the results
less transparent. The general storage optimization problem must now be
phrased in terms of maximizing the expected value of futures cash flows
as one injects (spends cash) or withdraws (receives cash). Formally, the
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valuation problem is

V [0,S(0),F(0, ·)]= sup
s(·)∈A

Ẽ

{∫ T∗

0
d(0, t)[− s(t)F(t, t) − κ

(
s(t),S(t),F(t, t)

)
] dt

}

(13.17)
where

• d() and F() are the discount factor and forward curve, respectively.
• S(t) is the current inventory level, and s(t) = S′(t).
• κ denotes costs associated with injection and withdrawal. For example, a cost that

is a fraction of the fuel charge would take the form κ = k|s(t)|F(t, t).
• A denotes allowed controls [e.g., 0 ≤ S(t) ≤ Smax].

We will work on the interval [0,T∗] and index time by t. Optimization is over
allowed choices of injection/withdrawal s( ·). The integrand is the discounted
value of the differential inventory change at the prevailing spot price F(t, t):
−s(t)F(t, t); it is positive when you withdraw and sell into the market [s(t) < 0]
and negative when you buy and inject [s(t) > 0]. The goal is to maximize the
expected present value given the current state of the system: [0,S(0),F(0, ·)].

Unless the dynamics are finite-dimensional, such as (13.5), the state space
for F(t,T) is infinite-dimensional (or, in discrete time periods such as days,
of very high dimension) rendering valuation intractable for practical use. It
is common, therefore, to reduce the dimensionality of the problem either
by using the GEM framework, in which case the state space becomes[
t,S(t), �Yt

]
, or by other approaches, such as Longstaff-Schwartz-type meth-

ods.
The constraints A on s(t) and S(t) are what make the problem challenging.

In what follows, we will work with the following constraints:

• 0 ≤ S(t) ≤ Smax

• s∗ ≤ s(t) ≤ s∗ with constant bounds

Physical storage constraints are often significantly more complex than
these, but the essential valuation challenges will become apparaent in this
relatively simple setting.

Calculating Intrinsic Value

Calculation of intrinsic value is often the first step in any valuation exercise,
providing a lower bound on the value of a facility. For most options struc-
tures, this is a simple exercise. In the case of storage, however, calculation of
intrinsic value already requires a fair amount of work.

Intrinsic value is the zero-volatility solution to (13.17), the value that can
be captured by a single static hedge placed at the time of pricing. Because
there is no randomness, the value function takes the form VI = VI [S(0)]
with implicit dependence on the initial forward curve F(0,T). There are two
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approaches to calculating intrinsic value: the first is computationally faster
as a result of reduction of the problem to a linear-programming task; the
second uses dynamic control, which is more generally applicable but much
slower.

The linear-programming approach can be applied if the cost function is
independent of inventory level S and linear in the absolute rate; for example:

κ =
{

−k∗s(t)F(t, t) if s(t) < 0

k∗s(t)F(t, t) if s(t) > 0
(13.18)

The intrinsic value VI [S(0)] is the maximum value over portfolios of forward
spreads between all pairs of delivery days (i, j), subject to the constraints of
the storage facility:

VI [S(0)] = sup
�v∈A
�v≥0

∑
i,j

vi,j

(
e−rTjFj − e−rTiFi −Ki,j

)
(13.19)

Here the portfolio is defined by �v, with vi,j the notional of the (i, j) spread.
In addition, Ki,j denotes the discounted cost per unit notional of injection
at time Ti and withdrawal at time Tj. Although the cost function (13.18) is
itself nonlinear in s, this is handled by doubling the size of the state space and
using the constraint �v ≥ 0. Specifically, by considering positive injection and
withdrawal volumes as opposed to signed injection values, the constraints A
on inventory level and rates become linear in �v

S(TJ) = S(0) +
∑
i≤J
j>J

vi,j −
∑
j≤J
i>J

vi,j

s(TJ) =
∑
k �=J

[vJ,k − vk,J] (13.20)

and hence amenable to linear-programming methods.
Another approach to calculating VI is via dynamic programming.

Although it is more computationally demanding, the benefit is that general
cost functions and inventory constraints can be handled. The idea is based on
the notion that to maximize value, one should take the best possible action
at each state [t,S(t)]. We will work on the discrete time grid

t ∈ T ≡ [0,�t,2�t, . . . ,T∗] (13.21)

and use the notation

tn = n�t and pn = F(0, tn) (13.22)

We will also work with the typical terminal condition for a storage contract

V(T∗,S) ≡ 0 (13.23)
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for all S (you lose whatever inventory you injudiciously left in the facility
at the end of the contract), although the method applies to more general
boundary conditions. With this as the starting point for a backpropagation
solution, the single-step optimization at each state is

V(tn,S) = max
x∈A�t

[
c (tn,x,S,pn)+ e−r�tV

(
tn+1,S + x

)]
(13.24)

where
c(t,x,S,p) = −xp − κ (x,S,p) (13.25)

Here we have accounted for the fact that the allowed set of transitions
depends on �t using the notation A�t. For example, given �t, the rate
constraint becomes s∗�t ≤ x ≤ s∗�t.

Equation (13.24) is usually solved on a discretized state space for storage:

S ∈ S ≡ [0,�S,2�S, . . . ,Smax] (13.26)

in which case (13.24) becomes

V(tn,Sk)= max
k̂∈A�t,�S

{
−(k̂ −k)�Spn − κ

[
(k̂ −k)�S,Sk,pn

]
+ e−r�tV

(
tn+1,Sk̂

)}
(13.27)

Iterating (13.27) yields the value function V(tn,Sk). In addition, backprop-
agation yields the optimal control at each state, specifically the k̂ obtained
from the maximization at each point [tn,Sk]. Denoting this optimum by
k∗(n,k) (this is sometimes referred to as the carry-out function) and starting
at an initial storage level S0 = k0�S, the optimal injection and withdrawal
path is then obtained by iterating forward in time:

kn+1 = k∗ [n,kn] (13.28)

Continuing with our working example, we will consider the same storage
structure from April 1, 2010 to March 31, 2011, modified by the following
constraints and costs.

Working Problem – Modified
• Smax = 106 MMBtu (1 bcf)
• [s∗,s∗] = [ −α,α] × Smax

• κ [s(t),Su,F(t, t)] = 0.01F(t, t)

Figure 13.6 shows the optimal intrinsic inventory profiles for various con-
straints on injection rates α indexed by turns. Recalling (13.1), turn number
N and α are related via α(N) = 2SmaxN. Note the anticipated change in pro-
file with change in injection rate, ultimately yielding profiles that do not use
the full capacity.
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Figure 13.6. Intrinsic inventory profiles.

The intrinsic value of the facility also increases with allowed rates, as
shown in Figure 13.7, with incremental increase at high rate limits due to
the fact that the derivative of the initial forward curve is bounded in abso-
lute value. In fact, in the limit as N → ∞, the only constraint is the bound on
inventory Smax, which is exactly the virtual storage case.

Stochastic Dynamic Programming

The dynamic-programming approach that was used earlier to calculate
intrinsic value is easily extended to the fully stochastic problem in which
forward curves are driven by a discrete set of random factors. In the setting
of the Gaussian factor models, this becomes

V
(

tn,S, �Y
)

= max
x∈A�t

{
c
[
tn,x,S,pn( �Y)

]
+ e−r�tE

[
V
(

tn+1,S + x, �Ytn+1

)∣∣Ftn

]}
(13.29)

The argument is the same as before: at each possible state, now appended by
�Y, which defines the current state of the forward curve, choose the change
in inventory that optimizes the sum of the current cost c and the discounted
expected value at the next time step over the set of allowed changes. There
are two key differences between the dynamic programming that was used to
compute intrinsic value and the form here. First, the state space must include
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Figure 13.7. Intrinsic value versus rate limit.

the processes that define the forward curve because, unlike in the intrinsic-
value (equivalently, the zero-volatility) calculation, the forward curve is
changing. Second, the decision involves maximizing expected value, which
requires the expectation of the value function in the upcoming time step.
Other than these two changes, the concept is identical.

Following the intrinsic-value approach, in which we discretized the rele-
vant state variable S, here one discretizes the �Y state variables; for example
in the one-factor setting,

Y ∈ Y ≡ [−Y∗,−Y∗ +�Y, . . . ,Y∗ −�Y,Y∗] (13.30)

for a given range [ − Y∗,Y∗] over which we choose to compute the value
function. The resulting optimization problem becomes

V
(
tn,Sk,Yj

)= max
k̂∈A�t,�S

{
− (k̂ −k)�Spn,j − κ

[
(k̂ −k)�S,Sk,pn,j

]

+e−r�t
∑

j

f(Yj|Yn)V
(
tn+1,Sk̂,Yj

)}
(13.31)

where pn,j denotes the spot price at time tn in state Yj, and f(Yj|Yn) is
the transition probability of the OU process Yt from Yn to Yj over a time
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interval �T:

f(Yj|Yn) = P
[
Y�T ∈

(
Yj −

1
2
�Y,Yj +

1
2
�Y
)∣∣∣Y0 = Yn

]
(13.32)

Note that unlike in the intrinsic case, in which the spot price p was simply
F(0, tn), in the stochastic case it now depends on the state variable Y and is
obtained from (C.23).

Recalling that the stationary variance of the OU process Y given in (C.12)
is 1/2β, the natural parameterization of boundaries is via Y∗ = z∗/

√
2β

for a reasonably large value of z∗; for example, z∗ = 3 spans 3σ in the
standard normal sense. One can, and should, test for convergence of the
solution by examining sensitivity to the value of z∗. Boundary conditions
near ±Y∗ require modification of the transition density; here we adjusted
f(Yj|Yn) so that the expected value of linear functions across the boundary
was preserved. This issue, as well as the stability of numerical methods, has
been discussed extensively in related contexts; see, for example, [Hul12] and
[WHD95].

Before proceeding to numerical results, it is worth mentioning that a
continuous-time version of the discrete optimization can be obtained either
directly from (13.17) or by taking the limit �t → 0 in (13.24), where Taylor
expansion results in the following PDE provided that c() is smooth:

0 = ∂V
∂t

− rV + sup
s∈A

(
∂c
∂s

s + ∂V
∂S

s
)

(13.33)

In this limit, the optimal solution is to inject at the maximum rate s∗ if the
marginal gain in storage value exceeds the marginal cost of injection, that
is, if

∂V
∂S

+ ∂c
∂s

> 0 (13.34)

and conversely to withdraw at the maximum rate if the opposite inequality
holds. Although much research has been done on the existence and gen-
eral properties of solutions to nonlinear PDEs arising in stochastic control,
in practical applications, the nontrivial issues are the design of fast, stable
numerical solutions and tests for convergence.

General Valuation Results

Solving (13.31) in practice is tedious, but the concept of maximizing expected
value at each point in the state space is simple. The practical problem is
the time required for computation. We will show results of this approach
applied to both the idealized and working problems that we discussed earlier
in the context of virtual storage using the preceding one-factor formulation.
Later we will discuss the two-factor setting, which is marginally tractable
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Figure 13.8. Storage-value surface in USD per unit capacity (non-seasonal).

numerically; in higher factor settings the preceding approach is generally
viewed as untenable in production.

In what follows we have simplified matters not only by reduction to one
factor but also by using constant σ (T) ≡ σ chosen so that for any value of
β we have the same stationary variance of σY; specifically, σ 2/2β ≡ C for a
specified value of C.4 We will work with the default parameters:

• A stationary variance C = 0.5
• A constant short rate r = 0.05
• Mean reversion rate of β = 1
• For the idealized settings, namely, those in which were are not using market

forward curves, we take F(0,T) ≡ 5.

Starting with the idealized nonseasonal setting with constant initial for-
ward curve, Figure 13.8 shows the value surface as a function of S0 and Y0
for a one-year, five-turn storage facility with

κ [s(t),Su,F(t, t)] = 0.01F(t, t) (13.35)

The value is an increasing function of initial inventory as it should be –
starting off with more of something worth a positive value is better than
starting off with less. At all but the lowest values of S0, the value function is

4 Modification of (13.31) to accommodate little-t dynamics requires modifying p(n, j). When the local
volatility is of the form v(t), the transition density f must be adjusted at each time step, and care must
be taken that �Y is small enough to avoid numerical instabilities over all the range of v(t), which
in the explicit scheme we are using would manifest via negative probabilities. Implicit methods are
generally preferred.



316 Advanced Methods and Structures

Figure 13.9. Storage extrinsic-value Surface in USD per unit capacity
(nonseasonal).

increasing in Y0 – this is due to the fact that the value of initial inventory is
S0F0eσY0.

The extrinsic-value surface, shown in Figure 13.9, is more interesting, with
maximum optionality at Y0 = 0. This is consistent with the results from vir-
tual storage. What is perhaps surprising is that the extrinsic value does not
drop appreciably near the boundaries S0 = 0 or S0 = Smax, where one might
think that the actions of the operator are constrained to inject and withdraw,
respectively. This is due to the fact that the inventory trajectories rapidly pull
storage levels away from the boundaries. Figure 13.10 shows the expected
inventory as a function of time for three initial values of S0, all with a flat
initial forward curve, that is, Y0 = 0.

Figure 13.11 shows the expected trajectories for various initial Y0 with
S0 = 0.5. At high levels of initial backwardation/contango, the course of
action is to withdraw/inject rapidly, as expected.

Inventory optimization is a tradeoff between forward yields and cost of
financing inventory. Figure 13.12 shows the expected inventory trajectories
for several levels of interest rates using initial conditions S0 = 0.5 and Y0 = 0.
The first feature that stands out is the obvious one – namely, that the higher
the funding rate, the lower the expected inventory. It is also noteworthy that
the expected storage level consistently rises to levels well above 0.5 before
converging to zero at expiration. This is due to the fact that forward yields in
the risk-neutral measure are biased toward contango. To see this in the case
of constant local volatility σ (T) ≡ σ in the one-factor setting, the expression
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Figure 13.10. Expected inventory trajectories: varying S0 with Y0 = 0.
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for F(t,T) given in (C.9) with the Ito term V(t,T) in (C.19) implies that

log
[

F(t,T +S)
F(t,T)

]
= log

[
F(0,T +S)

F(0,T)

]
+σ

(
e−β(T+S−t) − e−β(T−t)

)
Yt

+σ 2

4β

(
e−2β(T−t) − e−2βT − e−2β(T+S−t) + e−2β(T+S)

)

although the result that follows applies for any number of factors. Starting at
Y0 = 0, the second term is a mean-zero normal random variable. The third
term, however, is positive because the function

ψ(T) = e−2β(T−t) − e−2βT = e−2βT
(

e2βt − 1
)

(13.36)

is decreasing in T. This implies a bias toward positive forward yields under
the risk-neutral measure and the resulting systematic increase in inventory
levels as t increases to intermediate times.

Turning now to our working problem on March 1, 2010 , for which we cal-
culated intrinsic-value profiles earlier, for physical storage the behavior of
inventory profiles depends on cycling rate. Figure 13.13 shows the value of
storage versus turns, which exhibits a similar profile as was seen for intrin-
sic value. The distributional features of inventory over the season also vary
with the flexibility of the facility. Figure 13.14 shows the expected inventory
path for one- and five-turn storage. The drop in expected inventory in the
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Figure 13.13. Storage value versus turns.
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July time frame for the high-turn facility, in contrast to the low-turn facil-
ity, shows that it is able to exploit relatively nuanced changes in forward
yields.

As a final point, sensitivity to model selection increases as constraints are
reduced. Figure 13.15 shows the value of the one- and five-turn facilities as a
function of mean reversion rate β. Note that the low-turn, highly constrained
structure shows almost no response in value, which is in stark contrast
to the high-turn facility. This is both obvious and important – the highly
constrained case is much more readily approximated by its intrinsic value,
which is model-independent. The situation where you must rely on models,
namely, the high-turn situation, is more sensitive to model specification.

Alternative Methods

There is a purity to the dynamic-programming approach – when it can be
applied yields, up to the assumptions regarding underlying forward dynam-
ics, the value of the structure. The trouble is that requirements for produc-
tion application of dynamic programming are severe. First, the methodology
is constrained to prescriptions of forward dynamics that can be represented
by a finite-dimensional state space. The Gaussian exponential factor class is
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the canonical example of such. Second, and of even greater concern, com-
putational limitations restrict the modeling universe to one or two factors.
All our preceding examples analyzed the one-factor setting for a reason –
numerical solution was reasonably fast.5 Even in the one-factor setting, cal-
culation of the Greeks for all contract months would start to become costly
computationally. The size of the grid used in the preceding one-factor anal-
ysis, that is, the product of the size of the time grid, S grid, and Y grid, was
just under 6×106. In two factors this would have been over 500×106. In the
two-factor setting, which is the least one can imagine being truly useful for
high-turn storage, in which response to spot volatility is a significant source
of value, the computational requirements are formidable.

Given these challenges associated with direct solution of the dynamic-
programming problem, a number of approximate and heuristic approaches
continue to be developed, a few of which we will survey briefly.

Longstaff-Schwartz-Type Algorithms

One class of simulation-based approaches to storage valuation is descendant
from the Longstaff-Schwartz method for Monte Carlo valuation of Ameri-
can options (see [LS01]). The central idea is that the continuation value of
an American option, that is, the value of not immediately exercising but
holding the option for another time step versus immediate exercise, can be
parameterized by a set of basis functions, with coefficients estimated using
least-squares regression applied recursively on a set of simulation paths.
Since the value at expiration is well defined, a form of backpropagation
results.

In the American option setting, for which the original method was
introduced in [LS01], the decision at time t is

V(t,Xt) = max
{

(Xt −K)+,e−r�tE
[
V(t+�t,Xt+�t)

∣∣Ft
]}

(13.37)

in the case of a call option. Given a set of simulation paths for essentially any
stochastic process driving Xt, the functional form of the continuation value

C(t,Xt) ≡ E
[
V(t+�t,Xt+�t)

∣∣Ft
]

(13.38)

is approximated as

Ĉ(t,Xt) ≡
J∑

j=1

αj(t)φj(Xt) (13.39)

5 A single solution of the backpropagation using reasonably efficient vectorization in Matlab required
approximately two minutes. Simulation required less than a minute for 1000 sample paths. While
faster methods exist (see [Pir12] for a discussion in precisely this context), even these are easily
overwhelmed by tenor and dimensionality.
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for a set of basis functions {φj(x)}J
j=1, and the coefficients �α(t) are esti-

mated via least squares. The key step is that on each simulation path k at
time step tn the realized continuation value starting from X(k)

tn is (approxi-

mately) Ĉ
(

tn+1,X(k)
tn

)
. This provides a data set of size equal to the number

of simulation paths on which to estimate the coefficients in (13.39).
Natural gas storage is amenable to an extension of this approach, as

described in [BdJ08] and references therein. The idea is similar to the Amer-
ican option approach – namely, approximating the continuation value in
(13.29)

C
(

tn,S, �Y
)

= e−r�tE
[
V
(

tn+1,S +�S, �Ytn+1

)∣∣Ftn

]
(13.40)

via a parametric form, with coefficients estimated via regression. In [BdJ08],
a one-factor spot price process of the form

dpt

pt
= κ [µ(t) − logpt]dt+σdBt (13.41)

is used. In this simplified setting, the continuation function takes the form
C(t,S,p).

Rather than proceeding with a general set of multivariate basis-function
approximations

C(t,S,p) ≈
J∑

j=1

αj(t)φj(S,p) (13.42)

for which specification of the basis functions is challenging, the approach
used is to discretize the storage variable as in (13.26) and run separate
regressions for each k ∈ S of the form

C(t,k�S,p) ≈
J∑

j=1

αj,k(t)φj(p) (13.43)

At each step, the continuation value is approximated over the storage grid
S , and optimization takes the form

V(tn,Sk,pn) = max
k̂∈A�t,�S

{
− (k̂ −k)�Spn − κ

[
(k̂−k)�S,Sk,pn

]

+e−r�t
J∑

j=1

αk̂,j(t)φk̂(pn)
}

(13.44)

Stability of the method depends on the choice of basis functions and the
number used.
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In the preceding one-factor example, using (13.41), a direct backprop-
agation would have been the logical choice of method. Furthermore,
multifactor extensions are (arguably) computationally as laborious as direct
implementation of dynamic programming. The primary value of the least-
square-based methods is that more general forward dynamics can be used,
in contrast to the dynamic-programming methods, which are confined to
low-dimensional factor dynamics.

More sophisticated optimization methods also have been developed that
use elements of the Longstaff-Schwartz regression methods with additional
innovations. For example, [CL10] introduces an iterative method in which
the number of injection/withdrawal actions is akin to the number of exer-
cises in a swing option. As with the preceding methods, the approach is
quite general in the type of stochastic process driving spot prices that can
be handled.

Rolling Intrinsic

Another simulation-based method that has grown in popularity is based on
the observation that a lower bound on the value of storage results from
dynamically hedging the intrinsic value of the facility. This idea is compelling
due to its simplicity and intuitive appeal. This approach, referred to as the
rolling intrinsic method, is also motivated by what many portfolio managers
tasked with optimizing gas storage facilities do in practice – namely, at incep-
tion, they lock in the intrinsic value via a set of forward hedges, rebalancing
at later times if the prevailing forward curve implies a higher intrinsic value.
This method has been examined and discussed broadly; see, for example,
[BCE+08], [EW03], [GK04], and [SLM+10].

Working in continuous time and assuming constant interest rates for
simplicity, the approach works as follows. Consider a storage transaction
spanning [T∗,T∗]. Calculating intrinsic value at time t = 0 as in either (13.19)
or (13.24) amounts to obtaining the function w∗

0(T) that solves

V(0) = max
w∈A

∫ T∗

T∗
e−rTw(T)F(0,T) dT (13.45)

where we have assumed that the transaction starts in the future (T∗ > 0) and
denoted the constraints on w by A. Note that w(T) > 0 corresponds to a
forward sale of natural gas at time T, so the actual forward hedge required
to “lock in” intrinsic value is −w∗

0(T) for delivery time T.
At a later time t ∈ (0,T∗), the same calculation results, in general, in a

different solution w∗
t (T) to the current intrinsic-value calculation:

V(t) =
∫ T∗

T∗
e−r(T−t)w∗

t (T)F(t,T) dT (13.46)
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In the absence of transaction costs, it makes sense to rebalance the hedge
from −w∗

0(T) to −w∗
t (T), if the difference in value:

∫ T∗

T∗
e−r(T−t) [w∗

t (T) −w∗
0(T)]F(t,T) dT (13.47)

Equation that follows ( 13.46) is nonnegative.
This is the idea behind the rolling intrinsic method, and the resulting algo-

rithm is an iterative application of this train of thought. If at any time you
can achieve a positive change in the static value implied by the current for-
ward curve by rebalancing, then you should do so. In practice, this procedure
occurs on a daily basis and must account for transaction costs. Moreover,
as the deal starts to amortize (i.e., t > T∗), the calculation clearly involves
current forward positions.

This procedure can be applied to any realization of the forward curve,
and the ultimate value at termination of the transaction is the accrued value
of both the initial intrinsic value and the incremental value obtained by the
sequential rebalancings. Note, moreover, that no knowledge of future price
dynamics is assumed because at each stage decisions are made based solely
on the observable forward curve. Many practitioners will in fact run this pro-
cedure through historical realizations to benchmark valuation. For forward
valuation, however, the procedure is clearly amenable to simulation for any
model of forward dynamics and provides useful benchmarks for other valu-
ation methods. While very flexible regarding the type of forward dynamics
used, with no constraints on reduced factor dimensions such as in the GEM
framework, results are still heavily dependent on the model specification.

CSO Subordinators

We have seen that CSOs are the simplest renditions of commodity storage. It
is reasonable to ask whether CSOs can be used in the case of physical storage
with nontrivial constraints, if only to establish bounds. Research along these
lines appears to have started with the preceding rolling intrinsic valuation
method, to which a judicious application of a sequence of inequalities shows
that a lower bound on physical storage starting and ending with zero inven-
tory can be obtained by a portfolio of American CSOs; see, for example,
[BCE+08] or [Sad11], which are descendant from [EW03] and unpublished
references therein.

A more general tack is the brute-force approach of directly constructing
subordinating portfolios of CSOs that are consistent with the physical con-
straints of the storage facility. Recall (13.19), which represented the intrinsic
value as the maximum value of all forward spreads that were consistent with
the constraints of the storage facility. A similar representation for the value
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of a facility can be obtained by optimizing over all pairs of CSOs and for-
ward spreads. Denote the present value of the forward spreads and CSOs,
respectively, as

Si,j = e−rTjFj − e−rTiFi −Ki,j

Ci,j = Ẽ
[(

e−rTjFj − e−rTiFi −Ki,j

)+]

Pi,j = Ẽ
[(

e−rTiFi − e−rTjFj −Kj,i

)+]
(13.48)

We are assuming that i < j and are using the same notation for costs and
forwards as before. A lower bound on the value of a storage asset is

V [S(0),F(0, ·)] = sup
�v∈A

�α,�β,�v≥0


 ∑

1≤i<j≤J

(
αi,jCi,j +βi,jPi,j

)+ ∑
1≤i<j≤J

vi,jSi,j


 (13.49)

The tedious part is specifying A. The point to keep in mind is that, even
though each option may or may not be exercised, it must be assumed to
be exercised in order to ensure that the constraints are satisfied under all
realizations of forward prices and all possible option exercise events. For
completeness, the list following describes the set of constraints. To clarify the
reasoning, the first constraint listed ensures that under any possible sequence
of option exercise, the injection rate at time k does not exceed s∗. Any (k, j)
call with the second leg j > k, if exercised, results in an injection at time k;
the corresponding forward spread always does, and both must be counted.
The symmetric argument applies to the puts.

1. sk ≤ s∗ (1 ≤ k ≤ J): ∑
j>k

(
αk,j + vk,j

)+∑
i<k

(
βi,k + vk,i

)≤ s∗

2. sk ≥ s∗ (1 ≤ k ≤ J): ∑
j>k

(
βk,j + vj,k

)+∑
i<k

(
αi,k + vi,k

)≤ −s∗

3. Sk ≤ Smax (1 ≤ k ≤ J − 1):

S0 +
∑

1<i≤k
k<j≤J

(
αi,j + vi,j − vj,i

)≤ Smax

4. Sk ≥ 0 (1 ≤ k ≤ J − 1):

S0 −
∑

1<i≤k
k<j≤J

(
βi,j + vj,i − vi,j

)≥ 0
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Note that the last two sets of constraints apply up to J − 1 because the Jth

condition would be trivially satisfied as a result of the fact that all involve
notional neutral pairs.

This is a linear-programming problem, the solution to which is routine.
Given any risk-neutral model for forward dynamics, the relevant CSOs can
be valued and (13.49) solved. Typically, this approach is implemented at the
level of monthly granularity consistent with the structure of the CSOs that
are traded (we will discuss limitations on CSO liquidity shortly).

One often overlooked trouble with this approach is that the solution is
not a smooth function of the input market data. Condensing our preceding
notation into the values of the tradables involved and the parameters over
which optimization occurs, that is,

�π ≡
[
�α, �β, �v

]
�V ≡

[
�C, �P, �S

]
(13.50)

the optimal holding �π∗ [F(t, ·)] implies a lower bound on the value

V∗ [F(t, ·)] ≡ �π†
∗ [F(t, ·)] �V [F(t, ·)] (13.51)

It is important to note that the solution �π∗ depends on the prevailing for-
ward curve (not to mention volatilities and correlations) at the time of the
optimization. Because �π∗ is the solution of a linear-programming problem,
π∗ is not a smooth function of the input data F(t,T). Consequently, when the
subordinating portfolio is reoptimized over the course of the transaction, a
process that is often scripted for daily occurrence, discontinuous changes in
the Greeks can occur. Many implementations of this method calculate the
Greeks on the static portfolio, for example,

∂V∗
∂F(t,T)

= �π†
∗ [F(t, ·)] ∂ �V

∂F(t,T)
(13.52)

whereas in fact the proper calculation should be

∂V∗
∂F(t,T)

= �π†
∗ [F(t, ·)] ∂ �V

∂F(t,T)
+ ∂ �π∗

∂F(t,T)

†

[F(t, ·)] �V (13.53)

The second term is not a smooth function in underlying market data, which
can result in surprises to the portfolio manager as risk exposures can change
discontinuously.

Despite this drawback, the approach is viewed by many practitioners as a
reliable method for obtaining conservative estimates of value. As with all the
methods described previously, the results are only as good as one’s ability to
have accurate and hedgable CSO values, which is tantamount to calibrated
or estimated volatilities and correlations.
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Daily Optionality and Spot Yields

We have discussed the mechanics of valuation using a variety of related
methods. In particular, we analyzed storage using dynamic programming at
the daily time scale with a one-factor model – a framework generally more
suited to longer-time-scale structures. Although we could clearly adjust the
single mean reversion rate to higher values and calibrate to daily volatili-
ties, a minimum of two factors is required to represent the value associated
with both the intermonth changes in forward yields and the daily optionality
embedded in high-turn storage facilities. The CSO subordinator method can
be implemented at the daily time scale, much as in the discrete virtual stor-
age setting. However, given what little CSO trading occurs between contract
months, this method is almost always deployed in a monthly setting, with the
transition to daily exercise during the cash month awkward to effect. Like-
wise, numerical implementation of the Longstaff-Schwartz approximations
are challenging at the daily time scale.

We saw in Chapters 11 and 12 examples of daily structures that could
ostensibly be valued using multifactor models. The approach was to calibrate
a two-factor model and to compute the expected payoff of the structure
either by quadrature or by simulation. The key distinction between vari-
ous structures is in the ability to hedge the value obtained. In the case of
the forward starter, this was not terribly challenging; for the peaking option,
limitations on the instruments available rendered hedging very challenging
if the number of exercises was small.

High-turn storage facilities fall into the category of “hard to hedge.” One
can use any of the preceding methods, taking monthly options and forward
starters, in addition to the few CSOs that trade, to calibrate a two-factor
model. In addition, the monthly forward contract prices coupled with the
spot price (for next-day delivery) and the balance-of-month price would be
used to construct a daily forward price – perhaps even using weather fore-
casts to make logical (if unhedgable) views on the likely trajectory of daily
spot prices. Dynamic-programming or other methods would yield a value.

The key question remains: Can the extrinsic value be hedged?
The first problem is that whereas valuation used daily forward prices,

these don’t trade. You can buy or sell natural gas for spot delivery (tomor-
row) but not for the next day, at least with any liquidity. The only reliably
liquid short-tenor forward is the balance-of-month price. What traders actu-
ally do is buy or sell spots and take offsetting positions in the balance of
month or first nearby contracts. The trading mechanics implied by the daily
CSO presentation, the moral equivalent of which is baked into the daily
dynamic programming calculation, cannot be effected.

In addition, the one instrument traders have at their disposal, namely, the
forward starters, is, as in the case of the swing option, less than effective



328 Advanced Methods and Structures

at hedging the extrinsic value. This could be demonstrated much as we did
for the swing option, but we will adopt a slightly different approach here to
illustrate the point.

The extrinsic value of storage depends on changes in the forward yields
between relevant spreads, whether these are intermonth (think of monthly
CSOs) or intramonth, namely, the cash month, where the storage trader has
to decide on a daily basis whether to inject or withdraw. In the later case,
the typical consideration of the cash trader is whether the spot price is low
(high) enough relative to the first nearby to warrant injection (withdrawal)
with offsetting trades in the first nearby. This often causes a segmentation
of responsibilities that is less than optimal. Those managing term (longer-
tenor) risks will be focusing on positions from the first nearby through the
duration of the contract, rebalancing as needed; the cash trader will be
focused on the spread between spot prices and the first nearby, often making
decisions without accounting for the marginal cost of inventory [the ∂V/∂S
term in (13.33)]. Putting aside the issue of how much value may be lost in this
segmentation, this common state of affairs motivates a simple caricature of
what can be achieved in high-turn storage.

The top plot in Figure 13.16 shows by month the standard deviation of the
daily change of the intramonth forward yield defined as

ycash(d) ≡ 24log
[

pd

Fm+1(d)

]
(13.54)

The expression for yd is very similar to the definition of spot returns, with
the difference being that the spot price is being compared with the next con-
tract, namely, the first nearby. The factor 24 is an approximation for the
average yield tenor over the month, namely, 1/24th of a year. This is the yield
implied by the spread that the cash trader is watching; the more it changes,
the more rebalancings a storage operator can effect versus the first nearby,
constrained, of course, by operational limits. The lower plot shows the same
statistic by month for the first and second nearby contracts:

y1,2(d) ≡ 12log
[

Fm+2(d)
Fm+1(d)

]
(13.55)

which is an annualized yield. This is intended to be a metric for rebalancing
opportunities in the forward (as opposed to spot) position. The scales on the
two plots are not the same, the latter being almost an order of magnitude
smaller. The average over all contract months of the cash-yield statistic is
1.28 percent versus 0.10 percent for the nearby yields. It is also clear from the
plots that winters are more interesting than summers. Figure 13.17 punctu-
ates this point, showing averages of the preceding results by calendar month.
The theme is that the daily option value in the cash month is the dominant
contributor to extrinsic value for high-turn storage.
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Figure 13.16. Standard deviation of spot and nearby yield changes by month.
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Turning to hedging, a simple experiment is to consider the daily straddle
payoff for month m:

πm(d) ≡ ∣∣pd −Fm+1(d)
∣∣ (13.56)

which is the payoff of the spread that the cash trader is watching – devoid
of inventory constraints. The hedging instrument is the forward starting
straddle

hm(d) ≡ ∣∣pd −Fm(Te)
∣∣ (13.57)

where, as before, Fm(Te) denotes the final settlement price of the contact m.
Assuming perfect foresight, namely, on a monthly basis, selecting the port-
folio �α of hedges �h that minimizes the empirical variance of �π + �α†�h, the
average standard deviation of the unhedged straddles �π of 0.22 was reduced
to 0.17. This is hardly an impressive result and exhibits the challenge of cap-
turing the significant extrinsic value of a storage facility with a high turn
rate.

As a result, many desks that value and manage physical storage adopt far
less rigorous methods than those espoused by unwavering advocates of the
complete-markets paradigm. These are typically based on construction of a
physical measure of sorts. The problem with using historical data, such as
that shown in Figure 13.17, is that it is unclear that you have a enough of it –
after all, during this time period there were significant weather fluctuations
coupled with large swings in price and inventory levels.

The use of yields, as opposed to price spreads, eliminates a large ele-
ment of the undesirable price-level effects. Figure 13.18 shows the spot price
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Figure 13.18. Spot yields versus KLGA temperature residuals (2000–2011).
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yields, as defined in (13.54), over all December and January months in the
data set versus temperature residuals as defined in (10.14) for LaGuardia in
New York City. The result shows that high yields are associated with cold
temperatures.6

The main point is that basic drivers, which are amenable to econometric
modeling such as weather and inventory, can be used to construct credible
distributions for the daily component of storage extrinsic values. The chal-
lenge, which remains unresolved, is how to link the decisions made by the
cash desk with the effects on the value of the term position.

