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INTRODUCTION

This collection of papers reflects the problems that I have worked on over the
years. With hindsight, it might appear that there had been a grand and premedi-
tated design to address the outstanding problems concerning the origin and evolution
of the universe. But it was not really like that. I did not have a master plan; rather
I followed my nose and did whatever looked interesting and possible at the time.

There has been a great change in the status of general relativity and cosmology
in the last thirty years. When I began research in the Department of Applied
Mathematics and Theoretical Physics (DAMTP) at Cambridge in 1962, general
relativity was regarded as a beautiful but impossibly complicated theory that had
practically no contact with the real world. Cosmology was thought of as a pseudo-
science where wild speculation was unconstrained by any possible observations. That
their standing today is very different is partly due to the great expansion in the range
of observations made possible by modern technology. But it is also because we have
made tremendous progress on the theoretical side, and this is where I can claim to
have made a modest contribution.

Before 1960, nearly all work on general relativity had been concerned with solv-
ing the Einstein equations in particular coordinate systems. One imposed enough
symmetry assumptions to reduce the field equations either to ordinary differen-
tial equations or to the Laplacian in three dimensions. It was regarded as a great
achievement to find any closed form solution of the Einstein equations. Whether it
had any physical significance was a secondary consideration. However a more geo-
metric approach began to appear in the early 1960s in the work of Roger Penrose
and others. Penrose introduced global concepts and showed how they could be used
to establish results about spacetime singularities that did not depend on any exact
symmetries or details of the matter content of the universe. I extended Penrose’s
methods and applied them to cosmology. This phase of work on global properties
came to an end in about 1972 when we had solved most of the qualitative problems
in classical general relativity. The major problem that remains outstanding is the
Cosmic Censorship Conjecture. This is very difficult to prove, but all attempts to
find genuine counter-examples have failed, so it is probably true.

This global classical phase of my work is represented by the first three papers in
this volume. They deal with the classical properties of the two themes that recur
throughout my work: the Big Bang and black holes. Nowadays everyone accepts it
as natural that the universe had a beginning about 15 billion years ago and that,
before that, time simply was not defined. But opinions were very different in the
early 1960s. The Steady State school believed that the universe had existed forever
more or less as we see it today. Even among those who thought the universe was
evolving with time, there was a general feeling that one could not extrapolate back to
the extreme conditions near the initial singularity of the Friedmann models and that
it was probably just an artifact of the high degree of symmetry of these solutions.
Indeed in 1963 Lifshitz and Khalatnikov claimed to have shown that singularities



would not occur in fully general solutions of the Einstein equations without exact
symmetries. Presumably this would have implied that the universe had a contracting
phase and some sort of bounce before the present expansion.

The discovery of the microwave background in 1964 ruled out the Steady State
Theory and showed that the universe must have been very hot and dense at some
time in the past. But the observations themselves did not exclude the possibility
that the universe bounced at some fairly large but not extremely high density. This
was ruled out on theoretical grounds by the singularity theorems that Penrose and
I proved. The first singularity theorems involved the assumption that the universe
had a Cauchy surface. Thus they proved either that a singularity would occur or
that a Cauchy horizon would develop. But in 1970 Penrose and I published “The
Singularities of Gravitational Collapse and Cosmology” [1]. This was an all purpose
singularity theorem that did not assume the existence of a Cauchy horizon. It
showed that the classical concept of time must have a beginning at a singularity in
the past (the Big Bang) and that time would come to an end for at least part of
spacetime when a star collapsed. Most of my work since then has been concerned
with the consequences and implications of these results.

Up to 1970, my work had been concerned with cosmology and in particular with
the question of whether the universe had a beginning at a singularity in the past. But
in that year I realized that one could also apply the global methods that Penrose and
I had developed for the singularity theorems to study the black holes that formed
around the singularities that the theorems predicted would occur in gravitational
collapse. This was what Kip Thorne has called “The Golden Age of Black Holes”,
two or three years in which the concept of a black hole as an entity distinct from
the collapsing star was established and its main classical properties were deduced.
This was a case where theory definitely had the lead over observation. Black holes
were predicted theoretically some time before possible black hole candidates were
detected observationally.

My two most important contributions to the classical theory of black holes were
prabably the Area Theorem, which stated that the total area of black hole event
horizons can never decrease, and the part I played in proving the No Hair Theorem,
which states that black holes settle down to a stationary state that depends only
on the mass, angular momentum and charge of the black hole. Most of my work on
classical black holes was described in “The Event Horizon” [2], my lectures given at
the 1972 Les Houches Summer School on black holes, which was the culmination of
the Golden Age. One important part that was not in these lecture notes because it
was work carried out actually at Les Houches was a paper on “The Four Laws of
Black Hole Mechanics” 3] with J. Bardeen and B. Carter. In it we pointed out that
the area of the event horizon and a quantity we called the surface gravity behaved
very much like entropy and temperature in thermodynamics. However, they could
not be regarded as the actual physical entropy and temperature as Bekenstein had
suggested. This was because a black hole could not be in equilibrium with thermal
radiation since it would absorb radiation but, as everyone thought at that time, a
black hole could not emit anything.



The situation was completely changed however when I discovered that quantum
mechanics would cause a black hole to emit thermal radiation with a temperature
proportional to the surface gravity. I announced this first in a letter in Nature
and then wrote a longer paper, “Particle Creation by Black Holes” [4], which I
submitted to Communications in Mathematical Physics in March 1974. I did not
hear anything from them for a year, so I wrote to enquire what was happening.
They confessed they had lost the paper and asked me to send another copy. They
then added insult to injury by publishing it with a submission date of April 1975,
which would have made it later than some of the great flood of papers my discovery
led to on the quantum mechanics of black holes. I myself have written a number of
further papers on the subject, the most significant of which are “Action Integrals
and Partition Functions in Quantum Gravity” [5] with G. W. Gibbons in which we
derived the temperature and entropy of a black hole from a Euclidean path integral,
and “Breakdown of Predicitability in Gravitational Collapse” [6] in which I showed
that the evaporation of black holes seemed to introduce a loss of quantum coherence
in that an initial pure quantum state would appear to decay into a mixed state.
Interest in this possibility of a non-unitary evolution from initial to final quantum
states has recently been reinvigorated by the study of gravitational collapse in two-
dimensional field theories in which one can consistently take into account the back
reaction to the particle creation. I have therefore included a recent paper of mine,
“Evaporation of Two Dimensional Black Holes” 7], as an example.

Event horizons occur in exponentially expanding universes as well as in black
holes. G. W. Gibbons and I used Euclidean methods in “Cosmological Event Hori-
zons, Thermodynamics and Particle Creation” [8] to show that de Sitter space had
a temperature and entropy like a black hole. The physical significance of this tem-
perature was realized a few years later when the inflationary model of the universe
was introduced. It led to the prediction that small density perturbations would be
generated in the expanding universe; see “The Development of Irregularities in a
Single Bubble Inflationary Universe” [9]. This was the first paper on the subject
but it was soon followed by a number of others, all predicting an almost-scale-free
spectrum of density perturbations. The detection of fluctuations in the cosmic mi-
crowave background by the COBE satellite has confirmed these predictions and can
claim to be the first observation of a quantum gravitational process.

In “Zeta Function Regularization of Path Integrals in Curved Spacetime” [10], I
introduced to physics what was then a new technique for regularizing determinants of
differential operators on a curved background. This was used in “The Path Integral
Approach to Quantum Gravity” [11] to develop a Euclidean approach to quantum
gravity. This in turn led to a possible answer to the problem that my early ‘work on
singularities had raised: How can physics predict how the universe will begin because
all the laws will break down in the Big Bang? In “Wave Function of the Universe”
[12], J. B. Hartle and I put forward the No Boundary Proposal: The quantum state
of the universe is determined by a path integral over all compact positive definite
(Euclidean) metrics. In other words, even though spacetime has boundaries at
singularities in real Lorentzian time, it has no boundaries in the imaginary direction



of time. The action of spacetime is therefore well defined, so the path integral
can predict the expectation values of physical quantities without any assumption
about initial conditions. In “Quantum Cosmology” [13], another set of Les Houches
lectures, I showed that the No Boundary Proposal would imply that the universe
would expand in an inflationary manner and in “Origin of Structure in the Universe”
[14], J. J. Halliwell and I showed that it would imply that the universe would contain
gravitational and density perturbations with an almost-scale-free spectrum. These
density perturbations are just what is required to explain the formation of galaxies
and other structures in the universe and they agree with the COBE observations.
Thus the No Boundary Proposal can explain why the universe is the way it is.

In “Arrow of Time in Cosmology” [15], I pointed out that the results of the
“Origin of Structure” paper implied that the universe would have started out in a
smooth and ordered state, and would have evolved to a more irregular and disordered
state as it expanded. Thus the No Boundary Proposal would explain the existence
of a Thermodynamic Arrow of Time that pointed in the direction in which the
universe was expanding. However [ also claimed that if the universe were to reach
a point of maximum size and start to recontract, the Thermodynamic Arrow would
reverse. Shortly after writing this paper, I realized that the Thermodynamic Arrow
would not in fact reverse in a contracting phase. I added a note to the proofs of the
“Arrow of Time” paper but did not get round to writing a fuller explanation until
“The No Boundary Proposal and the Arrow of Time” [16].

Another important outcome of the Euclidean approach to quantum gravity was
“The Cosmological Constant is Probably Zero” [17]. In it I showed that if the cos-
mological constant could take a range of values, then zero would be overwhelmingly
the most probable. In my opinion this is the only plausible mechanism that has
been advanced to account for the extremely low observational upper limits on the
cosmological constant. This explanation received fresh impetus when, in “Worm-
holes in Spacetime” [18], I put forward the idea that there might be thin tubes or
wormholes connecting different regions of spacetime. Sydney Coleman showed that
such wormholes would change the values of physical constants and could therefore
implement this mechanism to make the cosmological constant zero. Coleman went
on to suggest that it might determine all the other constants of physics as well. My
doubts on this latter claim were expressed in “Do Wormholes Fix the Constants of
Nature?” [19].

Recently my interest in the global structure of the universe led me to consider
whether the macroscopic topology of spacetime could change. In “Selection Rules
for Topology Change” [20], G. W. Gibbons and I showed that there was an im-
portant restriction if there was to be a Lorentz metric which allowed spinors to be
defined consistently. Roughly speaking, wormholes or handles could be added to the
topology of spatial sections only in pairs. However, any topology change necessar-
ily requires the existence of closed time-like curves which in turn implies that one
might be able to go back into the past and change it with all the paradoxes that this
could lead to. In “Chronology Protection Conjecture” [21], I examined how closed
time-like curves might appear in spacetimes that did not contain them initially and



I presented evidence that the laws of physics would conspire to prevent them. This
would seem to rule out time machines.

I can claim that my work so far has shed light (maybe an unfortunate metaphor)
on the Big Bang and black holes, But there are many problems remaining, like
the formulation of a consistent theory of quantum gravity and understanding what
happens in black hole evaporation. Still, that is all to the good: the really satisfying
feeling is when you find the answer to part of Nature's puzzle. There is plenty left
to be discovered. ‘

Stephen Hawking
14 January 1993
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The singularities of gravitational collapse and cosmology

By 8. W. HAwkING
Institute of Theoretical Astronomy, Universily of Cambridge

AND R.PENROSE
Department of Mathematics, Birkbeck College, London

(Communicated by H. Bonds, F.R.S.—Received 30 April 1969)

A now thoorem on space-timoe singularitios i presented whioh largely incorporates and
goneralizes the previously known results, The theorem implics that epace-time singularities
ore to be expeotod if either the universe is spatially closed or there is an ‘object’ undergoing
relativistio gravitational collapse (existencs of a trapped surface) or there is a point p whose
past null cono encountors sulllcient matter that the divergence of the null reys through p
changes sign somowhere to the past of p (i.e. there is & minimum apparent solid angle, as viewed
from p for smoll objects of given size). The theorem applies if the following four physical
assumptions are made; (i) Einstein’s equations hold (with zero or negative cosmological con-
stant), {ii) tho enorgy density is nowhore less than minus each principal preesuro nor less
than minus the sum of the threo principal pressures (the ‘energy condition’), (iii) there are
no closed timolike curves, (iv) every timelike or null geodesic enters a region where the ourva-
turo ianot spocially alinod with tho geodesio. (This last condition would hold in any sufficiently
gonoral physicslly roalistic model.) In common with earlier results, timelike or nuil geodesic
insomplotonoss is used here as tho indication of the presence of apace-time singulorities.
No sssumption concorning oxistence of a global Couchy hypersurfaco is required for the
prosont thoorem.

1. INTRODUOTION

An important featurs of grovitation, for very large concentrations of mass, is that
it is easontially unstable. This is due, in the first instance, to its r—3 attractive
character. But, in addition, when general relativity begins to play a significant
role, other instabilities may also arise (cf. Chandrasekhar 1964). The instability
of gravitation is not manifest under normal conditions owing to the extreme
smallness of the gravitational constant. The pull of gravity is readily counteracted
by other forces. Howevor, this instability does play an important dynamical role
when large enough conoentrations of mass are present. In particular, as the work
of Chandrasekhar (1935) showed, a star of mass greater than about 1.3 times that
of the Sun, which has exhausted its resources of thermal and nuclear energy,
cannob sustain itself against its own gravitational pull, so a gravitational collapse
ensues. It has sometimes been suggested also that, on a somewhat larger scale,
some form of gravitational collapse may be taking place in quasars, or perhaps in
the centres of (some?) galaxies. Finally, on the scale of the universe as a whole,
this instability shows up again in those models for which the expansion eventually
roverses, and the ontire universe becomes involved in a gravitational collapse. In the
roverse direction in time thero is also the ‘big bang’ initial phase which is common
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to most relativistic expanding models. This again may be regarded as & manifosta-
tion of tho instability of gravitation (in reverse).

But what is the ultimate fate of u system in gravitational col'apse? Is the picture
that is presented by symimetrical exact models accurate, ac .ding to which a
singularity in space-time would ensue? Or may it not be that any asymmetries
present might cause the different parts of the collapsing material to miss each
other, so0 possibly to load to some form of bounce? It seems that until comparatively
recently many people had believed that such an asymmetrical bounce might
indeed bo possible to achieve, in o munner consistont with general relativity (cf.
particularly, Lindquist & Wheeler 1957; Lifshitz & Khalatnikov 1963). However,
somo recent theorems?} (Penrose 1965a; Hawking 1966a, b; H; Geroch 1966) have
ruled out o large number of possibilities of this kind. The present paper carries
these results further, and considerably strengthens the implication that o singu-
larity-free bounce (of the type required) does not seein to be realizable within the
framowork of general relativity.

In tho first theorem (referred to as I; sce Ponrose 1965a; cf. also Penrose 1966;
P; Hawking 1966¢) the concept of the existence of a trapped surface} was used as a
characterization of a gravitational collapse which has passed o ‘point of no return’.
On the basis of & weak energy condition,} the intention was to establish the existenco
of space-time singularities from the existence of a trapped surface. Unfortunately,
however, theorem I required, a8 an additional hypothesis, the existence of a non-
compact global Cauchy hypersurface. Although ‘reasonable’ from the point of
view of classical Laplacian determinism, the assumption of the existence of a
global Cauchy hypersurface is hard to justify from the standpoint of general
relativity. Also, it is violated in & number of exact models. Furthermore, the non-
compactness assumption used in theorom I applies only if the universe is ‘open’.

"The second theorem (Hawking 1966a), and its improved version (referred to as
1I, see H; cf. also Hawking (1966¢) and P), required the existence of a compact
spacelike hypersurface with everywhere diverging normals. Thus it applios to
‘olosed’, everywhere expanding, universe models. For such models II implies the
existence of an initial (e.g. ‘big bang’ type) singularity. However, this condition
on the normals may well not be applicable to the actual universe (partioularly if
there are local collapsing regions), even if the universe ¢s ‘closed’. Also, the con-
dition is virtually unverifiable by observation.