Correlation Structure and Inventory Feedback Effects

The methods just surveyed all differ in what are basically mechanical aspects
of valuation. Do you decompose monthly forwards into dailies? Do you
invoke full dynamic programming using multifactor models or resort to
approximations such as the CSO subordinators or Longstaff–Schwartz-
type methods for broader classes of forward dynamics? Do you layer an
econometric model of cash-month dynamics on top of a monthly risk-
neutral method? Various works contrast and compare the results of some of
these methods; see, for example, [GLS10], which describes results of exten-
sive comparisons, in addition to introducing some improved methods for
constructing valuation bounds.

The real issue, however, is that all these methods depend on the corre-
lation structure of forward returns, which is often barely discernible from
market data. The limited nature of correlation products is unnerving. Mod-
elers typically assume a complete set of correlation products, leaving it to
traders or portfolio managers to mark CSOs to the best of their ability. This
is a seriously flawed approach.

Given our discussions of virtual storage and CSO subordinators, it is
fair to say that if we cannot reliably value a family of CSOs spanning all
(or nearly all) delivery-month pairs, then deploying any of the methods
discussed is questionable at best. Consider Figure 13.19 showing the NG
forward curve on November 10, 2010. The obvious seasonality of the curve
means that the intrinsic value for all but the most flexible storage facilities is
obtained by injecting in the summer and withdrawing in the winter. Extrin-
sic value, on the other hand, is largely intraseasonal, as labeled in this figure.
This is where correlation information is particularly important.

6 The choice of LaGuardia might seem bizarre given that Henry Hub is located 2,000 miles south in
Louisiana, but the reason for this selection is that in the winter, cold weather in the Northeast is
a dominant driver of spot natural gas prices across a large swath of the country, including Henry
Hub. More sophisticated analysis and regressions would include many weather locations across the
country.
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Figure 13.19. Henry Hub forward curve (November 10, 2010).

Now consider the following broker chat on the same date:

MARKET LOG FOR MARKET ID:
11/10/10 8:19 AM v11/f12 -.50 call cso .0825-.095
11/10/10 8:34 AM V/F -50call CSO .075 / .10
11/10/10 8:37 AM V/F -50call CSO .075 @ .09
11/10/10 10:57 AM v11/f12 -.50 call cso @ .0875
11/10/10 10:58 AM v11/f12 -.50 call cso .075-.0875
11/10/10 1:43 PM v11/f12 -.50 call cso 6.5/8.25
11/10/10 1:44 PM v11/f12 -.50 call cso 7/8
11/11/10 8:46 AM v1/f2 -.50 call cso: .07 / .085
11/11/10 1:47 PM v11/f12 -.50 call cso .07-.085
11/11/10 1:52 PM v1/f2 -.50 call cso: .07 / .075
11/11/10 1:52 PM v1/f2 -.50 call cso: .07 / .075
11/11/10 1:59 PM v11/f12 -.50 call cso .07-.075
11/11/10 2:11 PM v11/f12 -.50 call cso .0725-.075
11/12/10 10:16 AM
V/F -1.00/-1.25 1x2 put spr CSO .01/.03 to the 2
V/F -.1.25 put CSO .0675/.075
V/F -1.00 put cso .115/.135
V/F -.50 call CSO .065/.075

Recall from our earlier discussions of CSOs that the quoting convention
is to specify the two contract months, the associated spread between them at
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the time of the quote (the difference between the first and second forward
prices), what type of option is being discussed, and a bid, offer, or both.

What is wrong with this picture? All the quotes shown (and this is a rep-
resentative state of affairs) are between the October (V) and January (F)
contracts, that is, CSOs on the October-January spread between injection
and withdrawal seasons. This is exactly where we do not need the correlation
data – intrinsic value is dominant between the seasons. Correlations matter
most when the option is near-the-money and extrinsic value is dominant, in
this case, intraseason.

The moral of the story is that market data on correlation are woefully
lacking, rendering the discussions about the exact mechanical method for
numerical calculation of storage value interesting but one step removed
from the real action, which is deciding how to represent and estimate
correlation structure.

It is common for practitioners to use a stationary representation of returns
correlations. These can, in fact, be reasonably sophisticated. The multifactor
exponential class that we have used as a modeling benchmark accommo-
dates many stylized facts, as we saw earlier. Furthermore, allowing for
nonstationary correlation structure by permitting the factor correlations to
depend on local time, that is, ρi,j(t) ≡ 〈dB(i)

t ,dB(j)
t 〉, creates a great deal of

flexibility in the design of covariance structure with very limited implied
correlation data from which to calibrate.

Is this good enough?
The answer is almost certainly not, and a set of open problems remains to

be addressed and solutions developed. We have seen that inventory levels
affect the dynamics of forwards. Both forward yields and volatility structure
have discernible relations to relative inventory levels. This is also true for
correlation and, as a result, the value of storage. After all, as a storage owner,
you are probably optimizing your facility in a manner that is not altogether
unlike the way your competitors are optimizing theirs. Consequently, the
correlation structure that you should be using to value and hedge your facil-
ity almost depends on macro inventory levels and, by proxy, the inventory
level of your facility.

Conclusion

Natural gas storage plays an essential role in reconciling the mismatch
between highly seasonal demand profiles and relatively predictable supply
patterns. At the level of an individual facility, valuation and hedging require
the use of optimization methods: either dynamic-programming and related
Longstaff-Schwartz methods or linear-programming methods such as the
construction of CSO subordinators or rolling intrinsic simulations. Each of
these techniques is intended to capture the expected payoff from what at the
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core is a set of coupled options on forward yields – options to buy, store, and
sell over various holding periods.

Although numerical methods and their limitations constitute an impor-
tant and continuing research effort, the main underlying difficulty is the
construction of reliable correlation estimates in the presence of inventory
effects on forward dynamics. Inventory level affects correlation structure,
meaning that the optimization actions of the totality of portfolio managers
changes the inputs to the very valuation that they are using. The absence
of a tractable, self-consistent theory of this feedback, coupled with a lack of
useful options and correlation hedging instruments, results in a significant
and continuing challenge to the acquisition and management of storage.
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Tolling Deals

Tolling deals are designed to hedge power generators that convert a fuel to
electr ic ity. We first encountered tolls in Chapter 9 in the c ontext of monthly
exercise spread options between power and natural gas. Analysis was based
on the Margrabe valuation framework. Tolls with daily or intraday optional-
ity are by far the more common than those with monthly exercise primarily
because the dispatch decisions of physical generation are usually made on
the time scale of days and hours.1 Valuation and hedging daily or intraday
tolling structures are considerably more complex than the monthly case.

Although sporadic broker activity may constitute an amusing activity
between structured desks to “pick off” their competitors, tolling deals were
created and exist to hedge risks inherent in the acquisition or development
of generation. Given the billions of dollars invested annually in genera-
tion and the associated borrowing requirements, tolls are among the more
socially defensible derivatives transactions. Paradoxically, they also have
caused some of the greatest damage to commodities desks for reasons that
will unfold in what follows.

We will start with standard daily structures in which exercise is into a sin-
gle standard delivery bucket with a single fuel. These “simple” structures
are challenging in their own right while avoiding many of the complexities
of physical generation to which we turn to later in this chapter.

Daily Tolls: Mechanics

A toll can involve any structure that replicates the conversion of a fuel, or
multiple fuels, into electricity. For nearly two decades, natural gas genera-
tion has constituted the dominant addition to generation capacity because
of relentless increases in efficiency of combined-cycle generators coupled

1 The term dispatch, namely, when and at what output a generator is scheduled to produce electricity,
is the power engineering moral equivalent of the term exercise for financial engineers.

335
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with (at least sporadically) low natural gas prices. As a result, most tolling
structures involve natural gas as the input fuel. Purists insist that the term
tolling deal refers to physical transactions, with the financially settling equiv-
alents being heat-rate options. The primary difference is in the scheduling
and dispatch requirements of the former, with staff required to ensure daily
delivery of anticipated natural gas usage and power schedulers required to
ensure delivery of the power generated. Moreover, valuation of the physical
variety requires analysis of the reliability of the fuel supply, the generation
unit itself (they do break down occasionally), and relevant parts of the trans-
mission system. Our focus is on the “derivative” nature of these structures,
and we will treat the financial and physical versions of these structures as
functionally equivalent from a term-valuation perspective.

The daily payoff of the most basic natural gas toll in a specified delivery
bucket is

1Ed [FB(Td,Td) −H∗G(Td,Td) −V] (14.1)

where we continue to use B to denote one of the standard buckets, for
example, “5x16”, “2x16”, or “7x8”. The forward prices for power and natu-
ral gas are denoted by FB(t,T) and G(t,T), respectively, so FB(Td,Td) and
G(Td,Td) are the respective spot prices on day d. H∗ is the unit (transaction)
heat rate, and V is the variable operation and maintenance (VOM) costs,
usually set to be a proxy for the cost of running and maintaining the unit
(typically in the $3 to $6/mwH range). Ed is the event that the cash trader
calls and exercises the option for day d; the first term is the indicator function
of this event 1Ed , taking the value one if Ed occurs and zero otherwise.

As with daily power options, while autoexercise (lookback) structures
occasionally trade, for most tolls, exercise is manual, requiring a phone call
(or in some cases e-mail) prior to say 10 a.m. on the business day preced-
ing the flow date. This means that Sundays and Mondays involve time lags
in excess of a day. Moreover, once the option is exercised, the holder is in
possession of the one-day swap with terminal payoff

FB(Td,Td) −H∗G(Td,Td) −V (14.2)

At the time of exercise, this underlying swap has value

FB(τd,d) −H∗G(τd,d) −V (14.3)

where τd denotes the exercise time for the delivery period d. This spread is
presumably positive at exercise. In many cases, one-day forward prices are
either visible on the screen and easily traded or statistically closely related
to those that are. On exercise at τd, the resulting long power position is sold
at (or near) the price FB(τd,d), and the short position of H∗ units of natural
gas IS purchased at (or near) G(τd,d), thereby locking in the value (14.3).
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The ultimate payoff (14.2) can settle positively or negatively. Given the high
volatility of power and natural gas spot prices (recall Figure 1.5), it should
come as no surprise that the settlement value (14.2) can be very different
from (14.3). The purpose of the hedge at the time of exercise is to eliminate
the one-day risk.

Daily Tolls: The Valuation Problem

The valuation problem for the generic structure on a single delivery bucket
takes the form

V(0) = Ẽ



∑
m

d(0,Tm)
∑

d∈B(m)

Qd max[FB(Td,Td) −H∗G(Td,Td) −V,0]




(14.4)

where B(m) denotes the set of delivery days in bucket B in month m, and
Qd is the delivery quantity in MWh. The relevant market data are the two
forward curves FB (0, ·) and G(0, ·), as well as the monthly and daily volatility
surfaces σM  ( T,ρ ) and σD  ( T,ρ ), as discussed in Chapter 8.

In the c ase of monthly tolls discussed in Chapter 9, we used empirical
analysis of returns to guide our selection of correlation, especially in the
absence of any meaningful trading activity to which we might have cali-
brated correlations. The rest was routine application of Margrabe. We will
proceed similarly here, at least initially. The challenge is not using Margrabe;
rather, it is in reaching sensible conclusions about correlation structure at the
daily time scale and, of equal importance, the analysis of the viability of the
resulting hedging program.

There are several features that distinguish the daily valuation problem
from the monthly. In the case of daily structures, we have to address the
issue of correlation of spot returns, properly defined, and this necessitates
the use of a second factor – ζ in the caricature model (10.18) or the high-
β factor in our working problems of Chapter 11. Moreover, unlike for
monthly tolls, there is some trading activity in daily heat-rate options in
the broker markets – rarely beyond a year or two in tenor and certainly
with sporadic activity, but activity nonetheless. Such market data provide
information about implied correlations, although the modeling challenge of
extrapolation of implied correlations to longer tenors remains.

Much as we knew that monthly and daily implied volatilities had to con-
verge at long tenors, we expect the term correlation – the returns correlation
from the present t to delivery T – to approach that of the “long-factor” corre-
lations as T increases. There are two ways of dealing with this problem. One
way is to exogenously (somehow) specify a term structure of correlation; the
second way is to use a multifactor model, calibrated to implied correlations
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at shorter tenors, to generate correlation extrapolates. Although the second
choice is appealing and is one of the reasons for using a multifactor frame-
work, it is encumbered by questionable hedging requirements, as we will see
shortly.

The working problem that we will use in this chapter is a daily toll for
2011.

Working Problem
Price a PJM Western Hub “5x16” versus Henry Hub daily toll with the
following terms:

• Pricing date: January 11, 2010
• Heat rate: 8.0
• Delivery period: January 1, 11 to December 31, 2011
• Standard exercise: “-1b”
• Notional: 400 MW

This is a calendar strip of daily spread options, the hedging of which will
illustrate some noteworthy (though often ignored) frictions. Also, most gen-
eration hedges do not reference Henry Hub as the natural gas leg, using
instead basis locations, which although less liquid than Henry Hub, are more
representative of the cost of procuring natural gas for the given genera-
tor. This creates additional challenges, not least of which is that implied
volatilities at such hubs are often barely observable; there may be liquid
swaps markets, but often options markets are at best lightly and sporadically
traded.2 In such situations, one is left with the dual challenge of specification
of correlations and implied volatilities. The current structure, as posed, is
challenging in its own right and is more than adequate to illustrate the main
issues.

Spot Correlation and Moments

We first discussed the ambiguity of spot returns in Chapter 10. For
nonstorable commodities, namely, power, as well as commodities such as
natural gas, in which constraints on injection and withdrawal frequently
bind, returns defined as pd+1/pd can exhibit extreme statistical attributes
that are not particularly relevant to valuation. For this reason, we turned
to an alternative definition of spot returns introduced in (10.10) by using a
beginning-of-month contract settlement as the reference price

ρ̂d ≡ log
[

pd

Fm(Te)

]
(14.5)

2 In some instances, the natural gas basis options markets are less visible than broker-traded tolls
referencing the same location.
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Figure 14.1. Spot returns correlations: PJM versus Henry Hub.

where pd denotes the daily spot price, and Fm(Te) is the settlement price
for the last trading day of the standard futures or forward contract for deliv-
ery in month m. Figure 14.1 shows the realized spot correlation by month
between PJM and Henry Hub in the top figure. The lower figure shows
the average sample correlation by calendar month. The spot correlation
structure between PJM and Henry Hub exhibits pronounced seasonality
of a form practitioners would find intuitively reasonable. In summer and
winter months, load is firmly on the natural gas part of the stack; in shoul-
der months, where the distribution of load has more support on baseload
generation (historically this has been nuclear and coal), correlations are
lower.3

Valuation

There is little consensus among practitioners as to the “right way” to value
tolls, even simple ones. For now, we will continue to work in the Gaussian
exponential model (GEM) framework, which is at its core a log-normal Mar-
grabe setting and which remains one of the more common methods in use.
One of the results of this effort will be that the values obtained using empir-
ical returns correlations will be very high in comparison with the prices at

3 In an era of low natural gas prices starting around 2010, natural gas has at times displaced coal,
which has the potential of fundamentally altering this correlation structure.
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which such tolls typically trade. Rephrased, these structures typically trade
at implied correlations that are much higher than one would infer from
statistical estimation.

In using the two-factor (per commodity) GEM framework, our notational
convention will BE

dFk(t,T)
Fk(t,T)

=
2∑

j=1

[∫ t

0
σ

(k)
j (T)e−βj(T−t)dB(k)

j (s)
]

(14.6)

where k = 1 will correspond to power and k = 2 to natural gas. Calibration
is assumed to be effected for each commodity in the manner discussed in
Chapter 11.

All that remains is to specify the correlations between the respective
Brownian motions. In the same spirit as in our approach for monthly tolls, it
is natural to assume

corr
[
dB(1)

1 ,dB(2)
1

]
= ρL (14.7)

corr
[
dB(1)

2 ,dB(2)
2

]
= ρS(t) (14.8)

We will set the long correlation to a constant value ρL = 0.950.4

In addition, we will set all pairwise correlations, other than ρL and ρS, to
zero. Some commodities desks use cross-correlations as a “dial” to increase
term correlations. However, empirical results do not show much in the
way of cross-correlation between the long and short (spot) factors. Recall
that the WTI correlation surface fit yielded a cross-factor correlation of
ρ = 0.119. Given the high values of β2 that we will be using for power
and natural gas, a reasonable estimate of the factor correlations can be
obtained by computing the spot returns with the returns of the first nearby
contract. The results for our setting using data from 2007–2011 are shown
in Table 14.1. Including these cross-factor correlations would not materially
alter the results that follow.

Calculating the term correlation implied by the dynamics (14.6) is, as
always, an exercise in evaluating exponential integrals; the result is given
in (C.22). Although numerically simple to evaluate, key qualitative features
are much more easily gleaned using the spot-model caricature (10.18), which
treated spot prices as arising from independent normal returns applied to the
first-of-month price. The result related the spot volatility ζ to the monthly
and daily implied volatilities via

σ̄ 2
D,kTD = σ̄ 2

M,kTM + ζ 2
k (14.9)

4 While this is slightly higher than our default assumption of 0.90 in the case of the monthly toll valued
in Chapter 9, it is certainly in the range of realized values in Figure 9.5 and is a tacit acknowledgment
of the rather low correlations that will result from our first valuation cut.
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Table 14.1. PJM/Henry Hub realized spot
versus first nearby correlations (2007–2011).

HH Spot PJM Spot

HH Fwd 0.029 0.053
PJM Fwd 0.002 −0.113

In a similar vein, the term correlation can be computed as the ratio of the
sum of the covariance of the monthly returns and the independent daily
returns to the total term variance

ρterm (TD) = σ̄M,1σ̄M,2TMρL + ζ1ζ2ρS

σ̄D,1σ̄D,2TD
(14.10)

Note that ρS in general varies by contract month due to seasonality.
This expression, or its more unsightly but moral equivalent (C.22), yields

behavior that can certainly be considered reasonable. If the spread between
daily and monthly implied volatilities decreases, the traded options mar-
kets are implying a reduction in spot volatility ζ during the delivery month
via (14.9). The result is an increased contribution of the high value of ρL

in (14.9). This effect creates a correlation-induced vega because the final
spread volatility that is used in Margrabe is of the form

σ̂ 2 = σ̄ 2
D,1 + σ̄ 2

D,2 − 2ρterm
(
σ̄M,1, σ̄M,2, σ̄D,1, σ̄D,2

)
σ̄D,1σ̄D,2 (14.11)

Because ρterm depends on all four implied volatilities, the value of the toll
using this approach will have exposure, often very large exposure, to both
monthly and daily implied volatilities.

Changes in ζ are ostensibly hedgable. In a single-commodity proprietary
trading setting, if you believe that the implied value of ζ is too low, you can
buy daily straddles and sell monthly straddles to express this view. Similarly,
the vega induced by the correlation dependence on volatility can, in the-
ory, be hedged. However, as we will see shortly, the realities of the options
markets generally render this prohibitively costly.

Another useful feature of this correlation expression is that the asymp-
totic behavior of ρterm (T) is as one would expect. As TM → ∞, the spot
correlation component vanishes in the limit, and ρterm (TD) → ρL. pro-
vided that implied spot volatilities are bounded, simply because in this limit
TD/TM → 1 and ζ1ζ2ρS/TD → 0.5 As a result, these methods could be used

5 The assumption of bounded spot volatility is reasonable. If a power market starts to exhibit high spot
price volatility, market participants will quickly install peaking generation to exploit and therefore
dampen the effect. In addition, system operators will take what measures they can to encourage
availability and demand-side response to “bring things under control,” which, in our language
here, means “reduce ζ .” Moreover, price caps are common in most markets, which also constrain
potential growth in spot volatility.
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Figure 14.2. Implied PJM/Henry Hub term correlation (January 11, 2010).

as extrapolation devices for implied correlations. Assuming visible implied
volatility surfaces for the two underlying commodities, one can use either
estimated values of ρL and ρS or values calibrated to spread option quotes
at short tenors to generate extrapolates for the term correlation.

Figure 14.2 shows the term correlation derived from (14.9) using the
at-the-money (ATM) implied volatilities as of January 11, 2010. The implied
correlation is clearly increasing, with variations at the monthly level. Con-
vergence to the limiting value of ρL = 0.950 is slow, and even for structures
with tenors in the five- to seven-year range, the term correlation remains
well below the asymptotic limit.

Given ρterm(T), we proceed by contract month through the Cal11 strip,
with skew treated by the same volatility look-up heuristic used in the one-
factor setting in Chapter 9. Denoting the forward prices for month m by
Fj(0,Tm) and the respective volatility surfaces parameterized by price ratio
π (recall that π = K/F), the monthly and daily volatilities take the form
σ̄M,j(t,Tm,π) AND σ̄D,j(t,Tm,π). The volatility look-up procedure is exactly
as in Chapter 9, extended to the two-factor setting:

π1 ≡ H∗F2(0,Tm) +V
F1(0,Tm)

π2 ≡ F1(0,TM) −V
H∗F2(0,Tm)

(14.12)

Skew impacts the valuation. The unit heat rate H∗ = 8.0 is low in com-
parison with market heat rates, which means that low-strike volatilities are
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Figure 14.3. Skew effect on implied volatilities for PJM and Henry Hub (January
11, 2010).

used on the power side and high-strike volatilities for the natural gas leg, as
shown in Figure 14.3. The top figure shows the price ratios by month. The
middle figure shows the ATM implied volatilities for the two commodities.
The bottom figure shows the same using the heuristic. The most notable con-
trast is the spread between power and natural gas volatilities in the summer
months. The skew adjustment results in natural gas daily volatilities being
either at a discount or near parity to those for power in the summer and at
a premium in all other months. As a consequence, the resulting term cor-
relation for July increases from 0.813 to 0.833 because of the effect of
skew, approximately 2 percent. This increase in correlation is reasonable.
The value of price spikes to a long position in a tolling contract is enhanced
for high values of H∗; at low values of H∗, the spread options are in the
money to such an extent that the structure is more akin to a swap. Over the
entire term, the effect of inclusion of skew effects reduces the extrinsic value
by approximately 4 percent.

We have made an implicit assumption that the correlation parameters ρL

and ρS are constant and that any skew in the term correlation is descen-
dant from that of the respective implied volatility surfaces. This is analogous
to using a statistically estimated volatility to price options at all strikes in
the absence of traded options, an approach that would not result in skew.
It is tempting to consider computing implied surfaces for ρL and ρS from
traded heat-rate options. However, liquidity across heat rates H∗ is very
limited, with the preponderance of trading at combined-cycle heat rates,
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roughly in the range 7 ≤ H∗ ≤ 7.5. Coupled with limited reliability of skew
marks, especially on the daily volatility surface for natural gas, discerning
anything with confidence about implied correlations is, as a practical mat-
ter, not achievable. This is one motivation for econometric and structural
approaches, to which we turn shortly.

The form of (14.11) appears deceptively simple because it is easy to over-
look the nonlinear dependence of ρterm on the four input volatilities σ̄M and
σ̄D. This functional dependence of term correlation on implied volatilities
has a compelling heuristic: the more spot volatility ζ (or σ2) is implied by
the options markets, the lower the term correlation should be. Testing this
heuristic, however, would depend on the unrealistic requirement of daily
(or at least very frequent) trading activity in all the underlying options mar-
kets, both monthly and daily, as well as for tolls. Moreover, even if valid,
this heuristic will turn out to result in vega hedging programs that are quite
problematic.

For now we will proceed relentlessly to a valuation, returning to this issue
momentarily. Given (14.12), the resulting implied volatilities for each com-
modity leg are used in (C.22) to yield σ̂ in (14.11), which is used directly in
Margrabe. The only innovation is use of the two-factor dynamics and asso-
ciated monthly and daily volatilities, coupled with correlation estimates, to
obtain σ̂ .

We will consider two scenarios:

• Using estimated short correlations ρS(T), as shown in Figure 14.1.
• A constant value ρS = 0.900.

In both scenarios we have taken �βP = [0.30,100] and �βG = [0.30,40].
The term correlations in these two scenarios are shown in Figure 14.4. The

ρS = 0.900 scenario yields a significantly higher result than that obtained
using estimated correlations, as expected given that the average estimated
ρS over the calendar year is 0.379.

There is a resulting difference in values. Using historical correlations, the
value of the toll is $11.508/MWh with a ratio of intrinsic value to total value
of 0.752; in the second scenario, the results are $10.371/MWh and 0.835,
respectively. Stripping out the value of the in-the-money swap, the extrin-
sic values in the two scenarios are $2.848/MWh and $1.712/MWh, with the
higher spot correlation reducing extrinsic value by approximately 40 per-
cent. This is significant. During this time period, the broker market trades
for tolls at similar heat rates and at these locations yielded implied correla-
tions in the low 90s, roughly corresponding to our second scenario. We will
return to the possible explanations for the difference between estimated and
implied correlations shortly.

Continuing with the second scenario, Figure 14.5 shows the value of the
structure by contract month, as well as the intrinsic-value ratio. Note that
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Figure 14.4. Term correlations for the working problem toll.
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the optionality is primarily in the shoulder months and certainly not in the
summer. Although volatilities are typically highest in the summer, the high
market heat rates mean that for most generation hedges the call options are
far in the money.

The valuation approach illustrated here results in a number of important
issues. First, the nonuniform nature of the distribution of extrinsic value over
a calendar year is, from a hedging perspective, problematic given the concen-
tration of liquidity in calendar strips. Second, the correlation-induced vega
results in a nontrivial and costly hedging program. Because it is the result of
a modeling construct, the validity of this vega result requires examination.

Hedging and Spurious Risks

On execution of a tolling transaction, the first order of business at the time
of execution is to neutralize the deltas; this is true for all options transac-
tions unless the intention is to create a purely levered speculative position.
Figure 14.6 shows the power and natural gas deltas by contract month for
our working problem. As expected, the position is long power and short nat-
ural gas, with the highest exposures in the summer months where the option
is most in the money.

The notional of 400 MW, which is typical of many generation hedges,
is large enough to preclude immediate hedging of power exposure due to
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Figure 14.6. Deltas by contract month.
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limited liquidity, especially at tenors of more than a few years. Therefore,
the first action typically taken at the inception of the transaction is to neu-
tralize net energy delta using a natural gas hedge. For tolls with zero strike,
valuation can be rephrased using the natural gas price as the numeraire:

V(0,T) = G(0,T)ẼG

[(
H(T,T) −H∗

)+] (14.13)

where H(t,T) ≡ F(t,T)/G(t,T) denotes the market heat rate. We saw in
Figure 9.10 that forward heat rates do not change particularly rapidly, at
least in comparison with underlying commodities prices. At the instant of
trade execution, it is changes in G(t,T) that are of immediate concern. A
portfolio manager typically will sell natural gas swaps to neutralize either
∂V(0,T)/∂G(0,T)

∣∣
H or more sophisticated conversions to gas-equivalent

delta’s that account for heat-rate dependence on natural gas prices (dis-
cussed in Chapter 6). Once this is done, power swaps are sold as liquidity
permits, buying back appropriate quantities of natural gas to ultimately
neutralize deltas of both legs.

This process is not nearly as clean as it sounds. The preceding valuation,
as is almost always the case in commodities, is based on contract-month pric-
ing. Exercise is daily. Swaps liquidity, however, is concentrated in seasonal
strips and at longer-tenor calendar strips. As a practical matter, the initial
hedge, as well as subsequent rebalancings to capture extrinsic value, must
be effected using calendar strips at longer tenors. Figure 14.7 shows deltas
by month as well as the total calendar strip delta in both absolute terms
and as a percentage difference for the working problem. Note the nontriv-
ial variation from the calendar strip quantity. The problem is exacerbated at
higher heat rates, which push the delta into fewer months, making the cal-
endar swap an even clumsier instrument. Figure 14.8 shows the situation for
a toll with H∗ = 10, closer to the heat rate of peaking generation. Limited
liquidity in monthly or seasonal swaps can have a deleterious effect on one’s
ability to extract extrinsic value via delta hedging.

Given the challenges in capturing extrinsic value, there is an inclination by
many traders attempting to manage tolls to sell “vanilla” single-commodity
fixed-strike options against a long tolling position. These (flawed) arguments
proceed along lines similar to that which motivated the volatility look-up
heuristic: “After all, can’t a toll be thought of as a call option on power
struck at the natural gas forward and conversely as a put on natural gas.”
This would be fine if one of the prices stayed fixed, but that is certainly not
what happens. The result is a substantial mismatch in the attributes of the
options sold in contrast to the toll.

To illustrate this point, consider a heat-rate option with H∗ = 8 and with
tenor T = 0.5 using simple Margrabe valuation, with power and natural
gas forward prices of $50/MWh and $5/MMBtu, respectively. Using implied
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Figure 14.9. Vega behavior: tolls versus vanilla calls.

volatilities of 0.30 on each leg and a correlation ρ = 0.9, Figure 14.9 shows
the behavior of power and natural gas vegas for the toll across a range of
natural gas prices, assuming that the market heat rate remains fixed at 10.6

The lower figures shows the same behavior for the ATM vanilla calls. The
fact that the order of magnitude of the toll vega is much lower is not rel-
evant – hedge ratios would be calculated appropriately. The key point is
that the toll vegas do not exhibit the rapid decay as G(t,T) changes. As a
result, any attempt to monetize extrinsic value or neutralize vega exposure
is destined for many rebalancings of the vanilla options positions because
the vega profile of the hedges changes much more rapidly than that for the
toll. Given that bid-offer spreads in power options can be several volatility
points wide, this is an expensive proposition. The essential problem is that
the toll, because it is a spread option between highly correlated commodities,
is simply not amenable to replication via single-commodity vanilla options.

If this isn’t discouraging enough, the situation gets worse as we delve
into the vega implications of the correlation construction in (14.10) or
(C.22). Use of this approach implies vega exposures that can be large and
unmanageable. The underlying correlation heuristic is reasonable, with the
volatility of spot returns in each leg of the spread option driven by the spread

6 Here we again calculate vega as the derivative with respect to volatility in absolute units, not in
percentages.
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between σ̄D and σ̄M. Because spot correlations are usually well below for-
ward correlations, the term correlation can be quite sensitive to the spreads
between monthly and daily volatilities via

∂V
∂σ̄D

= ∂V
∂σ̄D

∣∣∣∣ρ + ∂V
∂ρ

∣∣∣∣
σ̄D

∂ρ

∂σ̄D
(14.14)

Vega exposure is not confined to σ̄D for the two commodities, and the vega
hedging requirements can be impractical to effect.

Resorting to our simple caricature model, the term volatility σ̂ that enters
the Margrabe formula is

σ̂ 2 =
(
σ̄ 2

M,1 + σ̄ 2
M,2 − 2ρLσ̄M,1σ̄M,2

)
TM +

(
ζ 2

1 + ζ 2
2 − 2ρSζ1ζ2

)
(14.15)

which is equivalent to (14.10). This allows us to calculate the vegas with
respect to each monthly and daily implied volatility holding the other fixed.
For example

1
2
σ̂

∂σ̂

∂σ̄M,1

∣∣
σ̄D,1

= (σ̄M,1 −ρLσ̄M,2
)

TM + ∂ζ1

∂σ̄M,1
(ζ1 − ζ2ρS) (14.16)

yields the derivative of the term volatility σ̂ with respect to the monthly
power volatility, holding the daily volatility fixed. The sign of the first term
on the right is exactly of the form of the vega in the monthly toll valuation
discussed in Chapter 9. The c orrelation-induced effect on vega results from
the presence of ∂ζ1/∂σ̄M,1 and similarly for the vegas with respect to the
other term volatilities.

We know that ∂ζ1/∂σ̄M,1 < 0 and ∂ζ1/∂σ̄D,1 > 0, with similar relationships
for all other permutations of volatility type and commodity leg. Figure 14.10
shows the resulting vega exposures for our working toll as of the pricing
date. The vegas have been converted to volumes of standard ATM straddles
for each commodity – for power in megawatts and natural gas in lots. Long
vega in one option type is associated with short vega in the other type. This
is the spread effect between monthly and daily volatilities. The natural gas
vegas are of the opposite sign of the power vegas due to high correlation.

The options hedges in power are between 100 and 200 MW – while
not a small notional, such would usually be achievable at or near incep-
tion, although the hedging costs would be nontrivial. More important, these
would have to be rebalanced over the life of the transaction, as per our
discussion relating to Figure 14.9, which would accrue substantial hedging
costs – all of this for one 400-MW toll. A larger portfolio would overwhelm
power options markets.

Contrast these results with the “standard” vega calculated without the cor-
relation effect [i.e., using only the first term in (14.14)] SHOWN in Figure
14.11, again in the same straddle-equivalent units. In this case the only



Tolling Deals 351

Jan11 Feb11 Mar11 Apr11 May11 Jun11 Jul11 Aug11 Sep11 Oct11 Nov11 Dec11
−300

−200

−100

0

100

200

300

A
T

M
 S

tr
a
d
d
le

 (
M

W
)

Power Vegas by Month

Daily
Monthly

Jan11 Feb11 Mar11 Apr11 May11 Jun11 Jul11 Aug11 Sep11 Oct11 Nov11 Dec11
−100

−50

0

50

100

150

A
T

M
 S

tr
a
d
d
le

 (
L
o
ts

)

Gas Vegas by Month

Daily
Monthly

Figure 14.10. Vega by leg and type for daily toll.
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volatility exposure is due to the daily implied volatilities; the monthly vegas
arose solely due to the correlation effect. While the sign of the natural gas
vegas changes, the magnitude is roughly the same as the sum of the daily and
monthly vegas inclusive of the correlation effect. The key point is that much
smaller options hedges are required in the simpler approach.

The difference in the preceding two sets of results implies very different
vega hedging strategies, with the hedging requirements of the ostensibly
more sophisticated approach challenging, if not impossible, to implement.
Anyone who has had to trade a power options book would appreciate
the difficulties (and costs) of rebalancing several hundred megawatts of
options as underlying energy prices fluctuate. This begs the question: Is
the correlation-induced vega a real, observable phenomenon or a spurious
risk – an artifact of the multifactor model and the long-short correlation
heuristic used? Limited market data leave this question unresolved. How-
ever, the impracticality of the resulting hedging program in a sense renders
the question moot and serves more to motivate alternative approaches that
can be implemented given the nature of the mechanics of the markets and
limitations in liquidity.

Why Are Implied Correlations So High?

Several themes continue to emerge over the previous chapters. One is the
hazards of estimation and extrapolation. Another is the impact of substan-
tial market incompleteness on commonly accepted valuation methods. Tolls
provide a vivid example of the issues that can arise on both counts. With
the results of our preceding “strawman” valuation in hand, it is a good time
to reflect on the issues, in particular, the large gap between prices obtained
using empirical correlations versus those at which actual trades occur.

One contributing factor is the one-sided nature of the market. The world is
continuously building generation, financing requires hedges, and as a result,
dealers are inherently long tolls. This, however, is far from being a complete
explanation for the high level of implied correlations. Among those expe-
rienced in managing tolls, one fact is almost universally accepted – pricing
tolls using empirical correlations results in a very high likelihood of losses
over the life of the structure. Hence, if only due to enough desks witness-
ing (if not becoming) tolling-deal “road kill,” tolls trade at high correlation
relative to empirical estimates.