The third and fourth results (reforred to as III and IV; see Geroch (1966) and
Hawking (1966b), respectively) again apply to ‘closed’ universe models (i.e.
containing & compact, spaceliko hypersurfuce), but which do not have to bo
assumed to be everywhere expanding. However, III required the somowhat
unnatural assumption of the non-existence of ‘horizons’, while IV required that
the given compact hypersurface be o global Cauchy hypersurface. Thus, III and
1V could be objected to on grounds similar to those of I.

t+ Wo uso 1l for referring to Hawking {1967) and P for roferring to Penroso (1968).
1 "Tho prociso inennings of thoro torms will bo givon ia §3.
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The fifth theorem (referred to as V; see H, also Hawking (1966¢) and P) does
not suffer from objections of this kind, but the requirement on which it was
based—namely that the divergence of all timelike and null geodesics through some
point p changes sign somewhere to the past of p—is somewhat stronger than one
would wish. Theorem V would be considerably more useful in application if the
above requirement referred only to null geodesics.

In this paper we establish a new theorem, which, with two reservations, effeo-
tively incorporates all of I, 1I, 1II, IV and V while avoiding each of the above
objoctions. In its physical implications, our theorem falls short of completely
superseding these previous results only in the following two main respects. In the
firstinstance weshall require the non-existence of closed time like curves. Theorem IX
(and II alone) did not roquire such an assumption. Secondly, in common with II,
III, IV and V, we shall require the slightly stronger energy condition given in
(3.4), than that used in 1. This means that our theorem cannot be directly applied
when a positive cosmological constant A is present. However, in a collapse, or ‘big
bang’, situation we expect large curvatures to ocour, and the larger the ourva-
tures present the smaller is the significance of the value of A. Thus, it is hard to
imagine that the value of A should qualitively affect the singularity discussion,
except in regions whero curvatures are still small enough to be comparable with A.
We may take I as a further indication (though not a proof) of this. In & similar way,
II may be taken as a strong indication that the development of closed timelike
ourves is not the ‘answer’ to the singularity problem. Of course, such causality
violation would carry with it other very serious problems, in any case.

The energy condition (3.4) used here (and in II, III, IV and V) has a very direct
physical interpretation. It states, in effect, that ‘gravitation is always attractive’
(in the sense that neighbouring geodesics near any one point accelerate, on the
average, towards each other). Our theorem will apply, in fact, in theories other
than clessical general relativity provided gravitation remains attractive. In par-
ticular, we can apply our results in the theory of Brans & Dicke (1961), using the
metrio for which the field equations resemble Einstein’s (cf. Dicke 1962). The
gravitational constant could, in principle, change sign in this theory, but only via
a region at which it becomes infinite. Such a region could reasonably be called &
‘singularity’ in any case. On the other hand, gravitation does not always remain
attractive in the theory of Hoyle & Narliker (1963) (owing to the effective negative
energy of the C-fleld) so our theorem is not directly applicable in this theory. We
note, finally, that in Einstein’s theory (with ‘reasonable’ sources) it is only A > 0
which can prevent gravitation from being always attractive, the A term represent-
ing & ‘cosmic repulsion’.

In common with all the previous results I,. . ., V, our theorem will not give very
much information as to the nature of the space-time singularities that are to be
inferred on the basis of Einstein’s theory. If we accept that ‘causality breakdown’
ig unlikely to occur (because of philosophical difficulties encountered with closed
timeliko ourves and becauso theorem II suggests that such curves probably do not
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help in the singularity problem in any case), then we are led to the view that the
instability of gravitation presumably} results in regions of enormously large
curvature occurring in our universe. These curvatures would have to be so laxge
that our present concepts of local physics would become drastically modified.
While the quantum effects of gravitation are normally thought to be significant
only when curvatures approach 103 cm—%, all our local physics is based on the
Poincaré group being u good approximation of a local symmetry group at dimen-
sions greater than 10-13 om. Thus, if curvatures ever even approach 103 cm-1,
there can be little doubt but that extraordinary local effects are likely to take place.
When a singularity results from a collapse situation in which a trapped surface
has doveloped, then any such local effects would not be observable outside the
collapse region. It is an open question whether physically realistic collapse situa-
tions, resulting in singularities, will sometimes arise without trapped surfaces
developing (cf. Penrose 1969). If they do, it is likely that such singularities
could (in principle) be observed from outsido. Of course, the initial ‘big bang’
singulerity of the Robertson-Walker modols is an example of a singularity of
the observable type. However, our theorem yiclds no information as to the
observability of singularities in genoral. We cannot even rigorously infer whether
the implied singularitics are to be expected in the ‘past’ or the ‘future’. (In this
respect our present theorom yields somewhat less information than I, II, or V.)
Our theorem will be directly applicable to any one of the following three situa-
tions. First, to the existence of o trapped surfaco; secondly, to the oxistence of
of » compact spuco-like hypersurfuco; thirdly, to the existence of a point whose
null-cone begins to ‘ converge again’ somewhere to the past of the point. We assume
the energy condition and the non-existence of closed timelike curves. On the basis
of this (and another very minor assumption which merely rules out somo highly
special models) we deduce that singularities will develop in fully general situations
involving a collapsing star, or in o spatially closed universe, or (taking the point
in question in the third case to be the earth at the present time) if the apparent
solid angle subtended by an object of a given intrinsic size reaches some minimum
whon tho objcct is ab a cortain distanco from us. Wo show, in an appondix, that
this last condition is indeed likely to bo satisfied in our universe, assuming the
correctnoss of tho normal interprotation of the 2.7 K background radiation. A
similar discussion was given earlier by Hawking & Ellis (1968) in connexion with
theorem V. Since wo now have a stronger theorem, wo can use somewhat weaker
physical assumptions concerning the radiation.
In §2 we give a number of lemmas and definitions that will be needed for our
theorem. The precise statement of the theorem will be given in § 3. This statement;
+ We must always bosr in mind that a local *onorgy-condition’ (cf, (3.4)) is being assumed
hore, which might be violatod not only in & modificd Einstein thoory (e.g. ‘C-field’), but also
in the standard theory if we wore allowod to have vory ‘peoculiar’ matter undor extreme
conditions. The quantum fiold-theoretic roquirement of positive-dofiniteness of energy (in

ordor that the vacuum remain stablo) is of groat relovance hore, but its status is perhaps not
completely clear {cof. Soxl & Urbantko 1967 for examplo).
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is presented in a rather general form, which is somewhat removed from the actual
applications. The main applications are given in & corollary to the theorem. One
slight advantage of the form of statement that we have chosen will be that it
enables & small amount of information to be extracted about the actual nature of
the singularities. This is that (at least) one timelike or null geodesic must enter
(or leave) the singularity not only in a finite proper (or affine) time, but also in
such a way that none of the neighbouring initially parallel geodesics has time to
be fooused towards it before the singularity is encountered.

2. DEFINITIONS AND LEMMAS

A four-dimensional differentiable (Hausdorff and paracompactt) manifold M
will be called a space-time if it possesses a psoudo-Riemannian metric of hyperbolic
normal signature (4, —, —, —) and & time-orientation. (In fact the following
arguments will apply equally well if M has any dimension > 3; also, the time-
orientability of M noed not really be assumed if we are prepared to apply the
arguments to a twofold covering of M.) There will be no real loss of generality in
physical applications if we assume that A and its metric are both C*, However,
the arguments we use actually only require the metric to be 03,

‘Woe shall be concerned with timelike curves and causal curves on M. (When we
speak of o ‘ourve’, we shall, according to context, mean either a continuous map
into M of & conneoted closed portion of the real line, or else the image in M of such
a map.) For definitencss wo choose our timelike ourves to be smooth, with future-
dircoted tangent vectors everywhore strictly timelike, including at its end-points.
A causal curve is a curve obtainable as a limiting case of timelike curves} (cf.
Siefort 1967; Carter 1967); it is continuous but not necessarily everywhere smooth;
where smooth, its tangent vectors are either timelike or null. A timelike or causal
ourve will require end-points if it can be extended as a causal curve either into the
past or the future (cf. P, p. 187). If it continues indefinitely into the past [resp.
future] it will be called past-inextendible [resp. future-inextendible]. If both past-
and future-inextondible it is called inextendible.

If p, g € M, we write p <€ q if there is a timelike ourve with past end-point p
and future end-point q; we write p < ¢ if ocither p = g or thore is a causal curve
from p to ¢ (of. Kronheimer & Penrose 1967). If » < ¢ but not p £ g, then there is
s null geodesio from ptog, orelsep = ¢.Ifp € gandg < r,orifp < gandg < r,
then p € r. We do not have p € » unless M contains closed timelike curves. A
subset of M is called achronal if it contains no pair of points p, ¢ with » < ¢.

t Geroch (1968b) has shown that the assumption of paracompactness is not actually neces-
sary for & space-time, being a consequence of the other assumptions for a space-time manifold.

{ Except for very minor parts of our disoussion, the fact that we are allowing our causal
ourvos not to he smooth plays no signifiennt role in this paper, but it is useful for the general
theory. A continuous map of the connected closed interval I' < &, into M, can be characterized
88 o ooussl curve by the fact that if {a, b] € I"and if 4, B and 0 are neighbourhoods in M of

tho imagos of a, b and [a, b], respectivoly, then there exists a timelike curve lying in C with
one end-point in 4 and another end-point in B,

1
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We shall, for the most part, use terininology, definitions and some basio results
as given in P. (However we use ‘causal’ for curves referred to in P as ‘nonspace-
like’ and ‘achronal’ for sets referred to in P as ‘semispacelike’; cf. Carter 1967.)
As in Kronheimer & Penrose (1967), we write I+(p) for the open future of a point
pe M, io. I*(p) = {x:p <€ a} and I*S] for the open future of a set S< M, i.e.
IHS] = U, esI*(p). (The sets I*[S] are open in the manifold topology for A .)
Similarly, J+(p) = {z:p < 2}; JHS] = UpcgJH(p). These are not always closed

sets.) We define EH(S) = JHS] - I*[S]. (2.1)

Then E+(S) is part of the boundary 1+(S] of I*[S] but not necessarily all of it. Tho
sets I=(p), I-[S], J-(p), J[8] and E~(S) are defined similarly, but with future and
past interchanged.

For any sot Se M we can define the (future) domain of dependence D+(S) and
Cauchy horizon H*(S) by

DH(8) = {x: every pust-inoxtendiblo timelike curve through 2 meets 8} (2.2)
and I+(8) = {x:xe D¥(S), It(z) n D+(S) = @&}
= DH8)—=I-[D+(S)]. (2.3)

The sets D-(S) and H-(S) are correspondingly defined. (These definitions are
chosen to agree with P; thoy differ somewhat from those of H.) We shall be con-
cerned only with the cases when § is an achronal closed set. Then D*(S) is a closed
seb and H+(S) is on achronal closed set. One casily verifies:

IHIH(8)] = IHS)—DH(S). 2.4)

Define the edge of an achronal closed set S to be the set of points p € S such
thatt if » < p <€ ¢, with y a timelike curve from 7 to ¢, containing p, then every
neighbourhood of y contains a timelike curve from 7 to ¢ not meeting 8. It follows
that edge (S) is in fuct the set of points in whose vicinity S fails to be a C°—mani-
fold (S achronal and closed). Wo have (cf. P, p. 191) edge (S)c HH(S). (In fact
edgo(S) = cdgo (H{+(S)).) Furthormore:

Lemma (2.6). Every point of II'H(S)—odge(S) is the fulure end-point of ¢ null
geodesic on IIH(S) which can be extended into the pust on IIH(S) either tndefinitely, or
unlil it meets odgo(S).

TFor the proof, ses P, p. 217 (compare H).

A similar rosult (which follows at once from P, p. 216; H) is (with S closed and
achronal).

LEMMA (2.6). Every point p e I+[S]—8 is the fulure end-point of a null geodesic
on I4[S] which can be extended inlo the past on I+[S) either indefinitely (if
p € 181~ E+(S)) or until it meets edge(S) (whence p € E+(S)).

We say that strong causality holds at p if arbitrarily small neighbourhoods of p
exist, each intersecting no timelike curve in a disconnected set. (Roughly speaking,

1 This replaces the dofinition of edge () givon in P, which was not quite corroctly stated.
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this means that timelike curves cannot leave the vicinity of p and then return to
it; i.e. M does not ‘almost’ contain closed timelike curves,) We must say ‘ arbitrarily
small’, rather than ‘every’, in the above dofinition because of the existence of
‘hour-glass shaped’ (or even ‘ball shaped’) ncighbourhoods of any point in any
space-time, which are left and re-entered by a timelike curve. To avoid this feature,
let us call an open set Q causally convex (P, p. 224) if Q intersects no timelike curve
in & disconnected set. Thus, strong causality holds at p if and only if p possesses
arbitrarily small causally convex neighbourhoods (in which case, the ‘Alexandrov
neighbourhoods’ I+(g) n I-(r) will suffice, with ¢ < p < r). A causally convex
open set which lies inside a convex normal coordinate ball with compact closuret
will be called a local causality neighbourkhood (H, p. 192}, Strong causality holds at
overy point of a local causality neighbourhood. The only properties of a local
causality neighbourhood that we shall in fact use, are that it is open and causally
convex, that it contains no past- (or future) -inextendible null geodesic and that
any point at which strong causality holds possesses such a neighbourhood.

A property of D*(8) we shall require is the following. Again, S is to be achronal
and closed.

LemMa (2.7). If p € int DH(S), then J-(p) n JHS] is compact.

This foilows from H. (See also P, p. 227: if edge(S) = &, and strong causality
holds at each point] of §, we have the stronger result that int D+(S) is procisely
the set of p e I*[S] for which J~(p) n J4[S] is both compact and contains no
point at which strong causality fails. Lemma (2.7) follows by similar reasoning.)

‘We shall require tho concept of conjugate points on a causal (i.e. timelike or null)
geodesic. Two points p and ¢ on o causal geodesic y are said to be conjugate if
geodesio ‘neighbouring’ to y ‘meets’ y at » and at ¢. Somewhat more precisely, the
congruence of geodesics through p in the neighbourhood of y has ¢ as a focal point,
that is, a point where the divergence of the congruence becomes infinite. (This focal
point will in general be an ‘astigmatic’ focal point. It is a point of the ‘caustic’
of the congruonce. Prociso definitions of conjugate points will be found in Milnor
(1963), Hicks (1965), Hawkiug (1966a).) The rolation of conjugacy is symmeotrical
in p and g. Tho abovo dofinition still holds if the roles of p and ¢ are roversed. The
proporty of conjugato points that we shall require is the following (for the timelike
case, seo Boyor (19064), Hawking (1906g, ¢), of. Milnor (1963); for the null case sce
Hawking (1966¢) and also P, p. 215, for an equivalent result).

Lumuna (2.8). If a causal geodesic y from p to q contains a pair of conjugate points
between p and g, then there exists a limelike curve from p to q whose length exceeds that
of 7.

We use the term ‘length’ for a causal curve to denote its proper time integral.
A timelike geodesic is locally o ourve of maximum length. As a corollary of lemma
(2.8) we have:

t This condition was not explicitly included in the definition given in H.
t "This condition should have been inciuded in the conditions on ' in lomma V of P.
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LummMa (2.9). If v ts a null geodesic lying on IH[S] or on II+(S) for some S< M,
then -y cannot contain a pair of conjugate points except possibly at its end-points.
Another consequence of lemma (2.8) is the following result:

LiemMma (2.10). If M conlains no closed timelike curves and if every tnextendible
null geodesic in M possesses a pair of conjugate points, then strong causality holds
throughout M.

Proof. The result has been given in Hawking (1966¢). We repeat the argument
here since this reference is not readily available. Suppose strong causality fails
at p. Let B bo a normal coordinato neighbourhood of p and @, a nested ssquence
of neighbourhoods of p converging on p. Now thero is a timelike curve originating
in @, which leaves B at a point ¢, € B, re-enters B and returns to @,. As ¢ -» 0o the
¢; have an accumulation point ¢ on B (1 being compact). The geodesic pq in B
cannot be timelike (since otherwise /-(q) would contain some @, so closed timelike
curves would result), nor spacelike. It must therefore be null. Furthermore, strong
causality must also fail at ¢. Repeating the argument with ¢ in place of p, we
obtain a new null goodesic gr. In fact this must be the continuation of pg, since
otherwiso closed timelile curves would result. Continuing the process indefinitely
both into the future and into the past we got an inextendible null geodesic ¥ at
every point of which strong causality must fail. By hypothesis y contains a pair
of conjugate points. Thus by lemma (2.8) two of its points can be connected by a
timelike ourve. It follows that each point of some neighbourhood of one of these
point can be joined by a timelike curve to each point of some neighbourhood of
the other. This lends at once to the existence of closed timelike curves (because of
strong causality violation), contrary to hypothesis. This establishes the lemms.

An important consequence of strong causality is the following result.

LemMMa (2.11). Let p <€ q be such that the set J*(p) n J—(g) is compact and contains
10 points at which strong causality fails. Then there s a timelike geodesic from p to
q which atlains the mazimum length for timelike curves connecting p to q.

This result was proved by Siefert (1967). The result is, in effect, also contained
in the carlier work of Avoz (1963). (Unfortunately Avez’s analysis contains some
errors owing to the fact that the possibility of strong causality breakdown is not
duly taken into account.) Lemma (2.11) follows also from lemmma V in P (p. 227)
in conjunction with VI of P (p. 228), as applied to the closed achronal set /—(g).
In fact, lemma (2.11) can be goncralized : if C is & compact subset of M containing
no points at which strong causality fails, then the maximum longth for all timelike
curves containoed in C is alfained (though not necessarily by a geodesic). The esson-
tial foature of this situation is that the space of causal curves contained in C is
compact, the length of a causal curve being an upper semi-continuous function of
the curve. For this, wo nced the appropriate topology on the space of oausal
curves. (Sce Soifert (1967); cf. also Avez (1963)). But it will not be necessary to
enter into the general discussion hore, as lomma (21.1) is all we shall need.

Woe define a futurc-trapped [resp. past-trapped) sot to be a non-empty achronal
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closed} set S<Bf for whioh E+(S) [resp. E—(S)) is compact. (Note that E+(S)
[resp. B-(S)] must then be a closed: achronal set.) Any future-trapped set S must
itself be compact, since 8 < F+(8).) An example of a future-trapped set is illustrated
in figure 1, We now come to our main lemma.

Lumma (2.12). If 8 is a fulure-trapped set for which strong causality holds at
every point of I+[S], then there exists a fulure-inextendible timelike curve
v <int DHE+(S)).

identify along ——¢—
identify along ~»—»—

delate %

E= E+(S){§__-'} P 48]

H = HHE)

Figure 1. A future-trapped set 9, together with the associated achronal sets B = E+(S),
F = 148), HH{F), H = H+*(B). (For the proof of lemma (2.12).) The figure is drawn
aocording to the conventions whereby null lines are inclined at 45°. The diagonally shaded
portions are excluded from the space-time and some identifications are made. The symbol
oo indioates regions ‘et infinity ' with respect to the metrie. A future-inextendible timelike
ourve y ¢ D*(E) is depicted, in agreement with the conclugion of lemmma (2.12).

Proof.1 We first make some remarks concerning the relation between & = E+(S)
and F = H[8] = H{E], and between their domains of dependence and their
Cauohy horizons. We have E < F, whence D+(I)<D+(F). We have edge(¥) = &,
50 it follows from lemma (2.5) that each point of F-F lies on & past-inextendible
null goodesio on J'-I. (These null geodesics extend into the future, while remaining

+ The condition that S be closed could be omitted from this definition if desired. For, if §
is achronnl with Z+(S) compaot, then B+(S) = H+S). Another apparent sveakening of the
dofinition of ‘future-trapped’ for a closed achronal non-empty set S would be to say that
E+(S) hos compact closuro. (Z+(S) is not always & closed set, for general S.) This definition
would be oquivalont to tho one we use, provided strong onusality holds.

t This argument follows, to some extent, one given in H (pp. 198-0). It may also serve
88 a replacemont for tlio final argument given in I’ (on p. 230) which wos not stated correctly.
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on I'-I, perhaps reaching a future end-point on edge(Z). We rcadily obtain
DHFY-DHE) = HHI) - HH(E) = I~ E, so int DHE) = int DHF).)

Wo shall show that II = HH(E) is non-compact or empty. FFor, suppose H is
compact. Thon we can covor II with & finite number of local causality neighbour-
hoods By. If I is non-empty, then D+(I) P I*[S]. Let p € I*[S]— D+(E) with p
near IT and supposo p € B,. Since p € I*[S], a timelike curve 7 exists connecting
§ to p. Since p ¢ DH(B), it follows that # meets II at a point p,, say. We wish to
construct a point g € I*[S]—D*(E) with ¢ € p, ¢ ¢ B,, and g€ By, soy. If p,¢ B,
we can achieve this by taking ¢ just to the future of py on 9. If pye B, we follow
the past-inextondible null geodesic § through py on II+(I') (cf. (2.5)). Now { must
leave B, (since B, is compact) and so contains a point p, ¢ B, on H+(F). We have
2, < Py €, 80 py € p. Choosing q near p,, with p, <€ ¢ € p, we havo ¢¢ B, and
g€ B, say, where ge I*(p,) « IHHF)] = I*{S]—DHE) as required (cf. (2.4)).
Repeating the procodure, we can find r € I1[S]— DH(E) withr < ¢, ¢ B,and re B,,,
say, ote. Since the B, are finite in number, there must be two of p,¢,7,. .., in the
samé B;, hence violating causal convexity. Thus, H if non-empty, must be non-
compact, as required.

Now by a well known theorem (cf. Steenrod 1951, p. 201) we can choose a
smooth (future-dirccted) timelike vector ficld on M. Form the integral curves {u}
of this vector field. Then each z which ineets I1 must also meot E (sinco I < D+(I)),
but there must bo some g = g, which meets I but not H. Otherwise the u's would
establish o homeomorphism between E and I, which is impossible since F is
compact and non-empty, while I is non-compact or empty. Choose y = g, n IHE].
Then y < int D+(E) and is future-inextendible as required.

3. THer THEOREM

We shall begin by giving a precisoe statement of our theorem. The form of state-
ment we adopt is made primarily for the sake of generality and for certain
mathematical advantages. But in order that the theorem may be directly applied
to physical situations, we single out the main special cases of interest in & corollary,
This recasts our mnain result in a much more suggestive and immediately usable form.
Howover, the genorality of tho statemont given in the theorem will also yiold some
advantagoes as regards applications. It will enable a small amount of information
to be extracted as to the actual nature of tho space-time singularities. Also, it is by
1o means impossible that the theorem, as stated, may have relovance in physical
situations other thon precisely those which we have considered here. We shall follow
the statoment of the theoremn with somo explunations and interpretations.

TueorEM. No space-time M can satisfy all of the following three requirements
together:

(3.1) A contains no closed timelike curves,

(3.2) every ineatendible causal geodesic in M conlains a pair of conjugale points,

(3.3) there exisls @ fulure- (or past-) trapped set S < M.
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Lot us examine each of these three conditions in turn. With regard to (3.1), the
existence of closed timelike ourves in any space-time model leads to very severe
interpretative difficulties. It might perhaps be argued that the presence of a closed
timelike world-line could be admissable, provided the world-line entered a region
of such extreme physical conditions, or involved such large accelerations, that no
physical observer could ‘survive’ making this trip into his own past, so that any
‘memory’ of events would necessarily be destroyed in the course of the trip.
However, it seems highly unlikely that the physical consequences of closed time-
like curves can be eliminated by considerations of this kind. The existence of
such curves can imply serious global consistency conditions on the solutions of
hyperbolio differential equations.t We are reassured by the theorem referred to
as 1L in § 1 (cf. H) that the singularity problem of general relativity is not forcing
us into consideration of closed timelike curves.

Condition (3.2) of the theorem—namely that for any timelike or null geodesic,
there is a ‘neighbouring geodesic’ which meets it at two distinct points—may, at
first sight appear to be a strong one. However, this is not so. The condition is in
fact one that could be expected to hold in any physically realistio non-singular
space-time. It is a consequence of three requirements: causal geodesic completeness,
the energy condition and a generality assumption.

The requirement of causal geodesic completeness is simply that every timelike
and null geodesic can be extended to arbitrarily large affine parameter value both
into the future and into the past. (In the case of timelike geodesics we can use the
proper time as such a parameter.) In crude terms we could interpret this condition
as saying: ‘photons and freely moving particles cannot just appear or disappear
off the edge of the universe’. A completeness condition of this kind is sometimes
used as virtually a definition of what is meant by a non-singular space-time (cf.
Geroch 1968a). Since one must normally ‘delete’ any actual singular points from
consideration as part of the space-time manifold, it is by some criterion such as
‘incomploteness’ that the ‘holes’ left by the removal of the singularities may be
detected.

The energy condition may be expressed as

19, = 1 implies Ryt < 0. (3.4)

(We use a + — — — signature, with Riemann and Ricci tensor signs fixed by
2V V uk, = ks R3,,, R,y = RY,,.) With Einstein’s equations

Rab—kRgab = —~ KT, (3.5)

{3.4) becomes ot, = 1 smplies T, 1%% > §T%. (3.6)

(We have K > O. To incorporate a cosmological constant A, we would have to
replace 7%, in the above by T,,+AK-1g,,. Thus, (3.6), as it stands, would still

1+ For examplo, ¢ = const. is the only solution of 8*@/art — 8%¢/ez* = 0, on the (z, {)-torus,
for whioh (¢, z) is idontified with (¢4, 2+ n) for each pair of intogers n, m.
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imply (3.4) so long as A < 0.) [If, in an eigentetrad of 7',,, I denotes the energy
density and 9y, p,, p; denote the three principal pressures, then (3.6} can be written
as

E+ZXp, > 0, (3.7)
together with E+p, >0, (3.8)
where ¢ = 1, 2, 3.
The weak energy condition is
i°l, = 0 implics Rl < 0, (3.9)

which is a consequenco of (3.4) (as follows by a limiting argument). This is equiva-
lent, assuming Einstein’s equations, to (3.8) (without (3.7)) and follows from the
positive-definiteness of the onorgy oxpression T),,¢%%, for o, = 1. (This is now
irrespective of tho value of A.)

The assumption of generality wo require (compare Hawking 1966b) is that every
causal geodosic ¥ containg somo point for which

Fia Ryjcare op k% + 0, (3.10)
where k&, is tangent to y. If v is timolike, we can rewrite (3.10) as
R ppa ke 4 0. (3.11)

{T'o sco this, transvect {3.10) with kek/.)

In any physically realistic ‘genoric’ model, we would expect (3.10) to hold for
each y. For example, the condition can fuil for a timelike geodesio y only if R, k*k°
vanishes at every point on 7, and then only if the Weyl tensor is related in a very
particular way to y (i.c. Cp, gk = 0) at every point on y. (or a generic space-
time this would not even occur at any point of any y!) The condition can fail for
a null geodesic y only if I,, k*k® vanishes at every point of y and the Weyl tensor
has the tangent direction to y as a principal null direction at every point of y
(cf. P, p. 162). {(In a genoric space-time, thore would not be any null geodesic ¥
which is directed along a principsl null direction at siz or more of its points.
This is because null geodesics form a five-dimensional system. It is # conditions
on a null geodesic that it be directed along a principal null direction at n of its
points, so such null geodesics form a (5 —n)-dimensional system in & generic space-
timo.) Wo can thus reasonably say that it is only in very ‘spocial’ (and therofore
physically unrealistic) models that the condition will fuil.

Wo must now show why these threo conditions togethor imply (3.2). Tho fuct
that thoy do is essentially u consequonco of the Raychaudhuri offoct (1955, cf. also
P, p. 169; comparo also Mycrs 1941). Tho idea horoe is to proceod so fur along the
causal gcodesio y that we get beyond the focal length of the offective ‘lens system’
duo to tho curvabure along y (comporo Ponrose 1965b). Consider a causal goodesie
v belonging to a hyporsurface orthogonal congruonco I” of causal geodesics. We
are interosted in the members of I' only in the immediate neighbourhood of .
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When ¥ is o null geodesic, we shall, for convenience, specify that all the other
members of I" shall also be null. In this case we shall, in fact, be interested only in
those members of I', near y, which generate a null hypersurface containing y.
When v is time-like we define the vector ficld ¢2 to be the unit future-directed
tangents to the curves of I. When ¥ is null, we choose & vector field I% to be
smoothly varying future-directed tangents to the curves of I, where [* is parallelly
propagated along each curve. We have
Vﬂtb = V,,la, tata 1, D‘d = 0, With D = l“va (3.12)
and
UeValy = 0, o], =0, DI =0, with D =10V, (3.13)

respectively.
Let us first consider the timelike case. Ricoi identities give, with (3.12),

'Rabcd‘btd =D (vc ta) + (Votd) (Vd ta)- (3.14)

Now Ry, ,t0¢ and V¢, ench annihilate ¢2 when transvected with it on any froe
index. Introduce an orthonormal basis frame, with {* as one of the basis elements.
Let Q,4 and U,; denote the symmetric (3 x 3) matrices of spatial components of
R,,0qt%? and V,t,, respectively. Then (3.14) becomes

Qap = DUpp—Upy Upp (3.16)

The matrix @,, defines the geodesio deviation (relative acceleration) of I'; the trace-
froo part of U,, defines the shear of I'. We define the divergence 6 of I'" to be

0 =V,is= -0, (3.18)
Taking the trace of (3.15), we get
Dﬂ-l-}@’ = } (Uap Uaﬁﬁp, 3""— 17‘,8" Uwsw)—orr < 0 (3.17)

by Schwarz’s inequality and the energy condition (3.4) (which asserts Q,, > 0).
Equality holds only when @,, = 0 and U, is proportional to J,, (so that the shear
would have to vanish).

Suppose R,,,qi%3 & 0 at some point z of ¥, in accordance with (3.11). Then
Q.p *+ 0 at 2. We shall show, first, that this implics that the aérict inequality holds
in (3.17) at some point ¥ on ¥ with  <y. For if it turns out that Q5 = 3, at =
(for some i), then clearly @,, #+ 0 atximplics @, % 0 at z, so that strict inequality
holds at y = 2. On tho other hand, suppose @, is nof of this form at 2. Then by
(3.16) U, cannot be proportional to d,, throughout any open segment of ¥ whose
closuro includes 2. ‘Thus, the expression in parentheses in (3.17) must fail to vanish
at some point y € § with « < y, so the strict inequality in (3.17) must hold at y.