Another thought is that using realized spot prices to estimate correlation
was not the right thing to do. The typical toll exercises one business prior to
the delivery date. A cash trader at 9:30 a.m. who is deciding whether or not
to exercise the toll by 10 a.m. is looking at where day-ahead power is trading
on the screens; similarly for spot natural gas. Although data are not readily
available, it is almost certainly the case that spot correlations estimated one
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business day before delivery (“-1b”) would be substantially higher than the
spot correlations that we obtained from real-time spot prices.

Recall, however, that the high decay rate of the second factor is intended
to compensate for this. Suppose that we proceeded exactly as we did in
the preceding section – calibrating our two-factor model to the standard
monthly and daily options but instead valuing a same-day toll, that is, an
autoexercise toll that settles on the realized spot prices that we used to esti-
mate correlations. Because the daily options to which we calibrated were
“-1b” exercise, when we change expiration to autoexercise the values for σD

that enter the toll, valuation is higher due to the additional one day of volatil-
ity, and when β2 is large, that extra day of volatility can be large, resulting in
a lower term correlation than for the standard “-1b” toll.

A more significant potential flaw in the preceding valuation methodology
is the calculation of the term correlation using monthly and spot compo-
nents. This approach resulted in the spread between daily and monthly
implied volatilities appearing as a significant risk factor. Suppose for the
moment that our estimates for term and spot correlations ρL and ρS(m) are
in fact stable and stationary, given that tolls trade at much higher implied
correlations than those that are implied by the correlation heuristic, could
we “arb” the valuation discrepancy? That is, could we buy the toll at the high
correlation and engage in offsetting (and dynamic) options hedges to cap-
ture the difference? In light of the volatilty-induced correlation effect, these
options hedges would involve selling daily options and buying monthly. The
bid-offer spreads in power options, the very limited liquidity in daily options
in natural gas, and the requirement to rebalance options hedges as energy
prices move (recall Figure 14.9) are simply too costly to monetize the posited
arbitrage opportunity.

In essence, the vanilla, single-commodity options markets may be effec-
tively decoupled from the tolling markets as a result of the joint effects
of relatively high bid-offer spreads and the high volatility of macro energy
price levels, which force frequent rebalancings. Add to this delta-hedging
frictions induced by calendar strip limitations, and it is not unreasonable
to consider abandoning the pursuit of a framework that unifies all vanilla
options (monthly, daily, and swaptions) with structures such as tolls.

Some trading shops have followed this train of thought, deploying mod-
els for heat-rate dynamics, resulting in a joint distribution of natural gas
and power prices that usually has lower variance in heat rates and lower
tolling values than using the preceding methods. The heat-rate processes
are designed and calibrated to preserve the martingale properties of for-
ward prices, but consistency with single-commodity options prices is often
abandoned.

Econometric and structural models, to which we turn shortly, can exhibit
spark spread distributions with lower dispersion than implied by the
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Margrabe framework. There is some evidence of cointegrating behavior
between power and natural gas prices (see, e.g., [JS09]), with such coupling
suggesting narrower spark-spread distributions. Results of a comparison of
spead options valuation using specific parametric stack models and Mar-
grabe appear in [CCS13] and suggest that structural models can show nar-
rower spark spread distributions and commensurately lower spread-options
values owing to the nonlinear coupling of power prices to the underlying fuel
prices inherent in the stack construct.

The most common response of portfolio managers to high implied corre-
lations, however, is to simply crank the term correlation up in a standard
Margrabe setting. Although compelling in its simplicity, two problems arise.
The first is that extrapolation to longer tenors, which is often required, is
simply not supported by a plausible underlying heuristic. Fixing term corre-
lations at shorter tenors leaves parametric extrapolation methods, with their
inherently arbitrary nature, the alternative. The second weakness, as we will
see in the next section, is that the dynamics of heat rates implied by cou-
pled geometric Brownian motions at high correlation are at variance with
empirical observations.

Heat-Rate Behavior

We have seen that heat rates typically increase as natural gas prices decrease;
recall Figure 6.10. There are several possible explanations for this behavior,
the simplest of which is the bidding behavior of generation owners who need
to cover costs above and beyond fuel as well as earn a return. This implies
spot prices of the form

pbid = H∗G(t, t) +K (14.17)

and motivates a forward heat-rate relationship of

H(t,T) = H∗ +K/G(t,T) + ε(t,T) (14.18)

where ε(t,T) can be thought of as a residual to a regression. Fuel switch-
ing in the generation stack would enhance the effect. As G(t,T) increases,
cheaper alternative sources of generation will appear on the margin, pulling
the expected realized heat rates down.

If one scans scatter plots of historical forward heat rates versus natural
gas prices across contract months, patterns similar to those shown in Figure
6.10 are the norm. There are exceptions, particularly in shoulder months
and in markets dominated by sources of generation other than natural gas.
However, it is reasonable to expect a stochastic model of forward prices for
power and natural gas to exhibit qualitative behavior similar to Figure 6.10.

The stylized fact that heat rates decrease with natural gas prices has
important and tangible consequences. Relationships similar to (6.8) imply
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that
�F(t,T)
F(t,T)

= H∗�G(t,T)
H∗G(t,T) +K

<
�G(t,T)
G(t,T)

(14.19)

suggesting that monthly power volatilities should be lower than those for
natural gas, as is usually the case. This is admittedly a primitive argument –
we have assumed that the noise term ε(t,T) = 0 when in fact it is a stochastic
process that contributes to power volatility. However, the variation in ε(t,T)
is small relative to changes in natural gas prices, and (14.19) is the reason
that monthly power implied volatilities are systematically below those for
natural gas.

What are the implications of the GEM framework or, more broadly, the
joint log-normal Margrabe setting on heat-rate behavior when correlations
are set to high levels?

Heat rates in the Margrabe setting are given by

H(t,T) ≡ F(t,T)
G(t,T)

= F(0,T)
G(0,T)

et1/2σFZF−1/2tσ 2
F−t1/2σGZG+1/2tσ 2

G (14.20)

where (ZF,ZG) are standard normal random variables with correlation ρ.
The implications for the relationship between H(t,T) and G(t,T) are derived
in Appendix A, yielding

H(t,T) = cXG(t,T)
[
ρ

σF
σG

−1
]

(14.21)

where c is independent of G(t,T), and X is a unit-mean log-normal random
variable, as shown in (A.40).

For H(t,T) to be a decreasing function of G(t,T), we must have

ρ
σ̃F

σ̃G
< 1 (14.22)

However, for daily structures, THE term volatility for power often exceeds
that of natural gas, as can be seen for an H∗ = 10 toll in Figure 14.12. Simply
increasing the term correlation ρ will cause a violation of the expected rela-
tionship between natural gas and heat rates. This is yet another reason for
exploring modeling alternatives.

Modeling Alternatives: Econometric Models

The preceding discussions should give pause to the rote application of stan-
dard risk-neutral methods. High implied correlations are due, at least in
large part, to limitations of market liquidity, with dealers requiring a low
entry price to compensate for frictions. Increasing the correlation parame-
ters in the coupled diffusions driving the power and natural gas forwards
lowers the value of the tolls but can result in price dynamics with features
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Figure 14.12. Price ratios and term volatilities for an H∗ = 10 toll (January 11, 2010).

that are at variance with empirical observations. Moreover, in many cases,
the implied volatilities required to pursue such an approach are themselves
barely visible, and the depth of the options markets is not anywhere near
what is required to support the resulting hedging strategies.

Such observations have yielded an ongoing quest for alternative
approaches. In this section we will examine econometric models as applied
to tolling transactions, followed in the next section by stack models. When
we discuss variable-quantity s waps in Chapter 15, these methods will again
prove useful.

In Chapter 12 we introduced an econometric approach to valuation of
natural gas basis options that was predicated on weather and benchmark
natural gas processes as underlying drivers to spot basis prices. Here we will
model the behavior of spot heat rates, which we have seen exhibit nonlinear
relationships to natural gas prices. Figure 14.13 shows daily spot realiza-
tions of PJM/Henry Hub heat rates versus the average daily temperature
in Philadelphia (KPHL). Some features are expected; for example, the high-
est heat rates occur at highest temperatures. Also of note, however, is that
at low temperatures spot heat rates can achieve remarkably low values. This
happens when high natural gas prices force natural gas generation out of
dispatch, effectively capping the power price at the alternative supply.

The results of a regression analysis are superimposed. The regression used
data from January 1, 2005 to the trade date of the working problem. These
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Figure 14.13. PJM peak versus Henry Hub spot heat rates and regression estimates.

estimates do not fall on a one-dimensional curve since temperature is not
the only variable. The form of the regression used here is

log
[

p(d)
pNG(d)

]
= α +ηpNG(d) +

K∑
k=1

γkθ(d)k + εd (14.23)

where p(d) denotes the daily spot power price, pNG(d) is the locational nat-
ural gas spot price (in this case TETM3), and εd are residuals. As in Chapter
12, θ ( d ) denotes the nonlinear tr ansformation of daily temperature τ ( d )
given in (12.22). The terms to be included in the regression were selected by
an out-of-sample criterion.7 The response to natural gas prices is estimated
at η =−0.04. As in forward markets, spot heat rates can exhibit a statistically
significant response to natural gas prices, increasing with decreasing natural
gas prices.

Coupled with temperature and natural gas simulations, we are in a posi-
tion to use (14.23) to generate a joint distribution of �π ≡ [τ ,pHH,pTETM3,p].
This is enough information to calculate econometric, or “physical” measure,

7 The slight concavity at roughly 25oF is a flaw, not a feature. But the effects on the subsequent
analysis are negligible, so we will work with this regression methodology.
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Figure 14.14. PJM and PJM/Henry Hub-heat rate forward and simulated prices as
of January 11, 2010.

payoff distributions for power and natural gas forwards, as well as for the
tolling payoff.

Figure 14.14 compares the forward power prices and heat rates with those
computed under the physical (simulation) measure. The structure is similar
between market forwards and simulated future prices, but the differences
can be meaningful, with heat-rate differences often above 0.5 and even
exceeding unity.

Econometric methods in general yield expected spot prices that differ
from those implied by traded markets, resulting in the dichotomy discussed
in Chapter 12. Should physic al measures be used to value a s tr ucture such
as a toll? Or should the distributions of the joint price processes �π be trans-
formed in some way to force consistency with forwards and options markets,
thereby creating a risk-neutral measure? Such a measure would presumably
have distributional features that are more realistic than the log-normal dis-
tributions we have used so far while retaining the basic tenants of dynamic
hedging and frictionless markets.

Differences between the two approaches are moot if the structure being
priced is effectively the same as a common tradable. Suppose that we posit
that the only hedging that we will be allowed to perform is at the inception
of a transaction and that only swaps can be traded. If the instrument being
hedged is identical to a traded swap, then (1) the risk of the structure can
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be reduced to zero, and (2) the present value of the position will coincide
with that of the replicating swaps position, thereby marking the position to
market. Whether you effect a risk-neutral transformation before valuing the
structure or simply work under the physical measure, the result is the same.

When the structure being priced is not closely related to traded instru-
ments, the two methods can yield very different results, as we will see
shortly. Working under the physical measure is an acknowledgment of mar-
ket incompleteness that has been manifest in so many ways. This is what we
will do in what follows, working directly with the physical measure, comput-
ing the distribution of the toll payoff by month, and selecting static forward
and options hedges using a minimum-variance criterion.

To clarify the term static, practitioners acknowledge that some rebalanc-
ings can occur over the life of a toll. We have seen, however, that there
are serious impediments to dynamically hedging a toll: (1) heat rates must
move a great deal to yield a change in delta that exceeds the standard
50-MW contract size, (2) calendar strips are the most liquid products for
tenors outside of a year but are less than effective at hedging the inho-
mogeneous distribution of extrinsic value over individual months, and (3)
OPTIONS rebalancings can be costly. Static hedging in this setting is not
far removed from what one can actually achieve in practice and also yields
implied correlations that are much closer to those observed.

The tolling payoff for a given contract month m is

�T (m) ≡
∑
d∈m

max[p(d) −H∗pHH,0] (14.24)

where as before p(d) denotes the daily spot power price for the relevant
bucket. We have similar random payoffs corresponding to potential hedges.
For example, forward hedges are of the form:

�F(m) ≡
∑
d∈m

[p(d) −Fm]

�G(m) ≡
∑
d∈m

[pHH(d) −Gm]

where F and G denote PJM and Henry Hub forward prices. The options
hedges that we will consider will be ATM straddles8:

�SF(m) ≡
∑
d∈m

[
p(d) −Fm

]
�SG(m) ≡

∑
d∈m

[
pHH(d) −Gm

]

8 There is a perception among some practitioners that natural options hedges paralleling the volatility
look-up heuristic are useful, where the power option strike at H∗G and the gas option strike at
F/H∗. The results that we present here are not changed substantially by including these.



360 Advanced Methods and Structures

Jan11 Feb11 Mar11 Apr11 May11 Jun11 Jul11 Aug11 Sep11 Oct11 Nov11 Dec11
0

5

10

15

20

25

30

$
/M

W
h

Toll Value by Month (HR = 8)

ρ
S
=.90

Simulated (Unhedged))
Simulated (Forward Hedges)
Simulated (Forward & Options Hedges)

Figure 14.15. Tolling values under various hedging programs.

The expected value of the tolling payoff under the physical measure is
E [�T (m)], but this is not the “market” value of the toll since no hedg-
ing has been effected. We next compute the minimum-variance hedges
for portfolios of the form � + �h† �X, where �X denotes the set of hedges
being considered – for the case where only forwards are used, that is,
�X = [�F(m),�G(m)], and where both forwards and options are used, that
is, �X = [�F (m),�G(m),�SF(m),�SG(m)]. The optimal hedge ratios are
obtained as the solution to

�h∗ ≡ argmin
�h

var
[
�T (m) + �h† �X

]
(14.25)

The resulting expected values of �∗ ≡ �+�h†∗ �X are shown by contract month
in Figure 14.15, as well as the base multifactor valuation using ρS = 0.900 for
comparison. The expected value of each contract month is altered by the
hedges since we are working in the physical measure. For example, since
the expected spot price exceeds the market forward price in both July and
August, the fact that the optimal hedge is to sell power results in an increase
in the expected value of the portfolio. Selling power at a higher price than
the expected value results in an expected gain. In other months there is a
reduction in portfolio value.

The next question is how much was achieved in risk reduction. Figure
14.16 shows the standard deviation of the econometric valuation under the
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Figure 14.16. Tolling values under various hedging programs.

different programs. The forward hedges reduce risk substantially across all
months, largely eliminating the risk in the summer months where an H∗ =
8.0 option is so far in the money that it is effectively a swap. On the other
hand, the addition of the options hedges to the portfolio accomplished rela-
tively little, another manifestation of the fact that single-commodity options
have risk characteristics that are very different from spread options and are
not particularly useful in “flattening” the portfolio payoff.

Results vary by the unit heat rate H∗. Higher-heat-rate tolls have more
extrinsic value and from a risk perspective are more removed from the
attributes of a swap than are low-heat-rate tolls. They are therefore harder
to hedge. Even the options hedges remain at best marginally useful in risk
reduction. Table 14.2 shows the value of the structure obtained by summing
the discounted expected values for the various scenarios and normalizing to
unit notional.

The econometric approach can yield values that differ considerably from
reduced-form methods. This is no surprise – we saw this before in the case
of natural gas basis options. The spot prices used are not log-normally dis-
tributed. Moreover, the choice of hedging method matters. We did not trans-
form the physical measure to a risk-neutral measure. Instead, we worked
directly with the physical measure, which meant that the differences between
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Table 14.2. Valuation Comparison for Cal11 Toll as of January 11, 2010 in $/MWh

Heat Rate Financial Simulated Simulated Simulated
Unhedged Forwards Forwards and Options

H∗ = 8 10.37 11.28 10.01 9.27
H∗ = 10 4.06 4.16 3.24 2.43

expected payoffs and market prices, that is, the risk premia, affected the
expected value of the hedged portfolio.

This was the case for the July and August months in the tolling example
where the heat rates, both market and simulated, were so far above the unit
heat rate H∗ = 8.0 that the payoff was effectively a swap:

max[F(T,T) −H∗G(T,T),0] ≈ F(T,T) −H∗G(T,T) (14.26)

Hedging the right-hand side is trivial – sell one power swap and buy H∗
natural gas swaps, resulting in a payoff of F(t,T) − H∗G(t,T) under either
the risk-neutral measure or the physical measure.

The situation is completely different if the structure departs meaning-
fully from vanilla tradables. This is the case for the shoulder months in
the preceding toll because the standard deviation of the hedged portfolio
is only partially reduced. To illustrate this effect more dramatically, con-
sider a higher heat rate H∗ = 12 that forces even the summer months out
of the money. There are two consequences resulting from the fact that
simulated (physical) heat rates exceeded market (risk-neutral) heat rates
in the summer months that which we saw in Figure 14.14. The first is
that the delta resulting from the simulated valuation exceeded that using
the risk-neutral measure. The second is that this higher delta requires a
larger sale of power at the lower market forward price. As a consequence,
the hedged value of the summer months is meaningfully higher under
the physical measure than under the risk-neutral measure, as shown in
Figure 14.17.

We chose to work in the physical measure because transformation to a
risk-neutral measure implicitly assumes that dynamic hedging can effectively
replicate the payoff of the tolls considered. Econometric or structural mod-
els used in the risk-neutral setting are as vulnerable to hedging frictions as
were reduced-form models. The actual state of affairs is somewhere between
perfectly liquid markets and altogether illiquid. However, when limitations
in liquidity are significant, whether originating from calendar strips, block-
size limits, or simply high bid-offer spreads, valuation and residual risk
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Figure 14.17. Comparison of physical versus risk-neutral valuation (H∗ = 12).

distributions under the physical measure are (arguably) more reliable than
those obtained under risk-neutral valuation.9

In practice, dealers who are purchasing tolls do one of three things. Some
use financial models with empirical correlations as a basis for establish mid-
market values. Those who do this usually end up losing money over the
course of the transaction.10 Others use what little market data are avail-
able from sporadic broker trading to set midmarket correlations. However,
the depth in these markets is not enough to effectively hedge the correlation
risk in a typical long-tenor tolling hedge. Finally, some attempt to explic-
itly construct a physical measure, as we have just done, with static hedge
construction at inception. Those who do this are aware of the fact that rebal-
ancings later in the transaction may occur and that such rebalancings should
improve the value of a long options position.

9 This has been recognized in the academic literature for some time (see, e.g., [AP94], [AMS99], and
[FS91]), where the results of minimum-variance and dynamic control approaches to valuation and
hedging construction in incomplete markets depend explicitly on the physical measure. In most of
work along these lines, the physical measure is assumed to be known and analytically tractable.
Realistic dynamics of the interaction between fuels and power prices is considerably more com-
plex and difficult to parameterize, which motivated the econometric methods for generating price
distributions.

10 One would think that natural selection would have eliminated this approach. However, the life
cycle of tolling hedges is long (five to seven years), allowing for information loss between genera-
tions of portfolio managers. In other words, there seems to be no shortage of future victims of this
method.
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Modeling Alternatives: Structural Models

Valuation results in incomplete markets depend on the physical mea-
sure being used. While relatively straightforward to design and implement,
econometric approaches have obvious limitations. Estimation implicitly
assumed stationary data, and the use of simulation to value structures is
predicated on continuing stationary behavior. Econometric models can be
perturbed to test for sensitivities, say, to the response of heat rates to natu-
ral gas prices. Such stress testing of models can provide some indication of
the magnitude of potential changes in value but are always ad hoc in nature.

The period 2009–2011 provided a very good example of a regime change
that would challenge econometric modeling. The drop in natural gas prices
in North America arising from the rapid increasing in shale gas production
resulted in the changes in the relative cost per MMBtu of NYMEX NG ver-
sus Central Appalachian coal shown in Figure 14.18. This figure shows the
first nearby contract prices for each commodity in terms of $/MMBtu.11 The
transition from coal being by far the “cheapest MMBtu” among fossil fuels, a
world view that was considered unshakable just a few years ago, to effective
parity with natural gas in North America is an example of a phenomenon
that preexisting econometric models would be challenged to capture given
the absence of any historical precedent.

The potential impact of this change in power markets is illustrated in
Figure 14.19. Two approximate renditions of the coal and natural gas compo-
nents of the PJM stack around 2010 are shown corresponding to two natural
gas scenarios: $3/MMBtu and $7/MMBtu. The nonlinear nature of (12.31) is
apparent because the significant separation between the two stacks at high
natural gas prices vanishes in the low-price scenario, with many coal units
displaced.

The total separation of the two generation types evident in the high nat-
ural gas scenario yields a far simpler dispatch (and modeling) configuration
than the lower natural gas scenario, where two types of generation with very
different operating characteristics are competing at the same load levels. The
implications for the physical system during periods of switching as occurred
during 2011 were manifold. Natural gas units are the more flexible in dis-
patch. When natural gas displaces coal, the coal units are on a part of the
stack that would most naturally cycle from low to high output during peak
hours – this is not what they were designed to do. Second, historically most
coal purchases by generators are long term “take-or-pay,” which is jargon
for saying that you pay for it whether or not you want delivery. As a result,

11 Coal trades in $/ton. The conversion ratio used was 1 ton of central Appalachian coal is equivalent
to 24 MMBtus, which is the minimum acceptable energy content for delivery into the NYMEX
futures contract.
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coal inventories at generation stations reached capacity, ultimately making
estimates of just how much switching would occur quite challenging.

The implications on tolling valuations are similarly complex. In the high
natural gas price scenario one would expect correlations between peak
power and natural gas spot returns to be higher at typical peak loads than
in the low-price scenario, where coal can ultimately set the marginal price.
Regime changes such as the shale gas revolution are the dominant motiva-
tion for the use of s tr uctural models intr oduced in Chapter 12. The following
simple example illustrates the nontrivial effects of fuel switching on price
dynamics. In this example, we are purely considering a single-period price
clearing with none of the complexities of intertemporal dispatch.

Consider a stack model comprised of two distinct types of generation:

• Baseload. The baseload generation is described by the stack with capacity CB and
single marginal price of dispatch pB:

�B (C) =
{

pB if C < CB

pmax otherwise
(14.27)

• Natural gas. In contrast, the natural gas stack is parameterized by heat rate, which
increases exponentially with load:

�NG (C) = αGeλC (14.28)

where G denotes the spot natural gas price. This form is similar to the exponential
case of the Barlow model.

As in the stack models in Chapter 12, spot prices will be set by

pT = �
(
LT
∣∣GT,pB

)
(14.29)

where LT is the demand (load) at time T. The stack � is calculated from
(14.27) and (14.28) using (12.31).

For the results that follow, we will be assuming that the (nominal) tenor is
T = 1, that load is normally distributed, and that the log-normal distribution
of the natural gas price GT under the physical measure is the same as under
the risk-neutral measure. The parameters used in the results that follow are
shown in Table 14.3.

The variable of interest is the baseload price pB (think of a coal price).
When pB << αG, the natural gas and baseload stacks are effectively sep-
arated, and the distribution of LT is (with high probability) setting prices
solely on �NG. As pB increases, a switching regime occurs where the two
stacks are at near parity. With pB at higher levels, load once again is set
by the natural gas stack. The results shown in Figure 14.20 are consistent
with these heuristic arguments. First, the forward heat rate E [pt]/G(0,T)
increases with pB, as it should. Raising any fuel price results in an increase
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Table 14.3. Structural Stack Model Parameters
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Figure 14.20. Structural model results for fuel switching.

in �. Power volatility shows more structure, decreasing as switching occurs
because pB was assumed to be constant. Similar behavior is shown for
correlation between natural gas and power returns.

The preceding experiment suggests that information about the stack, cou-
pled with fuel forward prices, could yield potentially useful estimates for
power implied volatilities and cross-commodity correlations and ultimately
improved tolling valuation. The relatively short period in which such switch-
ing has occurred makes calibration and model testing difficult. However,
given the inherently nonlinear nature of the interaction between power spot
prices and multiple fuel prices, structural models should guide the design and
calibration of financial or econometric models, if not replace them outright.

Complex Tolls and Approximation Methods

The analysis of basic tolls is the cornerstone for the valuation of more com-
plex generation structures. These vanilla tolls, which exercise into standard
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power buckets such as “5x16”, “2x16” and “7x8”, can only yield approxi-
mations to the payoff of real generation assets. Engineers who design or
operate physical generation and appreciate the complexities involved or
mathematicians who relish challenging problems often deem such approx-
imations inadequate and strive for more realistic representations of physical
generation.

In designing hedging structures to support financing of generation con-
struction or acquisition, there is a dialectic between hedge providers and
hedgers – the former being more comfortable with structures that are clos-
est to vanilla and the latter preferring the highest degree of replication of
the generation unit possible. However, when dealers value complex tolls,
constraints are generally rounded to the greatest potential impact and addi-
tional flexibility is reduced in value to obtain a lower bound in the form of a
vanilla product. This means that the perceived advantage of a more effective
hedge is often more costly than the hedger realizes given the lower value the
dealer is willing to pay. While vanilla structures are almost always suitable
as effective hedges, more complex hedges often transact. In what follows
we will take the perspective of the hedge provider, designing approxima-
tion methods that result in simple valuation mechanics and lower bounds on
value.

In Chapter 3 we surveyed common features of physical generation that
complicate valuation, usually by coupling the standard buckets and reduc-
ing the time scales of exercise (dispatch) to the hourly level. Most generation
can operate at output levels within a range [Qmin,Qmax], referred to as the
lower and higher operating limits, respectively, and heat rates vary with out-
put level, in general being higher (less efficient) at lower operating levels.
Moreover, generation cannot instantaneously adjust output; rather, there
is a maximum rate (ramp rates) at which output can be changed. In addi-
tion, start costs are incurred in transitioning from zero output to positive
output. While far from a complete list of the complexities of physical gen-
eration, this is certainly enough to allow us to illustrate some of the key
issues.

The simplest illustration of subordinating approximation methods is to
extend a vanilla toll to include multiple fuels. Some generators are able to
burn more than one fuel (usually two), allowing switching between, say, nat-
ural gas and fuel oil. In practice, switching requires planning and often is
encumbered with regulatory constraints on how much oil can be burned
annually due to emissions caps. Assuming that the asset allows a daily choice
between fuels, the terminal payoff takes the form

max
{

F(T,T) −min[H1G1(T,T),H2G2(T,T)] ,0
}

(14.30)
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where the two fuel prices G1 and G2 will, in general, have different heat
rates. This structure is ostensibly simple to evaluate by quadrature, given
the covariance structure between the three commodities.

Many practitioners, however, have a healthy skepticism about just how
readily one can hedge a dual-fuel toll and opt to value and manage such
using a “best of” vanilla representation. The payoff (14.30) is equivalently
written as

max
{

max[F(T,T) −H1G1(T,T),0] ,max[F(T,T) −H2G2(T,T),0]
}

(14.31)

Taking the expected value of this expression inside the first maximum yields
a lower value in terms of the simpler one-fuel tolls. The result is that a rig-
orous lower bound on the value of a dual-fuel structure can be obtained
simply by valuing the single-fuel toll for both G1 and G2 and taking the
best value by contract month. The situation is reassessed regularly, and the
booking is changed if there has been a reordering of which fuel “wins” in a
given contract month. From a portfolio manager’s perspective, the advan-
tage of this approach is that the risk of the structure resembles that of more
familiar vanilla toll and can be managed as such, aside from the occasional
rebalancings required.

The dual-fuel example coupled three commodities at single delivery
times. Exercise remained independent from period to period. The situation
becomes much more interesting when one includes intertemporal couplings.
Consider the following extension of our original working problem, but now
include exercise for each of the delivery buckets: “5x16”, “2x16,” and “7x8”.
In addition, assume that exercise can be allowed into either lower or higher
operating limits QL or QH and that total (not per-MWh) start charges are
KS. This means that had you elected to not exercise a “7x8” option, for
example, and subsequently exercised the following bucket (either “5x16”
or “2x16”, as the case may be), you incur the additional start charge KS.12

The valuation problem takes the form

Ẽ

{
sup
�Q∈A

∑
n

[
QnNh(n) (Fn −H∗Gn)− κ(n, �Q)

]}
(14.32)

where Nh(n) is the number of hours in bucket n, and Qn denotes the quantity
generated in period n. The set of all allowed dispatch paths is denoted by A,
which in this case is simply

A= {Q : Qn ∈ [0,QL,QH] ∀n} (14.33)

12 Typically, such charges are articulated in cost per start, as done here, or in terms of fuel and power
costs. In the latter case, adjustments to equivalent economic output or heat rate are easily made.
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Here n indexes buckets chronologically; if n corresponds to a “5x16” deliv-
ery bucket, then n + 1 will be a “7x8” bucket. Coupling between buckets
occurs because the start charge takes the form

κ(n, �Q) =
{

0 if Qn−1 > 0

KS otherwise
(14.34)

with a start charge occurring if the quantity generated in the previous bucket
is zero. We have set the standard strike K (VOM) to zero for notational ease.

Valuation of this problem is challenging at several levels. First, “7x8”
and “2x16” options are hardly ever traded. This means that spread option
valuation immediately encounters the obstacle of formulating some plau-
sible estimates for these volatilities. Second, evaluation of (14.32) requires
solution of a dynamic-programming problem.

The essential feature of the optionality embodied in (14.32) is that in sit-
uations where the spark spread is negative at, say, n − 1, exercise at QL can
result in the savings of a start charge in exercise n. Clearly, this would only
occur in the situation where the prior spark spread is not too negative:

QLNh(n − 1)Sn−1 − κ(n − 1, �Q) +KS > 0 (14.35)

where
Sn ≡ Fn −H∗Gn (14.36)

is the spark spread at time n. Viewed from the perspective of bucket n − 1,
there is often enough transparency in the day-ahead markets to implement
the exercise criterion implied by (14.35).

Dynamic-programming methods are one approach to this problem,
although the formulation is more challenging than for natural gas storage.
If each bucket price is driven by a set of OU processes, the dimensionality of
the problem is prohibitive. Alternatively, hourly spot price dynamics can be
parameterized in some form, and dynamic control or Longstaff-Schwartz-
type methods can be applied (see, for example, [CL08] for a survey and
expansion on these issues and methods).

Alternatively, one can construct subordinating portfolios of vanilla tolls.
The idea is to consider a variety of permutations of the possible operating
configurations, each of which is considered to be a potential representa-
tion for the structure to be used for an entire contract month. For example,
consider the following two structures, each of which is consistent with the
operational features of our structure:

• Independent options, one for each of the three delivery buckets (“5x16”, “2x16”
and “7x8”), each fully loaded with start costs:

Ẽ

{∑
n

max[QHNh(n)Sn − KS,0]

}
(14.37)
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• Assume a priori exercise (“must run”) on the “7x8” bucket at QL, thereby
eliminating start costs from the “5x16” and “2x16” blocks:

Ẽ



∑

n∈B7x8

[
QLNh(n)Sn − KS1{Qn−1=0}

]+ ∑
n/∈B7x8

max[QHNh(n)Sn,0]


 (14.38)

Because the strike in the “7x8” component depends on the previous exer-
cises, this is not technically a swap, but optionality has been removed via the
presumption is that the unit will dispatch in the offpeak bucket at the lower
capacity regardless of the value of Sn.

The first configuration is a lower bound on the value (14.32) because start
costs are allocated to every option. Dispatch is at QH since if the option is
in the money, exercising at any level below the maximum capacity would
be suboptimal. By replacing the “7x8” option with the form in the second
configuration, we are forcing exercise; hence no start cost is applied to peak
buckets. However, the “7x8” swap could sustain start costs if the preced-
ing peak bucket was not exercised, resulting in the term KS1{Qn−1=0}. The
expected value of this expression is the probability of exercise of the “5x16”
or “2x16” option, respectively, calculation of which is straightforward for the
log-normal distributions.

The best of the two possible operating states can be selected by month,
for the entire month, thereby achieving an optimal (among the two config-
urations considered) subordinating configuration. The problem is therefore
reduced to standard tolling structures and swaps, as well as calculation of
exercise probabilities. There are a number of possible configurations for dis-
patch that would be considered in practice. Each bucket can be in any of the
three configurations with time n for each given as

1. Full optionality at QH:
◦ If the previous bucket is in the option configuration,

max[QHNh(n)Sn − KS,0]

◦ If the previous bucket is in the must-run configuration,

max[QHNh(n)Sn,0]

2. Must run at QH:
◦ If the previous bucket is in the option configuration,

QHNh(n)Sn − KS1{Qn−1=0}

◦ If the previous bucket is in the must-run configuration, QHSn.
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3. Mustrun at QL:
◦ If the previous bucket is in the option configuration,

QLNh(n)Sn − KS1{Qn−1=0}

◦ If the previous bucket is in the must-run configuration, QLSn.

These permutations differ in their resulting values due to tradeoffs
between extrinsic value and reduction in start costs. Valuation of each
can be scripted, and the configuration with the highest value can be used
as a subordinating representation. As with CSO subordinators in natural
gas, the configuration that is optimal can change during the lifetime of
the transaction, and rebookings (with associated hedge rebalancings) must
occur.

Subordinating methods result in valuation of standard structures that can
easily be booked in risk systems. While compelling in simplicity, valua-
tion of the “2x16” and “7x8” options is not straightforward. For one thing,
“2x16” and “7x8” swaps are usually not traded individually but rather are
quoted together as the union – the off-peak wrap. This means that statis-
tical methods for decomposing traded products into these forward buckets
are inevitably required.13 Options on “7x8” and “2x16” power are almost
unheard of, rendering the required volatility inputs also subject to estimation
and modeling assumptions.

Start costs created a temporal coupling between delivery buckets, result-
ing in a stochastic control problem, but one that was amenable to subordinat-
ing approximations. Physical generation, as well as some structured deriva-
tives hedges, involves dispatch constraints and optionality at the hourly time
scale. At short time scales, the problem becomes considerably more chal-
lenging. No hourly options trade in the broker markets, and price risk at
the hourly time scale must be managed using vanilla swaps and options
that involve ratable delivery over the standard buckets. Simulation-based
methods are almost always required.

The construction of hourly price simulations can be accomplished in a
variety of ways. Hourly loads can be calibrated to temperature and sim-
ulated, ultimately driving econometric or structural models. Alternatively,
bucket spot prices can be simulated, as discussed in the preceding section,
using econometric or structural models. The simulated (daily) bucket spot
prices can then be split into hourly price realizations by simulation of “shap-
ing coefficients” �α(B)(d) for each bucket B on day d. These define the
realized hourly spot prices ph(d) from the bucket p(B)(d) via

ph(d) = α
(B)
h (d)p(B)(d) (14.39)

13 It is natural to ask why we did not decompose the toll into peak and off-peak buckets. This could
have been done, but such a structure bears little resemblance to actual generation dispatch, and
tolls of this type are rarely transacted.
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Analysis of the dynamics of shaping coefficients is central to the valua-
tion of variable-quantity s waps and is dis cussed in detail in Chapter 15. For
the remainder of this section we will assume the existence of a method to
generate simulations of joint realizations of fuel and hourly spot prices.

If the spot price process is driven by diffusions, which have presumably
been calibrated in some fashion to historical spot data or existing for-
ward and options data, stochastic impulse-control methods such as those
developed in [CL08] are potentially viable. However, the computational
requirements for analysis of dispatch at the hourly time scale over tenors
spanning many years are daunting.