Lot tho ronl quantity W bo defined along y as a non-zero solution of

DW = }0W (3.18)

19



542 S. W. Hawking and R. Penrose

(so that W3 measures a spacelike 3-volume elemont orthogonal to y and Lie
transported anlong the curves of I'). Then (3.17) givest

D'W <0 (3.19)

along vy, provided 1V remains positive. I'urthermore the strict inequality holds at
y. Choosing W > 0 at z, we see from (3.18) and (3.19) that if < 0 at 2, then W
becomes zero at some point ¢ on y with x < ¢. Furthermore, if @ > 0 at 2, then IV
becomes zoro at some pey with p € x. This is provided we assume that y is a
complete geodesic. (By (3.12), we can interpret the ‘D’ in (3.17), (3.18), (3.19) as
d/ds, where 8 is a proper titne parameter on y. The completeness condition ensures
that the range of s is unbounded.) When W becomes zero, wo have a focal point
of I" (point of the caustic) at which & becomes infinite (since & = 3D In W).
Now fix the causal geodesic v and fix a point & on it at which (3.11) holds: then
allow the congruence I" to vary. Thus, we consider solutions of (3.15), where the
matrix §, is o given function of s. We shall be intercsted, in tho first instance, in
solutions for which 0 > 0 at . 'Then by the above discussion there will be a first
focal point ¢ on vy, for each I" (with < ¢r). Each solution of (3.16) is fixed once
the va.luc of Uy = oa,, is fixed at 2 (with l?“ > 0). Thus, ¢ris a function of the
nine U,,y r urthex more, it must be a continuous function. We note that if any com-

ponent of U, s 18 vory large, then g, is very near 2 (since, in the limit Qs becomes
irrelevant and the solution resembles the ilat space-time case). 1t follows that the
¢r's must lie in a bounded portion §{ of . (The one-point compactification of the
space of IZ,,, with l}“ 2 0 is mapped continuously into y, with the point at
infinity being mapped to z itself. Thus, the imnage must be compact.) Choose a
point g€y, to the future of { and lot I" consist of the timeliko geodesics (near y)
through ¢. If there were no conjugate point to ¢ on y, then tho I congruence would
be non-singular to the post of ¢. Wo cannot have (¢ < 0 at 2, since this would
imply ¢ € {. But wo have seen that § > 0 implies another focal point to the past of
2. This establishes the existence of a pair of conjugate points on y in the timelike
case.

When ¥ ig null, the argument is essentially similar. In placo of (3.14) we can
use the Sachs equations (cf. P, p. 167) which have a matrix form similar to (3.15).
The components of the curvature tensor which enter into these equations ave just
the four independent real (or two independent complex) components of
lia Bypearsly 188, The analoguoe of 0 is —2p = V1%, In place of WV we have & ‘lumino-
sity parameter’ L, satisfying DL = —pL and DL > 0. The conclusion is the
samo: If (3.10) holds at some point on 7, if y is complete and if tho energy condition
holds (in this case the weak energy condition (3.9) will suffice), then y contains a
pair of conjugate points.

1 Equation (3.19), which follows from R,k*k® < 0, is essentiolly the statemont thnt
‘gravitation is always attractive’ (cf. §1). 1t tolls ua that the geodesics of I, neighbouring to

7, have a tendency to accelerato towards y—in the sonse that frecly falling 3-voluines aceslorate
inwavds.
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We now come to (3.3), the final condition of the theorem. A drawback of this
condition, when it comes to applications, is that we may require considerable
information of a global character concerning the space-time M, in order to decide
whether or not o given set S is future-trapped. However, in certain special cases,
we can invoke the weak energy condition and null-completeness, to enable us to
infer; on the basis of these two properties, that a certain set should be future-
trapped. An example of such a set S is a irapped surface (Penrose 1965a; P, p. 211),
defined as & compact spacelike 2-surface with the property that both systems of
null geodosics which intersect S orthogonally converge at S, as we proceed into the
future. (For simplicity, suppose § to be achronal.) We expect trapped surfaces to
arise when a gravitational collapse of a localized body (e.g. a star) to within its
Schwarzschild radius takes place, which does not deviate too much from spherical
symmetry. The significant feature of a trapped surface arises from the fact that
the null geodesics meeting it orthogonally are the generators of E+(S). If these
null geodesics start out by converging {p > 0) then by the earlier discussion
(Raychaudhuri offect in the null case—weuk energy condition and null complote-
ness assumed), they must continue to converge until they encounter a focal point.
Lither then, or before then, they must leave E+(S) (cf. P, p. 218). Since S is com-
pact and since the focal points must move continuously with the geodesic (being
obtainable via integration of curvature), it follows that the geodesio segments
joining S to the focal points must sweep out a compact set. Thus L+(S), being the
intersection of this compact set with the closed set 1+[:S], must also be compact—
80 S is futuro-trapped and the theorem applies.

Precisely the same argument will apply in more general situations. For example,
if § is any compuct achronal set whose edge is smooth and at which the null
geodesics which form the local boundary of its future (these will be orthogonal
to edge(8)) converge at edge(S) as we proceed into the future, then (again assuming
null completeness and the weak energy condition) S will be future-trapped. More
generally still, we need not require that the null geodesics which form the local
boundary of the future of S actually converge at edge(S). It is only necessary that
we should have somo reason for believing that they converge somewhere to the
future of 8. In partioular, S might contain but a single point p, located somewhere
near the centre of a collapsing body, but at & time bofore the collapse has drastically
affected the geometry at p. Then, under suitable circumstances the future null
cone of p can encounter suflicient collapsing matter that it (locally) starts con-
verging again. Thus every null geodesic through p will encounter a point conjugate
to p in the futuve (assuming null completeness and the weak energy condition), so
again these null geodesio segments sweep out a compact set. Its intersection with
1+(p) is B+({p}), implying that E+({p}) is compact, so {p} is future-trapped and
the theorem applies.

In its time-reversed form, this last example has relevance to cosmology. If the
point p refers to the earth at the present epoch, the null geodesics into the past,
through p sweep out a region which can bo taken to represent that portion of the
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univorse which is visible to us now. If sufficient matter (or curvature in general)
encounters theso null geodesics, then the divergence (— p) of the geodesics may be
oxpoctod to chunge sign somoewhere to the past of p. Lhis sign change occurs where
an object of given size infercopting the null ray subtends its maaimum solid angle
ab p. Thus, the existence of such a maximum solid angle for objects in ench dirce-
tion, may be tuken as the physical interpretation of this type of past-trapped set
{p}. Again the theorom applics. In an appendix we give an argument to show that
the required condition on p scoms indeed to be satisfied in our univorse.

Anothor exnmple of a future- (or past-) trapped set is any achronal set which is
a. compact spacelike hypersurface. (If we do not assume that the hypersurface is
achronal, we can produce a ‘copy’ of it which is achronal by taking a suitable
covering mauifold of the entire space-time, of. H. Thus, we actuully lose no
gonerality by assuming that S is achronal.) In this case, since edge(S) = o, we
have E+(S) = 8, so E+(S) is compact. Hence the theorem applies to ‘closed
univorse’ models. 1t is possible that still other situations of physical interest might
arise in which a futuroe- (or past-) trupped set S would bo inferred as existing
(perhaps on the basis of comploteness or energy assumptions).

We are now in a position to state the corollary to our theorem.

CoRroLLARY. A space-time M cannol satisfy causal geodesic completeness if, together
with Einslein's equations (3.6), the following four conditions hold:
(3.20) M contains no closed timelike curves.

(3.21) the encrgy condilion (3.0) is salisfied al every point,
(3.22) the gencrality condition (3.10) is satisfied for every causal geodesic,

(3.23) MM contains cither
(i) a trapped surface,
or (ii) @ point p for which the convergence of all the null geodesics through p
changes sign somewhere to the past of p,

or (iii) @ compact spacelike hypersurfuce.

We may interpret failure of tho causal goodesic completeness condition in our
corollary as virtually a statoment that any space-time satisfying (3.20)-(3.23)
‘possesses & singularity’ (cf. Goroch 1968a and our earlier remarks). However,
one cannob conclude, on tho basis of the corollary, that such a singularity need
necessarily be of the ‘infinite curvature’ type. Although one might infer that in
some sense o ‘maximally oxtended’ space-time satisfying (3.20)-(3.23) should
obtain arbitrarily large curvaturcs, there are, novertheless, other possibilitios to
consider (cf. H). In fact, very littlo is known about tho nature of the space-time
singularities arising in goncral relativity othor than in highly symmotrical situa-
tions. Jor this reason, it is worth pointing out the minor inforence that can be
mado about tho nnturo of thoso singularitics if wo rovert back to our original
statomont ol the theorem. Lhe implication is, virbuully, that a space-timo satisfying
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(3.20)-(3.23) must contain a causal geodesic which possesses no pair of conjugate
points. At o first guess, one might have imagined that causal geodesics entering
very large curvature regions would be inclined to possess many pairs of conjugate
points. Instead, we see that our theorem implies that some causal geodesic ‘enters
o singularity’ (i.c. is compelled to be goodesically incomplote) bofore any ropeated
foousing has time to take place.

Proof of the theorem:

Take S os future-trapped. Then, by lemmma (2.12), there is a future-inextendible
timelike curve ¥ < int DHE+(S)). (That strong causality holds for M follows from
lemama (2.10).) Define 7' = I-[y] n E+(S). We shall show that T' is past-trapped.
(That T is closed and achronal follows at once since J-[y] is closed and E+(S) is
closed and achronal.) Now, since y < D+(Z(S)), every past-inextendible timelike
curve with future end-point on ¥ must cross E+(S). More particularly, it must
cross T, Also, I-[T'] < I-[y]). Thus I-{T] is simply & portion of I-[y] ‘ cut off’ by 7.
Examining the boundaries of these sets, we see [-{T'] < 7'y I-{y]. We are interested
in B~(T)—T. This is generated by null geodesics {#} on I-[T'] with future end-point
on T (at edge(T)). These null geodesics can be continued on I-{y] inextendibly
into the future. (For, by lemma (2.6), each point of I-[y] is the past end-point of
a null geodesic on I-{y] which continues future-inextendibly unless it meets v.
But it olearly cannot meet v, since vy is timelike and future-inextendible.) But, by
(3.2), every generator 4 of I-[T'] must, when maximally extended, contain o pair
of conjugate points p, g, with p < ¢, say. By lemma (2.9), 2 cannot lie on I-{y]
(so p € I-{y]). Thus § must contain a past end-point either at p, or to the future
of p. Now 7' and edgo(7') are compact (being closed subsets of the compaoct set
E+(8)). Since # meets edge(T) and since conjugate points vary continuously,
(being obtainable as intograls of ourvature, of. Hicks 1964, H) we can choose p
and g, for each 8, so that the segment of the extension of £ from p to g sweeps out
a corapact region. Thus, the segment of the extension of # from p to edge(T’) also
swoops out some compact region C of M. We have E-(T) = HTin(@Cum),
showing that E-(T') is a closed subset of the compact set C U T' and is therefore
itself compact. Thus, 7' is past-trapped, as required.

By lemma (2.12) there exists a past-inextendible timelike curve a € int D-(E~(T').
Choose a point ¢, € a. We have ay€ I-{y], so we find ¢, €y with ay € ¢,. Choose
the sequence a, @;, dy, . . ., €7, receding intothe past indefinitely (i.e. with no limit
point). Similarly choose ¢y, ¢y, ¢4, . . . € ¥ proceeding into the future indefinitely. We
have @, € ¢, for all i. Now a;eint D-(E~(T')) and c;€ int D+(E+(S)). Thus by
lemma (2.7) J*{(a,) n J-[T'] is compact (with strong causality holding throughout)
and so is J=(¢;) n JH[S]. It is easily seen that J*(a;) n J-(c;), is a closed subset of
{J=(cs) n JHSH U {J*(a,) n J{T']} ond so is also compact with strong causolity
holding throughout. Thus, by lemma (2.11) thore is & maximal causal geodosic s«
from @, to ¢;. Now s, must mcot 7', which is compact, at q,, say. As {-» 00, thero will
Lo an acoumulation point ¢ in 7' and an sccumulation causal direction at g.
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546 S. W. IHawking and R. Penrose

Choose the causal geodesio p, through 7', in this direction, so x is approached
by p;. By (3.2), # contains a pair of conjugate points,  and v, say, with u < v.
Sinco conjugato points vary continuously, we must havo « as a limit point of some
{»;} and v as a limit point of some {v;} whore u; and v; are conjugate points on the
maximal extension of u;, the {;;} boing chosen to converge on u. But {a;} and {c;}
cannot accumulate at any point of the segment uv of 4. Hence, for some large
onough 3, a; will lie to the past of %, in #; and ¢, to the future of v; on ;. This
contradicts lemma (2.8) and the maximality of u;. The theorem is thus established.

The authors are grateful to C. W, Misner and to R. P. Geroch for valuable
discussions.
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APPENDIX

We wish to show that there is enough matter on the past light-cone of our
present location p to imply that the divergence of this cone changes sign some-
where to the past of . A sufficient condition for this to be so is that there should
be (affine) distances B, and R, such that along every past-directed null geodesic
from p,

()
KR, fn T, 008dr > 1. (A1)

(This formuls can be obtained by using a variational approach similar to that
used in Hawking (1966a).) As in (3.5), X = 87@, where @ (= 7.41x10-2 cm g-1)
is the gravitational constant. (Length and time units are related via ¢ = 1,
ie. 3x10%om = ls))

In this integral, the vector % is a future-directed tangent to the null geodesic
and r is & corresponding affine parameter (1°V,r = — 1). Here I* is parallelly pro-
pagated along the null geodesic and is such that r = 0 at p.and {*U, = 1, where
Us is the future-directed unit timeliko vector representing the local standard of
rest at p.

In a recent paper (Hawking & Ellis 1968) it was shown that, with certain
assumptions, obsorvations of the microwave background radiation indicate that
not only do the past directed null geodesics from us start ‘converging again’ but
80 also do the timelike ones. As we are concerned ouly with the null geodesics,
the assumptions we shall need will be wealker.

The observations show that between the wavelengths of 20 em and 2 mm the
background radiation is isotropio to within 1 % and has & spectrum close to that of
a black body at 2.7 K. We shall assumo that this spectrum and its isotropy indicate
not that tho radiation was necessarily created with this form, but that it has -
undergone repesated scattering. (We do not assume that the radiation is necessarily
primeval.) Thus there must be sufficient matter on ench past directed null geodesio
from p to make the optical depth large in that direction. We shall show that this
mattor will be sufficiont to cause the inequality (A1) to be satisfied.

The amallest ratio of density to opacity at theso wavelongths will be obtained
if the mattor consists of ionised hydrogen in which case there would be scattering
by free eloctrons. The optical depth to distance I would be

Ra
f o m plav, dr,
where ¢ is the Thomson scattering cross-section, m the mass of & hydrogen atom,
p the density, measured in g em~3, of the ionised gas and Ve the local velocity of
the gas. The red-shift Z of the gas is given by (I%V,—1). We assume that this in-
creases down our past-light cone. As galaxies are observed with red-shifts of 0.46
most of the scattering must occur at red-shifts greater than this (in fact if the
quasars really are at cosmologioal distances, the scattering must ocour at red-shifts
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of greater than 2). With a Hubble constant of 100 km s~ Mpc—?, & red-shift of
0.4 corresponds to a distance of about 3 x 10%” em. Taking R, to be this distance,
the contribution of the gas density to the integral in (A1) is

Iy
2.6 f p (V)2 dr
R,
while the optical dopth of gas at red-shifts greater than 0.4 is

Ry
0.4f plav,dr.
I,

As "V, will bo greater than 1.4 for r > R, it can be seen that the inequality
(A1) will bo satisfied ut an optical depth of about 0.1. If the optical depth of the
Universe wore less than this, one would not expect either a black body spectrum
or a high degree of isotropy, as the photons would not suffer sufficient collisions.
Lven if the radiation arose fromn an isotropic distribution of black-body emitters
ab o higher temperature but covering less than g of the sky, what one would see
would thon be a dilute ‘ grey ’ body spectrum which could agree with the observations
between 20 and 2 om but which would not it those at 9 and 2 mm. Thus we can be
fairly certain that the required condition is satisfied in the observed Universe.
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Introduction

We know from observations during eclipses and radio measurements of quasars pass-
ing behind the sun that light is deflected by gravitational fields. One would therefore
imagine that if there were a sufficient amount of matter in a certain region of space,
it would produce such a strong gravitational field that light from the region would
not be able to escape to infinity but would be “dragged back”. However one can-
not really talk about things being dragged back in general relativity since there are
not in general any well defined frames of reference against which to measure their
progress. To overcome this difficulty one can use the following idea of Roger Pen-
rose. Imagine that the matter is transparent and consider a flash of light emitted at
some point near the centre of the region. As time passes, a wavefront will spread out
from the point (Fig. 1). At first this wavefront will be nearly spherical and its area
will be proportional to the square of the time since the flash was emitted. However
the gravitational attraction of the matter through which the light is passing will de-
flect neighbouring rays towards each other and so reduce the rate at which they are
diverging from each other. In other words, the light is being focused by the gravita-
tional effect of the matter. If there is a sufficient amount of matter, the divergence
of neighbouring rays will be reduced to zero and then turned into a convergence.
The area of the wavefront will reach a maximum and start to decrease. The effect
of passing through any more matter is further to step up the rate of decrease of the
area of the wavefront. The wavefront therefore will not expand and reach infinity
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Fig. 1. The wavefront from a flash of light being focused and dragged back by a strong gravitational
field.

since, if it were to do so, its area would have to become arbitrarily large. Instead,
it is “trapped” by the gravitational field of the matter in the region.