Most spot price simulation engines are based on nonlinear regressions or
structural models and are not amenable to description by a set of coupled
Ornstein-Uhlenbeck processes, as often assumed in control theoretic meth-
ods. In this case, heuristic methods are frequently used. As a simple example,
one can assume that the portfolio manager exercising the toll or the operator
of the asset has complete knowledge of the (to be realized) hourly spot prices
for the upcoming peak and off-peak buckets grouped as pairs. Optimal dis-
patch for this interval of twenty-four hours, given the end state of the past
pair of buckets, is usually directly amenable to linear or quadratic program-
ming methods. This “myopic” optimization can be rapidly solved for each
simulation path, yielding random payoffs on time scales that are hedgable.
Moreover, the methods of hedge construction and valuation that we used in
the preceding section apply. The result is valuation and estimates of hedge
slippage with credible assessments of impacts of intraday optionality and
constraints.

The weakness in this approach is the assumption of perfect foresight of
hourly prices. A more realistic situation is to assume knowledge of the next
two bucket prices; these are often visible on the trading screens for the more
liquid hubs. In this case, the distributional characteristics of the shaping coef-
ficients used in (14.39) provide the required information for a mean-variance
optimization over the next twenty-four hours, which is also usually tractable
using quadratic programming methods.

The advantage to such an approach is its flexibility. A broad array of com-
plex constraints can be handled, including pump storage facilities, which
involve the additional complication of inventory constraints on the dispatch
of the asset.14

14 Pump storage facilities are perhaps the only economically viable method for effectively storing
power in large quantities. A reservoir of finite capacity can be filled using electric pumps, thereby
storing the electricity as potential energy, which can subsequently be converted back into electric-
ity through turbine generators. The loss ratio is usually in the ballpark of 1.4; that is, 1.4 MWh
of pumping can yield 1 MWh of generation. As a consequence, pumping usually occurs during
the off-peak hours and producing during on-peak hours, subject to limitations on the size of the
reservoir.
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Conclusion

Valuation and hedging tolling transactions with daily optionality using
standard financial models are challenging for a number of reasons.

• The concept of returns correlations at the daily level is ambiguous for nonstorable
commodities.

• Estimated returns correlations are chronically below the implied correlations
when trading activity in tolls is visible.

• Substantial constraints in liquidity, not only in the sense of low daily trading
volume of swaps and options but also due to block size and calendar strip
conventions, can result in degradation of the performance of dynamic hedging
strategies.

• Hedging volatility and correlation risk using fixed-strike single-commodity
options can require large positions and frequent, costly rebalancings.

Alternative approaches based on econometric or structural simulation
methods are commonly used. With these, a basic dichotomy exists in
implementation.

• The risk-neutral paradigm. Modify simulations to yield expected values of traded
payoffs that are consistent with market prices, and proceed to calculate the
relevant Greeks for dynamic hedging.

• The physical-measure paradigm. Construct static hedges at inception based on the
physical measure.

The first approach is a less severe departure from the standard liturgy while
providing joint distributions of the relevant underlying price process that
can be more realistic than GBM or other parametric constructs. The second
approach, while failing to account for potential rebalancings, has the merit
of avoiding the pitfalls of assuming liquidity that may not exist.

More complex tolling transactions also can be addressed using these var-
ious methods. Financial models on subordinating methods have the same
potential issues as for vanilla structures. Simulation methods are more
robust and easier to implement and provide not only an estimate of expected
value and appropriate hedges but also the distribution of residual risks.
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Variable-Quantity Swaps

The balance between supply and demand of energy commodities can change
extremely rapidly. An unusually cold day in a region heated by natural
gas results in higher consumption, coupled with statistically higher natural
gas spot prices. A hot day in a region in which air conditioning is preva-
lent results in increased demand for power, again with commensurate price
response. The aftermath of 9/11 witnessed a meaningful and nearly instan-
taneous drop in air travel with an associated drop in jet fuel consumption.
The list goes on. A refinery outage can result in a discontinuous drop in
supply that can have significant regional pricing (not to mention political)
consequences. The same is true for power generators, notably nuclear plants,
where unanticipated (forced) outages can last for weeks or even months and
result in local and in some instances regional price responses.

The purpose of storage and transportation facilities is to mitigate price
dislocations resulting from such events. Large withdrawals from natural gas
storage occur when the temperature is low in the Northeast, as we saw
in Figure 3.31, and pipeline flows to the region increase. Such responses
dampen the price spikes that tend to occur at such times. Nonetheless,
despite substantial storage and transportation infrastructure, the price series
for TETM3 basis shown in Figure 1.6 is clear evidence that such infrastruc-
ture has limitations – otherwise we would not see the regular appearance of
basis returns in excess of 100 percent.

Power demand shows even more structure at shorter time scales. Temper-
ature is the dominant driver; recall Figure 3.37, which shows PJM Classic
load at 4 p.m. versus daily average temperature in Philadelphia, with the
highest levels of demand associated with high temperatures. Load varia-
tion at the hourly time scale is significant, as we saw in Figure 3.36. Power,
because it is effectively nonstorable, relies on a variety of generation types to
accommodate demand fluctuations, with considerable allocation of capacity
as backup generation (so-called spinning and nonspinning reserves) in lieu
of storage.

375
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Short-time-scale variations in net demand in natural gas and power and, to
a somewhat lesser extent, in other energy and consumable commodities are
an inherent feature of the markets. This risk must be borne by someone. In
regulated markets, the costs associated with dispatching generation to match
the varying load or using liquified natural gas (LNG) to react to spikes in
natural gas demand are passed through to the end user through rate-setting
mechanisms.

In deregulated markets, the suppliers of load must procure power at the
market-clearing price. This means that suppliers charging their customers
fixed prices will usually choose to hedge their short positions through for-
ward purchases. However, as we have seen, the “vanilla” instruments readily
available for such hedging programs are fixed notional contracts with rat-
able delivery. Such instruments can hedge price risk on long time scales for
expected supply or demand but are largely ineffective at managing daily or
hourly demand/price correlation risk. The result is that a large reservoir of
volumetric risk exists across the energy markets without much in the way of
risk transfer possible.

In this chapter we discuss some products that have been created that do
in fact facilitate hedging volumetric risk. The methods used to value such
structures are just as pertinent to the natural holders of volumetric risk,
for example, merchant generators that own primarily baseload generation
against a short position comprised of a customer load or natural gas dis-
tributors with fixed gas-supply contracts against daily variations in customer
demand.

Viewing such exposure as a swap with random notional (the realized
demand), the fundamental problem arises from the fact that demand is
not traded directly – it is an altogether uncommoditized risk. The goal in
what follows is to first construct optimal hedging strategies and then to
develop methods that characterize the residual risks, which are (arguably)
stationary and not dynamically managed – what we will refer to as actu-
arial risks. Pricing is ultimately driven by the value implied by the hedges
and a risk adjustment based on the risk preferences of the holder of the
risk.

The Basic Problem

A variable-quantity exposure coupled with a fixed notional hedge takes a
common form. Consider a short position to an end user, which can consume
the commodity as needed, at a fixed contract price of pf. The terminal payoff
for delivery period n is

πshort ≡ Qn
(
pf −pn

)
(15.1)
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where Qn is the (random) demand at time n, and pn is the associated spot
price. Here n could be indexing an arbitrary sequence of delivery periods –
monthly, daily, or hourly, as is often the case in power.

The quantity Qn is a random variable; viewed collectively, {Q·} is a
stochastic process on which econometric analysis is usually performed to
yield estimates for Q̄n ≡ E(Qn) in addition to other statistical attributes.
The typical hedge invoked by many practitioners is to purchase for forward
delivery the expected quantity, which has a terminal payoff of

πhedge ≡ Q̄n (pn −Fn) (15.2)

where Fn is the forward price at which the hedge was transacted. Note that
usually this forward price is constant over a set of delivery times n due to the
nature of monthly ratable forward contracts. As we will see shortly, hedging
using the expected demand as the notional is usually not optimal, but for the
moment it serves for expository purposes.

The portfolio payoff is the sum of (15.1) and (15.2), which can be
written as

πfinal ≡
(
Qn − Q̄n

)(
pf −pn

)+ Q̄n
(
pf −Fn

)
(15.3)

The second term is a constant; the first term is where the action is. Demand
is positively correlated with price, rendering the expected value of the first
term negative. Correlation risk is against the holder of this position.

If forwards and options markets on Qn were traded, then πfinal could
be treated as a quanto (see [Hul12]). This observation is often too com-
pelling for people to ignore, and it is not uncommon for trading desks to
construct forwards and volatilities for Qn, estimate some correlations, and
treat such structures in precisely this way. The problem with this approach is
that derivatives on Q, aside from the rare structured-load swap, are simply
not traded; they are never discussed by brokers and are certainly not listed
or cleared. Volumetric risk is totally uncommoditized.

Demand for most commodities is effected by macroeconomic considera-
tions. Although we will discuss this in some detail later, most of our attention
will be directed to variable-quantity risk categorized according to whether
the quantity index Qn is by weather or by infrastructure failure. The first
category includes a variety of natural gas structures, as well as variable-load
risk in power. Our focus will be on variable-load risk due to the availability
of reliable load data from the ISOs. The methods used, which rely heavily
on econometric analysis of weather, demand, and price, pertain to all such
structures regardless of commodity. The second category is often referred
to as unit-contigent (UC) risk. This risk is most commonly traded in the
purchase or sale of whatever a physical asset produces. The uncommodi-
tized risk in UC structures is asset performance. The most commonly traded
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UC structures are offtakes from a specific generator in which the buyer pur-
chases the actual quantity produced on an hourly basis or tranches thereof.
Once again, the methods developed for UC power contracts apply more
broadly. Unit-contigent risk is qualitatively very different from the first cat-
egory of weather-driven demand swaps in that the distribution of Qn in the
UC context is typically very skewed (think of a point mass at zero output)
and with large outages rare. The typical duration of such transactions is not
long enough to invoke a limit theorem to characterize residual risks.

This topic is a natural successor to the preceding chapter, in which we
argued that market incompleteness calls into question the applicability of
the usual complete-markets valuation methods. Here such methods are sim-
ply not applicable, and econometric or structural methods coupled with
portfolio optimization is the only viable approach currently available.

Load Swaps: Origin and Risks

Volumetric risk is most pronounced in electricity markets as a result of the
substantial hourly variation in load. The purpose of a competitive power
market is to efficiently dispatch generation to meet demand, which is highly
variable and largely price-insensitive. The inelastic nature of power demand
arises from the lack of direct exposure to and visibility of spot-price risk
to end users, although this is slowly changing with new technology and
demand-response programs.1

Often load is procured in a competitive fashion, either through retail
aggregation, in which companies solicit end users, or through large auc-
tion processes mandated by regulators. In such auctions, utility customers
are tranched according to coarse attributes of consumption patterns – for
example, large industrials, small commercials, and residentials. Each tranche
consists of a defined set of customers at the time of the auction, and bidders
for these tranches typically perform detailed econometric analysis of tranche
attributes. The econometric attributes that are pertinent to valuation and
hedging span time scales from hours to years:

• Short-time-scale behavior. Demand varies daily or hourly for power and for some
classes of customers is heavily weather-dependent. The autocorrelation in tem-
perature residuals decays on the order of only a few days, as seen in Figure 10.9.
Vanilla bucket hedges are only partially effective as hedging instruments, and
entities that serve load can experience meaningful variations in revenue over short
time scales.

• Attrition. Utility customers in competitive markets have the option to leave util-
ity service for another retail provider. As with prepayment options in mortgages,
customers have optionality – if a competitor can provide a lower price, then the

1 Demand response is a term that refers to economic incentives for consumers to reduce consumption
during periods of particularly high demand. As such, load reduction is akin to another form of
power supply and can be viewed as occupying the most expensive part of the stack.
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customer can leave the tranche. Details vary by utility and state, but this option-
ality is a commonly occurring feature. If energy prices systematically decline
after an auction-clearing price has been established, customers have economic
incentive to leave the tranche. This phenomenon, referred to as either attrition
or migration, has a behavioral component that is challenging to quantify given
limited historical data, although some stylized facts are clear. For example, large
industrial customers are very price sensitive; residential customers tend to be less
price sensitive or sticky, in the vernacular.

• Load growth. Historically power demand has systematically increased on the
order of 1 to 2 percent annually. There are glaring exceptions, notably during the
credit crisis, which we will discuss shortly. Hedging strategies depend heavily on
estimates of future load growth, and departures of realized growth from estimated
are a risk that is inherent in load transactions.

Our primary focus will be on short-time-scale weather-driven risk because
of its relative tractability and extensive data. We will also discuss the
risks associated with departures of load growth from expected. Attrition
is beyond the scope of this treatment in part because, unlike in mort-
gages, there is limited historical data regarding the behavioral attributes of
customers endowed with this regulatory put option.2

Load Swaps: Fixed Notional

The form of swap described by (15.1) with Qn a random variable is the risk
inherent in short positions to tranches of customers. The hedge slippage
incurred by using vanilla block hedges is illustrated in Figure 15.1, which
shows realized PJM Classic load on an hourly basis for July 2010 with plau-
sible “5x16”, “2x16”, and “7x8” block forward hedges (which happen to be
the average realized load by bucket during this month). On a daily basis,
the quantity of power required can depart meaningfully from the hedge,
resulting in the residual short-time-scale risk. This risk can be decomposed
into a deterministic component corresponding to the expected demand and
a stochastic component corresponding to the residuals.

Switching notation to the hourly indexing pertinent to power markets, the
settlement value for the unhedged structure in contract month m, and bucket
B can be decomposed into the expected volume component and a departure
from expected volume:∑

h∈B(m)

[
L̄h
(
pf −ph

)+ (Lh − L̄h
)(

pf −ph
)]

(15.4)

where Lh is the hourly load, and L̄h is the expected value.

2 In mortgage markets, the data sets span decades, although technological innovations certainly
render customer behavior nonstationary and challenging to model in its own right.
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Figure 15.1. Hourly PJM demand with block hedges (July 2010).

We will start by examining the first component in (15.4), which has a deter-
ministic notional that varies by hour; only the price differential is random.
Swaps of this form, referred to as fixed-shape swaps, transact with some
frequency, are traded commonly in part because they are viewed as more
benign than swaps that hedge full volumetric risk because of the contractu-
ally fixed hourly quantities. Fixedshape swaps live, metaphorically, between
vanilla ratable delivery products and structures which hedge total volumet-
ric risk. The reassuring aspect of contractually fixed volumes is actually
deceptive, and such structures have more embedded weather risk than most
realize.

The standard (and flawed) valuation methodology begins with making the
simple observation that as for a constant notional swap, the present value is
given by

V(t) =
∑
m

d(m)
∑
B∈B

∑
h∈B

L̄h
(
pf −Fh

)
(15.5)

where m indexes month, B is the set of delivery buckets over which B is
indexed, and h is hour; d(m) is the discount factor, and pf is the fixed price
of the transaction. All that remains is to decide how to compute the hourly
“forward” prices Fh that are at best visible for the next day and certainly not
discernible from traded markets at longer tenors.

The typical approach is to introduce the concept of shaping coefficients
or scalars �α that relate the hourly forward to the standard bucket forward
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multiplicatively Fh = αhFB. Because FB refers to ratable delivery, we must
have

1
N(B)

∑
αh = 1 (15.6)

where N(B) is the number of hours in the bucket.
The shaping coefficients are usually obtained via routine regression by

bucket and by month. The simplest approach is to define a date range, say,
from 2005–2011 in the results that follow, and average the realized daily
shaping coefficients by calendar month:

�αB(m) = 1
N

∑
m=j

∑
d∈B(m)

�p(d)
pB(d)

(15.7)

where �p(d) is the vector of hour spot prices in the bucket, and N is the total
sample size. Here j ∈ [1, . . . ,12] is indexing calendar month in the sense that
j = 1 corresponds to all Januarys in the data set. The dimension of �αB is
equal to the number of hours in bucket B. The required conservation law
(15.6) holds as it is satisfied for each sample day.

There are problems with this approach when pB(d) is small (or negative)
owing to negative hourly prices. A day in which pB(d) ≈ 0 will dominate the
estimate. This is an increasingly common phenomenon with the addition of
substantial wind-generation capacity that is subsidized by tax incentives. The
structure of the prevailing tax incentives subsidizes generators according to
the amount of power generated. This form of subsidy creates a situation in
which production at negative spot prices is still economical and has resulted
in a frequent occurrence of negative hourly spot prices in some regions of
the country, notably in West Texas.

One way to avoid this problem is to change the regression form. The
model underlying (15.7) is of the form

�p(d)
pB(d)

= �α + �ε(d) (15.8)

where �ε(d) are the daily residuals. This implies that the standard deviation of
the realized coefficients versus estimated values �p(d) scales linearly in pB(d).
Alternatively, a model of the form

�p(d) = �αpB(d) +�ε(d) (15.9)

assumes a constant scaling of the standard deviation of the error but avoids
the pitfalls of zero denominators. Proceeding once again by contract month,
the regression problem amounts to minimizing the L2 error

min
�α∈A

∑
d

∥∥�p(d) − �αpB(d)
∥∥2

2 (15.10)
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Figure 15.2. Price shaping coefficients for PJM Western Hub “5x16”.

subject to the constraints

A= {�α ≥ 0;
1

N(B)

∑
αj = 1

}
(15.11)

This is a quadratic programming problem of the form:

min
�α∈A

(
1
2

�α†A�α + �α†�f
)

(15.12)

with A = [∑
d p2

B(d)
]
I, with I the identity matrix, and �f = ∑

d pB(d)�p(d).
This regression problem is simple to solve numerically and has the merit
of avoiding degeneracy in estimation due to near-zero prices.

Figure 15.2 shows the results for PJM Western Hub for January and July.
A few qualitative observations add to the credibility of this approach. First,
the behavior of summer months, as exhibited by July, is consistent with basic
heuristics – maximum load (and hence price) occurs in the hottest hours,
with a spike when people return home and crank up their air condition-
ers. Winter months, January in this case, have the higher ratios early in the
morning when heating is usually turned up. Shoulder months such as April
and October tend to show relatively flat shaping profiles.

Regardless of method, the standard practice is to estimate shaping coeffi-
cients, put them into risk systems (occasionally updating the estimates), and
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price fixed-shape swaps as any other swap. This approach does yield a use-
ful result – namely, that the delta of such a transaction is not the notional.
Rewriting (15.5) as

V(t) =
∑
m

d(m)
∑
B∈B

∑
h∈B

L̄h
(
pf − �αFB

)
(15.13)

it is clear that for month m, the delta for bucket B is

�B(m) ≡ ∂V
∂FB

= −d(m)
∑
h∈B

L̄hαh (15.14)

Because most load hedging structures have higher quantities in the hours
with the highest shaping coefficient (after all, it is higher expected loads that
are responsible for higher shaping coefficients), delta is usually significantly
larger than the discounted notional. We will return to this shortly for fully
variable-load swaps.

The weakness in the use of shaping coefficients is that, in its simplicity,
no connection is made between between spot price and its basic drivers
such as temperature, which affect the realized price ratios ph(d)/pB(d). Con-
sider Figure 15.3, which shows the daily price ratio for 4 p.m. versus KPHL
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Figure 15.3. 4 p.m. pricing shaping coefficients for PJM Western Hub “5x16” versus
KPHL temperature.



384 Advanced Methods and Structures

6 8 10 12 14 16 18 20 22 24
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

Hour

C
o

rr
e

la
tio

n

Shape Residual Correlation with Temperature 

Figure 15.4. July shape residuals for PJM Western Hub “5x16” versus KPHL
temperature.

daily average temperature. Shaping coefficients are clearly temperature-
dependent. This observation spawns two concerns.

First, the correlation between the realized ratio ph(d)/pB(d) and the
bucket price pB(d) results in a lurking convexity. Most structures hedging
load have higher values of L̄h at hours in which ph(d)/pB(d) is positively
correlated with pB, which can result in a negative convexity adjustment.
Figure 15.4 shows the correlation between the daily shape residuals εh(d) =
[ph(d)/pB(d)] − �α and temperature in July by hour of the bucket. Given
a prescribed load shape, the midmarket value for pf for a given day d or,
by trivial extension, for an entire transaction is obtained by zeroing the
expected payoff. Assuming that there is no distinction between risk premia
for hourly price risk and those for ratable delivery, this amounts to

pf = Ẽ
{∑

h∈d L̄h [αh + εh(d)]pB(d)
}

∑
h∈d L̄h

(15.15)

Most pricing systems use only the first term in the numerator and ignore
the effects of the correlation 〈ε̄(d),pB(d)〉. Under this assumption, the uplift,
defined as the ratio of the midmarket fixed price pf to the bucket forward
price, takes the form

UB ≡ pf

FB
=
∑

h∈d L̄hαh∑
h∈d L̄h

(15.16)
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This uplift is typically greater than unity for the same reason that the delta
in (15.14) typically exceeds the notional – the fixed load shapes L̄ required
for hedging are usually highest when the shaping coefficients are highest.
While this expression for uplift omits the convexity adjustment captured by
(15.15), in practice, this usually has a relatively minor effect on most load,
typically an adjustment in pf of under a half percent. But why take chances?

The second issue is far more serious. Most shaping-coefficient estimates
are made using a few years of historical spot price data. No competent
weather derivatives desk would even remotely entertain the notion of
trading based on such short data sets. To reinforce this point, the sam-
ple standard deviation of the residuals obtained via the simple regression
method (15.8) is of the order of 2 to 3 percent depending on hour and month,
assuming independence of daily samples. However, with the characteristic
time decay in temperature ACFs of three days, give or take, the estimation
error is probably closer to an eye-popping 10 percent. This is not acceptable.

The punchline is that even though fixed load shape swaps are somewhat
less risky than the fully variable case, a much more effective approach is to
calibrate the dynamics of ph(d)/pB(d) to temperature. This allows the use
of much longer weather data sets to calibrate regressions and subsequently
generate simulations of price ratios. Such an approach yields distributions of
the realized payoffs of (15.13) directly, facilitating not only better estimation
of expected values but also a full characterization of the residual risks.

In the next section we will outline methods for handling the fully variable
case, which effectively subsume the required modeling for fixed load swaps.

Load Swaps: Variable Notional

Fully variable load structures of the form (15.1) constitute the energy com-
ponent associated with serving tranches of actual customer load. In the case
of physical load obligations, a number of ancillary services and capacity must
be procured in addition to energy.3 Our focus will be on the short-time-scale
implications pertaining to correlation between load and price as a result of
temperature as well as the risks arising from estimates of load growth on
long time scales. The analysis and pricing of attrition, namely, departures of
customers from load tranches to competitive suppliers, are beyond the scope
of this book and arguably beyond the scope of current modeling capabilities.

Rewriting (15.1) in an hourly context and assuming that we are working
under a risk-neutral measure (we will depart from this assumption shortly),

3 Ancillary services in power markets refer to a variety of reliability products that vary in definition
between ISO. Among these, in one form or another, they compensate the additional generation
that must be available to provide capacity in the event of force outages or localized infrastructure
failure. Rather than produce power, these generators are on stand-by and earn revenue for being in
this state. Suppliers of power must procure such in prescribed quantities in addition to the electricity
required.
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the mid market fixed price pf must satisfy

pf = Ẽ [
∑

h L(h)ph]

Ẽ
[∑

h L̄(h)
] (15.17)

Fair value amounts to estimation of the covariance of load and price at the
hourly level.

The problem with (15.17) is the tilde over the expectation – that is, the
assumption that we are working under a risk-neutral measure. To make esti-
mates on the joint dynamics of [Lh,ph], one option is to use econometric or
structural models calibrated to historical load and spot data. Alternatively,
one can attempt to use reduced-form or structural models calibrated to spot
or forward prices to make inferences about load risk premia. Risk premia are
notoriously difficult to estimate, even when given a history of both spot and
forward prices, and here we are working in the absence of forward load data.
Consequently, as we have done previously in the context of basis options and
tolls, we will revert to physical-measure hedge construction and valuation
based on econometric analysis.

Before proceeding, it is interesting to view this problem from the perspec-
tive of the simple Barlow stack model for a single delivery period. Starting
with the exponential case in which

ph = p∗eλLt (15.18)

where p∗ is a reference price spot price, and assuming that Lt is normal (µL,
σL), we have

Ẽ(Lhph) = p∗Ẽ
(

LheλLh
)

= p∗
d
dλ

Ẽ
(

eλLh
)

(15.19)

which yields

Ẽ(Lhph) = p∗
(
µL +λσ 2

L

)
eλµL+ 1

2 λ2σ 2
L (15.20)

In addition, the forward price (being the expected spot price under this risk-
neutral setting) is

F = Ẽ(pt) = p∗eλµL+1/2λ2σ 2
L (15.21)

This yields the fair-value fixed price, which in the form of a price uplift is

U ≡ pfixed

F
= µL +λσ 2

L
µL

= 1 +λ
σ 2

L
µL

(15.22)

This is a constant-elasticity result, in that uplift depends on convexity of
the stack and the ratio of load variance to mean but not on load levels. Had
we opted to use a heat-rate stack in which p∗ = HrefGh, provided that nat-
ural gas prices are independent of the load process, the same result would
pertain.
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Figure 15.5. Barlow model uplift versus load.

Single exponential stacks are rarely used for a variety of reasons, not the
least of which is a lack of skew. The independence of uplift of load in (15.22)
shows another limit of such a simple model. We have seen that price-shaping
coefficients are correlated with temperature and hence with load, and the
same is true of the load/price covariance. The nonexpontential Barlow stack
of the form (12.29) exhibits more realistic behavior and demonstrates the
nontrivial nature of uplift that can be expected. The top plot in Figure 15.5
shows uplift versus expected load level using parameters discussed in the
context of Figure 12.12. The lower plot shows the probability of reaching
the price cap versus expected load. The results are interesting in that uplift
first decreases and then increases with expected load, ultimately decreasing
once load levels are firmly planted in the price-cap region.

The correlation between load and price results in uplift values in excess
of unity, and uplift clearly depends on the structure of the stack and the dis-
tribution of load. Structural approaches to valuation of load swaps proceeds
very much along the preceding lines, either with more complex paramet-
ric forms, for example, [A CHT09] or [CCS13], or with actual renditions of
the physical s tack in a r egion, as dis cussed in Chapter 12. Such methods are
used by some shops in practice, and the approach remains a subject of active
research. Empirical tests of performance remain largely an open issue.

We turn next to the use of econometric methods applied to the following
load structure.
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Working Problem
Calculate the midmarket fixed price pf for a variable-load swap of the form

• Pricing date: December 30, 2011
• Delivery: Peak power for Jul12
• Spot price index: PJM Western Hub hourly real-time price
• Load index: PJM Classic preliminary load index4

Many load structures reference historical data, such as the load index in
this problem, but the methods used in this example pertain to most realistic
loads in which good historical data are available.

Figure 3.42 showed a scatter plot of PJM hourly prices versus PJM Clas-
sic hourly loads in which the relationship between load and power prices
is clearly manifest. Most practitioners begin analysis of a variable load by
analyzing historical realizations, and the simplest method for pricing a load
transaction is to apply some estimate of historical uplift to forward prices.
Although we will develop a more rigorous approach, the historical results
provide a reference that, at a minimum, is valuable as a “sanity check.”

Given historical data for a month m and bucket B, the implied (in arrears)
fair price pf solves ∑

h∈B(m)

(
Lhpf −Lhph

)= 0 (15.23)

The historical uplift is the ratio of pf to the average realized hourly price,
which yields

U(m,B) =
∑

h∈B(m) Lhph(∑
h∈B(m) Lh

)
1/NB(m)

(∑
h∈B(m) ph

) (15.24)

where NB(m) denotes the number of hours in bucket B for month m.
Note that if load Lh were constant, the uplift would be identically one,

and any departure from this value would be due to the presence of empirical
correlations between load and price.

The results for our working example are shown for the “5x16” and “7x8”
buckets in Figures 15.6 and 15.7, respectively. The average uplift by calendar
month is shown in the lower plots. Interestingly, the average uplift for the
“7x8” bucket is slightly higher (1.033) than for the “5x16” bucket (1.030).
Also of note is the high “5x16” uplift in the peak summer months. These
facts are qualitatively consistent with the behavior of the Barlow stack.

4 Preliminary load estimates are published by PJM within a few days of the delivery day based on
econometric analysis and samples of subsets of consumption. Final load estimates are published
a few months later and are typically very close to to the preliminary estimate, which makes the
preliminary load index more suited to swaps with monthly settlements.
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Figure 15.6. Uplift statistics PJM WH versus PJM Classic (“5x16”).
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Figure 15.7. Uplift statistics PJM Western Hub versus PJM Classic (“7x8”).
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A common approach to econometric analysis of load structures proceeds
using detailed regressions of hourly loads and covariance estimation with
hourly prices or heat rates. However, analyzing load statistics at the hourly
level for a long-term transaction is of dubious value given that hedging
is always done using vanilla forwards or swaps that deliver (or settle) in
the usual buckets. It is sufficient to analyze the joint behavior of the three
stochastic processes

X̄d ≡ [L̄B(d), ŪB(d),pB(d)
]

(15.25)

by bucket, where

L̄B(d) ≡
∑

h∈B(d)

Lh ŪB(d) ≡
∑

h∈B(d) Lhph(∑
h∈B(d) Lh

)
1/NB(m)

(∑
h∈B(d) ph

)
(15.26)

A characterization of X̄d is sufficient to value a load transaction of the form
(15.4).

We have previously detailed econometric methods for calibration and
simulation of natural gas basis and heat rates, which already provide us with
a characterization of the third process pB(d) earlier. Proceeding similarly,
and using the modified temperature θ(d), as given in (12.22), we will use the
following forms in what follows:

L̄B(d) = α +βd +
KL∑
k=1

γkθ
k(d) +σL(d)εL(d) (15.27)

and

ŪB(d) =
KU∑
k=1

ζkθk(d) +σU(d)εU(d) (15.28)

where the drift and polynomial degree are selected according to an out-
of-sample criterion.5 Similar parametric forms for σL and σU are used.
Finally, the covariance structure between the relevant residuals [εL,εU,εHR],
which is temperature-dependent, needs to be parameterized and esti-
mated (the details of which are technical and beyond the scope of this
discussion).

The resulting model then can be used to simulate realizations of �X, which
is precisely the information required to value and hedge load swaps. The
same approach, with minor modifications, can be used for fixed-quantity
swaps discussed in the preceding section, thereby avoiding the pitfalls of
static shaping coefficients. Figure 15.8 shows the regression results for L̄B

5 The linear form of growth rate used here can be replaced with exponential drift with a minor
increase in estimation complexity. Over the time scales typically used for calibration and growth
rates of the order of 1 to 2 percent, the differences are typically small.
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Figure 15.8. Peak load versus temperature: realized and regression.

for the peak bucket using data from 2004 through 2011. The fact that the
regression estimates do not fall on a one-dimensional curve is due to drift,
which turns out to be negative at roughly -0.440% annually. A negative drift
is unusual and is the result of the drop in consumption due to the credit crisis.
We will discuss this very important point more shortly.

Armed with the joint distribution of �X, we are now in a position to value
and hedge load swaps. Unlike many structures, load swaps are negotiated in
terms of the fixed price pf that an acquirer of a short load position requires
for assuming the obligation. This will result in an iterative aspect to valua-
tion. Given a set of potential hedges with terminal payoffs H̄ and current
market prices p̄H, for a specified transaction price pf, the minimum-variance
hedge6 for contract month m is

w̄∗
(
pf
)= argminvar



∑
d∈m


pfL̄B(d) −

∑
h∈B(d)

Lhph


+ �w†

(
�H− �pH

)


(15.29)

6 It is equally straightforward to use mean-variance criteria or, with a little more numerical work, any
of the usual utility-maximizing criteria. In fact, use of minimum or mean variance criteria render
the solution for pf analytically tractable. We will, however, proceed using iteration for generality.
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We have explicitly represented the dependence of the optimal hedge w̄∗
on the contract price pf. Given w̄∗(pf), the midmarket price must solve

pf = �(pf) ≡
E
[∑

d
∑

h∈B(d) Lhph − �w†∗(pf)
(

�H− �pH
)]

E
[∑

d∈m L̄B(d)
] (15.30)

This equation for pf can be solved iteratively given an initial estimate p(0)
f :

p(n+1)
f = �

(
p(n)

f

)
.

Returning to our working problem, on the pricing date December 30,
2011, we start by setting p(1)

f as the fair-value peak bucket in Jul12without
any hedges:

p(1)
f =

E
(∑

d
∑

h∈B(d) Lhph

)
E
[∑

d∈m L̄B(d)
] (15.31)

This is our initial estimate for the midmarket fixed price pf, which in our

example is p(1)
f = $53.07/MWh.

We now have to decide what to include as possible hedges in �H. Figure
15.9 shows the payoff of the load swap versus the daily bucket spot price
p5×16(d). The unhedged load swap is, to leading order, little different from
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Figure 15.9. Load swap payoffs July 2012 versus power price.
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Figure 15.10. Distribution of realized payoff for the hedged load swap payoff.

a vanilla short position. Motivated by this observation, we will use only a
single power swap as a hedge. The optimal hedge quantity involves purchas-
ing 1.11 MWh of power per megawatt-hour of expected load, significantly
more than the expected notional. This hedge accomplishes a lot. The stan-
dard deviation of the load swap payoff is $21.11/MWh; that of the hedged
portfolio with this forward purchase was reduced to $1.73/MWh.

Iterating (15.30) with the forward hedge computed earlier yields a fixed
point of pf = $57.18/MWh. This was achieved by the third iteration to within
fractions of a cent. Given the forward price of $53.60/MWh, the uplift for
the peak bucket in Jul12 was 1.067.

With this fixed price and associated forward hedge, the resulting distribu-
tion of monthly profit and loss (P&L) per expected MWh is shown in Figure
15.10. This distributional characterization of the residual risks is very useful
in constructing bids or offers on such transactions.

We chose to use a single forward as the sole hedging instrument not
only for simplicity but also because arguments for including additional
instruments are not terribly compelling. Some practitioners espouse buying
out-of-the-money call options in power to hedge against the large downside
events that can occur at high power prices. This, of course, requires paying
option premium, and in practice, the costs are typically hard to justify given
the limited risk reduction achieved.
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Figure 15.11. Jul 2012 monthly residual payoff versus KPHL Temperature

An alternative that is often contemplated and at times effected is the use
of weather derivatives to reduce the tail risk. Figure 15.11 shows the hedged
payoff distribution versus the monthly average temperature. Extreme val-
ues of the monthly temperature, high or low, are detrimental to the position.
However, the impact of weather is far more dramatic at the daily time scale.
Figure 15.12 shows the hedged position versus temperature on July 1, 2012.
A daily temperature put at low temperatures could be a candidate for a
weather derivative hedge.