We shall take this existence of a wavefront which is moving outward yet de-
creasing in area as our criterion that light is being “dragged back”. In fact it does
not matter whether or not the wavefront originated at a single point. All that is
important is that it should be a closed (i.e. compact) surface, that it should be
outgoing and that at each point of the wavefront neighbouring rays should be con-
verging on each other. In more technical language, such a wavefront is a compact
space like 2-surface [without edges] such that the family of outgoing future-directed
null geodesics orthogonal to it is converging at each point of the surface. I shall
call this an outer trapped surface (or simply, a trapped surface). This differs from
Penrose’s definition (Penrose, 1965a) in that he required the ingoing future-directed
null geodesics orthogonal to the surface to be converging as well. The behaviour of
the ingoing null geodesics is of importance in proving the occurrence of a spacetime
singularity in the trapped region. However, in this course we are primarily interested
in what can be seen by observers at a safe distance. Modulo certain reservations
which will be discussed in Sec. 2, the existence of a closed outgoing wavefront (or
null hypersurface) which is decreasing in area implies that information about what
happens behind the wavefront cannot reach such observers. In other words, there
is a region of spacetime from which it is not possible to escape to infinity. This is a
black hole. The boundary of this region is formed by a wavefront or null hypersur-
face which just does not escape to infinity; its rays are asymptotically parallel and
its area is asymptotically constant. This is the event horizon.

To show how event horizon and black holes can occur I shall now discuss the one
situation that we can treat exactly, spherical symmetry.

1. Spherically Symmetric Collapse

Consider a non-rotating star. After its formation from an interstellar gas cloud, there
will be a long period (10%-10"! years) in which it will be in an almost stationary state
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burning hydrogen into helium. During this period the star will be supported against
its own gravity by thermal pressure and will be spherically symmetric. The metric
outside the star will be the Schwarzschild solution — the only empty spherically
symmetric solution

-1
ds? = (1 - #) dt? - (1 - 31:1) dr? — r¥(d6? + sin’® 8d¢?) (1.1)

This is the form of the metric for r greater than some value 7y corresponding to the
surface of the star. For r < ry the metric has some different forms depending on
the distribution of density in the star. The details do not concern us here.

When the star has exhausted its nuclear fuel, it begins to lose its thermal energy
and to contract. If the mass M is less than about 1.5-2Mg, this contraction can
be halted by degeneracy pressure of electrons or neutrons resulting in a white dwarf
or neutron star respectively. If, on the other hand, M is greater than this limit,
contraction cannot be halted. During this spherical contraction the metric outside
the star remains of the form (1.1) since this is the only spherically symmetric empty
solution. There is an apparent difficulty when the surface of the star gets down
to the Schwarzschild radius r = 2M since the metric (1.1) is singular there. This
however is simply because the coordinate system goes wrong here. If one introduces
an advanced time coordinate v defined by

v=t+r+2Mlog(r - 2M) (1.2)

the metric takes the Eddington—Finkelstein form

ds? = (1 - #) dv? — 2dvdr — r?(d6? + sin® 0d¢?) (1.3)

This metric is perfectly regular at r = 2M but still has a singularity of infinite
curvature at r = 0 which cannot be removed by coordinate transformation. The
orientation of the light-cones in this metric is shown in Fig. 2. At large values
of r they are like the light-cones in Minkowski space and they allow a particle or
photon following a nonspacelike (i.e., timelike or null) curve to move outwards or
inwards. As r decreases the light-cones tilt over until for r < 2M all nonspacelike
curves necessarily move inwards and hit the singularity at » = 0. At r = 2M all
nonspacelike curves except one move inwards. The exception is the null geodesic
r, 8, ¢ constant which neither moves inwards nor outwards. From the behaviour it
follows that light emitted from points with r > 2M can escape to infinity whereas
that from r < 2M cannot. In particular the singularity at » = 0 cannot be seen by
observers who remain outside r = 2M. This is an important feature about which I
shall have more to say later.

The metric (1.3) holds only outside the surface of the star which will be repre-
sented by a timelike surface which crosses r = 2M and hits the singularity at r = 0.
Inside the star the metric will be different but the details again do not matter. One

29



TRAPPED
SURFACE

fmr =

rso

/)

wkglrr

SINGULARITY

,

e ralm
EVENT
HORIZON

C o

\/
A

SURFACE OF

V 'STAR

INTERIOR OF
STAR

Fig. 2. The collapse of a spherical star leading to the formation of trapped surfaces, event horizon
and spacetime singularity.

can analyse the important qualitative features by considering the behaviour of a
series of flashes of light emitted from the centre of the star which again is taken to
be transparent. In the early stage of the collapse when the density is still low, the
divergence of the outgoing light rays or null geodesics will not be reduced much by
the focusing effect of the matter. The wavefront will therefore continue to increase
in area and will reach infinity. As the collapse continues and the density increases,
the focusing effect will get bigger until there will be a critical wavefront whose rays
emerge from the surface of the star with zero divergence. Outside the star the area
of this wavefront will remain constant and it will be the surface r = 2M in the
metric (1.3). Wavefronts corresponding to flashes of light emitted after this critical
time will be focused so much by the matter that their rays will begin to converge
and their area to decrease. They will then form trapped surfaces. Their area will
continue to decrease, reaching zero when they hit the singularity at r = 0.

The critical wavefront which just avoids being converged is the event horizon,
the boundary of the region of spacetime from which it is not possible to escape
to infinity along a future directed nonspacelike curve. It is worth noting certain
properties of the event horizon for future reference.
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(1) The event horizon is a null hypersurface which is generated by null geodesic
segments which have no future end-points but which do have past end-points
(at the point of emission of the flash).

(2) The divergence of these null geodesic generators is positive during the collapse
phase and is zero in the final time-independent state. It is never negative.

(3) The area of a 2-dimensional cross-section of the horizon increases monotoni-
cally from zero to a final value of 167 M2,

We shall see that the event horizon in the general case without spherical sym-
metry will also have these properties with a couple of small modifications. The first
modification is that in general the null geodesic generators will not all have their
past end-points at the same point but will have them on some caustic or crossing
surface. The second modification is that if the collapsing star is rotating, the final
areas of the event horizon will be

8r[M? + (M* - L)} (1.4)

where L is the final angular momentum of the black hole, i.e., that part of the
original angular momentum of the star that is not carried away by gravitational
radiation during the collapse. This formula (1.4) will play an important role later
on.

In the example we have been considering the event horizon has another property
in the time-independent region outside the star. It is the boundary of the part
of spacetime containing trapped surfaces. This is not true however in the time-
dependent region inside the star. There has in the past been some confusion between
the event horizon and the boundary of the region containing trapped surfaces, so it
is worth spending a little time to clarify the distinction. Let us introduce a family of
spacelike surfaces S(7) labelled by a parameter 7 which we shall interpret as some
sort of time coordinate. In the example we are considering 7 could be chosen to be
v — r but the react form is not important. Given a particular surface S(7), one can
find whether there are any trapped surfaces which lie in S(r). The boundary of the
region of S(7) containing trapped surfaces lying in S(7) will be called the apparent
horizon in S(r). This is not necessarily the same as the intersection of the event
horizon with §(7) which is the boundary of the region of S(7) from which it is not
possible to escape to infinity. To see the differences consider a situation which is
similar to the previous example of a collapsing spherical star of mass M but where
there is also a thin spherical shell of matter of mass § M which collapses from infinity
at some later time and hits the singularity at r = 0 (Fig. 3). Between the surface
of the star and the shell the metric is of the form (1.3) while outside the shell it
is of the form (1.3) with M replaced by M + §M. The apparent horizon in S(m),
the boundary of the trapped surfaces in S(71), will be at r = 2M. It will remain at
r = 2M until the surface S(7;) when it will suddenly jump out to r = 2(M + 6M).
On the other hand, the event horizon, the boundary of the points from which it is
not possible to escape to infinity, will intersect S(71) just outside r = 2M. It will
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move out continuously reach r = 2(M + § M) at the surface S(r2). Thereafter it will
remain at this radius provided no more shells of matter fall in from infinity.

The apparent horizon has the practical advantage that one can locate it on a
given surface S(7) knowing the solution only on that surface. On the other hand
one has to know the solution at all times to locate the event horizon. However,
the event horizon has the mathematical advantage of being a null hypersurface
with nice properties like the area always increasing whereas the apparent horizon
is not in general null and can move discontinuously. In this course I shall therefore
concentrate on the event horizon. I shall show that it will always coincide with or
be outside the apparent horizon. During periods when the solution is nearly time
independent and nothing is just about to fall into the black hole, the two horizons
will nearly coincide and their areas will be almost equal. If the black hole now
undergoes some interaction and settles down to another almost stationary state, the
area of the event horizon will have increased. Thus the area of the apparent horizon
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will also have increased. I shall show how the area increase can be used to measure
the amounts of energy and angular momentum which fell into the black hole.

2. Nonspherical Collapse

No real star is exactly spherical; they all are rotating a bit and have magnetic fields.
One must therefore ask whether their collapse will show the same features as the
spherical case we discussed before. One would not expect this necessarily to be
the case if the departure from spherical symmetry were too large. For example
a rapidly rotating star would not collapse to within » = 2M but would form a
thin rotating disc, maintaining itself by centrifugal force against the gravitational
attraction. However one might hope that the picture would be qualitatively similar
to the spherical case for departures from spherical symmetry that are small initially.
One can divide this question of stability under small perturbations of the initial
conditions into three parts.

(1) Is the occurrence of a singularity a stable feature?
(2) Is the form of the singularity stable?
(3) Is the fact that the singularity cannot be seen from infinity stable?

The Einstein equations being a well behaved system of differential equations have
the property of local stability. The solution at nonsingular points depends continu-
ously on the initial data (see Hawking and Ellis, 1973. I shall refer to this as HE).
In other words, given a compact nonsingular region V in the Cauchy development
of an initial surface 9, one can find a perturbation of the initial data on S which is
sufficiently small that the solution on V changes by less than a given amount. One
can apply this result to show that small initial departure from spherical symmetry
will not affect the fact that the wavefronts corresponding to flashes of light emitted
from the centre of the star will be focused and made to start to reconverge. It
follows from a theorem of Penrose and myself (Hawking and Penrose, 1970) that
the existence of such a reconverging wavefront implies the occurrence of a spacetime
singularity provided that certain other reasonable conditions like positive energy
density and causality are satisfied. Thus the answer to question (1) is “yes”; the
occurrence of a singularity is a stable feature of gravitational collapse.

As the local stability result holds only at non-singular points it cannot be used
to answer question (2): is the form of the singularity stable? In fact the answer
is “no”. For example adding a small amount of electric charge to the star changes
the singularity from that in the Schwarzschild solution to that in the Reissner—
Nordstrom solution which is completely different. It is reasonable to expect that a
small departure from spherical symmetry would also completely change the singu-
larity. This makes it very difficult to study singularities since one does not know
what a “generic” singularity would look like. The work of Liftshitz, Belinsky and
Khalatnikov suggests that it is probably very complicated. Fortunately we do not
have to worry about this in this course provided we have an affirmative answer to
question (3): is the fact that the singularity cannot be seen from infinity stable?
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One cannot use the local stability result to answer this since it applies only to the
behaviour of perturbations over a finite interval of time. The question of whether
the singularities can be seen from infinity depends on the behaviour of the solution
at arbitrarily large times and at such times the perturbations might have grown
large. In fact this question which is absolutely fundamental to the whole study of
black holes has not yet been properly answered. However there are grounds for
optimism. The first of these is that linearized perturbation studies of spherical col-
lapse by Regge and Wheeler (1957), Doroshkevich, Zeldovich and Novikov (1965),
Price (1972) and others have shown that all perturbations except one die away with
time. The one exception corresponds to a rotational perturbation which changes
the Schwarzschild solution into a linearized Kerr solution. In this the singularities
are also hidden from infinity. These perturbation calculations do not completely
answer the stability question since they are only first order: one would need to show
that the perturbations of the second and higher orders also die away and that the
perturbation series converged.

The second ground for believing that the singularities are hidden is that Penrose
and Gibbons have tried and failed to devise situations in which they are not. The
idea was to try and obtain a contradiction with the result that the area of the event
horizon increases which is a consequence of the assumption that the singularities
are hidden. However they failed. Of course their failure does not prove anything
but it does strengthen my personal conviction that the singularities in gravitational
collapse will not be visible from infinity. One has to be slightly careful how one states
this because one can always devise situations where there are naked singularities of
a sort. For example, if one has pressure-free matter (dust), one can arrange the
flow-lines to intersect on caustics which will be three dimensional surfaces of infinite
density. However such singularities are really trivial in the sense that the addition
of a small amount of pressure or a slight variation in the initial conditions would
remove them. I believe that if one starts from a non-singular, asymptotically flat
initial surface there will not be any non-trivial singularities which can be seen from
infinity.

If there are non-trivial singularities which are naked, i.e., which can be seen from
infinity, we may as well all give up. One cannot predict the future in the presence
of a spacetime singularity since the Einstein equations and all the known laws of
physics break down there. This does not matter so much if the singularities are all
safely hidden inside black holes but if they are not we could be in for a shock every
time a star in the galaxy collapsed. People working in General Relativity have a
strong vested interest in believing that singularities are hidden.

In order to investigate this in more detail one needs precise notions of infinity
and of causality relations. These will be introduced in the next two sections.

3. Conformal Infinity

What can be seen from infinity is determined by the light-cone structure of space-
time. This is unchanged by a conformal transformation of the metric, i.e., g,p —
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Q2g,, where @ is some suitably smooth positive function of position. It is there-
fore helpful to make a conformal transformation which squashes everything up near
infinity and brings infinity up to a finite distance. To see how this can be done
consider Minkowski space:

ds? = dt* — dr? - r*(d6? + sin® 64°) (3.1)

Introduce retarded and advanced time coordinates, w = t —r, v = t + r. The metric
then takes the form
ds® = dvdw ~ r*(d§? + sin® 8d¢?) (3.2)

Now introduce new coordinates p and ¢ defined by tanp = v, tang=w,p—-¢ 2 0.
The metric then becomes

ds? = sec’p sec’q [dpdq - %sin’(p ~ ¢)(d#? + sin? 0dg? )] (3.3)

This is of the form ds? = Q~2d3? where d3? is the metric within the square brackets.
In new coordinates t' = %(p +q),r= %(p — ¢) the conformal metric d3® becomes

ds? = dt'® — dr'? - %sinz 2r'(d6? + sin® 8d¢?) (3.4)

This is the metric of the Einstein universe, the static spacetime where space sections
are 3-spheres. Minkowski space is conformal to the region bounded by the null
surface ¢ — r' = —x/2 [this can be regarded as the future light-cone of the point
' = 0, t' = —(7/2)] and the null surface t' + r' = 7/2 (the past light-cone of
v = 0, t' = n/2) (Fig. 4). Following Penrose (1963, 1965b) these null surfaces
will be denoted by Z— and I+ respectively. The point ©' = 0, t' = £ /2 will be
denoted by t* and the points r' = 7/2, t' = 0 will be denoted by i°. (It is a point
because sin? 2r' is zero there.) Penrose originally used capital I’s for these points
but this would cause confusion with the symbol for the timelike future which will
be introduced in the next section.