An issue, however, is that weather derivatives trade in terms of cooling-
degree day (CDD) and heating-degree day (HDD) indices averaged over
either contract months or seasonal strips (see [Ban02]) and [JB05] for a sur-
veys of weather markets and valuation methods). CDDs and HDDs are
defined in reference to 65◦F; the CDD index on day d is defined to be
max (τd − 65,0), and an HDD is max (65 − τd,0). Here τd is defined as the
arithmetic average of the high and low daily temperatures rounded to the
nearest 0.5 degree; this is the index that we have used throughout our econo-
metric analyses. Vanilla swaps and options pay on the sum of these over the
defined averaging period. Most load swap risk is in the summer months,
during which τd is almost always well above the 65◦F threshold implicit
in CDDs. As with temperature swaps, options also pay on the difference
between the cumulative CDDs and a strike. The weather structures that are
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Figure 15.12. July 2012 daily residual payoff versus KPHL temperature.

most effective at hedging this residual risk require off-market strikes and
daily optionality. These are not traded as vanilla over-the-counter (OTC)
or listed options and require structured weather products that are typically
only sold by a few reinsurance companies.

When first launching a load swap or physical load business, it is easy to
overlook another aspect of the nature of the risks in these transactions. As
in our working example, at inception, the contract price pf of a load swap is
generally close to the vanilla forward price. However, it is likely that some-
time in the life of a multiyear transaction the prevailing forward prices will
differ substantially from the contract price. This has ramifications for the
risks in the transaction.

Figure 15.13 shows the standard deviation of the resulting hedged portfo-
lio, as well as the optimal hedge ratio as a function of the ratio of the fixed
contract price to the prevailing market forward price for the month pf/Fm.
The variance of the load swap payoff increases as the fixed contract price
departs from the prevailing market price. The reason is simple – referring to
(15.3), the economic impact of fluctuations in demand (Qn − Q̄n) is propor-
tional to (pf − pn). As a consequence, a heuristic estimate of the standard
deviation of the hedged portfolio is σQ

∣∣pf −F
∣∣, where F is the prevailing for-

ward price. The capital requirements for these transactions demand that one
account for the volatility in forward prices over the term of the transaction.
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Figure 15.13. Standard deviation of the residual risk of the hedged load swap and
optimal hedge ratio.

The preponderance of quantitative effort on loads swaps has been
directed at the effects of load/price correlation on the time scale of days
or hours. One risk that we have mentioned only fleetingly is that realized
load growth can differ meaningfully from the estimates used in pricing and
hedging.

Participants in power markets are accustomed to swings in demand of a
few percent one way or the other, with the standard folklore being that load
tends to grow in most regions at rates between 1 and 2 percent per year.
Although occasional outliers have occurred, for example, Atlanta with much
higher growth rates in the early 2000s (to the dismay of some suppliers who
thought they were hedged), the thought of an outright drop in load growth
of any meaningful magnitude was generally viewed as a remote possibility.

Global power demand had increased relentlessly for decades, even during
epochs in which high oil prices reduced demand. However, for the first time
in decades (recall Figure 3.34), global power demand actually decreased in
much the same way that oil demand did. The 2009–2010 period was a rude
awakening to the risks implicit in estimates of load growth.

The data set that we chose to use in the working example spanned the
credit crisis and resulted in a negative growth rate of −0.440% percent as
a result of the drop in load in the 2008–2009 time frame. However, from
the perspective of mid-2008, statistics on load growth were very different.
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Figure 15.14. Load estimate residuals.

Figure 15.14 shows out-of-sample performance of load estimates made using
the preceding regression methods, with data up to July 2008. The plots show
the difference between actual load and the expected load given realized
temperatures using the load calibration for PJM Classic peak load. Being
fully weather-normalized, these residuals are almost solely due to changes
in growth rates. The residuals from August 2008 and beyond show remark-
able levels of load destruction, often exceeding 10 percent below the a priori
estimate. To put this in perspective, the bursting of the tech bubble around
2001 was a drop that was brief and which averaged roughly 2 percent.

In the aftermath of the credit crisis in which this demand destruction
occurred, energy prices were also falling, ultimately dropping nearly 60 per-
cent from the highs in 2008. This meant that portfolio managers hedging esti-
mates of expected load found themselves with a long position to the tune of
approximately 10 percent, in a dramatically falling price environment. For a
sense of the magnitude of the impact, a 1,000-MW load for one calendar year
would experience a loss of in excess of $5 million for every 1 percent drop in
expected load on the “5x16” component alone. Most load transactions span
several years and involve load obligations around the clock, not just during
the peak hours. To compound matters, a great deal of migration from utility
service to retail aggregators (attrition) exacerbated the imbalance.

The results were felt broadly; writers of load hedges sustained large losses,
as did utilities and merchants who were offsetting generation length with
load shorts and retail suppliers who had hedged using standard products.
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For those left standing, the relevant question is whether the macroeconomic
risk inherent in load obligations could be anticipated or hedged. Reflect-
ing on Figure 15.14, the earliest you could have hoped to unambiguously
discern the drop in realized load would have been in mid-2009, at which
time prices had already collapsed – the damage had been done. How this
affects valuation and hedging of load obligations, aside from more cautious
bids going forward, remains to be seen. Macro strategies such as buying puts
on equity indices or credit protection through CDX7 indices, which in ret-
rospect would have worked well during this one period, would in general
simply increase the risk of a portfolio. It is possible that improved structural
models could yield methods by which portfolios of commodity swaps and
options are insulated, at least partially, to load growth estimates. For now,
the state of affairs can basically be summarized by “price conservatively.”

Exotic Swaps

Load swaps are seen almost exclusively in the power markets because ISOs
have been publishing reliable demand data for years. Without these histor-
ical data, the analysis required to ascribe a value to the transactions would
not be possible. Other markets, notably natural gas, do not have such sys-
tematic and publicly available daily demand data. End users are at times
able to provide historical usage data, and volumetric hedges are transacted
based on such. However, in the absence of reliable and large historical data
sets, alternatives have been constructed.

As an example, suppliers of natural gas to end users, whether utilities or
retail suppliers, sustain risks that are mathematically identical to the load
structures just discussed. High natural gas demand and high spot prices tend
to occur at low temperatures. This has resulted in the introduction of natural
gas swaps that “trigger” on a temperature level. For example, a swap with
settlement in month m defined by∑

d∈m

1{τd≤τ∗} max (pd −K,0) (15.32)

provides protection to the supplier for spot prices levels pd in excess of the
strike if the daily temperature τd is below the trigger τ∗. The intent is sim-
ilar to that of load swaps. All that has transpired is that demand has been
replaced by temperature and the product of demand and price by the course
approximation of a temperature triggered call option.

There are many variations of such structures. In the power markets in
the western United States, power forwards have traded that have notional
quantities indexed by temperature. The unifying feature, however, is that at

7 CDX refers to indices of groups of credit default swaps compiled by Markit.
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a fundamental level these structures are all amenable to analytical methods
similar to those we used in the load swap setting.

Unit-Contingent Swaps

Some commonly traded power swaps and forwards have embedded volu-
metric risk of an altogether different nature. In these so-called unit-contigent
(UC) transactions, the purchaser of power receives a prescribed percentage
of output from a specific generation unit. If the unit generates, the buyer
gets the power. If the unit is experiencing a forced outage, the buyer does
not get the power. If the unit is derated and running at less than full out-
put, the buyer gets the prescribed percentage of output. Hence the purchase
is referred to as unit-contigent.8 Unit-contigent risk is disarmingly simple to
articulate but particularly virulent and difficult to hedge.

Unit-contigent swaps arise because utilities and merchant generation
owners, just as producers of crude oil and natural gas, often desire to hedge
the output of their generation assets over some horizon. For a baseload gen-
erator such as a nuke, the standard hedge is a vanilla swap that takes the
usual form (15.3). The generator sells the expected output from the unit in
a vanilla transaction and retains the risk of variations between actual output
Qn and Q̄n.9

In a unit-contigent sale, the buyer of the commodity assumes the volu-
metric risk. The payoff is the usual form (15.1) but from the perspective of
a purchase: Qh (ph −pfixed), where Qh is the hourly output and pfixed is the
contract price. For large facilities such as nuclear generators, which can have
capacities in excess of 1,000 MW, hedges are often effected with multiple
buyers, each of whom receives a pro-rata tranche of the output.

At the time of the transaction, pfixed � Fn; the purchase price is at a dis-
count to the price for firm delivery because of the additional risk sustained
by the buyer. As with load swaps, the questions are (1) what should the
discount to firm delivery be? and (2) can the residual risk be managed?

Figure 15.15 shows the daily available capacity of a generator in upstate
New York as reported by the Nuclear Regulatory Commission. This is based
on daily availability and is not literally the hourly generation profile of the
unit, which is usually proprietary and which exhibits hourly fluctuations

8 Similar transactions occur in other contexts, from refinery output to LNG facilities. Moreover, force
majeure clauses present in most physical contracts in a sense constitute a source of ubiquitous
volumetric risk.

9 The discussion that follows assumes that a UC swap is referencing a generator that is unambiguously
baseload in the sense of effectively always being economical to run. For natural gas generators, in
which economic dispatch is a consideration, the definition of a UC contract requires referencing a
declaration of forced outage. Coal units, which were at one time considered baseload, face similar
considerations now that natural gas has sporadically displaced coal generation in the stack and is
likely to continue to do so.
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Figure 15.15. Daily available capacity for a nuclear generator (Fitzpatrick).

due to thermal-efficiency effects. Nuclear plants must refuel every eighteen
months to two years, and two such refueling periods are shown. These are
planned outages and explicitly accounted for in unit-contigent transactions.
Most, if not all, other outages or derates were unplanned and would have
affected the payoff of any unit-contigent contracts on this unit that may have
existed at the time.

The typical approach to quantifying this risk involves several steps that we
will only outline here:

1. Using historical data provided by the hedger, characterize the process [τn,ηn,ρn]
econometrically, where τ denotes the arrival (starting) time process of outage
events, η is the outage duration process and ρ is the fraction of nameplate
capacity available during the outages.10

2. Estimate the impact of outages on spot prices. Typically, these contracts settle on
nodal or zonal prices that are off-benchmark and closely related to the spot price
that the hedger receives. This is effectively an analysis of the effect on the basis
between the contract spot location and a liquid benchmark; it is presumed that
benchmark prices are unchanged as a result of any individual outage event.

3. Jointly simulate the dynamics of the benchmark forward prices, usually using a
risk-neutral process and the processes described in points (1) and (2).

4. Construct minimum-variance hedges using benchmark forward.

10 Such modeling falls under the rubric of renewal theory in stochastic processes.
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The results of such an approach are loosely analogous to the analysis used
for load swaps. Unlike for load structures, however, there is not an effective
law of large numbers at work. For weather-driven risk, the ACF decays on
a time scale of approximately three days. Over the course of a three-year
transaction, therefore, the effective sample size is of the order of several
hundred. Five years of historical load data are more than enough to get
reasonable estimates of the relevant statistical attributes.

For UC structures, this is simply not the case – even a decade of perfor-
mance data is almost certainly inadequate for accurate estimation in point
(1) in the preceding list. Changes of ownership, maintenance budgets, and
operators usually render historical performance data nonstationary. More-
over, inter-temporal diversification is not particularly strong. Forced nuclear
outages tend to be relatively infrequent and long in duration – usually a min-
imum of several days to fix the problem, and outage durations of weeks or
even months are not uncommon. In some cases, a serious problem can result
in months of outage.11 The Fukushima disaster is an extreme example.

The impact of an outage risk can be severe depending on price level. If
prices have risen considerably after the transaction date, an outage adversely
affects the hedger who is now short power in a high-price environment. The
opposite is also true – higher than expected availability in a lower-price
environment can be similarly painful. Consider a UC contract of one-year
duration for 500 MW at an initial fixed price of $100/MWh. This contract
is of moderate size, consisting of approximately 4.4 million MWh or a total
notional value of approximately $440 million. If energy prices dropped by
65 percent to say $35/MWh before the deal starts realizing, the uncertainty
associated with actual versus expected generation is significant. Every 1 per-
cent increase in availability results in a loss of roughly $3 million. If you had
estimated expected availability at 90 percent and a diligent operator man-
aged to achieve 95 percent for the year, the result is a loss of $15 million that
could not have been hedged.

There is certainly less to discuss in the way of hedging methods for UC
transactions than for load structures because of the basic attributes of the
distribution of the random-quantity process Q. Buying vanilla fixed-strike
options to hedge against losses due to variations in expected output is
prohibitively costly. One only needs the option as insurance on the rare occa-
sions when an outage occurs. There are only two ways to deal with UC risk.
The first is diversification across units – if one UC transaction is too risky,

11 A noteworthy example was provided by the Davis Besse unit in Ohio, in which corrosion in the
reactor vessel head, discovered in 2002, resulted in the plant being down for approximately two
years by NRC mandate to effect repairs and permit inspections. Whether events such as this impact
a given unit-contigent transaction depend on the details of the contract. But the event serves as a
striking reminder of the limitations of estimates using historical performance data.
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many will be less risky, at least per megawatt-hour of notional. Extraordi-
nary events such the Fukushima disaster and the subsequent shutdown of
all nuclear generation in Japan exhibit the limits of diversification, but such
events are rare. The biggest impediment to such an approach is simply the
capital required to aggregate the risk. The second approach is outage insur-
ance, which is offered by some reinsurers. Such transactions, however, are
almost always structured with payout caps, resulting it what is effectively
insurance on mezzanine risk, that is, outages of limited duration and during
moderate price regimes. The buyer remains exposed to the fearsome events
of long outages during unfavorable price regimes.

Conclusion

Variable-quantity risk is inherent in energy commodities markets. End
users consume random quantities of refined products, natural gas, or power
depending on factors ranging from temperature to macroeconomic events.
Producers can experience fluctuations in production owing to weather
and mechanical failures. Ultimately, someone bears these risks. Variable-
quantity str uctures transfer this risk from one entity to another, but the
methods for pricing and hedging are equally pertinent to the risk manage-
ment even if the risk is inventoried at its source.

Variable-quantity structures can be grouped into two categories:

• Structures in which the typical fluctuations in the delivery quantity are driven by
short-time-scale phenomena, typically weather. Load swaps fall into this category,
even though the credit crisis exhibited the potential impact of long-time-scale
macroeconomic effects.
◦ Correlation risk is against the holder of the risk – high prices are associated with

high demand, and conversely, and the impact on hedging is that the delta of the
swap exceeds the expected notional.

◦ The typically approach to valuation and hedging is based on econometric or
structural models calibrated to historical relationships among temperature,
load, and commodities prices.

◦ The larger the gap between prevailing market prices from the initial transaction
price, the greater the risk of the position.

• Unit-contigent transactions in which the dominant risk is mechanical failure of
the unit.
◦ Statistical methods for modeling outage statistics are impeded by limited histor-

ical data and the nature of the outage processes, in which low-probability and
long-duration events are both the greatest risk and the hardest to estimate.

◦ The structures available for hedging are limited, consisting of outage insurance
contracts that provide partial coverage and typically do not protect against the
tail risk of long outages in disadvantageous price environments.



Part VI

Additional Topics

Two main themes have arisen consistently in the previous chapters. The
first is that energy markets are affected on short time-scales by transient
variations in supply and demand and on longer time scales by macroeco-
nomic drivers, technological innovations, and regulatory developments. The
second is that many risks that commonly arise in energy markets are only
partially hedgable, in some cases being altogether uncommoditized. A vari-
ety of methods were introduced in the previous chapters that provided at
least partial solutions to valuation and hedging when liquidity is limited or
in which the risks of a structure differ substantially from those embodied in
common tradables.

In this part we begin with a discussion of risk management and control
for enterprises with activities spanning numerous regional energy-trading
desks, including institutions with activities across multiple asset classes.
The standard risk metrics, such as value-at-risk (VaR), inevitably play
a role in risk management and capital requirements. However, a topic
of particular relevance to energy trading is the characterization of risks
that are outside the “VaR footprint” due to either limited liquidity and
price transparency in high-dimensional portfolios or uncommoditized risks
such as those arising from variable notional swaps. The methods that we
used to analyze risk at the level of individual transactions serve well as
starting points for the development of useful metrics at the enterprise
level.

We then conclude this book with a discussion of current valuation and
risk-management issues in energy markets. The credit crisis of 2008–2009
and its aftermath provided an opportunity to observe the response of mar-
kets, and energy markets in particular, to a very large perturbation in the
global economy. The implications from a valuation and hedging perspective
are on one hand troubling but on the other a motivation for the develop-
ment of improved methodologies. In addition, while commodities prices in
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the 2007–2009 time period were a causal result of other global economic
factors, the regulatory reverberations have impacted energy markets partic-
ularly forcefully. In the last chapter of this book we survey some of the issues
and open problems in energy risk management.
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The past two decades have witnessed a significant expansion in energy
markets. The number of commodities that actively trade has exploded, from
a few crude oil contracts to a vibrant global market in refined products, natu-
ral gas, electricity, and coal. Daily volume and open interest have increased,
and trading activity continues to extend to ever longer tenors, particularly on
benchmark contracts. More recently, emissions and weather markets have
entered the mix. The variety of instruments traded has also increased, with
a broad array of swaps and options arising as more sophisticated hedging
programs required new mechanisms to effect risk transfer. This trend could
reverse in the prevailing regulatory climate. However, the benefits in this
expansion in energy markets have been manifold, enabling entire industries
to hedge unwanted energy exposure and facilitating the financing of asset
construction and exploration.

One characteristic of the growth of energy markets is that the number
of traded delivery locations has grown much more rapidly than the set of
instruments that can truly be characterized as liquid–liquid in the sense
of unambiguous price transparency and significant daily trading volume.
Consequently, the risk profiles of many energy portfolios have become
increasingly high dimensional, demanding innovative methods to organize
information and requiring the design of effective risk metrics.

Many “blowups” in the history of commodities trading have occurred in
the tried and true fashion – excessively large positions in ostensibly liquid
markets that went the wrong way. However, it is likely that more (although
less publicized) blowups have occurred as a result of large basis positions
at less liquid delivery locations and tenors. Some trading desks have run
afoul of regulators owing to activities that control groups failed to notice,
primarily because the degrees of freedom available to traders are so large
that detecting inappropriate (if not illegal) trading activity is not easily
accomplished.

405
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Standard risk metrics are useful at the level of the benchmarks or liquid
trading hubs but are less effective as liquidity diminishes. Illiquid forward
curves are typically marked in reference to benchmarks, with price differ-
entials often held constant for long periods of time simply due to sporadic
trading activity. If such price series are used as inputs to the calculation
of standard risk metrics, the results can be seriously flawed. It is common,
therefore, to map such price points to liquid benchmarks, map in the sense
of using benchmark returns in lieu of the historical returns series at illiquid
locations. This yields more reliable metrics but also can result in a misguided
sense of comfort as the now “invisible” basis risk can fade from the attention
of front office and control groups alike. It is important, therefore, to design
methods to quantify the risk of these illiquid basis positions – so-called
specific risks.

Most risk metrics rely on historical price series. The fulcrum of effective
risk-control frameworks is accurate price data, and the logical starting point
in a survey of risk measurement and controls is a discussion of how forward
curves and volatility surfaces are marked and how they should be validated.

Price Integrity

The dominant consideration in the analysis and control of any portfolio is
understanding how the underlying prices are constructed and whether these
are consistent with observable market data or industry consensus. All other
considerations are of secondary importance. Much of this burden is shoul-
dered jointly by the risk and product control groups in collaboration with
the front office.

Ensuring benchmark price integrity on a daily basis through exchange
futures contract settlements for locations and tenors at which such are
published is straightforward. For less-liquid positions the situation is more
challenging. Typically, illiquid curves are marked on a daily basis by traders
who are responsible for each particular commodity. The information that
they have at their disposal is usually the following:

• Price indications on the exchange screens that, if such exist, are often incomplete
in nature, for example, a one-way market for small volume.

• Daily pricing sheets in which indicative bid-offer prices are disseminated by
brokers, ostensibly in an unbiased fashion. Brokers base their daily market
summaries on information such as recent trades, indications, or even informal
discussion. It is important to bear in mind, however, that brokers earn their
living via commissions from trading activity. In the absence of genuine market
activity, brokers tend to be more amenable to arguments made by their best
customers.

• Historical forward and spot prices.
• Recent actual transactions at the same or closely related locations and tenors.
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From this information, traders usually have their own customized
spreadsheets designed to construct nonbenchmark prices, often requiring
decomposition of strip pricing into monthly contract prices.

The upshot is that construction of prices from limited data is often hap-
pening on the trading desk in a manner that is commonly outside the typical
modeling control framework.1 How should an organization attempt to val-
idate marks in, for example, a regional power swaps book that could have
positions in several dozen delivery locations and buckets for tenors of up to a
decade or more? The prices to which such portfolios have exposure number
in the many thousands, with only a few percent on which there is consistently
observable trading activity.

One method for price verification of illiquid positions is the regular auc-
tion of subsets of portfolios. If performed regularly, with no perception
of a distressed sale, the resulting firm bids from counterparties is perhaps
the most reliable validation of marks and models that one can obtain.
However, this is rarely used in practice – a substantial amount of work is
required to design portfolios which will shed light on pricing while not dis-
rupting the management of the existing portfolio and ongoing commercial
activity.

Exchange settlements are an important source of information, providing
a daily value for an ever-increasing array of nonbenchmark products. This
value, however, is often simply the view of the exchange because daily vol-
ume may very well have been zero for some contracts. Exchanges may clear
trades, but they cannot create trading activity. Even so, exchange settle-
ments are important – because trades clear on the exchange, settlements too
far afield from “market consensus” would rapidly result in an avalanche of
complaints. This form of feedback, from the market to the exchanges, serves
to enhance the relevance of such settlement prices.

Another useful source of external information is provided by consensus
service providers, at least for products and tenors in which an adequate num-
ber of market participants have commercial interest. The typical procedure
is for participants to submit either midmarket or bid-offer pricing by contract
month on a set of forward curves. Outliers are excluded, and the statistics
on the remainder are calculated by the service provider. These statistics are
then provided to each participant over the range of prices in which their
submissions were accepted, thereby preventing a form of gaming in which
clearly bogus prices are thrown into the survey simply to learn how other
shops are setting prices.

1 It is not uncommon for those involved in valuing a complex transaction to focus more on the math-
ematical aspects of the effort than on the validation of pricing inputs. The first order of business
for any valuation effort is to perform due diligence on the integrity of the marks, regardless of how
mundane a task this may seem to be.
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The labor involved in constructing submissions to consensus providers on
a large set of forward curves is substantial and is usually performed periodi-
cally, often on only a monthly basis. Consensus surveys are a useful source of
information, but it is important to note that these are based on indications.
In the course of daily commercial activity, if a trader consistently makes indi-
cations to counterparties or brokers but fails to transact anywhere near the
quotes, word spreads, and credibility diminishes. Anonymity in consensus
surveys has no such implicit reputational imperative. This allows a form of
consensus to emerge, if only by iteration. If you are rejected, you can usu-
ally obtain qualitative indications as to why you were rejected, allowing you
to adjust your marks to avoid rejection on the next submission. Eventually,
much like the economics metaphor of “hot dog stands on a beach,” everyone
converges (more or less) to a stable consensus price. How much consensus
prices tell you about where you could actually transact is unclear.

Despite these concerns, availability of consensus information is a dramati-
cally better situation than when it is absent. Even in the absence of consensus
marks, however, reasonable control frameworks can be constructed.

Take, for example, the situation of any product – crude oil, gasoline, nat-
ural gas – at rarely traded delivery locations and tenors. Trader marking
methods are usually straightforward regressions based on either historical
spreads or ratios that relate the illiquid location to a closely related liquid
delivery point. A control framework should be able to detect an erroneous
mark of significant magnitude. Given the high dimensionality of the risks,
control groups should deploy automated comparisons of marks with histori-
cal price relationships. These can take the form of more complex calibration
and simulation methods or much simpler approaches akin to those typically
used by traders.

Consider, for example, two pricing hubs for power in PJM: PECO and
PJM Western Hub (the benchmark). A simple method for establishing an
estimate of the PECO/PJM Western Hub basis would be a regression of the
form

pPECO(d)
PPJM(d)

=
K∑

k=1

[γk sin(2πkt) + δk cos(2πkt)] (16.1)

where K is obtained through an out-of-sample selection method, as dis-
cussed earlier in the context of temperature. This form accommodates the
likely seasonal effects of load variation. Applying such an approach using
data from 2006 through 2011 yields the result shown in Figure 16.1. This
ratio applied on a monthly-average basis to PJM forwards is a credible sanity
check.

While purely illustrative, because PECO does in fact trade and usually
appears in consensus surveys, at less liquid hubs or nodes an approach such
as this might even exceed the quality of whatever analysis was behind the
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Figure 16.1. Fourier estimate of spot price ratio by time of year: PECO versus PJM
Western Hub.

trader mark.2 No claim is being made that such results would in fact be
the prices at which transactions would occur. However, meaningful depar-
tures from plausible estimates can flag price anomalies and result in useful
discussions.

Similar control issues pertain to volatility and correlation marks. For
volatility surfaces, the situation is less onerous with respect to the number of
surfaces that need to be examined – it is rare to encounter options books with
exposure other than at benchmark locations or the most liquid hubs. Vali-
dation of volatility surfaces, however, has historically proven surprisingly
problematic.

One of the fundamental reasons that volatility-surface anomalies are not
detected is that in focusing on implied volatilities, one is examining what is
effectively an integral of the underlying local volatility – the relevant under-
lying variable. Figure 16.2 shows a hypothetical implied volatility surface
for a seasonal commodity. It is hard to see anything unusual in this surface.
However, Figure 16.3 shows the local volatility surface, which essentially
differentiates the term implied volatility. Anomalous behavior is visible in
this surface at high strikes with the 2014–2015 winter months. Actual local

2 The language used is not to imply a lack of cooperation or intelligence of the traders marking the
curves. In fact, most would welcome such methods to assist in what is a very challenging task of
marking a high-dimensional book. All too frequently, however, this is low on the list of front-office
technological and modeling priorities.
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Figure 16.2. Hypothetical seasonal implied volatility surface.
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volatility surfaces are rarely this smooth, as we saw originally for WTI in
Figure 7.10. The point, however, is that variations in “sensible” patterns are
more easily discerned in local volatility space; a fact that has been alluded to
more broadly in other asset classes (see, e.g., [Dup94] and [DK94]).

Risk Metrics: Context

Trading operations with any semblance of a control framework rely, to a
greater or less extent, on a set of standard risk metrics designed to provide
quantitative measurements of risk and capital usage.3 Such metrics are used
at all levels of the business and must be applicable broadly across all asset
classes. This requires a level of generalization that can obscure large risk
concentrations at low levels of a trading operation.

The most commonly used metric is value-at-risk (VaR). Given a random
variable X, interpreted as the profit and loss (P&L) of a static portfolio over
the next N trading days and a probability α, the VaR of the portfolio is the
threshold θ such that the probability of a loss exceeding θ is no larger than
1 −α. Formally, this amounts to

VN,α (X) ≡ inf
θ

P(X < −θ) ≤ 1 −α (16.2)

where VN,α (X) is the VaR corresponding to the parameters (N,α). For
example, a VaR of $10 million on a 10-day/95th percentile basis means that
the P&L distribution over a ten-trading-day horizon is estimated to have no
greater than a 5 percent probability of losses in excess of $10 million.

By convention, the percentile thresholds are usually 95 or 99 percent. VaR
is almost always calculated and reported on short time scales, with one-
and ten-day VaR being the most common. Consequently, it is often inter-
preted as an estimate for the losses one might sustain while attempting to
unwind a portfolio of liquid positions under “normal” market conditions.
This interpretation must be taken as heuristic, in that neither market depth
nor transaction costs are considerations in the computation of VN,α ; the
portfolio was assumed static.

The literature on VaR methodologies and limitations is exhaustive; see,
for example, basic discussions in [Hul12] or more expansive references
such as [Jor06]. VaR has known technical flaws related to its behavior
under decomposition of portfolios and alternatives, and so-called coher-
ent risk metrics have been promulgated since the 1990s and may in fact
find their way into future Basel frameworks; for one of the original treat-
ments, see [ADEH99]. At a broader level, the literature and public debate

3 Even hedge funds, which often rely on customized characterizations of performance relative to
capital usage, are almost always required to report standard metrics such as VaR to investors.
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are replete with criticism of the usage of VaR as a primary metric for port-
folio risk, largely centered on two issues: the ability to accurately estimate
low-frequency, high-impact events and the inability to obtain credible price
series for the large number of instruments comprising a typical portfolio.

Limitations on the viability of estimating the probability of “tail” events
is seen by many as warranting the dismissal of VaR as a relevant risk met-
ric (see [Tal07] for an example of such a critique). Estimation of, say, the
first percentile of a distribution requires large and stationary data sets. In the
context of rapidly evolving and sporadically turbulent markets, large and sta-
tionary are, for all practical purposes, mutually exclusive criteria. Moreover,
knowing a loss percentile tells you little about the magnitude of the values
that exceed the threshold. Finally, as has been known since the inception of
modern financial markets, events can occur that have not occurred in the
past. Usually (if not always), subsets of market participants are anticipating
and trading on forecasts of an imminent, unprecedented event (hedge funds
who made fortunes on the credit crisis are an example), and their views,
while not actively advertised, are often known and visible to the market
broadly. These contrarian views, when discerned, should spawn stress tests
that complement statistical metrics and partially remedy their shortcomings.

The second issue is that the breadth of instruments over which one
requires returns series to calculate VaR is often extremely large. As a result,
many asset prices are “mapped” to liquid benchmarks, reducing the dimen-
sionality of the calculations and avoiding questionable price series. Such
mappings, by construction, eliminate a set of basis risks, making it very
easy to lose sight of them. Unusual circumstances can cause these seemingly
benign (and certainly optically risk-free) basis positions to turn ugly, as var-
ious periods of market turbulence have demonstrated.4 Some purists might
argue that the precise recorded history of all marks should be used in the
calculation of generic risk metrics, especially in an era where an increas-
ing number of traded instruments are cleared. This notion is flawed and
can result in random distortions in the results. Consider the implications of
Figure 16.4, which shows the price series for the July 2011 PJM Western Hub
contract and a synthetic illiquid zonal price in the top plot. The lower plot
shows the change in the basis between the zonal and hub prices.

Although only a caricature, basis marks for illiquid delivery locations
are qualitatively of this form – infrequent intervals of clustered trading or
price-framing activity. Rather than improving matters, throwing such series
into algorithms predicated on daily liquid marks distorts the results. Port-
folio VaR can change owing to minor perturbations of when the basis-price

4 The shareholder report on UBS’s write-downs [AG08] is a very interesting document on the failings
of basic risk management and which comments on the mapping of illiquid credit spreads to liquid
proxies at UBS without additional processes in place to monitor such risks.
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Figure 16.4. Caricature of Illiquid Basis Marks.

changes “occurred” – on what exact day the trader talked to the right broker
and concluded that there was enough information to warrant a change in the
mark. Collapsing illiquid exposures onto liquid benchmarks results in more
useful characterizations of short-time-scale risks but also necessitates sepa-
rate and rigorous treatment of the residual basis risks. Mapping illiquid risks
to benchmarks does not eliminate basis risk; it just makes it easy to ignore.

The concept of VaR in energy is similar to that in any asset class. How-
ever, for portfolios with a preponderance of highly illiquid positions, VaR
requires a different interpretation: it is an estimate of the potential change
in the present value of the portfolio over a time horizon in which benchmark
exposures could be liquidated. A full unwind of a complex energy portfolio
can take months, if not years, and risk metrics for such portfolios require a
distinctly different approach than rote application of VaR.

There are several aspects of the typical energy portfolio that particu-
larly limit the value of standard risk metrics and motivate supplementary
approaches to characterizing risk:

• High-dimensional risk profiles are common in energy trading, and the illiquid
nature of many (often the substantial majority) of forward curves can severely
limit VaR as a mechanism for detecting risk concentrations or estimating capital
usage.

• The seasonality inherent in the price dynamics of many energy markets compli-
cates matters. This is especially true for enterprises such as banks, with activities
that span multiple asset classes, most of which are devoid of seasonal structure.
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• Energy portfolios often have exposure to uncommoditized risks that, even when
optimally hedged, involve realizing residual payoffs that are quasi-stationary as
opposed to diffusive in nature. The residual risks in load structures and unit-
contingent transactions are good examples. Additional risk metrics are required
which are more suited to such “actuarial” risks.

The characteristic time scales for fundamental drivers such as temperature
and infrastructure failure are short, and as a result, years of spot price data
constitute a large sample from which to make estimates of the distribution
of future P&L resulting from holding an illiquid position to maturity. This is
not to say that outliers, dislocations at variance with such estimates, cannot
occur. However, used properly, spot data can vastly improve the quality of
the metrics being applied to illiquid positions.

We will proceed in two stages, starting with a review of standard methods
for calculating VaR, with a focus on issues unique to energy portfolios. Our
discussions here would pertain equally to alternatives, such as coherent risk
measures. We will then discuss approaches to developing metrics that are
pertinent to nonbenchmark price exposures that cannot be readily captured
using standard methods.

Risk metrics at the enterprise level are typically discussed in the context
of large portfolios and trading operations – it is, after all, a broad issue.
Breadth, however, often results in an element (if not an excess) of abstrac-
tion, and there is an imperative that arises when one works through how
specific trades should be handled. This is the tack that we will follow using a
single specific trade to illustrate the key points.

Working Example
Quantify the risks of an Algonquin City Gate (ALCG) natural gas daily
swap as of valuation date December 30, 2011:

• Contract term: November 2012 through March 2013.
• Notional: N = 4 lots per day.
• Natural gas reference price: Algonquin City Gate (ALCG) Gas Daily spot price.
• Strike: K = $6.00/MMBtu.

The swap has a daily payoff of

π(d) ≡ N [p(d) −K] (16.3)

where p(d) is the ALGC spot price. Both ALGC and TETM3 , to which it is
highly correlated, manifest high spot volatility in the winter months.

The reason that a discussion of such a specific trade warrants a place in
a chapter on enterprise risk is that it spans the central issues. ALCG falls
(arguably) into the set of delivery locations that are illiquid and without the
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daily forward marks that would render it amenable to standard VaR treat-
ment.5 Analysis of this trade requires that we extract benchmark price risk
from the position in order to calculate a meaningful VaR and subsequently
characterize the nonbenchmark residual risks of the position.

Risk Metrics: Liquid Price Risk

Value-at-risk (VaR) is the workhorse metric for liquid risks. While the met-
ric is unambiguously defined in (16.2), in practice, a number of estimation
methods are used. These are usually classified according to (1) the method of
generating the price change distributions and (2) the method of computing
the change in the portfolio value given a change in prices.

Most methods for generating the distributions of returns fall into one of
two categories:

• Parametric. This approach is predicated on a parametric form for returns pro-
cesses of the assets in question. Often returns are assumed to be multivariate
normal random variables, an assumption made solely for convenience since all
subsequent calculations are based on a returns covariance matrix.6 Nonnormal
parametric forms also have been espoused (see, e.g., discussion of MVAR in
[Zan96] and [BPC09]), although the increased implementation challenges make
such methods less commonly used.

• Historical. In this method, historical returns over a prescribed range, for example,
the past five years, define the distribution of returns. Although this approach is
minimalist in mathematical sophistication, it does have the merit of being easily
validated and is more likely to generate the extreme returns observed empirically
than would the normal parametric approach.

The second classification relates to the method of computing the response
of portfolio value to a given set of price changes, with the typical dichotomy
being

• Taylor series. Given the current value of the portfolio V(t), as well as a set of
Greeks, the change in value over a time increment �t is approximated by

V(t +�t) = V(t)+ ∂V
∂ t

�t +∇�XV� �X+ 1
2
� �X†H �X(V)� �X (16.4)

where X are the dynamic risk variables, ∇�XV is the gradient (linear) response of
V to the risk variables, and H �X(V) is the Hessian (second-order derivatives). This
last term is required to handle the convexity in options positions.

• Exact. For the new set of risk variables, the exact change in value V(t+�, �Xt+�)−
V(t, �Xt) is computed.

5 There is an element of judgment here because ALCG has witnessed increasing trading activity in
recent years. If only for the purpose of exposition, we will assume that ALCG is not amenable to
direct VaR analysis.

6 This method is often referred to as the variance-covariance method for this reason.
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All four combinations of these approaches are used in practice. In the case
of parametric dynamics and Taylor-series valuation, the results can often be
computed in closed form.7 This tractability is accompanied by a significant
loss of relevance because the probability of large returns is usually under-
estimated, and Taylor series can yield poor approximations for the large
returns that substantively affect the value of VN,α (X). See [Jor06] for a more
extensive comparison of methodologies and backtesting methods.

Application of these methods to energy portfolios is functionally similar
to that of other asset classes with two substantial differences: (1) seasonality
in price dynamics, and (2) the preponderance of high-dimensional illiquid
positions.

While seasonality in price dynamics is particularly challenging for entities
such as banks, which trade in multiple asset classes, it cannot be ignored.
Recall the seasonality in returns volatility, both by delivery month and for a
rolling calendar strip, shown in Figures 5.19 and 5.20. Natural gas returns dis-
tributions at similar tenors are statistically of higher variance when viewed
from the winter in comparison with the shoulder months of April and
October. To produce reliable results, VaR calculations must include such
effects.

An organization that trades purely energy can handle seasonality in a
straightforward fashion simply by using historical data or covariances esti-
mated from such centered at the time of calculation. On a given date t,
the returns used for estimation can be restricted to intervals [t − W, t],
[t − 1 − W, t − 1 + W] through [t − N − W, t − N + W], where N is the histori-
cal date range, and W is an estimation window, usually of order one month
in duration. Any estimation or historical simulation is using returns his-
tory from the appropriate time of the year – in December historical returns
“near” December are used to obtain a returns distribution.

Financial institutions need to calculate risk metrics across a broad array of
asset classes, most of which are nonseasonal in nature. Such institutions have
historically used contiguous data sets given the lack of seasonal structure
in most asset classes. This clearly disqualifies the simple method of using
subsets of historical data.

A common solution to this problem is equivalent to that used to mod-
ify standard PCA for seasonal time series in (5.13). This procedure involves
estimating a local volatility s[θ(t)] using rolling nearby contracts or strips,
where θ(t) denotes the fraction of year corresponding to date t. We saw in
Chapter 5 that the impact on the spectr um and factors is small; the s eason-
ality in volatility is nontrivial. The estimated seasonal local volatility is then
used to rescale historical returns for the purpose of calculating VaR on the

7 Many use the term parametric VaR to mean exactly this situation. In addition, using only the linear
terms in tandem with normal returns, the so-called delta-normal method, is analytically tractable.
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Figure 16.5. Seasonality in TETM3 returns volatility.

current date t. For example, the historical return r(tn,T) on day tn is scaled
by the ratio of the “current” local volatility s(t) to the local volatility s(tn) on
tn:

r̃(tn,T) = s[θ(t)]
s[θ(tn)]

r(tn,T) (16.5)

which is then used in VaR calculations.
Figure 16.5 shows a Fourier estimate for the realized volatility of the first

thirty-six nearby contracts of TETM3 displayed over a single calendar year.
We will use this profile later in our working problem.

Illiquid curves have embedded benchmark price risk, which is usually the
dominant driver of daily P&L. To quantify this risk, the exposure, namely,
the change in value of an illiquid position resulting from changes in the
related benchmark price, must be estimated. Recall the concept of the risk
hierarchy described in Chapter 6, r epresented pictorially in Figure 6.11.
Such hierarchies are designed, in large part, based on the mechanics of how
spreads trade.8

Figure 16.6 is a graphic representation of a sample risk hierarchy in the
Northeast natural gas and power metamarket, with NYMEX natural gas
(NG) futures at the apex as the most liquid benchmark. Liquidity is coarsely

8 One can certainly envision statistical algorithms to automatically construct such hierarchies, but
market mechanics is an important element of a useful design. Correlation analysis comes into play
to “break the tie” if there are ambiguities in the assignment of a location to a parent in the tree.
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Figure 16.6. A sample Northeast natural gas/power risk hierarchy.

represented by the size of the node – those in light shading have adequate
liquidity to qualify as curves to which standard VaR metrics apply. The
nature of the hierarchy can change with tenor – at long tenors the set of
liquid benchmarks is smaller.

To compute VaR for a portfolio with exposures on such a hierarchy, one
needs to infer the value change of the positions at each illiquid node, given
a set of returns at the benchmark nodes. The typical approach is the simple
one: the forward curve at the illiquid node (ALGC in our working prob-
lem) will sustain the same returns as the location to which it is mapped
(TETM3) in VaR calculations. Although easy to implement, simply mapping
locational returns ignores the effects of important nonlinearities. Recall the
relationships shown in Figures 6.5 and 6.10. If these nonlinearities can result
in notic eable effects on hedge ratios, as we s aw in Chapter 6, they s hould
certainly be included in VaR calculations, given that it is the large returns
that affect VaR results.

There are two situations that can arise – the first being when there is ade-
quate historical forward data to facilitate regressions and the second being
when there is not, and spot data constitute the only information available?

In the first situation, regression results can be used to calculate VaR by
propagating the price change at the benchmark nodes to illiquid nodes.
Using the notation of Chapter 6, and denoting the illiquid node by I and
its parent in the hierarchy by π(I), regressions relate the forward price FI
to that of its parent Fπ(I). For example, if I corresponds to PSEG, the par-
ent π(I) is PJM Western Hub. Regressions relate PSEG forward prices
by contract month to those of the regional benchmark for power. These
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Figure 16.7. Basis swap equivalent TETM3 delta.

relationships take forms similar to those shown in (6.9):

FI = �I
(
Fπ(I)

)+ εI (16.6)

VaR is then calculated using any of the methods discussed in the preceding
section.

In the absence of forward price regressions, the situation is more chal-
lenging. Here the methods developed earlier in the context of basis options
in Chapter 12 and for tolls in Chapter 14 are useful. Designing variance-
minimizing hedges for the positions at an illiquid node using swaps and
options at the nearest liquid node yields the equivalent benchmark expo-
sure. This is the approach we will work through now for the ALCG swap in
our working problem.

The closest liquid node to ALCG in the risk hierarchy is TETM3, which
will be the basis for a VaR calculation. Regressing each spot price pro-
cess, as in (12.20) and (12.21), yields residuals that can be jointly simulated.
The result is the distribution of �ζ (d) ≡ [τ (d),pHH(d),pTETM3(d),pALGC(d)],
where τ denotes the temperature at KBOS in Boston. From this we can
obtain the optimal TETM3 hedges for the ALCG swap payoff (16.3).

Figure 16.7 shows the TETM3 delta of the basis swap by contract month
in the top plot. These are the (unsigned) volumes of TETM3 swaps that
minimize the variance of ALCG swaps per MMBtu and by contract month.
The lower plot shows the standard deviation of the residual portfolio payoff
with such hedges in place.
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Figure 16.8. Basis swap one-day P&L distribution function and 5th percentile.

The delta-equivalent exposures at TETM3 of the ALCG swap is what we
need to calculate VaR. The procedure is as follows:

• Calculate TETM3 nearby returns for the five-year period 2007 through 2011.9

• Use the profile in Figure 16.5 to normalize the returns relative to the pricing date
as per (16.5).

• Apply these nearby returns to the individual contract months in the structure,
using the deltas in Figure 16.7 to compute the change in value.

When applied to the basis swap, the result is a distribution of one-day
P&L shown in Figure 16.8. The one-day 95 percent VaR of -600,000 is also
shown.

What this procedure accomplished was a projection of the ALCG basis
swap risk onto the liquid TETM3 node of the hierarchy, allowing the embed-
ded benchmark risk to be handled as any other. Moreover, this approach
applies to a broader set of structures than merely swaps. Although we will
not address vega risk here, the principle is identical. The method of hedge
construction used to obtain the results in Table 12.1 for basis options applies
generally, and vega exposures are aggregated in the same way as forward
price exposures. More general structures such as tolls and load swaps are

9 Here we are rolling each contract fifteen business days before the contract month, which allows
diversified VaR results to be calculated for a variety of energy commodities all of which expire
after this roll date.
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also amenable to the simulation-based methods for computing equivalent
benchmark exposures.

Hierarchical representations and regression relationships are pertinent to
other commodity groups. Bunker fuel delivered in New Orleans might be
mapped to fuel oil (3 percent sulfur), which would then link to fuel oil at
New York Harbor, which itself would then be mapped to the Brent futures
contract. Similar constructs exist naturally in international crude products
markets and coal markets. The concept is broadly applicable.

Whether forward or spot price regressions are used, the idea is the same:
use historical relationships, which are often nonlinear, to reduce portfolio
risks to equivalent exposures at the liquid price points. This avoids the dis-
tortions due to the sporadic nature of price changes that haunt the less liquid
nodes and is an improvement on the direct linear mapping of returns, yield-
ing more realistic estimates of the potential losses due to benchmark price
moves.

Risk Metrics: Illiquid Positions

Illiquid exposures, whether originating from simple basis trades or exotic
structures with uncommoditized risks, have embedded benchmark price
risk. Once these are neutralized, the residual risks to the portfolio are out-
side the VaR paradigm. The remaining task is to say something useful about
these residual risks, often referred to as specific risks.

The preceding methodology yielded (ostensibly) stationary residuals that
can be modeled through any of a variety of time-series methods. The statisti-
cal attributes of these residuals characterize the P&L distribution of holding
the illiquid position to termination. Figure 16.9 shows the distribution of the
hedge slippage of the entire ALCG swap obtained by applying the bench-
mark hedges and calculating the distribution of the cumulative cash flows of
the hedged position.10

This approach of constructing optimal hedges and then computing the sta-
tistical attributes of the residual risk applies just as easily to uncommoditized
risks. For example, the PJM Western versus PJM Classic load swap analyzed
in Chapter 15 yielded a PJM “5x16” Jul12 exposure of 1.11 for each MWh of
expected load. This effectively projected the load swap risk profile onto the
vanilla product on which VaR analysis is legitimately performed. The resid-
ual risks, shown in Figure 15.10, are analogous to those in Figure 16.9; there
is no difference in interpretation or utility of the results.

10 These approaches do not attempt to account for the possibility of an unwind sometime during
the life of the position. While there may arise opportunities to hedge at favorable levels, attempt-
ing to include such dynamic management in risk metrics is laden with modeling assumptions and
computational difficulties.
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Figure 16.9. Residual basis swap risk and 5th percentile.

To fully implement the preceding methods, all nodes of the risk hierarchy
must be linked via forward price regressions or joint distributions of spot
prices and some objective method for hedge construction (e.g., minimum
variance). This may seem like a daunting task. On the other hand, it would
not be unreasonable to view such analysis as a prerequisite for even entering
into an illiquid exposure.

Credit Risk

The risk associated with credit exposure is ubiquitous. Managing credit risk
in energy portfolios is in some ways more challenging than for other asset
classes for many of the same reasons that pertained to valuation and hedging
of price risk. High volatility of the underlying price processes requires more
frequent rebalancing of credit hedges in a market in which liquidity is lim-
ited. Moreover, the nature of commonly occurring credit support structures
can complicate the assessment of credit exposure.

Credit risk affects all the transactions that we have discussed in the pre-
vious chapters without exception. It is tempting to think of spot purchases
or cleared transactions as free of credit risk, but this is not so. Spot pur-
chases of a commodity involve a time differential between the delivery of
the commodity and ultimate payment. Typically, the physical commodity is
delivered first, with cash payment from the buyer transpiring a few days or
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weeks later. The amount of this cash obligation is a receivable risk, often
referred to as delivered-not-paid (DNP). DNP is a short-term credit risk but
often of high notional exposure. For example, a physical contract for 100
MW (a mere two contracts) of on-peak power over a single contract month
involves delivery of roughly 35,000 MWh of power. At a spot price of say
$50/MWh, this relatively small position results in almost $2 million of DNP
credit exposure, payment for which usually occurs roughly two weeks into
the following month. The seller is taking this credit risk.

Clearing trades on exchanges definitely mitigates credit risk to a consider-
able degree. However, the centralized clearing of trades results in exposures,
presumed to be quite small, to the solvency of the exchanges and their clear-
ing members. Although not seriously contemplated as a risk on most (if any)
credit desks, in a world of multiple exchanges with an increasing percentage
of total transaction volume being cleared, credit risk to exchanges will likely
be of greater concern in the future.

The real action on the credit front is the risk managed by the credit desks,
so-called credit-valuation-adjustment (CVA) groups. The purpose of the
CVA desks is to value and manage the credit risk inherent in term bilateral
transactions. Bilateral trading is governed by ISDA11 master agreements
and credit-support annexes (CSAs), including specific forms for power and
natural gas trading.12 These contracts define the general terms applicable to
all OTC transactions between two counterparties, addressing in particular

• Margining thresholds. The present-value thresholds beyond which a counterparty
must post margin. If the value of the portfolio with the given counterparty exceeds
the threshold, the differential must be posted as collateral of a specified form,
which can include cash, securities, or letters of credit. Credit downgrades can
result in changes in thresholds and increased collateral posting requirements.13

• Netting. The terms that define whether or not exposures between different legal
entities under the same corporate umbrella are netted – that is, portfolio present
values are summed. Netting is a critical factor in determining credit exposure
because it reduces credit risk; in the absence of netting provisions, potentially
offsetting exposures remain between the two counterparties.14

11 International Swaps and Derivatives Association
12 These include Edison Electric Institute (EEI) master netting agreements, referred to as EEIs, for

power and North American Energy Standards Board contracts for natural gas.
13 A notorious example of failure to properly compute the exposure to potential collateral require-

ments due to downgrades was provided by Constellation Energy Group, which in 2008 was obliged
to announce that exposure to collateral calls in the event of downgrade was roughly double what
had previously been communicated to investors. This announcement had meaningful impacts on
ratings, stock price, and managerial structure.

14 The Lehman default illustrates the relevance of netting. Lehman Brothers Holdings, Inc., filed for
bankruptcy protection on September 15, 2008. Lehman’s energy trading subsidiary Eagle Energy
Partners filed a few days later. Both the time lag and a lack of netting between entities made the
energy aspect of the Lehman event particularly complex. Offsetting exposures constituted separate
claims, and offsetting positions were terminated on different days, complicating risk management
and doubling the task of assessing unwind and replacement-cost damages.
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• Events of default or termination. The definition of what occurrences constitute
failure to adhere to the terms of a trade or set of trades. These can include
events spanning outright bankruptcy filing, failure to make contractual payments
or delivery as per terms of an individual contract, credit downgrades, or specific
criteria related to tax or regulatory events. Often included are cross-default and
cross-acceleration provisions, which allow the holder of one side of a trade to
declare a counterparty in default as a result of the counterparty’s failure to adhere
to terms of a trade with another (third) counterparty.

• Close-out provisions. In the event of default or termination, the protocol by which
trades with the defaulting counterparty are terminated and replaced in the market
and the manner in which economic costs of such termination and replacement are
calculated.

• Hierarchy. The position (seniority) of claims in the capital structure of the
defaulting counterparty.

Managing credit portfolios involves valuation and hedging of both credit
risk and commodity price risk. Moreover, this has to be done individually
for each counterparty. Across asset classes, the basic information required
to characterize the credit risk of a counterparty are

• Portfolio value. The value of the current portfolio V(t, �Xt) for any given time t
and underlying risk factors �Xt. For example, the value of a single swap on a given
contract month depends on the forward price for that month and the associated
discount factor; these two factors comprise �Xt in this case. The credit exposure to
a swap depends on the implied volatilities of the underlying in order to model the
future potential exposure.

• Margining provisions. The terms defining the collateral posting requirements of
the counterparty, often defined by two thresholds, L < Cmax, with the collateral
requirement at time t being

min
{

max
[
V(t, �Xt)− L,0

]
,Cmax

}
(16.7)

This means that the counterparty does not have to post collateral until an expo-
sure exceeds the lower threshold L, with the total posting capped at Cmax. Credit
exposure, as a function of Vt, increases to L, remains flat up to L+Cmax, and then
increases linearly beyond this cap. These levels can be dependent on credit rating,
becoming more onerous as downgrades occur. Margining substantially reduces
credit exposure. In the absence of thresholds, counterparties post collateral on
the entire exposure (dollar-for-dollar), and credit risk is reduced to replacement
costs of a transaction if a counterparty defaults, which is usually comprised of a
one-day price move and bid-offer spread.

The exposure implied by (16.7) is the uncollateralized residual:

Ṽt ≡




0 if Vt ≤ 0

Vt if 0 < Vt ≤ L

L if L < Vt ≤ L +Cmax

V −Cmax if L +Cmax < Vt

(16.8)
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which is always nonnegative. The cost of the associated credit exposure is

Ct ≡ Ẽ
[
d(t,τ )

(
Ṽτ −Rτ

)
1t≤τ≤T∗

∣∣Ft

]
(16.9)

where τ is the default time, d() is the discount factor, and T∗ is the maximum
tenor on which exposure to the counterparty exists. Rτ is the recovery on
default, which is bounded by Vτ (you cannot recover more than your expo-
sure) and in most cases is simply a percentage of the exposure Vτ . However,
in general, Rτ can depend on not just V(τ , �Xτ ) but also on the underlying
market prices, which are functions of �Xτ . This situation arises when credit
support is provided by liens on assets owned by the counterparty. For exam-
ple, a producer may provide a lien on a set of oil and natural gas fields
to a consortium of dealers. This adds a degree of complexity to valuation
and management of the position given the dependence of the value of the
collateral on the underlying risk factors.

Evaluating (16.9) requires a model for the joint distribution of
[
τ , �Xτ

]
.

Methods for construction of such models vary in sophistication; for surveys,
see, for example, Cossin and Pirotte [CP01] or Schönbucher [Sch03]. In prac-
tice, the assumption that τ is uncorrelated with �X is extremely common
because of the resulting decrease in complexity of the calculation. Under
this assumption, (16.9) becomes

Ct = Ẽ

[∫ T∗

t
λ(τ )d(t,τ ) (Vτ −Rτ ) dτ

]
(16.10)

where λ(τ ) is the hazard rate.15 The hazard rate λ() is generally obtained
from the market price of traded credit instruments, particularly credit-
default swaps (CDS), by bootstrapping or similar yield-curve construction
algorithms.

Credit-default swaps are the primary mechanisms for hedging credit risk.
While CDS mechanics are laden with details, the basic structure is as
follows16:

• The buyer of credit protection pays quarterly coupons to the seller of credit pro-
tection until the time of default τ , at which point the coupon accrued from the last
payment to τ is paid to the seller and coupon payments cease. Since 2009, stan-
dard CDS contracts have coupon payments on a fixed grid (e.g., 100 or 500 basis
points), with the difference from market value paid in the form of an up-front
payment between buyer and seller.

15 Formally, the probability that the default time τ has not occurred by time t + s, viewed from the

current time t, is P(τ > t+ s|Ft) = e−∫ t+s
t λ(u) du.

16 Details can be found in a variety of industry surveys. See, for example, [Res10], as well as the
standard references such as [Hul12, CP01, Sch03].
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• If a credit event, as defined in the CDS contract, occurs during the term of the
CDS (0 < τ < T, where T is the tenor of the CDS), the seller pays the par value of
a reference asset (usually a bond), and the buyer delivers the bond to the seller.
This is referred to as physical settlement. In the case of financial settlement, the
seller of protection pays the buyer the difference between the par value and the
recovery amount R for the reference asset, where R is determined by procedures
articulated in the terms of the contract.

Credit-default swaps trade at quarterly tenors, with liquidity typically con-
centrated on the five-year instrument. Given the hazard rate λ(), evaluation
of (16.10) is usually accomplished by simulation of the risk factors �X relevant
to the exposure, often using the same models employed for basic derivatives
valuation. The resulting value function Ct has the usual commodity Greeks
as well as exposures to the hazard rate λ( ·) or, equivalently, the strip of CDS
contracts.

Although the essential aspects of valuing and hedging are common across
asset classes, managing credit risk in energy portfolios faces certain unique
challenges. These include the difficulties in assessing the impact of the
assumption of no correlation between the default time τ and the underlying
commodity price processes, the impact of high price volatility on hedging
structures of the form (16.10), and limited or nonexistent liquidity in CDS
for many counterparties.

The assumption of uncorrelated default times τ and price processes causes
a good deal of debate on energy desks, typically framed in terms of right-
way or wrong-way risk. Right-way risk refers to a negative correlation
between hazard rates λ() and the portfolio exposure Ṽt in (16.8); wrong-
way risk refers to a positive correlation. If a credit risk is right-way, default
is more likely to occur when exposures are small, and the value of the
credit exposure will be lower than the value obtained from (16.10) under
the zero-correlation assumption.

The train of thought on this issue is often simplistic – if a producer is hedg-
ing, the dealer is buying the commodity from the producer at a fixed price.
The dealer is long. Exposure to the producer increases if prices increase, but
because the producer is inherently long the commodity, the credit risk of the
producer “must surely decrease if prices increase.” This would suggest that
changes in hazard rate λ are negatively correlated with the price returns of
the relevant commodity. For consumers, the opposite should be the case. If a
dealer is selling energy to a producer of steel, aluminum, or petrochemicals,
which require large quantities of energy, credit exposure arises in a falling
price environment, which, at least at a simplistic level, should benefit such
consumers of energy.

Historical CDS spreads shed little light on this matter. Table 16.1 shows
the correlation between changes in five-year CDS spreads versus returns
of rolling calendar strips for Henry Hub natural gas and WTI futures over
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Table 16.1. Correlation between CDS Spread Changes and
1st Cal Strip Fuel Returns

Name Apache Chesapeake Alcoa Delta Airlines

NG −0.10 −0.19 −0.23 —
WTI −0.25 −0.32 −0.40 −0.08

ten-trading-day intervals from January 2007 to December 2012.17 Natural
gas was excluded from the Delta Airlines analysis because airlines do not
burn natural gas. The first two series, which correspond to producers, look
promising because credit spreads appear to decrease with increasing fuel
prices. However, the energy consumers Alcoa and Delta Airlines do not
show the expected response. This is far from an exhaustive study of the mat-
ter, but the point is that simple arguments such as these are compromised by
macroeconomic risks. Rapid and substantial decreases in fuel prices, such
as witnessed in late 2008, usually coincide with weak global macroeconomic
outlooks, which tend to hit producers of metals and transportation sectors
particularly hard.

Direct analysis of CDS spreads is compromised by the fact that default is
a low-probability event for all but the weakest credits, rendering the impact
of fuel prices difficult to detect. Equity prices can exhibit more discernible
responses to energy prices. Figure 16.10 shows the residuals resulting from
regressions of the form

pName(d) = α +βpSPY(d) + ε(d) (16.11)

over the same date range, with pName corresponding to three individual
equity or index prices, as labeled, and with pSPY corresponding to the S&P
500 ETF. This standard regression is intended to remove the market risk fac-
tor represented by SPY, and the residuals are scattered against the twelfth
WTI nearby; the twelfth nearby was used solely as a representation of
North American oil prices, avoiding idiosyncracies of near-dated contracts,
especially in light of the inventory effects dis cussed in Chapter 3.

The first equity price, XLE, is an ETF comprised of a collection of energy-
related equities, spanning majors, such as Exxon Mobil and Chevron, to
energy logistics and services companies such as Schlumberger. Note that
XLE outperforms the broader index as oil prices increase. The same occurs
for Apache (APA), a North American oil and natural gas producer. Rep-
resenting the short side, Delta Airlines (DAL) shows an obvious short
exposure to energy prices relative to SPY.

17 Delta airlines statistics ran from Q4 2007 to December 2012.
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Figure 16.10. Equity price residuals versus WTI (2007–2012), with points in the
interval July 2008 to June 2009 highlighted.

The structure of the results in Figure 16.10 suggests an element of right-
way risk – energy producers tend not to go bankrupt in an increasing energy
price environment. The impact of macroeconomic effects is visible in the
During Credit Crisis series. The broader energy index and APA, to a some-
what lesser extent, presumably benefit from a “flight to quality,” given the
unambiguous nature of hydrocarbon reserves in contrast to fiat currency.
For the airline, the situation was the opposite – falling energy prices of the
magnitude witnessed in the 2008–2009 period were a direct consequence of
the global credit crisis, which never bodes well for the travel business. In this
case, DAL underperformed both SPY and CL12 values.

Credit spread or equity price response to relevant factors, in particular,
to energy prices, is one component of right-way or wrong-way risk. The
form of credit support also affects matters. Recalling the discussion fol-
lowing (16.9), for lien-based credit-support, the value of the collateral can
depend on underlying prices. Formally, this means that recovery takes the

form R
[
V(τ , �Xτ ), �Xτ

]
. If, in fact, a producer is more likely to default in

a low-price environment, the value of the asset pledged is also low at the
time of default. This is a source of wrong-way risk, with the value obtained
by assumption of no correlation underestimating the actual exposure. This
complexity is compounded by the fact that most lien-based credit support



Control, Risk Metrics, and Credit 429

structures involve a group of dealers, each of whom may be providing hedges
to the counterparty. With the ultimate claim on the assets being pari passu,18

the actual recovery depends not only on the value of the current portfolio
and the assets under lien but also on the size of the exposure of the other
dealers in the consortium.

The moral of the story is that arguments for right-way risk in valuation
need to be taken with a considerable degree of skepticism. Causal factors for
energy price movements can have effects beyond the obvious direct impact
of energy prices.

Our second key issue is that consistently higher volatility in energy makes
structures of the form (16.9) or (16.10) more difficult and costly to manage.
The credit exposures of the form (16.10) are correlation structures involving
two underlying risks. The greater the volatility in each underlying, the more
delta hedging is required, and single-name CDSs are not known for liquidity
and narrow bid-offer spreads.

To illustrate the point, consider a single-time-period credit exposure of
the form

Ct = Ẽ
(

ṼT1D
∣∣Ft

)
(16.12)

where D is the event of default; both payoff and default occur only at time T.
Under the assumption that the event D and the distribution of ṼT are uncor-
related, this takes the simple form ṼtPt(D), where Pt(D) is the probability
of default conditioned on information available at time t. The risk associ-
ated with changes in Pt(D) is identical to the risk of changes in the hazard
rate λ(t) or, equivalently, changes in the term structure of CDS spreads. The
amount of CDS protection one needs to acquire to hedge this risk depends
on Ṽt, which is a function of the underlying forward curves, as well as implied
volatilities.

The volatility of Ṽt is directly related to the volatility of the underlying
commodity prices, which is easily a factor of two greater than other asset
classes. This means that more rebalancing in the CDS markets is required.
The bad news is that the bid-offer spreads on single-name CDSs such as
APA and DAL are of the order 20 basis points at the five-year maturity; for
the three-year CDS it is closer to 30 basis points; a one-year CDS is roughly
120 basis points. In contrast, the bid-offer spreads on the credit benchmarks,
namely, CDX investment-grade or high-yield indices, which are essentially
baskets of single-name CDSs, is only a few basis points. Using these indices
to hedge is more efficient from a transaction-cost perspective. However, the
correlations between the changes of energy CDS spreads and those of the

18 When a set of separate credit claims is pari passu, it means that all are on equal footing pro rata in
the division of recoverable assets.
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indices are not high enough for the indices to be effective hedges. For exam-
ple, from January 2010 to December 2012 the correlation between ten-day
spread changes between APA 5Y CDSs and the 5Y CDSs IG (investment
grade) and 5Y CDS HY (high yield) indices was 0.47 and 0.45 , respectively.
The airline DAL had similar levels of correlation. The indices have low
effectiveness due to the limited presence of energy names in their composi-
tion. Frequent rebalancing requirements due to high energy volatility collide
with limited benchmark effectiveness.

Conclusion

In this chapter we have covered four cornerstones of risk management of
energy portfolios19: price integrity, benchmark risk metrics, nonbenchmark
(specific) risks, and credit risk. The common features of high volatility and
high-dimensional risk profiles affect each of these significantly.

Maintaining proper controls on price integrity in a high-dimensional
energy portfolios requires

• Standard verification of price formation on benchmark and hub forward curves
and volatility surfaces

• Regular and quasi-automated comparison with consensus surveys and exchange
settlements when such exist

• Rigorous statistical benchmarking of illiquid positions
• Comparison of marks to recent transactions

Calculating useful metrics for benchmark price risks requires

• Hierarchical organization of risks based in part on market structure, with statisti-
cal analysis used when nodal relationships are ambiguous

• Properly parameterized and calibrated relationships between risks at each level
of the hierarchy, which facilitates aggregation of benchmark exposures

• Application of standard risk metrics to aggregate benchmark risks, modified for
seasonality in returns

The residual nonbenchmark or so-called specific risks are the most chal-
lenging. In energy, these exposures constitute a substantial component
of many portfolios. Statistical analysis of spot data can provide credible
distributional estimates of nonbenchmark basis risks.

Management of credit risk depends on reliable approaches to the preced-
ing three topics. In addition,

• The assumption of uncorrelated default and price processes and corrections to this
assumption (so-called right-way or wrong-way risk) are particularly pertinent to
energy desks. The risk profiles of many counterparties are heavily concentrated in

19 This is not to say that the list was complete – operation risk, for example, is significant in
commodities businesses but is outside of the scope of this work.



Control, Risk Metrics, and Credit 431

one or two commodities, and heuristic arguments for right-way exposure are par-
tially supported by equity price behavior. However, the complexities of global
macroeconomic factors and the dependence of credit support on commodities
prices complicate even the qualitative assessment of right-way or wrong-way risk.

• High volatility coupled with limited effectiveness of benchmark hedging instru-
ments adds to the complexity and cost of managing an energy CVA book.

These four facets of energy risk management have common features. An
effective risk platform involves unifying the manner in which these risks are
handled, with particular attention focused on the linkages between bench-
mark information and pricing and the residual risks inherent in both the
price and credit aspects of the business.
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Conclusions

Energy markets exist to provide efficient mechanisms for balancing supply
and demand intertemporally and geographically. This is accomplished
through price signals, with transparency and effectiveness depending on the
nature of the market. Regardless of market construct, the resulting price
risk is always present. Someone must shoulder the burden of price and
volumetric risk or else make investments in infrastructure to mitigate it.

In fully regulated markets, rates of return for investments and operations
are set by regulatory bodies, and it is usually consumers who are, often
unknowingly, on the receiving end of the gamut of risks and the costs to
mitigate them.1 Some would argue that in regulated markets, risk manage-
ment and commercial strategy tend to be of dubious value because decision
makers are typically not directly bearing the financial consequences of their
actions. Contrast, for example, the nuclear build in the 1970s with recent
strategic assessments of the viability of new nuclear generators. In the case
of the former, promises of electricity that would be “too cheap to meter”
were followed by billions of dollars of cost overruns, shouldered in large part
by rate increases to the consumer. In the latter case, potential investors in
new nuclear generation have consistently exhibited remarkable trepidation
regarding such investments; the prospect of being responsible for a bad $10
billion investment has a way of directing objective analysis to the economic
prospects and risks associated with such projects.

In deregulated markets, risks are dispersed across the spectrum of mar-
ket participants. Naturals, namely, producers and large-scale consumers and
suppliers, can transfer risks to intermediaries such as banks and commodi-
ties trading shops. Alternatively, they can choose not to hedge, opting to
inventory risks, in which case their shareholders sustain the exposure. Some

1 In the extreme case where energy prices for end users are fixed through government subsidies, it is
the taxpayers who ultimately bear price risk.
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oil majors minimize hedging activity, acting under the reasonable assump-
tion that energy price risk is desired by their investors. Merchant generators,
as another example, often opt to manage their assets directly, hedging only
portions of the commodity risk and keeping embedded optionality in-house.

A significant and growing amount of hedging activity occurs on futures
exchanges. However, despite best efforts to standardize hedges to facilitate
clearing, much of the risk transfer that we have discussed in the previous
chapters is likely to remain over the counter (OTC). Hedges for refiners, gas
storage, and tolls are often highly customized to match the idiosyncratic risks
of each physical asset, requiring deal-specific complexities that are anathema
to the standardization on which exchange clearing is predicated. Moreover,
credit support for such hedging activities has often been in the form of liens
on physical assets – whether oil and natural gas fields or a fleet of wind-
generation turbines. Nonstandard credit support, as useful and valid as such
is at facilitating bona fide hedging activity, is not part of the futures exchange
lexicon.

In the preceding decade, banks assumed an increasingly prominent role as
commodities intermediaries, holding long-tenor, illiquid positions. This has
been the focus of considerable attention, usually negative, and a reduction
in activity in recent years. It is hard, however, to see why this activity is
any different from others in which banks are expected to engage – namely,
taking short-term deposits and making long-term loans to borrowers of all
sorts with idiosyncratic business and funding requirements. In facilitating
the dissemination of credit, banks are using liquidity where it is abundant to
create liquidity where it is required. This is exactly the role of intermediaries
in energy markets.

Regardless of the mechanisms by which risks are transferred and capi-
tal is allocated, given that the fundamental risks are not going to vanish
into thin air, the need for valuation and risk management persists under
all market structures. Even in a regulated framework, regulators should be
(and often are) acutely interested in the economic consequences of their
decisions. If banks and insurance companies are removed from the pool of
intermediaries as a result of regulatory developments, others will step in or
risks will be inventoried by naturals. Whoever ends up holding the risks
needs to be at the forefront of better ways to value and to manage their
positions.

Mathematical models in finance are, first and foremost, a framework in
which to organize one’s thoughts about value and risk. There are no Holy
Grail models that capture all features of a market – very few experienced
portfolio managers or financial engineers take models literally. In contrast,
quantitative modeling serves two primary purposes. First, done properly, it
yields plausible valuation, practical hedging strategies, and in some cases
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predictions of market evolution. Second, it exposes key parameters or
risks about which little can be said with certainty. This second purpose is
important and often overlooked.

Take, for example, unit-contingent transactions discussed in Chapter 15,
in which the quantity of energy purchased depends on the actual realized
production of a generator. Regardless of the level of complexity of mod-
eling such a structure, all approaches have as a key input an estimate of
the availability of the unit – equivalently, the likelihood that at any given
time the unit will fail to produce energy. The moment that such transactions
are contemplated, the relevance of this availability estimate is immedi-
ately discerned by traders and senior management alike – and thoughts
abound. What could cause a systemic shutdown of an entire fleet of nuclear
generators?