All timelike geodesics in Minkowski space start at ¢~ which represents past
timelike infinity and end at i+ which represents future timelike infinity. Space-
like geodesics start and end at i® which represents spacelike infinity. Null geodesics,
on the other hand, start at some point on the null surface Z~ and end at some point
on It . These surfaces represent past and future null infinity respectively (Fig. 5).

When one says that spacetime is asymptotically flat one means that near infinity
it is like Minkowski space in some sense. One would therefore expect the conformal
structure of its infinity to be similar to that of Minkowski space. In fact it turns
out that the conformal metric is singular in general at the points corresponding to
i~i*i{°, However it is regular on the null surfaces Z~Z*. This led Penrose (1963,
1965b) to adopt this feature as a definition of asymptotic flatness. A manifold M
with a metric g, is said to be asymptotically simple if there exists a manifold M
with a metric g3 such that
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Fig. 4. Minkowski space M conformally imbedded in the Einstein Static Universe. The conformal
boundary is formed by the two null surfaces I+, 7~ and the points i+i® and i~.

(1) M can be imbedded in M as a manifold with boundary OM

(2) On M, §op = Ngap

3) OndM, Q2 =0,2;a#0

(4) Every null geodesic in M has past and future end-points on 8M

(5) The Einstein equations hold in M which is empty or contains only an electro-
magnetic field near M (Penrose did not actually include this last condition
in the definition but it is useful really only if this condition holds)

Condition (3) implies that the conformal boundary M is at infinity from the
point of view of someone in the manifold M. Penrose showed that conditions (4)
and (5) implied that M consisted of two disjoint null hypersurfaces, labelled 7~
and I, which each had topology R! x 5%. An example of an asymptotically simple
space would be a solution containing a bounded object such as a star which did
not undergo gravitational collapse. However the definition is too strong to apply
to solutions containing black holes because condition (4) requires that every null
geodesic should escape to infinity in both directions. To overcome this difficulty
Penrose (1968) introduced the notion of a weakly asymptotically simple space. A
manifold M with a metric g, is said to be weakly asymptotically simple if there
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Fig. 5. Another picture of Conformal Infinity as two light-cones T~ and Z* joined by a rim which
represents the point i°.

exists an asymptotically simple spacetime M’, g4, such that a neighbourhood of Z*#
and 7T~ in M' is isometric with a similar neighbourhood in M. This will be the
definition of asymptotic flatness I shall use to discuss black holes. Since condition
(4) no longer holds for the whole of M there can be points from which it is not
possible to reach future null infinity Z* along a future directed timelike or null
curve. In other words these points are not in the past of Z+. The boundary of
these points, the event horizon, is the boundary of the past of Z*. I shall discuss
properties of such boundaries in the next section.

FEzercise

Show that the Schwarzschild solution is weakly asymptotically simple.

4. Causality Relations

I shall assume that one can define a consistent distinction between past and future
at each point of spacetime. This is a physically reasonable assumption. Even if it
did not hold in the actual spacetime manifold M, there would be a covering manifold
in which it did hold (Markus 1955).

Given a point p, I shall denote by I*(p) the timelike or chronological future of
p, i.e., the set of all points which can be reached from p by future directed timelike
curves. Similarly I~ (p) will denote the past of p. Many of the definitions I shall
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give will have duals in which future is replaced by past and plus by minus. I shall
regard such duals as self-evident. Note that p itself is not contained in I*(p) unless
there is a timelike curve from p which returns to p. Let ¢ be a point in I*(p) and
let A(v) be a future directed timelike curve from p to g. The condition that A(v) is
timelike is an inequality:

dz® dz® >0
Jab"Iv dv

where % is the tangent vector to A(v). One can deform the curve A(v) slightly
without violating the inequality to obtain a future directed timelike curve from p to
any point in a small neighbourhood of ¢. Thus I*(p) is an open set.

The causal future of p, J*(p), is defined as the union of p with the set of points
that can be reached from p by future directed nonspacelike, i.e., timelike or null
curves. If one considers only a small neighbourhood of p, then I*(p) is the interior
of the future light-cone of p and J*(p) is I*(p) with the addition of the future light-
cone itself including the vertex. Note that the boundary of I*(p), which I shall
denote by I+(p), is the same as J*(p), the boundary of J*(p), and is generated by
null geodesic segments with past end-points at p.

When one is dealing with regions larger than a small neighbourhood, there is
the possibility that some of the null geodesics through p may reintersect each other
and the forms of I*(p) and J*(p) may be more complicated. To see the general
relationship between them consider a future directed curve from a point p to some
point ¢ € J*(p). If this curve is not a null geodesic from p, one can deform it slightly
to obtain a timelike curve from p to ¢. From this one can deduce the following:

(a) If ¢ is contained in J*(p) and r is contained in I*(g), then r is contained in
I*(p). The same is true if ¢ is in I*(p) and r is in J*(q).

(b) The set E*(p), defined as J*(p) — I*(p), is contained in (not necessarily
equal to) the set of points lying on future directed null geodesics from p.

(c) I*(p) equals J+(p). It is not necessarily the same as E*(p).

A simple example of a space in which E+(p) does not contain the whole of the
future directed null geodesics from p is provided by a 2-dimensional cylinder with
the time direction along the axis of the cylinder and the space direction round the
circumference (Fig. 6). The null geodesics from the point p meet up again at the
point ¢q. After this they enter I*(p). An example in which E*(p) does not form
all of I*(p) is 2-dimensional Minkowski space with a point r removed (Fig. 7). The
null geodesic in | *(p) beyond r does not pass through p and is not in J*(p).

The definitions of timelike and causal futures can be extended from points to
sets: for a set S, I*(9) is defined to be the union of I*(p) for all p € S. Similarly for
J*(S). They will have the same properties (a), (b) and (c) as the futures of points.
Suppose there were two points g, r on the boundary I*(S) of the future of a set S
with a future directed timelike curve A from g to 7. One could deform A slightly to
give a timelike curve from a point x in I*($) near ¢ to a point y in M — I*(S) near
r. This would be a contradiction since I*(z) is contained in I*(S). Thus one has
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Fig. 7. The point r has been removed from two-dimensional Minkowski space.

(d) I*(8) does not contain any pair of points with timelike separation. In other
words, the boundary I*(S) is null or spacelike at each point.

Consider a point ¢ € I+(§). One can introduce normal coordinates z!, z?, 23, z*
(z* timelike) in a small neighbourhood of g. Each timelike curve z* = constant (i =
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1, 2, 3) will intersect I +(.S:) once and once only. These curves will give a continuous
map of a small region of I¥(S) to the 3-plane z* = 0. Thus

(e) I*(S)is a manifold (not necessarily a differentiable one).

Now consider a point ¢ in /+(S) but not in § itself, or its topological closure S.
One can thus find a small convex neighbourhood U of ¢ which does not intersect S.
In U one can find a sequence {y,} of points in I*(S) which converge to the point
¢ (Fig. 8). From each y, there will be a past directed timelike curve A,, to 5. The
intersections of the {\,} with the boundary U of U must have some limit point 2
since iU/ is compact. Any neighbourhood of z will intersect an infinite number of
the {A,}. Thus z will be in I*(S). The point z cannot be spacelike separated from
q since, if it were, it would not be near timelike curves from points y, near q. It
cannot be timelike separated from ¢ since if it were one could deform one of the A,
passing near z to give a timelike curve from S to ¢ which would then have to be
in the interior of I1(S) and not on boundary. Thus z must lie on a past directed
null geodesic segment vy from g. Each point of 4 between ¢ and 2z will be in It ().
One can now repeat the construction at z and obtain a past directed null geodesic
segment p from z which lies in /+(S). If the direction of p1 were differed from that of
v one could join points of u to points of ¥ by timelike curves. This would contradict
property (d) which says that no two points of (s ) have timelike separation. Thus
p will be a continuation of 4. One can continue extending 7 to the past in I+(S)
unless and until it intersects S.

If there are two past directed null geodesic segments v; and 73 lying in I1(S)
from a point g € I+(S), there can be no future directed such segment from ¢ since

Fig. 8. The points yn converge to the point ¢ in the boundary of 7+ (S). From each y, there is past
directed timelike curve A, to S. These curves converge to the past directed dull geodesic segment
4 through g¢.
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if there were, it would be in a different direction to and be timelike separted from,
either y; or 743. One therefore has

(f) I*(S) (and also J*+(S)) is generated by null geodesic segments which have
future end-points where they intersect each other but which can have past
end-points only if and when they intersect S.

The example of 2-dimensional Minkowski space with a point removed shows that
there can be null geodesic generators which do not intersect § and which do not
have past end-points in the space.

The region of spacetime from which one can escape to infinity along a future
directed nonspacelike curve is J~(Z+) the causal past of future null infinity. Thus
J ~(Z*) is the event horizon, the boundary of the region from which one cannot
escape to infinity (Fig. 9). Interchanging future and past in the results above,
one sees that the event horizon is a manifold which is generated by null geodesic
segments which may have past end-points but which could have future end-points
only if they intersected Z+. Suppose there were some generator v of J~(Z*) which
intersected Tt at some point g. Let A be the generator of the null surface Z+ which
passes through ¢q. Since the direction of A would be different from that of v, one
could join points on A to the future of ¢ by timelike curves to points on v the past
of ¢. This would contradict the assumption that ¥ was in J =(Z*). Thus the null
geodesic generators of the event horizon have no future end-points. This is one of
the fundamental properties of the event horizon. The other fundamental property,
that neighbouring generators are never converging, will be described in Sec. 6.

7+ BLACK / < T+

HOLE

Fig. 9. The event horizon J~(Z+) is the boundary of the region from which one cannot escape to
I+,

1



8. The Focusing Effect

The most obvious feature of gravity is that it is attractive rather than repulsive. A
theoretical statement of this is that gravitational mass is always positive. By the
principle of equivalence the positive character of gravitational mass is related to the
positive definiteness of energy density which in turn is normally considered to be a
consequence of local quantum mechanics. There are possible modifications to this
positive definiteness in the very strong fields near singularities. However these will
not worry us if, as we shall assume, the singularities are safely hidden behind an
event horizon. We shall be concerned, in this course, only with the region outside
and including the event horizon.

The fact that gravity is always attractive means that a gravitational field always
has a net focusing (i.e., converging) effect on light rays. To describe this effect in
more detail, consider a family of null geodesics. Let I* = dz®/dv denote the null
tangent vectors to these geodesics where v is some parameter along the geodesic.
At each point one can introduce a pair of unit spacelike vectors a® and b* which are
orthogonal to each other and to /%. It turns out to be more convenient to work with
the complex conjugate vectors

V2m® = a® + ib®, V2m® = a® — ib®

These are actually null vectors in the sense that m®*m, = m®m, = 0, they are
orthogonal to %, I*m, = %, = 0 and they satisfy m®*m, = —1. These conditions
determine m® up to a spatial rotation

mé — m2e'® (5.1)
and up to the addition of a complex multiple of /°
m®* - m® + l® (5.2)

where ¢ is a complex number. This is called a null rotation. Given m® there is a
unique real null vector n® such that [°n, = 1, n®m, = n%m, = 0. The vectors
(1%, n%, m*, m*) form what is called a null tetrad or vierbein (Fig. 10).

Using this null tetrad one can express the fact that the curves of the family are
geodesics as

lapym?®l® = 0 (5.3)

where semi-colon indicates covariant derivative. One can also define complex
quantities p and o as

p= la;bmaﬁzb, o= la;bm“mb (5.4)

The imaginary part of p measures the twist or rate of rotation of neighbouring
null geodesics. It is zero if and only if the null geodesics lie in 3-dimensional null
hypersurfaces. This will always be the case in what follows so I shall henceforth take
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Fig. 10. The null vector ! lies along the null geodesic. The null vector n® is such that I°ng = 1.
The null vector m? is complex combination of two spacelike vectors orthogonal to 1%, n® and to
each other.

p to be real. The real part of p measures the average rate of convergence of nearby
null geodesics. To see what this means consider a null hypersurface N generated by
null geodesics with tangent vectors I*. Let AT be a small element of a spacelike
2-surface in N (Fig. 11). One can move each point of AT a parameter distance év
up the null geodesics. As one does so the area of AT changes by an amount

A = —2Apbv (5.5)

The quantity o measures the rate of distortion or shear of the null geodesics, that
is, the difference between the rates of convergence of neighbouring geodesics in the
two spacelike directions orthogonal to . The effect of shear is to make a small
2-surface which was spatially circular, become elliptical as it is moved up the null
geodesic.

The rate of change of the quantities p and o along the null geodesics is given by
two of the Newman-Penrose (1962) equations

d
F =P +aa+(c+8) P+ duo (5.6)
3—: =2p0+ (3¢ —¢€) o+ o (5.7)

where

€= %(la;,,n“lb + rha;bm“l")
$o0 = = Rapl®l®
00 = 2 ab

Yo = Capegl®*mblm?
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Fig. 11. The area A of two surface element AT increases by an amount —2pAév when AT is moved
a parameter distance §v along the null geodesics.

(Note that my definitions of the Ricci and Weyl tensors have the opposite sign to
those of Newman and Penrose.)

The imaginary part of € is the rate of spatial rotation of the vectors m* and
m? relative to a parallelly transported frame as one moves along the null geodesics.
In what follows m® will always be chosen so that ¢ — € = 0. The real part of ¢
measures the rate at which the tangent vector {* changes in magnitude compared
to a parallelly transported vector as one moves along the null geodesics. It is zero
if 1* = dz®/dv where v is an affine parameter. It is convenient however in some
situations to choose v not to be an affine parameter. _

The Ricci tensor term ¢go in equation (5.6) represents the focusing effect of the
matter. By the Einstein equations

1
Rab - EgabR = 87rTub (5-8)

it is equal to 47T,,/%I%. The local energy density of matter (i.e., non-gravitational)
fields measured by an observer with velocity vector v® is T,,v®v®. It seems reasonable
from local quantum mechanics to assume that this is always non-negative. It then
follows from continuity that T,,w®w® > 0 for any null vector w®. I shall call this the
weak energy condition (Penrose 1965a, Hawking and Penrose 1970, HE) and shall
assume it in what follows. With this assumption one can see from equation (5.6)
that the effect of matter is always to increase the average convergence p, i.e., to
focus the null geodesic.

The Weyl tensor term 1 can be thought of as representing, in a sense, the
gravitational radiation crossing the null hypersurface N. One can see from equation
(5.7) that it has the effect of inducing shear in the null geodesic. This shear then
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induces convergence by equation (5.6). Thus both matter and pure gravitational
fields have a focusing effect on null geodesics.

To see the significance of this, consider the boundary I*(S) of the future of a set
S. As I showed in the last section this will be generated by null geodesic segments.
Suppose that the convergence of neighbouring segments has some positive value po
at a point ¢ € [ +(S) on a generator 7. Then choosing v to be an affine parameter,
one can see from equation (5.6) that p will increase and become infinite at a point
r on the null geodesic ¥ within an affine distance of 1/pg to the future of q. The
point r will be a focal point where neighbouring null geodesics intersect. We saw
in the last section that the generators of I+ (§) have future end-points where they
intersect other generators. Strictly speaking, this was shown only for generators
which intersect each other at a finite angle but it is true also for neighbouring
generators which intersect at infinitesimal angles (see HE for proof). Thus the
generator 4 through ¢ will have an end-point at or before the point r. (It may be
before r because ¥ may intersect some other generator at a finite angle.) In other
words, once the generators of I +(S) start converging, they are destined to have
future end-points within a finite affine distance. They may not, however, attain this
distance because they may run into a singularity first.

The importance of this result will be seen in the next section.