Nobody around the table believes that such an event could be modeled
statistically. However, the possibility of such an event is acknowledged, and
conjectures are made about how it could occur – a terrorist strike or a severe
mechanical failure or meltdown requiring the immediate and long-term shut
down of a broad swath of generation. It is unlikely that anyone would have
said, “What about an earthquake in Japan causing a tsunami that floods
emergency generators, resulting in the failure of the cooling systems and
eventually a government-mandated shutdown of all nuclear generation in
Japan?” The point is that while it would take remarkable powers of div-
ination to predict the details, the concept and potential impact of such
a systemic event are forced into the discussion by the modeling.2 In the
absence of reliable statistical estimates, position limits for such transactions
are usually put in place based on management tolerance (a judgment call) of
the potential economic impact of such an event.

The past decade has witnessed significant evolution in modeling methods
in energy markets. There remain, however, many open problems and issues
that limit the effectiveness of current approaches. A few warrant special
mention.

At a basic level, limitations on computational speed continues to substan-
tially constrain modeling efforts. Despite the remarkable improvements in
computing power over the past decades, there are many important circum-
stances where limits in computing speed preclude proper analysis of the
response of energy markets to foreseeable developments. Moreover, many
promising avenues for modeling that could render seemingly nonstation-
ary behavior in forward price dynamics stationary are of little value in the
absence of faster computers or better algorithms.

2 Contrary to popular press accounts, very few events in financial markets, if any, have occurred that
were not contemplated in advance by a meaningful percentage of market participants, even if a
minority.
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The second issue is that correlation structure in commodities has exhibited
striking changes over the past decade. Nonstationarity haunts all markets,
but energy markets have exhibited some remarkable changes in the past
decade. The dynamics of crude oil forward curves has become increasingly
one-dimensional, one-factor in the parlance of our earlier models. More-
over, the correlation of commodities returns with other asset classes has
also increased meaningfully since the first signs of the credit crisis mani-
fest themselves. The origin of these changes, which affect many aspects of
commodities trading and investment, are not well understood. This issue
constitutes a major modeling challenge.

Finally, the regulatory landscape has always kept market participants on
their toes due to rapid evolution and relative youth of the markets. However,
in the aftermath of the credit crisis, the regulatory dynamic has taken on a
new imperative, especially in the United States, reaching a pitch that would
almost lead one to believe that commodities trading caused the credit crisis.
Justified or not, and opinions vary greatly on the matter, the Dodd-Frank
Act and the Volker Rule are substantially altering the way in which energy
markets function.

There are many other topics that could legitimately warrant discussion.
The demand destruction witnessed in 2009 suggests a possible need to couple
valuation with macroeconomic drivers or other markets. The relationship
between equities and c ommodities, touched on briefly in Chapter 16 in the
context of credit risk management, is an arena where a good deal of inno-
vation has yet to occur. However, these three topics illustrate the breadth of
issues that confront efforts to value and manage energy structures and assets.

Computational Limitations

Production risks systems are typically predicated on relatively “vanilla” rep-
resentations of even complex structures. Ensuring that the official P&L and
risk positions of a trading desk are completed before whatever deadline
management has imposed is usually accomplished in the brute-force manner
– more machines. In a world of decreasing hardware costs, this is a perfectly
acceptable solution.

The real impact of computational limits occurs in “satellite” analytics –
models outside the production valuation environment, which serve a variety
of purposes. These include, for example, the analysis of market dynamics
and the impacts of potential changes in market structure or fundamen-
tal drivers, estimation or calibration of slow-moving parameters for use in
production risk systems, and the construction of vanilla approximations of
complex transactions for the purposes of booking in production risk systems.
We have touched on two examples in previous chapters: stack models and
inventory-based models for forward curve dynamics.
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The s tack models described in Chapter 12 were high-level, s tyliz ed rep-
resentations of power markets. Even for these, calibration of parameters to
historical price data is computationally intensive; calibrations often require
days to converge. The inherently high-dimensional risks resulting from
nodal pricing in power markets renders more sophisticated modeling simply
“out of scope” for anything other than basic scenario analysis. Numerous
vendors sell software that purports to estimate market-clearing prices at
a very granular level. However, the nonlinear equations governing power
flow and the large number of loads, assets, and transmission lines compris-
ing a power market render calculation of clearing prices for a single scenario
(specified loads, fuel prices, transmission, and generation outages) extremely
time-consuming. Using such software to produce useful probabilistic results
is simply not viable at this point in time.

A consequence of this limitation is that it is difficult to make accurate
predictions of the impact of changes to the system. Public information
on project development, permitting, or regulatory perturbations such as
emissions regulations is commonly available years in advance of imple-
mentation or completion. Transforming such information into quantitative
actionable predictions remains problematic. Moreover, even when the qual-
itative features of technological advances become clear, making quantitative
predictions of market response all too often is not possible.

One example is afforded by the shale gas revolution, which is having a
fundamental effect on the dynamics of natural gas prices in North Amer-
ica. Changing volatility and correlation structure affects everything from
vanilla option pricing to the valuation of physical storage. The near par-
ity in the cost of natural gas versus coal in power generation is affecting
the dispatch of entire fleets of generation (recall Figure 14.19). Translat-
ing this macro phenomenon into useful parameterizations of volatility and
correlation structure remains an open problem.

Renewable energy sources provide another example of note, in particular,
with the introduction of wind generation in several parts of the world. West
Texas provides a good example. Starting in roughly 2006, substantial wind
turbine capacity was built in the ERCOT, primarily in West Texas, reach-
ing nearly 10,000 MW of installed wind capacity, a meaningful quantity in
a system with total capacity of roughly 75,000 MW. Limited transmission
from West Texas to the demand centers, namely, the large cities, resulted
in a dramatic change in price behavior. Figure 17.1 shows historical West
Texas “7×8” power prices in the top plot and a ninety day moving average
of spot heat rates (versus Henry Hub) in the bottom plot. Note the funda-
mental change in price dynamics that ensued, specifically the frequent and
significant negative spot prices,3 as well as a visible drop in spot heat rates to

3 Tax incentives make wind generation at negative prices economical.
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Figure 17.1. ERCOT West Texas “7x8” spot prices and heat rates.

remarkably low levels. Forecasting the response of clearing prices as a result
of this largely foreseeable development was, and remains, in the domain of
rough “order of magnitude” estimation.

In short, current modeling capabilities are a (large) step behind the com-
plexity of power and natural gas markets, as well as, arguably, oil, refined
products, and coal, which face different but conceptually similar issues.

Inventory-based models , als o introduced in Chapter 12, address price
dynamics at a more fundamental level. We have seen evidence that returns
covariance structure is affected by inventory levels, at least in the case of
copper (recall Figure 12.16). For seasonal commodities such as natural gas
or refined products, one can only begin to make qualitative statements.

Currently, most valuation methods used in practice assume that the
covariance structure is constant or deterministically varying with time.
Absent a unifying framework in which the actions of market participants
managing inventory affect forward price dynamics, realistic models based
on stationary underlying processes will continue to prove elusive.

Such a framework could potentially be built around inventory-based mod-
els such as those discussed by Pirrong [Pir12], but computational methods
are not up to the task of solving the required stochastic control problems on
time scales short enough to be truly useful. As a consequence, this promis-
ing avenue remains a provocative source of little more than “numerical
heuristics,” pending some combination of faster computers and cleverer
models.
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Evolving Correlations

Correlation structure is affected by market participants as well as by fun-
damental drivers, and the covariance structure of returns is unquestionably
evolving. Recall Figure 5.11, which showed a marked decrease in the back-
wardation of volatility over time. Such changes in volatility structure are a
substantial source of risk to structured portfolios.

A more refined look at this phenomenon is shown in Figure 17.2. The
top plot displays the ratio of the rolling one-year realized volatility for the
twelfth nearby contract returns to that of the second nearby. The results are
plotted versus the midpoint of the calendar averaging window. The lower
plot shows the ratio of higher-order total volatility to the that of the first

factor
(∑24

j=2 λj

)1/2
/λ

1/2
1 from principal-components analysis (PCA) of the

first twenty-four nearby contracts applied over the same rolling one-year
windows.

These two plots are different representations of the same phenomenon.
The first plot shows the flattening of the term structure of volatility to
be expected with an increasingly dominant first factor. The second plot
shows that the variance of the higher factors is contributing less to the
overall volatility of the forward curve. Although there were significant fluc-
tuations in each series in the 2001–2002 time frame, the dynamics of the
West Texas Intermediate (WTI) forward curve has become increasingly
one-dimensional in nature.
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Figure 17.2. West Texas Intermediate (WTI) rolling volatility and factor analysis.
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Figure 17.3. WTI rolling open interest analysis.

This phenomenon occurred over the interval 2003–2005, remaining largely
unchanged since – aside from surprisingly small variations at the apex of the
credit crisis – and could be evidence of what is commonly referred to as
the financialization of commodities markets, with increasing investment in
commodities index funds from a broader spectrum of investors. In fact, open
interest in futures contracts has increased significantly, and the ratio of open
interest in longer-tenor contracts relative to shorter-tenor contracts has also
increased. The top plot in Figure 17.3 shows the the open interest in the
first two calendar strips, once again displayed in the same rolling one-year
fashion. The lower plot shows the ratio.

There has been a fundamental change in the trading activity of market
participants, with greater liquidity at longer tenors a potential factor in the
decrease in volatility backwardation. Flatter volatility results in less special-
ness; less decoupling of short-tenor contracts from longer-tenor contracts.
More regular price dynamics makes hedging more efficient, which is a good
thing. It should be noted, however, that the period that witnessed the great-
est change in correlation structure was in fact exhibiting nothing particularly
unusual in the gradual increase in volume and tenor. The origin of this
change in correlation structure remains unclear.

A closely related topic of interest to investors is whether the correla-
tion between commodities (energy in particular) and other asset classes
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has changed. This topic has received much attention, including claims that
such correlation has increased meaningfully, affecting investment strategies
and altering the behavior of commodity price dynamics. See, for example,
analysis by Tang and Xiong [TX12], which suggests that the presence of a
commodity in an index such as the Standard & Poor’s (S&P) GSCI4 alters its
correlation behavior with other asset classes, or alternatively Hamilton and
Wu [HW12], who find no meaningful relationship between notional index
positions and risk premia.

To illustrate the issue, consider Figure 17.4, which shows rolling cor-
relations of five-day returns between SPY (the S&P 500 ETF) and two
commodity series, the first being the S&P GSCI and the second being the
first WTI nearby contract. The two correlations track closely because of the
substantial crude oil component in the GSCI. It is clear that something inter-
esting has been occurring, with correlations transitioning from a range of
[−0.2,0.2] to roughly 0.5. What is also noteworthy is that this “phase transi-
tion” occurred several years after the change in correlation structure shown
in Figure 17.2, beginning at the inception of the credit crisis and occurring
during a period of decreasing open interest.

The overarching theme in these two examples is that fundamental aspects
of price behavior can exhibit nontrivial changes over the period of a few

4 This was formerly the Goldman Sachs Commodity Index.
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years and that explaining, let alone predicting, such changes remains a
substantial modeling and econometric challenge.

The Regulatory Landscape

Participants in any traded market have to grapple with the impact of reg-
ulatory developments. These include not only regulations such as Basel
capital requirements for banks and high-profile regulatory endeavors such
as Dodd-Frank Act5, but also much more frequent events such as changes
in market design and structure, tariffs, emissions, and even tax incentives for
the development of renewable energy sources.

Deregulated natural gas and power markets are a relatively recent phe-
nomenon, taking firm root in parts of the North America in the last fifteen
years, more recently in Europe, and hardly at all in Asia. New markets
experience gyrations as flaws are discerned and remedied or as fundamen-
tal changes are made, such as a power market shifting from zonal to fully
nodal pricing, instantaneously expanding the set of locations at which the
commodity is priced from a few zonal prices to many hundreds of delivery
locations. Even relatively minor changes to the mechanics of price formation
can result in measurable changes in price dynamics.

More mature markets are not immune from sudden structural changes.
In 2005, OPEC altered the composition of its reference basket price, the
so-called OPEC Reference Basket (ORB) to which OPEC references tar-
get price ranges, ranges that are also adjusted on occasion. Such events can
result in discernible changes in price dynamics. The moratorium on drilling
and permitting in the Gulf of Mexico occurred almost overnight as a result
of regulatory response to the Macondo oil spill. The regulatory response to
the Fukushima disaster in Japan was global in nature, with many countries,
particularly in Europe, slowing development or accelerating the decommis-
sioning of nuclear generation. These events affected supply and demand and
ultimately energy prices globally.

There are two complementary actions that a trading operation can take
in dealing with a changing regulatory environment. The first is to try to
anticipate changes and quantify potential effects. The second is to iden-
tify and maintain a record of the timing of relevant regulatory changes.
Doing so prevents flawed results arising from analysis that spans differing
regulatory regimes and in some cases allows for estimation of biases induced
by changes, allowing for more robust data sets once such biases are removed.

Most regulatory developments are limited in nature, having the potential
to affect a particular transaction or even regional activity but not fundamen-
tally alter the commercial viability of a large enterprise. In stark contrast,

5 The Dodd-Frank Wall Street Reform and Consumer Protection Act.
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the post – credit crisis Dodd-Frank legislation and the associated Volker
Rule6 are potential game changers. The Dodd-Frank body of legislation is
expansive, and a detailed discussion is well beyond the scope of this section.
Moreover, the form of the ultimate implementation continues to evolve, due
both to litigation and technical difficulties in implementation.

The aspects of Dodd-Frank most pertinent to energy trading are

• Previously unregulated swaps markets would be brought under the purview of the
CFTC.

• Swaps dealers and major swap participants (once defined) would be subject to
stringent capital requirements and reporting obligations.

• Standardized swaps (once defined) would be required to be exchange-traded or
cleared.

• Position limits on exposure to a core set of commodities would be implemented.

In addition, dealers must provide detailed information regarding the mid-
market value of trades, as well as the impacts of price-change scenarios, on
customer request.

One effect of this legislation so far has been to dampen hedging activity
pending clarification of exactly what form it will ultimately take. One can
only conjecture about what the long-term consequences might be.

Centralizing credit risk at exchanges certainly simplifies trading and
reduces the large amount of labor involved in supporting bilateral trad-
ing activity. Constraining commercial activity to standardized trades will
simplify portfolios. Instead of having a limitless variety of almost identi-
cal trades, netting and novation of positions between counterparties will be
much easier to effect.

The effort to push more trading onto exchanges, however, is also likely
to have some detrimental effects. First, more onerous capital requirements
for uncleared transactions could discourage the use of customized structures
most effective at hedging the idiosyncratic features of energy infrastructure,
potentially increasing the costs to finance development. Lenders like effec-
tive hedges. In addition, the use of lien-based credit support could become
problematic, also potentially increasing costs to hedgers who will have to
post collateral in the traditional sense.

Finally, the effort to force clarity on the markets in the form of report-
ing midmarket value of transactions with clients is, on the face of it, a good
thing – arguably long overdue in other asset classes such as municipal bonds.
However, for long-tenor transactions in less-liquid markets, there is likely
to be significant ambiguity regarding what would constitute erroneous data.
Paradoxically, this could result in a trend toward structuring trades in illiquid
locations, diffusing liquidity from benchmarks.

6 The Volker Rule refers to a part of Dodd-Frank that would limit proprietary trading by U.S. banks.
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From the perspective of valuation and risk management, Dodd-Frank
introduces a variety of technical issues surrounding reliable, near-real-time
reporting of trades and dissemination of accurate information to clients
regarding valuation. Far more interesting, however, is the potential impact
of position limits.

Even relatively modest energy trading operations have several traders all
trading the usual benchmarks. Developing methods to dynamically allocate
the use of “position limit capacity” within an organization, particularly large
financial institutions, is far more than a mere technical problem. While bear-
ing similarities to issues such as allocation of risk capital (VaR in many
shops), the time scale required for allocation of notional capacity is much
shorter. The position of a single book can change substantially intraday in
the regular course of a client-oriented business. Most institutions appear to
be opting for fixed allocations, with ad hoc adjustments as needed. Inter-
nal clearing markets for such notional capacity would yield more efficient
allocation of what could become a scarce resource in this new regulatory
regime. Design and implementation of better methods to allocate position
limits remain an open problem.

Conclusion

Managing an energy portfolio is difficult even under “normal” circum-
stances. Routine weather-driven spikes in basis prices, infrastructure failure,
and perturbations to supply or demand due to hurricanes or oil spills
all result in a trading environment that requires the ability to process
large amounts of information, both internal risk positions and external risk
drivers, quickly and accurately.

The incomplete nature of energy markets, with many risks being managed
using a limited number of benchmark instruments, is not merely a “round-
ing error” to the results of standard financial models. Even under the best
of conditions, limited liquidity results in an inventory of risk positions for
extended periods of time. New methods have been, and continue to be,
developed that depart dramatically from the complete-markets framework.
Most of these methods are heavily dependent on statistical estimation and
modeling of complex, high-dimensional systems.

Paradoxically, a market that is confronted with such circumstances is
also having to grapple with a high degree of nonstationary behavior. A
changing investment landscape with greater interest in energy and com-
modities broadly as an asset class, while potentially enhancing liquidity, has
contributed to changes in price dynamics. The rapidly evolving and unpre-
dictable regulatory environment ultimately may yield significant benefits. It
will, however, also add constraints to the activities of hedgers and portfolio
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managers, who are already working with a very limited set of hedging
instruments in the first place.

Even after several decades of research and development of analyti-
cal frameworks for energy, in many respects the progress made has just
scratched the surface. The problems are challenging – risk management in
energy involves fully uncommoditized risks and a level of complexity that
exceeds that of other asset classes. Given the outstanding issues, progress
will continue to be made, and there is a strong likelihood that some of the
most meaningful innovations in mathematical finance in the upcoming years
will occur in this arena.
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Black-76 and Margrabe

In this appendix we survey the standard valuation approaches to “vanilla”
single-commodity options and spread options.

Black-76

Black-76 refers to a modification of the standard Black-Scholes option pric-
ing framework to the situation in which the underlying price process is that
of a generic forward or future contracts. As with Black-Scholes, returns
are normally distributed, and the underlying price process is a geometric
Brownian motion (GBM) with constant volatility:

dF(t,T)
F(t,T)

= σdBt (A.1)

Letting Yt = log[F(t,T)], Ito’s formula yields

dYt = −1
2
σ 2dt+σdBt (A.2)

which integrates to

Yt = Y0 − 1
2
σ 2t+σBt (A.3)

Exponentiating yields

F(t,T) = F(0,T)e−1/2σ 2t+σBt (A.4)

Turning to derivative pricing, by Ito’s formula, the value of a European
option Vt = V(t,Ft) will evolve according to

dVt = ∂V
∂t

dt+ ∂V
∂Ft

dFt + 1
2

(σFt)2 ∂2V

∂F2
t

dt (A.5)
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Assuming that the holder of a long option position shorts a number � of
futures contracts, the portfolio evolves according to

dVt −�dFt =
(

∂V
∂t

+ 1
2
σ 2F2

t
∂2V

∂F2
t

)
dt+

(
∂V
∂Ft

−�

)
dFt (A.6)

Delta hedging, that is, choosing � = ∂V/∂Ft, yields an instantaneously risk-
free portfolio. Therefore, the drift in the portfolio value should equal the
carry of the value of the portfolio under the risk-free rate, which implies

∂V
∂t

+ 1
2
σ 2F2

t
∂2V

∂F2
t

= rV (A.7)

with boundary data specified by V[Te,F(Te,T)] for a European option
payoff, where Te denotes the expiry of the option. The absence of a
term involving ∂V/∂F is due to the absence of a drift in the underlying
dynamics (A.1).

Comment on Discounting

In what follows we will discount to the delivery time T. This is tantamount
to rendering the terminal payoff of a call, for example, as

V[Te,F(Te,T)] = e−r(T−Te) max[F(Te,T) −K,0] (A.8)

continuing the assumption of constant interest rates. In practice, T is set
to be consistent with the exact mechanics of settlement for each particular
transaction.

The familiar formulas for call and put valuation have a slightly simpler
appearance than for cash assets (those that at purchase require up-front
expenditure and hence a cost of carry) because of the absence of the drift
term:

C(t,F) = e−r(T−t) [F�(d1) −K�(d2)] (A.9)

P(t,F) = e−r(T−t) [K�( −d2) −F�( −d1)] (A.10)

where C and P are values for the European call and put, respectively, and
with

d1,2 = ln(F/K) ± 1
2 σ 2(Te − t)

σ
√

Te − t
. (A.11)

Here � denotes the cumulative distribution function of a standard normal
random variable.

These results can easily be extended to the case of deterministic time-
varying volatility of the form

dF(t,T)
F(t,T)

= σ (T − t)dBt (A.12)
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which is commonly used to accommodate volatility backwardation. The pre-
ceding arguments are unchanged in this setting and result in the following
extension of (A.7):

∂V
∂t

+ 1
2
σ (T − t)2F2 ∂2V

∂F2 = rV (A.13)

with the same boundary conditions.
Valuation of any payoff expiring at τ ∈ [0,T] using (A.13) proceeds by

using a standard time-change s(t) that, when applied to (A.13), yields

∂V
∂s

+ 1
2
σ̄ 2

τ F2 ∂2V
∂F2 = rV (A.14)

with s(0) = 0 and s(τ ) = τ . The time change that accomplishes this is

s(t) = τ −
∫ τ

t σ 2(T −u) du

σ̄ 2
τ

(A.15)

where

σ̄ 2
τ = 1

τ

∫ τ

0
σ 2(T −u) du (A.16)

Note the fact that ds/dt = σ 2(T − t)/σ̄ 2
τ , when applied to (A.13), yields

(A.14). The result implies that the average variance over the term of the
option is all that matters when local volatility is deterministic.

Margrabe: Valuation

The Margrabe approach to spread option valuation was originally developed
for cash assets, amounting to evaluation of

e−rTẼ [max (XT −YT,0)]

In the Margrabe setting, the spot prices of two assets X and Y under the
money-market measure (see Chapter 4) are modeled as two GBMs:

dXt = rXtdt+σXXtdB(X)
t

dYt = rYtdt+σYYtdB(Y)
t

The correlation between the Brownian motions is assumed to be a con-
stant ζ .

Change of numeraire ([Hul12],[CD03]) is the most efficient approach to
this problem. In the Y measure, ẼY in which Yt is the numeraire, all assets
discounted by Y must be martingales. Denoting the value of the option at
time t by V(t,Xt,Yt) since V must be an ẼY martingale, we have

V(0,X0,Y0)
Y0

= ẼY

[
V(T,XT,YT)

YT

]
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which implies that

V(0,X0,Y0) = Y0ẼY

[(
XT

YT
− 1
)+]

The ratio

RT ≡ XT

YT
= X0

Y0
eσXBX(T)−σYBY(T)+I(T) (A.17)

is a log-normal random variable, where I(T) denotes drift terms arising from
Ito’s formula. In addition, the exponent in (A.17) has variance

σ̂ 2 ≡ var[σXBX(T) −σYBY(T)] = Te

(
σ 2

X +σ 2
Y − 2ζσXσY

)
Finally, as R is log normal with variance, σ̂ 2 satisfies

E [max(R −K,0)] = E(R)N(d1) −KN(d2) (A.18)

where

d1,2 =
log
[

E(R)
K ± 1

2 σ̂ 2
]

σ̂
(A.19)

Assembling these facts, we have

V(0,X0,Y0) = Y0

[
ẼY

(
XT

YT

)
N(d1) −N(d2)

]
= X0N(d1) −Y0N(d2)

where

d1,2 = log (X0/Y0)± 1
2 σ̂ 2

σ̂
(A.20)

This is (perhaps) intuitively reasonable: the value of the option is as if we
used Black-Scholes with X as the underlying and the strike set to Y0, with
the implied volatility σ̂ the variance of log[XT/YT]. There is no discounting
because funding is embedded in the Y asset.

Margrabe: Hedging

Turning to the Greeks, we will work through the example of a call, the
put case following by analogy. For ease of calculation, note that the value
in (A.20) is equivalent to a Y0 notional quantity of calls on underlying
Ut ≡ Xt/Yt with strike 1:

V(0,X0,Y0) = Y0 [U0N(d1) −N(d2)] (A.21)

Working in (Y,U) variables renders d1,2 functions of U only. We also know
from standard Black-Scholes that

∂V
∂U

∣∣∣∣∣Y = Y0N(d1)
∂2V
∂U2

∣∣∣∣∣
Y

= Y0

Uσ̂
N′(d1) (A.22)
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Note that σ̂ has an embedded T1/2
e . From (A.22) we have

∂V
∂X

= ∂V
∂U

∣∣∣∣Y ∂U
∂X

= N(d1) (A.23)

∂V
∂Y

= ∂V
∂Y

∣∣∣∣U + ∂V
∂U

∣∣∣∣
Y

∂U
∂Y

(A.24)

= UN(d1) −N(d2) +YN(d1)
(

− X
Y2

)
= −N(d2)

providing us with the two deltas for the spread option. Note that ∂V/∂X
increases and ∂V/∂Y decreases as U ≡ X/Y increases.

The calculation for the Hessian � proceeds in a similar fashion. Beginning
with the first term:

∂2V
∂X2 = ∂

∂U

(
∂V
∂U

∣∣∣∣Y ∂U
∂X

)
∂U
∂X

(A.25)

=
(

∂2V
∂U2

∣∣∣∣Y ∂U
∂X

+ ∂V
∂U

∣∣∣∣
Y

∂2U
∂X2

)
∂U
∂X

=
[

Y
Uσ̂

N′(d1)
1
Y

]
= 1

Xσ̂
N′(d1)

This is identical in form to the result for a fixed-strike call option with the
modified volatility σ̂ . As in the simpler setting, ∂2V/∂X2 decreases with
increasing T as σ̂ increases with tenor (recall that T is implicit in σ̂ ).

Similarly,

∂2V
∂Y2 = ∂−N(d2)

∂U

(−X
Y2

)
(A.26)

= −N′(d2)
Uσ̂

(−X
Y2

)
= N′(d2)

Yσ̂
= XN′(d1)

Y2σ̂

where we have used the fact that N′(d2) = (X/Y)N′(d1).
Finally,

∂2V
∂X∂Y

= ∂[−N(d2)]
∂U

(
1
Y

)
(A.27)

= −N′(d2)
UYσ̂

= −N′(d2)
Xσ̂

= −N′(d1)
Yσ̂

Both ∂2V/∂X2 and ∂2V/∂Y2 are positive, as is expected by analogy with
vanilla calls and puts. The cross-gamma term ∂2V/∂X∂Y is negative: Increas-
ing Y lowers the moneyness of the option, thereby reducing ∂V/∂X. Viewed
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collectively as a Hessian, the � matrix

� = N′(d1)
σ̂

(
1
X − 1

Y

− 1
Y

X
Y2

)
(A.28)

is positive definite because

�αt��α = 1
X

(
α1 − X

Y
α2

)2

The spread option payoff is an option: when delta hedged, all directions
point up.

Turning to vega, as with a single asset call option, ∂V/∂σ̂ is positive:

∂V
∂σ̂

= XN′(d1)
∂d1

∂σ̂
−YN′(d2)

∂d2

∂σ̂
= XN′(d1) (A.29)

By the chain rule, we have

∂V
∂σX

= ∂V
∂σ̂

∂σ̂

∂σX

Implicit differentiation yields

∂σ̂

∂σX
= T

1
2 (σX − ζσY)(

σ 2
X +σ 2

Y − 2ζσXσY
)1/2

with a symmetric result for ∂σ̂/∂σY. Therefore,

∂V
∂σX

= XN′(d1)
T1/2 (σX − ζσY)(

σ 2
X +σ 2

Y − 2ζσXσY
)1/2 (A.30)

and
∂V
∂σY

= XN′(d1)
T1/2 (σY − ζσX)(

σ 2
X +σ 2

Y − 2ζσXσY
)1/2 (A.31)

each of which scales as T1/2.
One final comment is in order, given that all applications of Margrabe in

the commodities setting involve forwards, not cash assets. All the preceding
results must be discounted. Letting Xt = F(t,T1) and Yt = G(t,T2), the for-
ward prices for two (possibly the same) commodities, the terminal value of
a call option with expiry Te is

e−r(T−Te) max[F(Te,T1) −H∗G(Te,T2),0] (A.32)

where we are assuming settlement at a defined time T for both legs. The t = 0
value of this option is

V [0,F(0,T1),G(0,T2)] = e−rT [F(0,T1)N(d1) −H∗G(0,T2)N(d2)] (A.33)
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with

d1,2 =
log
[

F(0,T1)
H∗G(0,T2)

]
± 1

2 σ̂ 2

σ̂
(A.34)

and
σ̂ 2 = Te

(
σ 2

F +σ 2
G − 2ζσFσG

)
Note that if all volatilities are set to zero, the value of the option is the intrin-
sic value e−rT max[F(0,T1) −H∗G(0,T2),0]. Similarly, all the preceding
Greeks require discounting.

Margrabe: Distributional Calculations

In the Margrabe setting, each underlying has a log-normal marginal
distribution. The relationship between one leg, say, G(t,T), and the ratio
F(t,T)/G(t,T) is often of empirical interest. In the context of power and
natural gas, the ratio is referred to as the market heat rate.

For ease of notation, let

σ̃F = σFt1/2

σ̃G = σGt1/2

where σF and σG are volatilities of the two underlying forward prices (in
the case of time-varying local volatility, these are the implied volatilities
for [0, t]). We will also denote the normal deviates corresponding to the
two underlyings at time t by ZF and ZG, respectively, and the correlation
between these by ζ .

The forward price ratio is therefore

H(t,T) ≡ F(t,T)
G(t,T)

= F(0,T)
G(0,T)

eσ̃FZF− 1
2 σ̃ 2

F−σ̃GZG+ 1
2 σ̃ 2

G (A.35)

Writing ZF = ζZG +
√

1 − ζ 2W, where W is independent of ZG, yields the
appropriate correlation ζ and allows us to rewrite (A.35) as

H(t,T) = F(0,T)
G(0,T)

(
eσ̃F

√
1−ζ 2W−1/2(1−ζ 2)σ̃ 2

F

)(
e(ζ σ̃F−σ̃G)ZG−1/2(ζ 2σ̃ 2

F−σ̃ 2
G)
)

(A.36)

We have arranged the W component to have the martingale property.
From this we can see that the heat rate H(t,T) is not a martingale, in general,
because the third term has a nontrivial expected value:

Ẽ
[
e(ζ σ̃F−σ̃G)ZG−1/2(ζ 2σ̃ 2

F−σ̃ 2
G)
]

= e1/2[(ζ σ̃F−σ̃G)2−(ζ 2σ̃ 2
F−σ̃ 2

G)]

= eσ̃G(σ̃G−ζ σ̃F)
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A relationship between H(t,T) and G(t,T) implied by the Margrabe
approach can now be established. Using the fact that

G(t,T) = G(0,T)eσ̃GZG−1/2σ̃ 2
G (A.37)

we have

ZG = 1
σ̃G

log
[

G(t,T)
G(0,T)

]
+ 1

2
σ̃G (A.38)

Inserting this into (A.36) yields

H(t,T) = F(0,T)
G(0,T)

(
eσ̃F

√
1−ζ 2W−1/2(1−ζ 2)σ̃ 2

F

)

×
(

e
(ζ σ̃F−σ̃G)

{
1

σ̃G
log[G(t,T)/G(0,T)]+1/2σ̃G

}
−1/2(ζ 2σ̃ 2

F−σ̃ 2
G)
)

= F(0,T)
G(0,T)

(
eσ̃F

√
1−ζ 2W−1/2(1−ζ 2)σ̃ 2

F

)

×e1/2ζ σ̃F(σ̃G−ζ σ̃F)

[
G(t,T)
G(0,T)

](ζ σ̃F/σ̃G−1)

(A.39)

This establishes that in the Margrabe log-normal setting, H(t,T) is related to
G(t,T) via

H(t,T) = cXG(t,T)(ζ σ̃F/σ̃G−1) (A.40)

where c depends on t, and X is a unit-mean log-normal random variable with
returns variance σ̃F

√
1 − ζ 2.
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Portfolio Mathematics

In this appendix we will survey basic mean-variance optimization methods
used in portfolio management across all asset classes (see [JI87], [Lue98], or
[Shr04] for general treatments).

Covariance calculations in finance typically address questions of the fol-
lowing mean-variance form: given a set of terminal prices X̄T, find a set of
weights w̄ that maximizes the expected value of the portfolio w̄†X̄T

1 subject
to a variance penalty. Written as a minimization problem, the formulation
becomes

min
w

[
var
(
w̄†X̄T

)
−λE

(
w̄†X̄T

)]
(B.1)

where λ is the reward of gains in expected value relative to variance.2

The solution to this problem is well known and proceeds by expanding the
preceding term as

min
w

(
�w†A �w−λ �w† �µ

)
(B.2)

where �µ and A denote the mean and covariance matrix of �X, respectively.
Minimizing over each component of �w yields the equation

A �w− λ

2
�µ = 0

from which we obtain

�w = λ

2
A−1 �µ (B.3)

For the one-dimensional case in which the covariance matrix A is simply the
variance σ 2

X, the optimal holding is w = λµ/2σ 2. The investment weight is
increasing with mean and decreasing with variance as expected.

1 Here w̄† denotes the transpose of w̄.
2 Far more general utility optimization is routine in finance, including path-dependent problems in

which the optimization is over a continuous time interval. See, for example, [KS91], [Oks10], or
[Set00].
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A common variation of the mean-variance paradigm is the minimum-
variance criterion used frequently in hedge construction.3 The setup for
minimum-variance hedge construction is that the investor is endowed with
an existing portfolio consisting of � = �π† �X and seeks to construct a
variance-minimizing hedge using another set of tradables with payoffs �Y.

The minimum-variance criterion is

min
w

var
(

�w† �Y + �π† �X
)

(B.4)

Proceeding similiarly, the quadratic form requiring minimization is

min
w

(
�w†AYY �w+ 2 �w†AYX �π + �π†AXX �π

)
(B.5)

where the As are the respective covariance matrices between the subscripted
random vectors. Minimization yields

AYY �w+AYX �π = 0

with the resulting optimal hedge given by

�w = −A−1
YYAYX �π (B.6)

For the situation in which both X and Y are one-dimensional, the preceding
result reduces to the well-known solution

w = −ρXYσX

σY
(B.7)

with the intuition being that at unit correlation, the appropriate hedge ratio
is given by the ratio of the two volatilities [Hul12].

The application of minimum-variance hedging that we will use most is
over short time scales when �π† �X is a weighted sum of price changes across
an entire forward curve, and �Y is the set of price changes of a subset of for-
ward price changes, usually at short tenor, for which hedging is efficient and
transaction costs minimal. The simplest case occurs when the existing port-
folio consists of a position on a single contract with forward price F(t,T), and
the hedge instrument is a single forward F(t,S). The optimal hedge obtained
from (B.6) is given by

w(t,S,T) = −d(t,T)
d(t,S)

cov[dF(t,S),dF(t,T)]
var[dF(t,S)]

(B.8)

The discount factors d(t, ·) are required because the change in present value
of a forward contract is discounted.

3 In the presence of transaction costs, optimal hedge construction is nontrivial because a pure
minimum-variance calculation will pay anything to minimize risk. For now, however, we will do
the simple calculations in the absence of frictions.
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Letting r(t,T) denote the (random) return at time t and tenor T,

w(t,S,T) = −d(t,T)
d(t,S)

F(t,T)
F(t,S)

cov[r(t,S),r(t,T)]
var[r(t,S)]

= −d(t,T)
d(t,S)

F(t,T)
F(t,S)

σ (t,T)
σ (t,S)

ρ(t,S,T) (B.9)

where σ (t,T) is the returns volatility for contract T, and ρ(t,S,T) is the
returns correlation between the S and T contracts each at prevailing local
time t.
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Gaussian Exponential Factor Models

In this appendix we develop the key results related to the multifactor
forward dynamics described by

dF(t,T)
F(t,T)

=
J∑

j=1

[
σj(t,T)e−βj(T−t) dB(j)

t

]
(C.1)

where the volatilities σj are deterministic functions of t and T, and
the Brownian motions have a constant correlation structure ρj,k ≡
corr

[
dB(j),dB(k)

]
.

F(t,T) Is Log-Normally Distributed

The integral of the returns for factor j over the time interval [0, t], for delivery
T, is ∫ t

0
σj(s,T)e−βj(T−s) dB(j)

s (C.2)

Because any stochastic integral of the form
∫ t

0 φ(s) dBs is normally dis-
tributed with mean zero, F(t,T) has a log-normal distribution.

We also know that1

E

{[∫ t

0
φ(s)dBs

]2
}

=
∫ t

0
φ2(s) ds (C.3)

for deterministic φ. Therefore, in the case where the Browian motions are
uncorrelated, the returns variance V(t,T) for F(t,T) is

V(t,T) =
J∑

j=1

∫ t

0
σ 2

j (s,T)e−2βj(T−s) ds (C.4)

1 This is known as the Ito isometry and is the basic mechanism by which stochastic integrals are
constructed [KS91].
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The general result with correlated factor returns is

V(t,T) =
J∑

j=1

J∑
k=1

∫ t

0
σj(s,T)σk(s,T)ρj,ke−βj(T−s)e−βk(T−s) ds (C.5)

These results ultimately provide us with the implied volatilities for options
on F(t,T), as well as the following expression for F(t,T) obtained via Ito’s
formula:

F(t,T) = F(0,T)e
∑J

j=1
∫ t

0 σj(s,T)e−βj(T−s)dB(j)
s −1/2V(t,T) (C.6)

The separation of the volatility terms σj(t,T) from the exponential terms
is purely optical, and for models of this form to be of use, judicious
assumptions regarding the form of the volatility terms are required.

Separable Volatility Structure and Ornstein-Uhlenbeck Processes

If we assume that each volatility function factors into functions of spot and
delivery time, respectively, σ (t,T) = ν(t)σ (T) (omitting the factor subscripts
for the moment), then the integral of (C.2) can be written as

σ (T)e−β(T−t)
∫ t

0
v(s)e−β(t−s) dBs = σ (T)e−β(T−t)Y(t) (C.7)

where

Y(t) ≡
∫ t

0
v(s)e−β(t−s) dBs (C.8)

Of note is that Y(t) is independent of T.
In this case, considering all factors, (C.6) becomes

F(t,T) = F(0,T)e
∑J

j=1 σj(T)e−βj(T−t)Yj(t)−1/2V(t,T) (C.9)

which, in spite of appearances, constitutes a meaningful improvement
because the entire forward curve is now a function of a finite number of
state variables: {Yj}J

j=1.
To characterize the dynamics of these state variables, differentiation of

(C.8) with respect to t yields

dY = −β

[∫ t

0
v(s)e−β(t−s) dBs

]
dt+ ν(t)dBt (C.10)

or, more succinctly,
dY = −βYdt+ ν(t)dBt (C.11)

The Y processes mean revert to zero, with mean reversion rates specified by
the βs and driven by an additive Brownian motion with volatility ν(t).
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When ν(t) is a constant, diffusions of the form (C.11) are referred
to as Ornstein-Uhlenbeck (OU) processes. This is the “big-T” framework
discussed in Chapter 7, in whic h σj(t,T) = σj(T).

The generic OU process

dY = −βYdt+dBt (C.12)

is amenable to exact integration

Yt = Y0e−βt +
∫ t

0
e−β(t−s) dBs (C.13)

This can be verified by differentiation but is best viewed as a direct analogue
from linear ordinary differential equations, where the initial value decays
exponentially to zero at rate β, as do all perturbations dBs from the time
such occur.

Equation (C.13) allows us to establish a few facts that will be useful.
First, the mean decays at rate β is

E(Yt|Y0) = Y0e−βt (C.14)

which follows by taking the expected value of (C.13).
Second, the conditional variance converges exponentially to a stationary

limit

var(Yt|Y0) = 1 − e−2βt

2β
(C.15)

which follows from (C.13) and (C.3).
By taking the limit t → ∞ in (C.15), we see that the stationary variance of

the OU process is:

var(Y∞) = 1
2β

(C.16)

The relevance of this fact is that when mean reversion rates are positive, the
limiting distribution of the forward prices is stationary.

Finally, the autocorrelation structure can be obtained from (C.13), which
implies that

Yt+s = e−βsYt +
∫ t+s

t
e−β(u−t) dBu (C.17)

As the second term is mean zero and independent of Yt, the auto correlation
function is

〈Yt+s,Yt〉 = e−βs (C.18)
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Variances and Correlations

The variance V(t,T) that makes F(t,T) a martingale can be calculated exactly
when the local volatilities take the form σj(T) (the big-T setting):

V(t,T) =
J∑

j=1

J∑
k=1

σj(T)σk(T)ρj,k

[
e−(βj+βk)(T−t) − e−(βj+βk)T

βj +βk

]
(C.19)

In the case where the Brownian motions are uncorrelated, this reduces to

V(t,T) =
J∑

j=1

σ 2
j (T)

(
e−2βj(T−t) − e−2βjT

2βj

)
(C.20)

Similarly, the returns covariance of contracts S and T over [0, t] is

V(t,S,T) =
∑

j

σj(S)σj(T)
∫ t

0
e−βj(S−u)e−βj(T−u) du

=
∑

j

σj(S)σj(T)

(
e−βj(S+T−2t) − e−2βj(S+T)

2βj

)
(C.21)

The term returns correlation between the two contracts is obtained by
normalizing (C.21) by the two returns volatilities obtained from (C.4).

A similar calculation yields the term covariance and correlation between
two different commodities. In the case of spread options, the typical sit-
uation is for common delivery times for both legs, as for calendar spread
options (CSOs) and tolling transactions. Denoting the two commodities by
superscripts, the same calculation that yielded (C.4) results in a covariance
of the form

V1,2(t,T) =
J∑

j=1

J∑
k=1

σ
(1)
j (T)σ (2)

k (T)ρ̃j,k


e

−
(
β

(1)
j +β

(2)
k

)
(T−t) − e

−
(
β

(1)
j +β

(2)
k

)
T

β
(1)
j +β

(2)
k


 (C.22)

where ρ̃j,k denotes the correlation between factor j of the first commod-
ity and factor k of the second. Term correlations used in valuation are,
as before, obtained by normalizing V1,2(t,T) by the respective volatilites
obtained from (C.4) for each commodity leg.

Spot Price Dynamics

Spot price dynamics can be inferred from (C.9) and (C.11). Continuing in
the big-T setting, with volatilities of the form [σj(T)] and assuming that the
factors are uncorrelated, the spot price is given by

F(t, t) = F(0, t)e
∑J

j=1[σj(t)Yj(t)]−1/2V(t,t) (C.23)
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with

V(t, t) =
J∑

j=1

σ 2
j (t)

(
1 − e−2βjt

2βj

)
(C.24)

Ito’s formula implies

dF
F

(t, t) = d log[F(t, t)] + 1
2

< dF(t, t) >

F2(t, t)

=

∂logF(0,T)

∂T

∣∣∣∣∣∣T=t −
∑

j

σjβjY
(j)
t + 1

2

∑

j

σ 2
j − 1

2
∂V(t,T)

∂T

∣∣∣∣∣∣
T=t


dt +

∑

j

σjdB(j)
t

which reduces to

dF
F

(t, t) =

∂logF(0,T)

∂T

∣∣∣∣∣∣T=t −
∑

j

σjβjY
(j)
t + 1

2

∑

j

σ 2
j

(
1 − e−2βjt

)
dt +

∑

j

σjdB(j)
t

Because

logF(t,T) = logF(0,T) +
∑

j

e−βj(T−t)σjY
(j)
t − 1

2
V(t,T)

we have

∂ logF(t,T)
∂T

∣∣∣∣T=t = ∂ logF(0,T)
∂T

∣∣∣∣
T=t

−
∑

j

σjβjY
(j)
t + 1

2

∑
j

σ 2
j

(
1 − e−2βjt

)

This means that

dF
F

(t, t) = ∂ logF(t,T)
∂T

∣∣∣∣
T=t

+
∑

j

σjdB(j)
t (C.25)

The implication is that the spot price return has a drift equal to the local
slope of logF(t,T).

The mean reversion rates β̄ also relate to distributional attributes of spot
dynamics including the autocorrelation function (ACF). Letting

ρt ≡ log
[

F(t, t)
F(0, t)

]
(C.26)

(C.23) yields

ρt =
J∑

j=1

σj(t)Yj(t) − 1
2

V(t, t) (C.27)

The correlation between ρ(t) and ρ(t+ s) is therefore

〈ρt,ρt+s〉 =
〈∑

j

σjYj(t),
∑

j

σjYj(t+ s)

〉
(C.28)
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Assuming that the underlying OU processes are uncorrelated, (C.15) and
(C.18) imply

〈ρt,ρt+s〉 =
∑

j σ
2
j

(
1−e−2βjt

2βj

)
e−βjs

∑
j σ

2
j

(
1−e−2βjt

2βj

) (C.29)

The preceding expression reduces to a form useful for statistical esti-
mation over short time scales when one factor has a high volatility and
mean-reversion rate relative to the others. Working in the two-factor set-
ting for simplicity, in the limit t → 0, with β1t → 0 while β2t is held constant,
the auctocorrelation is asymptotically

〈ρt,ρt+s〉 ∼ e−β2s (C.30)

This facilitates econometric estimation of β2 using the ACF of β2 when
returns dynamics exhibits a large separation of time scales (β1 << β2), as
for power. This is also useful in estimation of spot volatilities and correla-
tions by setting the reference price F(0, t) equal the settlement price Fm(Te),
where m indexes month, and using F(t, t) as the daily spot prices during the
month.

Simulation

Simulating the dynamics of (C.1) in the case of separable local volatilities
is equivalent to simulating the processes Ȳt given in (C.11). Once realiza-
tions of these underlying factors are obtained, computation of F(t,T) on any
sample path is straightforward.

In the case where νj(t) ≡ 1, (the big-T setting), the diffusions Ȳt are OU
processes (C.12). Simulating a transition from Yt to Ys is achieved by gener-
ating normal random deviates, because (C.13) implies that the distribution
of Ys given Yt is normal with

E(Ys|Yt) = e−β(s−t)Yt var(Ys|Yt) = 1 − e−2β(s−t)

2β
(C.31)

If simulation is on a uniform time grid [0,δ,2δ, . . . ], the dynamics is identical
to an AR(1) (see [BD02]) process:

Y(n+1)δ = e−βδYnδ +σδZn+1 (C.32)

where σ 2
δ = (1 − e−2βδ)/2β, and Z̄ are independent standard normal devi-

ates. Commercial time-series or signal-processing software can be used for
efficient simulation.

In the case of nontrivial ν(t) structure, it is common for ν(t) to take the
form of a step function, in which the preceding approach can be performed
piecewise.
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Common Tradables

In this appendix we describe some of the commonly traded instruments in
the primary markets discussed in this book: crude oil and refined products,
natural gas, and power. Rather than organizing this appendix by market,
given the common nature of many of the instruments, the discussion that fol-
lows is organized by class of trade, namely, linear instruments (futures, for-
wards, and swaps), single-commodity options, and cross-commodity options.

Those experienced in the markets will recognize that many trades that do
occur with some frequency are not included in this summary. The purpose
here is to clarify the topics in the body of the text, as well as to create a quick
reference. The variety of swaps and options that trade in each market is sub-
stantial, and details can be obtained through the various exchange websites
or directly from trade confirms. In addition, Geman [Gem05] provides a very
useful survey of markets and instruments.

Linear Instruments

Benchmark Futures Contracts

Futures contracts are traded by delivery month. The dominant benchmark
contracts in energy are West Texas Intermediate (WTI) and Brent for crude
oil and Henry Hub, NBP, and TTF for natural gas futures. For example,

• NYMEX WTI futures contract. Sometimes referred to as the light sweet crude oil
futures, owing to the high quality of WTI, delivery is at pipeline or storage facilities
in Cushing, Oklahoma, and must occur sometime during the delivery month. The
standard contract size is 1,000 barrels. The last trading day of the contract is spec-
ified by the exchange via a date rule (three business days before the first business
day at or before the twenty-four day of the previous month), which corresponds
to roughly two-thirds of the way through the preceding calendar month.

• ICE brent futures contract. The Brent contract is described by the exchange as
physically settling with an option to settle financially. The contract expires on
the last business day on or before the fifteenth day of the preceding month.
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Financial settlement is based on the ICE Brent Index as published on the day
after settlement. This index is computed using the arithmetic average of physi-
cal forward trades for the next two delivery months, with the second month price
linearly adjusted by the average price at which spreads traded during the day.
The set of crude oil streams on which the index is calculated has been expanded
to the broader Brent, Forties, Oseberg, and Ekofisk (BFOE) basket due to the
deleterious impact on liquidity resulting from diminishing production of Brent
fields.

• NYMEX Henry Hub futures contract. Referred to as the NG futures, the con-
tract size is 10,000 MMBtus. Delivery occurs ratably (uniformly) over the delivery
month at Henry Hub, Lousiana. Futures expiration is three business days prior to
the delivery month.

Fixed-Price Swaps

Fixed-price swaps settle on the product of the contracted notional N and the
difference between a floating price pfloat and the contractual fixed price K.
The payoff, from the perspective of the holder of the long position, is

N(pfloat −K) (D.1)

The distinctions in swaps arises in the mechanics of computing pfloat and in
conventions regarding calculation of the notional N.

• WTI Asian swaps. These are monthly swaps that reference the WTI futures con-
tract, settling on the average of the first nearby contract price over the contract
month:

pfloat(m) = 1
Km

∑
d∈m

F1(d) (D.2)

where Km is the number of trading days in month m, and F1(d) denotes the set-
tlement price of the first traded contract on day d. The floating price is therefore
roughly a two-third to one-third the average of two distinct contract prices.

• NG penultimate swaps. These are monthly swaps in which pfloat is the settlement
price of the the natural gas futures one day before contract expiry; equivalently
four business days before the delivery month.

• NG L3D swaps. A generalization of the penultimate swap, these swaps settle on
pfloat computed as the average of the last three trading days (hence the name L3D)
of the NG futures contract. The purpose of the averaging is to mitigate the effects
of any unusual price dynamics associated with options or futures expirations.

• Monthly power swaps. Financially settling power contracts in which pfloat for
month m is the average hourly spot price over the delivery period:

pfloat(m) = 1
Kh

∑
h∈B(m)

ph (D.3)

where Kh is the number of hours h in the delivery bucket B(m). This delivery
bucket is defined by contract month and hour bucket, with peak and off-peak
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buckets the most liquid. The definitions vary by location. In the United States,
the two buckets are defined as
◦ Peak (“5x16”)

∗ Eastern markets: 7 a.m. to 11 p.m. EST Monday through Friday excluding
holidays

∗ Western markets: 7 a.m. to 11 p.m. PST Monday through Saturday excluding
holidays

∗ Texas (ERCOT): 6 a.m. to 10 p.m. CST Monday through Friday excluding
holidays

◦ Off-peak: The complement of peak

where holidays are in reference to the NERC1 holiday calendar. The total
notional is the product of the quoted notional rate (e.g. 50 MW) and the
number of hours Kh.

Locational Spreads

Commonly referred to as basis trades, these take a variety of forms in each
of the primary markets. The simplest situation is where pairs of futures at
different delivery locations effectively trade as a package, as in the ICE
Brent-WTI futures spread. Such transactions are nothing more than coupled
futures contracts.

The more interesting situation occurs when benchmark futures contracts
are linked to different locational risks with different settlement mechanisms.
Of note are natural gas basis swaps, which link the Henry Hub futures con-
tract with the near-equivalent at particular delivery locations. Both legs are
floating, and settlement is on the difference. In the United States, basis swaps
settle on the product of the notional and the spread differential:

N [FD(TBW) −FHub(Te)] (D.4)

where FHub(Te) is the settlement price on the expiration date Te of the
Henry Hub futures contract for the given month. FD(TBW) is the bid-week
price for the specified delivery location. The bid-week price is a volumet-
rically weighted average of transaction prices during the five trading days
prior to the delivery month, as established by index vendors.

Swaps of this form transfer risk from the benchmark, namely, Henry Hub
in this example, to the desired delivery location. Similar locational swaps
exist across the energy commodities spectrum, from refined products to
power, with the basic feature that settlement is defined by two floating legs
corresponding to two delivery locations of the same commodity.

1 NERC is the North American Electric Reliability Corportation.
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Time Spreads

Commonly referred to as calendar spreads or rolls, this category of trade
is used to change the tenor (roll) risk positions more efficiently than doing
two individual trades. Such trades are the equivalent of a long position in
a futures or swap contract (or strip of contracts) and an offsetting short
position of equivalent (or nearly equivalent) notional.

Calendar spreads are quoted with the convention that backwardation is
premium. For example, in natural gas, a “Cal13/Cal14 roll” quoted at −$0.30
means that the Cal13 strip is trading at a discount of 30 cents to the Cal14
strip. In crude oil, these usually take the form of a swap or futures contract
on the spread between two contract months; at long tenors, the December-
December spreads are the points of liquidity. For natural gas, monthly
spreads are quoted at short tenors; at longer tenors, liquidity is concentrated
in calendar strip spreads.

Another important example are the Gas Daily/IFERC2 swaps, often
referred to as index swaps, which convert the monthly price risk associated
with the bid-week price FD(TBW) in (D.4) to the Gas Daily spot price as
published by Platts. The payoff is therefore the product of the notional and
difference between the average spot price pGD(d) over the month and the
bid-week price FD(TBW):

N
∑
d∈M

[pGD(d) −FD(TBW)] (D.5)

where N is the daily notional. We categorize these swaps as time spreads as
these effect a risk transfer from a monthly settlement price to future spot
prices. These are, however, usually viewed as swaps that effect the mechan-
ical step of converting benchmark price risk to daily spot price risk in the
natural gas markets.

Cross-Commodity Spreads

Two commonly encountered cross-commodity swaps in energy are between
refined products and crude oil and between electricity and input fuels, usu-
ally natural gas. Crack spreads are futures or swaps on the spread between
a refined product (or a basket of several products) and a crude oil. The term
crack spread often refers to the simple concept of paired trading between
some quantity of refined product futures contracts and a crude oil contract.
Although refined products are usually quoted in cents per gallon, the lot
size of 42,000 gallons is equivalent to the 1,000-barrel lot size of a crude con-
tract. In addition to the basic heating oil and gasoline crack spreads, which
are usually a one-to-one ratio of the single product to a crude oil, standard

2 IFERC is an abbreviation for “Inside FERC”, a set of indices published by Platts.
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basket crack spreads are commonly traded, for example, the 3-2-1 spread
that comprises three oil contracts against two gasoline and one heating oil
contract.

The different settlement conventions on each leg of the basic futures
crack spreads can result in risks appearing as legs expire on different dates.
The RBOB3 gasoline NYMEX futures contract, for example, expires on
the last business day preceding the delivery month, whereas the WTI con-
tract expires roughly ten days earlier. As a consequence, exchange-traded
crack spread futures are usually financially settled on the average of the
first nearby contracts, just as for WTI Asian swaps. For example, the
NYMEX RBOB gasoline crack spread future settles on the realized average
first-nearby spread:

sfloat(m) = 1
Km

∑
d∈m

[
FRBOB

1 (d) −FWTI
1 (d)

]
(D.6)

In a similar fashion, cross-commodity swaps arise in the power and natural
gas markets, caused by the coupling between the two commodities resulting
from the prevalence of combined-cycle generation. In North America, some
power markets commonly trade as spreads to natural gas. The usual refer-
ence is the Henry Hub futures contract, and the forward or swap is priced as
a heat rate to natural gas. A heat-rate swap struck at H∗ involves two float-
ing legs until the natural gas leg expires, at which time the swap converts to a
fixed-strike power swap, where the floating leg is exactly as defined in (D.3),
and the fixed price is H∗FHub(Te). For example, if the swap was traded at
H∗ = 9.0 and the natural gas futures contract settled at $4.00/MMBtu, the
power swap has a fixed price of $36/MWh.

Single-Commodity Options

The primary single-commodity options are monthly, daily, and calendar
swaptions. Calendar spread options also fall into this category.

Swaptions

These are options that, on exercise, result in a swap position in a strip of
contracts at a fixed strike K. Often the strip is one calendar year. The swap
at expiry has a value per unit notional of

Vτ = 1
12

∑
m

d(τ ,Tm) [F(τ ,Tm) −K] (D.7)

where τ is is the expiry of the swaption. A call swaption, for example, has a
terminal value of the form max (Vτ ,0).

3 RBOB refers to “Reformulated gasoline Blend stock for Oxygen Blending”
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Monthly Options

Monthly options are the most commonly traded energy options, involving
settlement on either a futures or swap price for a given contract month or on
the average of an index over the month.

Exchange-traded monthly options, or look-alikes, settle on the value
F(τ ,Tm) − K, where F(τ ,Tm) is the value of the futures contract at expi-
ration/exercise τ , and K is the strike. Call or put option payoffs are applied
to this spread. The exercise date τ is usually within a few business days of
the expiration of the futures contract. Exchange-traded options of this type
often have American exercise features. If the mechanics of the exchange
involves an up-front premium payment, the American feature is nontrivial;
the value will exceed that of its European counterpart (see Chapter 4).

Monthly options can be either cash-settled or can result in a position in
the underlying futures or swaps. For example, NYMEX natural gas options
expire one business before the futures contract expiry and exercise into
a futures contract. Likewise, monthly options in power typically exercise
two business days before the delivery month into a financial swap on the
underlying power index.

Another common variation of monthly options is Asian options, closely
related to the Asian swaps discussed in the preceding section. The call or put
feature is applied to the Asian average of the first nearby defined in (D.2).

Daily Options

Daily options trade most commonly in power and to a lesser extent in natural
gas. Daily options trade by contract month; for example, a daily option for a
particular month for peak power consists of a set of distinct options, one for
each delivery day in the month.

In power, options liquidity is concentrated in the peak buckets and at the
most liquid hubs. A daily option on a contract month, therefore, typically
has twenty to twenty-two discrete “optionlets” corresponding to the num-
ber of business days in the month. The typical form of exercise is manual
(phone) exercise by 10 a.m. on the business day before delivery. Settlement
is financial. For example, the settlement amount for a call option is

∑
d∈m

1Ed[F(τd,Td) −K] (D.8)

where d ∈ m denotes the set of delivery days in the option during month m,
and Ed denotes the event that the option was exercised one business day
(τd) before delivery day d; 1Ed is one if exercise occurred and zero oth-
erwise. Less commonly traded are autoexercise (lookback) daily options,
which settle on

∑
d∈m max[F(Td,Td) −K,0].
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Another type of daily option trades primarily in the natural gas mar-
kets. These are forward-starter options, which are options on the index
spread defined in (D.5). The term forward starter (sometimes referred to as a
Cliquet feature) is due to the fact that the first-of-month price FD(TBW) acts
as a floating strike until it fixes during bid week. Once fixed, this structure
constitutes a set of fixed-strike daily options with strike K = FD(TBW).

Calendar Spread Options (CSOs)

Options on calendar spreads trade in oil and natural gas markets. The
underlying spread is of the form

F(τ ,T2) −F(τ ,T1) −K (D.9)

on which call or put payoffs are applied. An at-the-money CSO corre-
sponds to a strike K = F(0,T2)−F(0,T1), effectively serving to reference the
expiration spread to the current spread. These options, when traded, pro-
vide information about the returns correlation structure between different
contract months of the same commodity.

Cross-Commodity Options

Cross-commodity options are essential to hedging basic conversion infras-
tructure – particularly refining and generation. Although substantially less
liquid than the single-commodity options on future exchanges or over the
counter (OTC), these are often transacted in sizable notionals in structured
hedges.

Crack Spread Options

Options on crack spreads are based on the structure of crack spreads futures
and swaps discussed in the first section. For example, a NYMEX NY Harbor
heating oil crack spread option versus WTI expires on the business day pre-
ceding the expiration of the WTI futures contract, at which time the holder
of a call option on exercise assumes a long heating oil contract and a short
WTI futures contract. The two futures contract prices are set according to
a detailed price-rounding protocol, which effectively amounts to setting the
WTI price at the WTI futures settlement price and the heating oil contract
at the sum of the price of the WTI settlement and the strike price. This price
is divided by 42 to convert the result to units of gallons in which the heating
oil futures contract trades.

The other flavor of crack spread option is the Asian variety, which settles
financially on the call or put option payoff applied to (D.6).
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Tolling (Spark-Spread) Options

Technically, the term tolling option or contract refers to physical control of
a generator. In this text we use the term interchangeably with spark-spread
options, which are also referred to as heat-rate options.

These options trade OTC with sporadic liquidity and are usually a com-
ponent of structured hedges for builders or buyers of generation seeking
financing. Tolls almost always involve daily exercise, with exercise one day
prior to the delivery day. The payoff, therefore, is a modification of (D.8),
with the fixed strike modified by a cost of natural gas:∑

d∈m

1Ed[F(τd,Td) −H∗G(τd,Td) −K] (D.10)

As before, Ed denotes the event of exercise at expiry τd. The natural gas
price at time τd for delivery at Td is denoted by G(τd,Td), and H∗ is a deal-
specific heat rate.
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Temperature triggers, 398

Options, 22
American, 469

Forwards, 81, 87
Futures, 81, 88

Asian, 469
Calendar spread (CSOs), 188, 226, 470

As storage, 300
Broker chat, 191
Valuation, 191

Cross-commodity, 470
Daily, 22, 231, 469
Forward-starting, 231, 250, 304

Hedging, 252
Heat rate, see Tolling deals
Listed, 469

Equity-style, 81, 88
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Monthly, 22, 231, 469
Multiple time scales, 223
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Peaking, 253
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Valuation, 254

Spark spread, see Tolling deals
Spread options, see Spread options
Structural limitations, 23, 139
Swaptions, 188, 231, 468
Tolling, see Tolling deals

Organization of the Petroleum Exporting
Countries (OPEC), 9, 441

Ornstein-Uhlenbeck (OU) process, 245, 250, 254,
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Autocorrelation, 460
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Simulation, 463
Stationary variance, 460
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(PADD), 42
Physical settlement, 16
Pipeline tariffs

Capacity charge, 125
Fuel charge, 125
Variable charge, 125

PJM, see Electricity markets, PJM
Planning year, 122
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Portfolio analysis, 455
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Mean-variance, 455
Minimum-variance, 456

Power, see Electricity
Price hold structures, 140
Price ratio, 162
Price testing, 406
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Consensus service providers, 407
Exchange-listed products, 406
Exchange settlements, 407
Historical market data, 406
Portfolio auctions, 407
Statistical methods, 408
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Volatility surfaces, 409

Principal-components analysis (PCA), 107
Application to hedging, 121
Extension to seasonal returns, 110, 416
Factor extrapolation, 121

Profit and loss attribution, 134

Refined products, 39, 44
Crack spread, 45, 46, 119, 190
Demand, 46
Distillates, 44
Fuel oil, 39
Gas oil, 44
Gasoline, 39, 44
Heating oil, 44

Inventory, 46
Residual fuel oil (resid), 44
Units, 33

Regional transmission organization (RTO), 65
Regulation, 441

CFTC, see Commodities Futures Trading
Commission (CFTC)

Deregulated markets, 49, 64, 376, 432
Dodd-Frank, 95, 441, 442

Capital requirements, 442
Clearing requirements, 442
Client reporting, 442
OTC regulation, 442
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Federal Energy Regulatory Commission
(FERC), 3

Regulated markets, 49, 64, 376, 432
Volker rule, 442

Repo, 8
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Retail energy providers (REPs), 6, 7, 95, 397
Returns, 4
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Constant maturity, 93
Nearby contracts, 93

Locational, 274
Spot, 232, 233, 462

Alternative definition, 234
Risk metrics

Coherent, 411
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Specific risks, 406, 421
Value-at-risk (VaR), 135, 403, 411
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Historical, 415
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Limitations, 411, 413
MVaR, 415
Risk mappings, 412, 420
Seasonality, 416
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Variance-covariance method, 415
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Actuarial, 257, 376, 414
Basis, 119, 123, 133
Credit, 422
Cross-commodity, 119
Portfolio level

High-dimensional, 133, 403, 405
Price level, 119
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Uncommoditized, 280, 281, 403, 414, 421

Load, 280, 376
Unit-contingent, 377

Volumetric, 376
Risk-neutral pricing, 83

S&P 500 ETF (SPY), 4
S&P GSCI index, 440
Samuelson effect, see Volatility, Backwardation
Scalars, 380
Seasonal strip, 21
Settlement, 16
Shale gas, see Natural gas, Shale production
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Shale oil, see Crude oil, Shale production
Shaping coefficients, 372
Shoulder months, 66
Skew, 160–162, 164

Dynamics, 162, 169
Empirical results, 171
Floating, 170
Impact on delta, 170
Sticky, 170

Estimator, 235
Grid, 164
Inventory effects, 175
Modelling, 168

Heston model, 184
Hybrid models, 185
Jump diffusions, 184
Local volatility, 183
Stochastic volatility, 184

Normalized, 177
Parameterizing

By delta, 174
By price ratio, 162, 174

Tenor dependence, 177
Volatility level dependence, 174
Volatility look-up heuristic, 164

Applied to CSOs, 193
Applied to tolls, 197, 217, 249, 342

Spark spread, see Electricity markets, Spark
spread, 353

Spark spread options, see Tolling deals
Specialness, 2, 7, 13, 21

Locational, 10, 12
Spot price, 10, 19
Spot price dynamics

Autocorrelation, 235, 239
Correlation, 339
Expected future value, 94
Implied volatility, 242
Kurtosis, 232
Mean reversion, 82
Negative values, 381
Returns, 10
Risk-neutral dynamics, 267, 461
Skew, 232
Spikes, 185, 271
Volatility, 127, 181, 232, 240
Weather as a driver, 235

Spread options, 187
Deltas, 201
Gamma, 201
Impact of volatilty-lookup heuristic, 217
Margrabe, 190, 209, 449, 450, 453

Applied to CSOs, 192
Applied to tolls, 196
Implied correlation, 220
Price-ratio distribution, 453
Vega, 204

Nonzero strikes
Moment methods, 207
Numerical methods, 205
Spread models, 209

Vega, 204
Stack models, see Models, Stack
Stack-and-roll, see Hedging, Stack-and-roll
Stochastic volatility, 184, 269
Stochastic volatility jump diffusion, 185

Storage
Cost, 28, 258
Theory of, see Theory of storage, 259

Strips, 21
Calendar, 5, 21
Fair-value, 21
Planning year, 122
Seasonal, 21

Swap spreads, 8
Swaps, 14, 16, 30, 118

Basis, 128
Natural gas, see Natural gas markets, Basis

swaps
Crude oil, see Crude oil markets, Swaps
Electricity, see Electricity markets, Swaps
Index, 128
Knock-out, 165, see Options structures,

Knock-out swaps
Listed, 16
Load, see Load swaps
Natural gas, see Natural gas markets, Swaps
Penultimate settlement, 18
Unit-contingent, see Unit-contingent swaps, 399
WTI, see Crude oil markets, Swaps

Swaptions, see Options, Swaptions

T-forward measure, 83
Take-or-pay contracts, 364
Temperature

Autocorrelation, 235, 237, 378
Daily average, 66
Estimation, 236

Drift, 237
Fourier modes, 237

Expected value, 74
Historical, 235

Term correlation, 143
Asymptotics, 337

Term volatility, 143
TETM3, see Natural gas, TETM3
Theory of storage, 95, 259

Convenience yield perspective, 259
Equilibrium perspective, 259
Forward dynamics

Postulated consequences, 260
Time scales, 225

Long-time-scale markets, 226
Short-time-scale markets, 226

Title Transfer Facility (TTF), 62
Tolling deals, 189, 196, 295, 335, 471

Autoexercise, 189
Complex tolls, 367

Exercise constraints, 369
Hourly time scales, 372
Multiple fuels, 368

Correlation
Effect of spot correlation, 344
Term structure, 337, 341
Volatility dependence, 344

Deltas, 201
Gamma, 201
Hedging, 346

Calendar strip limitations, 347
Impact of contract size, 202
Vanilla option limitations, 347, 361

Mechanics, 189, 336
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Tolling deals (cont.)
Nonzero strikes

Moment methods, 207
Numerical methods, 205
Spread models, 209

Unit heat rate, 336
Valuation, 196, 339

Consistency with options markets, 353
Dynamic programming, 370
Econometric models, 355, 358
Effect of coal switching, 366
Impact of volatility-look-up heuristic, 217
Myopic optimization, 373
Structural models, 364
Subordinating methods, 368, 370

Valuation problem, 337
Value surface, 199
Value versus correlation, 199
Variable operation and maintenance (VOM),

336
Vega, 204

Correlation-induced, 341, 349
Trade attributes

Delivery, 16
Financial settlement, 16
Notional, 16
Physical settlement, 16
Settlement, 16
Underlying, 16

Treasury bonds, 2, 4

Uncommoditized risks, see Risk types,
Uncommoditized

Unit-contingent (UC) swaps, 296, 377, 399
Hedging, 399
Outage process, 400
Valuation, 400

Value-at-risk (VaR), see Risk metrics,
Value-at-risk (VaR)

Variable charge, 125
Variable-quantity swaps, 296
Very large crude carriers

VLCCs, 30
Volatility, 2, 5, 13, 137, 142, 143, 160

Backwardation, 91, 92, 103, 143, 153, 162
Comparison of asset classes, 4
Electricity versus natural gas, 355
Historical, 4
Impact on collateral, 2, 6
Impact on deal pricing, 2, 5
Implied, 160, 161
Local, 103, 140, 142, 183, 227, 315, 316, 409, 416

Backwardation, 144
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heuristic
Parameterization, 104
Realized, 4
Seasonality, 112
Spot, 232

Realized, 232
Surface, 162, 164

Grid, 164
Parametric forms, 164

Term, 143
Versus forward yields, 260

Volatility–look-up heuristic, see Skew,
Volatility–look-up heuristic

Volumetric risk, 376
Volume-price correlation, 377

Weather derivatives, 66, 236
As load swap hedges, 394
Cooling-degree day (CDD), 394
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Western power crisis, 65
WTI, see Crude oil, WTI
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