8. Predictability

A 3-dimensional spacelike surface § without edges will be said to be a partial Cauchy
surface if it does not intersect any nonspacelike curve more than once. Given suitable
data on such a surface one can solve the Cauchy problem and predict the solution on
a region denoted by the D*(S) and called the future Cauchy development of S. This
can be defined as the set of all points ¢ such that every past directed nonspacelike
curve from ¢ intersects S if continuted far enough. Note that this definition is not
the same as the one used in Penrose (1968) and Hawking and Penrose (1970) where
nonspacelike is replaced by timelike. However the difference affects only whether
points on the boundary of D¥(S) are considered to be in D*(S) or not.

When one is dealing with the gravitational collapse of a local object such as a star
or even a galaxy, it is reasonable to neglect the curvature of the universe and the “big-
bang” singularity 101° years ago and to consider spacetime to be asymptotically flat
and initially nonsingular. As I said earlier in Sec. 4, I shall take asymptotically flat
to mean that the spacetime manifold M and metric g,5 are weakly asymptotically
simple. This means that there are well-defined past and future null infinities Z~ and
I*. The assumption that we are implicitly making in this Summer School that one
can predict the future, at least in the region far away from the collapsing object,
can now be expressed as the assumption that there is a partial Cauchy surface S
such that points near I% lie in D*(S) (Fig. 12). (Z* cannot lie actually in D*(S5)
since its null geodesic generators do not intersect S. However the solution on D* ()
determines the conformal structure of Z+ by continuity.) I shall say that a weakly
asymptotically simple spacetime M, g,, which admits such a partial Cauchy surface
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S is (future) asymptotically predictable. This definition, and a slightly stronger
version which I shall introduce shortly, will form the basis of my course. Asymptotic
predictability implies that every past directed nonspacelike curve from points near
It continues back to S and does not run into a singularity on the way. One can
think of this as a precise statement to the effect that there are no singularities to
the future of § which are naked, i.e., visible from Z+.

SINGULARITY

y

s
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/
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Fig. 12. A space with a partial Cauchy surface S such that the points near Z+ are contained in
the future Cauchy development D*(S).

Asymptotic predictability implies that the future Cauchy development D*(S)
contains J*(S) N J~(Z*), i.e., it contains all points to the future of § which are
outside the event horizon. Suppose there were a point p on the event horizon to
the future of § which was not contained in D*(S). Then there would be a past
directed nonspacelike curve A (in fact a null geodesic) from p which did not intersect
S but ran into some sort of singularity instead. This singularity would be “nearly
naked” in that the slightest variation of the metric could result in it being visible
from Zt. Since we are assuming that the non-existence of naked singularities is a
stable property, we would wish to rule out such an unstable situation. One can also
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argue that the metric of spacetime is some classical limit of an underlying quantum
reality. This would mean that the metric could not be defined so exactly as to distin-
guish between nearly naked singularities and those which are actually naked. These
considerations motivate a slightly stronger version of asymptotic predictability. I
shall say that a weakly asymptotically simple spacetime M, g,; is strongly (future)
asymptotically predictable if there is a partial Cauchy surface § such that

(a) I lies in the boundary of D*(S),
(b) J*(S)nJ~(Z*) is contained in D*(S).

Suppose that at some time after the initial surface S, a star starts collapsing
and gives rise to a trapped surface T in D+(S). Recall that a trapped surface is
defined to be a compact spacelike 2-surface such that the future directed outgoing
null geodesics orthogonal to it have positive convergence p. This definition assumes
that one can define which direction is outgoing. I shall assume that the 2-surface is
orientable and shall require that the initial surface § has the property:

(«) § is simply connected.

Physically, one is interested only in black holes which develop from non-singular
situations. In such cases the partial Cauchy surface S can be chosen to be R* and
so will be simply connected. It is however convenient to frame the definitions so
that they can be applied also to spaces like the Schwarzschild and Kerr solutions
which are not initially non-singular but which may approximate the form of initially
non-singular solutions at late times. In these solutions also one can find partial
Cauchy surfaces S which are simply connected.

Given a compact orientable spacelike 2-surface T in the future Cauchy develop-
ment D¥(S) one can define which direction is outwards. To do this one uses the
fact that on any manifold M with a metric g, of Lorentz signature one can find a
vector field X2 which is everywhere nonzero and timelike. Using the integral curves
of this vector field, one can map the 2-surface T onto a 2-surface T' in S. Since § is
simply connected, this 2-surface T' separates § into two regions. One can label the
region which contains the part of S near infinity in the asymptotically flat space as
the outer region and the other as the inner region. The side of T facing the outer
region is then the outer side and carrying this up the integral curves of the vector
field X one can define which is the outgoing direction on 7.

Now suppose that one could escape from a point on T to infinity, i.e., suppose
that T intersected J~(Z+) (Fig. 13). Then there would be some point ¢ € Zt which
was in J*(T). Proceeding to the past along the null geodesic generator A of Zt
through ¢ one would eventually leave J*(T'). Thus A must countain a point r of
J +(T). The null geodesic generator v of J*(T) through r would enter the physical
manifold M. If it did not have a past end-point it would intersect the partial Cauchy
surface S. This is impossible since it lies in the boundary of the future of T and T is
to the future of S. Thus it would have to have a past end-point which, from Sec. 4,
would have to be on T. It would have to intersect T° orthogonally as otherwise one
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could join points of T' to points of 7 by timelike curves. However the outgoing null
geodesics orthogonal to T are converging because T is a trapped surface. As we
saw in the last section, this implies that neighbouring null geodesics would intersect
~ within a finite affine distance. This means that the generator v of J*(T) would
have a future end-point and would not remain in J¥(T') all the way out to Z+.
This establishes a contradiction which shows that the supposition that T intersects
J~(Zt*) must be false. In other words, every point on or inside a trapped surface
really is trapped: one cannot escape to It along a future directed nonspacelike
curve.

Fig. 13. If a trapped surface T intersected J~ (Z1), there would be a null geodesic generator of
JH(T) from T to I%. This would be impossible as all null geodesics orthogonal to T contain a
conjugate point within a finite affine distance of 7.

The same applies to a compact orientable 2-surface T which is marginally trapped,
i.e., which is such that the outgoing future directed null geodesics orthogonal to T
have zero convergence p at T. For suppose T intersected J~(Z*), then J +(T) would
intersect Z+. The area of this intersection would be infinite since it is at infinity.
However the generators of J*+(T') start off with zero convergence and therefore can-
not ever be diverging. Thus the area of J H(T)NZ* could not be greater than that

of T. This shows that the marginally trapped surfaces in D*(S) cannot intersect
J=(TH).
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What has been shown is that a trapped surface implies esther a breakdown of
asymptotic predictability (i.e., the occurrence of naked singularities) or the existence
of an event horizon. I shall assume that the first alternative does not occur and
shall concentrate on the second. As was shown in Sec. 4, the event horizon will
be generated by null geodesic segments which have no future end-points. If one
assumed that these generators were geodesically complete in future directions it
would follow that the convergence of neighbouring generators could not be positive
anywhere on the horizon since, if it were, neighbouring generators would intersect
and have future end-points within a finite affine distance. In examples such as
the Kerr solution, the generators are geodesically complete in the future direction
but there does not seem to be any a priori reason why this should always be the
case. I shall now show, however, that asymptotic predictability itself without any
assumption of completeness of the horizon is sufficient to prove that p is non-positive.

Consider a spacelike 2-surface F lying in the event horizon to the future of S. The
null geodesic generators of the horizon will intersect F' orthogonally. Suppose their
convergence p was positive at some point p € F. In a small neighbourhood of p one
could deform the 2-surface F' slightly outwards into J~(Z%) so that the convergence
p of the outgoing null geodesics orthogonal to F was still positive (Fig. 14). This
would lead to a contradiction similar to the one we have just considered. The null
geodesics in J~(Z1) which are orthogonal to F would intersect each other within a

EVENT HORIZON
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Fig. 14. If the null geodesics orthogonal to a two surface F in the event horizon were converging,
one could deform F outwards slightly and obtain a contradiction similar to that in Fig. 13.
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finite affine distance and hence could not be generators of J+(F) all the way out to
T*, which being at infinity is at an infinite affine distance.

This shows that the convergence p of neighbouring generators of the event hori-
zon cannot be positive anywhere to the future of §. Together with the result that
the generators of the event horizon do not have future end-points, this implies that
the area of a two-dimensional cross section of the horizon must increase with time.
This will be discussed further in the next section.

7. Black Holes

In order to describe the formation and evolution of black holes, one needs a suitable
time coordinate. The usual coordinate ¢ in the Schwarzschild and Kerr solutions is
no good because all the surfaces of constant ¢ intersect the horizon at the same place
(see Carter’s lectures). What one wants is a coordinate 7 such that the surfaces of
constant T cover the future Cauchy development D*(S). By the assumption of
strong future asymptotic predictability the event horizon to the future of § will be
contained in D*(S) and so will be covered by the surfaces of constant 7. I shall
denote the surface 7 = 79 by S(7p) with S(0) = S. Near infinity the surfaces S(7)
for 7 > 0 could be chosen to be asymptotically flat spacelike surfaces like § which
approached spacelike infinity :° and which were such that Z+ lay in the boundary

a(z) Q(z)

s(7)

Fig. 15. The surface S(r) of constant r intersect I+ in the two-spheres Q(r).

50



of D*(S(r)) for each 7 > 0. However it is somewhat more convenient to choose
the surface §(7) for 7 > 0 so that they intersect Z+ (Fig. 15). This means that
asymptotically they tend to null surfaces of constant retarded time. The advantage
of such a choice of surfaces 5(7) is that the gravitational radiation emitted during
the formation and interaction of black holes will escape to Z+ and will not intersect
the surfaces S(7) for 7 sufficiently large. When the solution settles down to a nearly
stationary state, one can relate the properties of the event horizon at the time 7 to
the values of the mass and angular momentum measured on the intersection of I+
and §(7). There is no unique choice of the surface S(r) and of the correspondence
between points on the horizon and points on It at the same values of 7. This
arbitrariness does not matter provided one relates the properties of the event horizon
to the mass and angular momentum measured on I% only during periods when the
system is nearly stationary. I shall be concerned with relations between initial and
final quasi-stationary states.

It turns out that one can always find such a time coordinate 7 if the solution is
strongly asymptotically predictable, i.e., if there exists a partial Cauchy surface §
such that

(a) Z* lies in the boundary of D*+(S),
(b) J*(S)NJ=(I*) lies in D*(S).

More precisely, one can find a function 7 > 0 on D*(S) such that the surfaces S(7)
of constant T are spacelike surfaces without edges in M and satisfy

(i) S(0) =S,

(ii) S(m3) lies to the future of S(7) for 73 > 71,

(iii) Each S(r) for 7 > 0 intersects I+ in a 2-sphere Q(7). The {Q(7)} for 7 > 0
cover I,

(iv) Every future directed nonspacelike curve from any point in the region of
D*(8) between S and S(7) intersects either Z+ or S(7) if continued far
enough,

(v) S(r) minus the boundary 2-sphere Q(r) is topologically equivalent to §.

The point that one can find such a time function 7 is somewhat technical so
I shall just give an outline here. Full details are in HE. It is based on an idea of
Geroch (1968). One first chooses a volume measure du on M so that the total
volume of M in this measure is finite. In the case of a weakly asymptotically simple
space such as I am considering, this volume measure could be that defined by the
conformal metric §,5 which is regular on Z~ and Z*. For a point p € D¥(S5) one
can then define a quantity f(p) which is the volume of J*(p) N D*(S) evaluated
in the measure du. Now choose a family {Q(7)}, 7 > 0 of 2-spheres which cover
ZI* and which are such that Q(7;) lies to the future of Q(r) for 73 > 7. Then,
given p € D*(S) one can define a quantity h(p, 7) as the volume in the measure of
du of D¥(S)N[J~(p) — J~(Q(7))]. The functions f(p) and h(p, 7) are continuous
in p and 7. The surface S() can now be defined as the set of points p for which
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k(p, 7) = 7 f(p). Properties (i)~(v) can easily be verified.

With the time function 7 one can describe the evolution of black holes. Suppose
that a star collapses and gives rise to a trapped surface 7. As was shown in the last
section, the assumption of strong asymptotic predictability implies that one cannot
escape from T to Z+. There must thus be an event horizon J~(Z*) to the future of
S. Also by the assumption of strong asymptotic predictability, J*(§)NJ~(Z*) will
be contained in D*(S5). For sufficiently large 7, the surface S(r) will intersect the
horizon and the set B(7) defined as §(7) — J~(Z%) will be nonempty. I shall define
a black hole on the surface S(7) to be a connected component of B(r). In other
words, it is a connected region of the surface S(7) from which one cannot escape to
It. As 7 increases, black holes may grow or merge together and new black holes
may be formed by further stars collapsing but a black hole, once formed, cannot
disappear, nor can it bifurcate. To see that it cannot disappear is easy. Consider
a black hole By(71) on a surface S(71). Let p be a point of By(my). By property
(iv), every future directed nonspacelike curve A from p will intersect either Z+ or
S(ry) for any 7o > 71. The former is impossible since p is not in J=(Z+). This
also implies that A must intersect S(r3) at some point ¢ which is not in J~(Z%).
Thus ¢ must be contained in some black hole B3(72) on the surface S(73) which will
be said to be descended from the black hole By(r). Since black holes can merge
together, By(72) may be descended from more than one black hole on the surface
S(m1). Alternatively, a black hole on §(72) may not be descended from any on
S(m1) but have formed between 7 and 7, (Fig. 16). The result that a black hole
cannot bifurcate can be expressed by saying that By(m) cannot have more than
one descendant on a later surface S(r;). This follows from the fact that any future
directed nonspacelike curve from a point p € By(r;) can be continuously deformed
through a sequence of such curves into any other future directed nonspacelike curve
from p. Since all these curves will intersect S(73), their intersection with S(ry) will
form a continuous curve in S(r2). Thus J*(p) N S(r2) will be connected. Similarly
J¥(B1(r1)) N S(r2) will be connected. It must be contained in B(72) and so will be
contained in only one connected component of B(r;). There will thus be only one
black hole on S(7;) which is descended from By(m).

The boundary 3Bi(m) in S(7y) of a black hole By(ry) is formed by part of the
intersection of the event horizon with the surface (7). Since we are assuming that
the initial surface S is simply connected, it follows from property (v) that each of
the surfaces S(7) is also simply connected. This implies that the boundary 8B;(n)
is connected. For suppose that 3By(r;) consisted of two components d; By(r1) and
92 B1(11). One could join a point ¢; € 31 B1(7) to a point ¢ € 33 B1(m) by a curve
p lying in By(71) and a curve A lying in S(71) — By(7). Joining p and ), one would
obtain a closed curve in S(m ) which could not be deformed to zero in S(r) since it
crossed the closed surface 8, B1(7;) only once. This would contradict the fact that
S(m) is simply connected.

If the black holes are formed by collapses in a space which is nonsingular ini-
tially, the surface . can be chosen to have a topology of Euclidean 3-space R3. By
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Fig. 16. The two black holes By (r1) and B3(71) on the surface S(71) merge to form the black hole
Bs3(13) on the surface S(r3). A new black hole B4(r3) is formed between S(r1) and S(r2).

property (v) each surface §(7) minus the bounding 2-sphere Q(7) on Z* will also
have this topology. It then follows that the boundary 8B (7) of a black hole By(7)
will be compact and that the topology of S(7) N J~(Z*), the space outside and
including the horizon, will have the topology of R?® minus a number of open sets
with compact closure. As I said earlier, it is sometimes convenient to consider black
hole solutions which are not initially nonsingular but which may outside the event
horizon approximate the behaviour of initially nonsingular solutions at large times.
If they are to do this it is not necessary that the surfaces S(7) — Q(7) have the
topology R? (indeed they do not in the Schwarzschild and Kerr solutions), but they
should have the same topology outside the event horizon. One can ensure this by
requiring that the initial surface S has the property:

(8) SN J~(Z*) has the topology of R*® minus a finite number of open sets with
a compact closure.

It is easy to show that if S has the property () then each surface S(7) - Q(7)
has the property (4) also.

I showed earlier that the null geodesic generator of the event horizon did not have
any future end-points and had negative or zero convergence p. It follows from this
that the area of the boundary dB;(7) of a black hole By(7) cannot decrease with
increasing 7. If two black holes By(7,) and B3(7;) on a surface S(7) later collide and

53



merge to form a black hole B3(73) on the surface 5(r3), the area of dB3(72) must be
at least as great as the sum of the areas of the boundaries B1(m1) and @Ba(71) of the
original black holes. In fact it must be strictly greatly because dB3(72) will contain
two disjoint closed sets corresponding to generators which intersected dB;(71) and
3B;(m) respectively. Since 8B3(m;) is connected, it must also contain an open set
corresponding to generators which had past end-points between S(71) and S(73).

The area of the boundaries of black holes has strong analogies to the concept
of entropy in thermodynamics: it never decreases and it is additive. We shall see
later that the area will remain constant only if the black hole is in a stationary state.
When the black hole interacts with anything else the area will always increase. Under
favourable circumstances one can arrange that the increase is arbitrarily small. This
corresponds to using nearly reversible transformations in thermodynamics. I shall
show later how the area of a black hole in a stationary state is related to its mass
and angular momentum. The fact that the area cannot decrease will impose certain
inequalities on the change of the mass and angular momentum of the black hole as
a result of interaction.

I shall denote by T'(7) the region of the surface S(7) that contains trapped or
marginally trapped surfaces lying in (7). I shall call the boundary dT(r) of T'(7),
the apparent horizon in the surface S(7). In the last section it was shown that
trapped or marginally trapped surfaces cannot intersect J~(Z+). Thus T(r) must
be contained in B(7) and the apparent horizon must lie behind or coincide with the
event horizon. The apparent horizon 8T(r) will be a marginally trapped surface.
That is, it is a spacelike 2-surface such that the convergence p of the outgoing full
geodesics orthogonal to it is zero. As 7 increases, these null geodesics may be fo-
cused by matter or gravitational radiation and the position of the apparent horizon
will move outwards on the surface S(7) at or faster than the speed of light. As the
example of the spherical collapsing shell shows, it can move outwards discontinu-
ously. When the solution is in a quasi-stationary state, the apparent horizon will
lie just inside the event horizon and the area of 3T(r) will be nearly equal to that
of B(r). In the transition from one quasi-stationary state to another the area of
O0B(7) will increase and so the area of 8T(7) must be greater in the final state than
in the initial one. I have not been able to show, however, that the area of 9T(7)
increases monotonically though I believe it probably does.

It is interesting to see the behaviour of the event and apparent horizon in the
case of two black holes which collide and merge together. Suppose two stars a
long way apart collapse to form black holes By(7) and B;(r) which have settled
down to a quasi-stationary state by the surface $(m;) (Fig. 17). Just inside the two
components @B4(71) and dBy(1;) of the event horizon there will be two components
0Ty (1) and 0T2(my) of the apparent horizon. The 2-surfaces d7Ty(m1) and 8T(71)
will be smooth but the 2-surfaces 3By (m) and dBy(71) will each have a slight cusp
on the side facing the other. As the black holes approach each other, these cusps
will become more pronounced and will join up to give a single component 8B;(7)
of the event horizon. The apparent horizon dT;(7) and dT3(7) on the other hand,



|
— NEW APPARENT
HORIZON
L

VENT HORIZON

¢—+——JBLACK HOLE

APPAREN {PPARENT
HOR120 /’ HORIZON
)

3 98,

S

2

Fig. 17. The collison of two black holes. The event horizons 8B; and 8B3 merge to form the
event horizon 8 B3. The apparent horizons 8T do not merge but are enveloped by a new apparent
horizon 8T}.

will not join up. As they approach each other there will be some surfaces S(7;) on
which there will be a third component 873(r;) which surrounds both 871(m2) and
3T2 (Tz).

I shall now show that each component of the apparent horizon 8T(7) must have
the topology of a 2-sphere. I originally developed this proof for the event horizon
in the stationary situations considered in the next section but I am grateful to
G. W. Gibbons for pointing out that it can be applied to apparent horizon at any
time. The idea is to show that if a connected component 87)(r) of the apparent
horizon had any topology other than that of a 2-sphere, one could deform it to
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give a trapped or marginally trapped surface just outside 37'(7) This would be a
contradiction of the fact that the apparent horizon is the outer boundary of such
surfaces.

Let u® be the unit timelike vector field orthogonal to the surface S(7). Let %
and n* be respectively the future directed outgoing and ingoing null vector fields,
orthogonal to 8T;(7) and normalized so that

Py, = 2"3‘, ntu, = 2‘%, Pn,=1

The complex null vectors m® and m® will then lie in the 2-surface 0T1(7). The vector
w® = 2-4(I* = n%) will be the unit outward spacelike vector in S(r) orthogonal
to 3T1(7). Suppose one now moves each point of 9T1(7) a parameter distance h
outwards along the vector field y* = w®e/ where f is some function on 8Ty(7). To
maintain the orthogonality of [ and n® to the 2-surface requires

K-—1—-é6f+a+p=0 (7.1)
v—-r+éf+a+pf=0 (7.2)
where
Kk = laymel®, T = lgym®n®
v = —ngymnd, T = —ngpm°I°

6f =m®f,, and @+ f = lgpn®m’

Under this movement of the 2-surface dT1(7), the change in the convergence p at
the outgoing orthogonal null geodesics can be evaluated from the Newman—Penrose
equations:

%’5 =274ef[05 + o + (k= T)R =TV + p(p+e+E-R—7~7)
+36f —8(a+B)+ oA+ 2 +2A] (7.3)
where
A= -—n..;bﬁt“ﬁzb, U= —na;bﬁz“mb, ¥ = —%(na;bl“n" - 'r"na;;,m“n") ,

1
Py = —§Cabcd(l"nbl°n“ - l“ubmcﬁzd) s
-R

A=—2'Z and 5=6-—(a—ﬂ)

where a — f§ = m,,ym®m®. The first three terms on the right of equation (7.3) are
non-negative. The term 34f is the Laplacian of f in the 2-surface. One can choose
f so that the sum of the last five terms on the right of equation (7.3) is constant
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over the 2-surface. The sign of this constant value will be determined by that of the
integral of (oA + ¥z + 2A) over the 2-surface (8(a + 8) being a divergence, has zero
integral). This integral can be evaluated from another Newman-Penrose equation
which can be written as

3a + B) — 8(a + B) + 3(a — B) + 3(a - B)
= -20A — 293 + 2A + 2011 (7.4)

where )
o1 = ZRab(’anb + m*m?)

When integrated over the 2-surface the terms in & + 8 disappear but there is in
general a contribution from the @ — # terms because the vector field m? will have
singularities on the 2-surface. The contribution from these singularities is deter-
mined by the Euler number x of the 2-surface. Thus

/(‘U'\ — Y2+ b + A)dA =27y (7.5)

(The real part of the equation is in fact the Gauss-Bonnet theorem.) Therefore

- /(m\ + Y2 + 2A)dA = 2rx — /(¢11 +3A)dA (7.6)

Any reasonable form of matter will obey the Dominant Energy condition (Hawk-
ing 1971): =T > |T'%| in any orthonormal tetrad. This and the Einstein equations
imply that ¢y; + 3A > 0. The Euler number x is +2 for a sphere, 0 for a torus and
negative for any other compact orientable 2-surface. (871(7) has to be orientable
as it is a boundary.) Suppose dT)(7) was not a sphere. Then one could choose f
so that the right hand side of equation (7.3) was everywhere positive or zero. This
would mean that there would be a trapped or marginally trapped surface just out-
side 8T'(), which is supposed to be the outer boundary of such surfaces. Thus each
component of the apparent horizon has the topology of a 2-sphere.

In the next section I shall show that the event horizon will coincide with the
apparent horizon in the final stationary state of the solution. Thus each connected
component @B1(7) of the event horizon will have spherical topology at late times. It
might, however, have some other topology during the earlier, time-dependent phase
of the solution.

8. The Final State of Black Holes

During the formation of a black hole in a stellar collapse, the solution will change
rapidly with time. Gravitational radiation will propagate out to Z% and across the
event horizon into the black hole. By the conservation law for asymptotically flat
space (Bondi et al. 1962, Penrose 1963), the energy of the gravitational radiation
reaching Z* will reduce the mass of the system as measured from Z+. The radiation
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crossing the event horizon will cause the area of the horizon to increase. The amount
of energy that can be radiated to Z* or down the black hole is presumably bounded
by the original rest mass of the star. Thus one might expect that the area of the
horizon and the mass measured on I+ might eventually tend to constant values
and the solution outside the horizon settle down to a stationary state. Although
we cannot at the moment describe in detail the time-dependent formation phase,
it seems that we probably can find all these final stationary states. In this section
therefore I shall consider stationary black hole solutions in the expectation that
outside the horizon they will approximate to time-dependent solutions at late times.
More precisely, I shall consider spacetimes M, g5 which satisfy

(1) M, gq» is strongly asymptotically predictable.

(2) M, gqb is stationary, i.e., there exists a one parameter isometry group ¢, :
M — M whose Killing vector K is timelike near Z~ and Z+. (Note that it
may be spacelike near the black hole.)

Since these stationary spaces are not necessarily nonsingular initially, the partial
Cauchy surface S may not have the topology R3. In fact, in most cases it will
be R! x §2. However, one wants these spaces to approximate physical initially
nonsingular solutions in the region outside and including the horizon at late times,
i.e., on §(r)NJ~(Z*) for large 7. Thus S(r)NJ~(Z*) must have the same topology
as it would have in an initially nonsingular solution. One can ensure this by requiring
the property

(B) §NJ~(I*) has the topology of R? minus a finite number of open sets with
compact closure.

It is also convenient (but not essential) to require
(a) S is simply connected.

Finally, one is interested only in black holes that one could fall into from infinity.
Thus it is reasonable to require

(7) There is some 7y such that for 7 > 79, S(r)NJ~(Z*) is contained in J*(Z ™).

I shall call a space satisfying (1), (a), (8), (v) a regular predictable space. If,
in addition, (2) is satisfied, I shall call it a stationary regular predictable space. 1
shall show that in such a space the convergence p and shear o of the generators of
the horizon are zero. It then follows that the Ricci tensor term ¢gp = 4xT,pl%1®
and Weyl tensor term g = Capcgl®m®1°m? must be zero on the horizon. One can
interpret this as saying that no matter or gravitational radiation is crossing the
horizon.

The fact that pis zero implies that each connected component 8 B;(r) of the event
horizon is a marginally trapped surface. Since there are no trapped or marginally
trapped surfaces outside the event horizon @B;(7) must coincide with a component
OT;(7) of the apparent horizon. Thus all stationary black holes are topologically
spherical; there are no toroidal ones. There could be several components 8 B;(7) of
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the event horizon corresponding to black holes which maintain themselves at con-
stant distances from each other. This is possible in the limiting case of non-rotating
black holes carrying electric charge equal to their mass (Hartle and Hawking 1972):
the electric repulsion just cancels the gravitational repulsion. It seems probable
but has not yet been proved that these solutions are the only stationary regular
predictable spaces containing more than one black hole.

Assuming there is only one black hole, the question of the final state has two
branches according as to whether or not the solution is static. A stationary solution
is said to be staticif the Killing vector K® is hypersurface orthogonal, i.e., if the twist
w® = 194K, K .4 is zero. In a static regular predictable space which is empty or
contains only an electromagnetic field one can apply Israel’s theorem (lIsrael, 1968)
to show that the space must be the Schwarzschild or Reissner—-Nordstrém solution.

If the solution is not static but only stationary, I shall show (modulo one point)
that the black hole must be rotating. I shall prove that a stationary regular pre-
dictable space containing a rotating black hole must be axisymmetric. One can then
appeal to Carter’s theorem (see his lectures) to show that such spaces, if empty, can
depend only on two parameters; the mass and angular momentum. One two pa-
rameter family is known, the Kerr solutions for a2 < m? (the Kerr solutions for
a? > m? contain naked singularities). It seems unlikely that there are any others.
Thus it appears that the final state of a black hole is a Kerr solution. In the case
where the collapsing star carries a net electric charge one would expect it to be a
Newman-Kerr solution.

I shall only give outlines of the results mentioned above. The full gory details
will be found in HE.

To show that the convergence and shear of the generators of the event horizon
are zero, consider a compact spacelike 2-surface F lying in the horizon. Under the
time translation ¢, the surface F' will be moved into another 2-surface ¢;(F) in the
event horizon. Assuming that ¢;(F') lies to the future of F on the event horizon for
t > 0, one can compare their areas by moving each element of F' up the generators
of the horizon to ¢¢(F). I showed earlier that the generators had no future end-
points and did not have positive convergence p. If any of them had past end-points
or negative convergence between F and ¢,(F), the area of ¢,(F) would be greater
than that of F. But the area of ¢;(F) must be the same as that of F since ¢ is an
isometry. Thus the generators of the event horizon cannot have any past end-points
and must have zero convergence p. From the Newman—Penrose equations

d
L =005+ (c+ 0+ du0

do -
poi 2p0 + (3¢ — €)a + o
it follows that the shear o, the Ricci tensor term ¢g9 and the Weyl tensor term
are zero on the horizon.
The only complication in this proof comes from the fact that the Killing vector
K*® which represents infinitesimal time translations, may be spacelike on and near
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the horizon. (I shall have more to say about this later.) This means that for an
arbitrary 2-surface F in the horizon these may be some points of ¢;(F) for t > 0
which lie to the past of . However one can construct a 2-surface F' for which ¢:(F)
lies wholly to the future of F in the following way. Choose a compact spacelike
2-sphere C on Z~. The Killing vector K¢ will be directed along the null geodesic
generators on Z~. Thus ¢;(C) will lie to the future of C for ¢t > 0. The intersection
of J+(C), the boundary of the future of C, with the event horizon will define a
2-surface F with the required properties.

If the solution is static, one can apply Israel’s theorem. If the solution is only
stationary but not static one can apply a generalization of the Lichnerowicz theorem
(cf. Carter) to show that the Killing vector K* is spacelike in a non-zero region
(called the ergosphere) part of which lies outside the horizon. The non-trivial part
of this generalization consists of showing that a certain surface integral over the
horizon would be zero if K* were not spacelike there. Details are given in HE.

There are now two possibilities: either the ergosphere intersects the horizon or
it does not. The horizon is mapped into itself by the time translation ¢;. In the
former case the Killing vector K* will be spacelike on part of the horizon and so
some null geodesic generators will be mapped into other ones. The generators form
a 2-dimensional space @ which is topologically a 2-sphere, and which has a metric
corresponding to the constant separation of the generators. The time translation ¢,
which moves generators into generators can be regarded as an isometry group on
Q. Thus its action corresponds to rotating ¢} about an axis. One can interpret this
as follows. A point of @ represents a generator of the horizon. As one moves along
a generator one is moving relative to the stationary frame defined by the integral
curves of K°, i.e., relative to infinity. Thus the horizon would be rotating with
respect to infinity. Ishall show that such arotating black hole must be axisymmetric.

The other possibility is that the ergosphere might be disjoint from the horizon.
Hajicek (1972) has shown that in general the ergosphere must intersect the horizon
if the region outside the horizon is null geodesically complete in both the future
and the past directions. However, these stationary spaces approximate to physical
solutions only at late times. There is thus no physically compelling reason why they
should not contain geodesics in the exterior region which are incomplete in the past
direction. I shall therefore give an alternative intuitive argument to show that the
ergosphere must intersect the horizon.

When there is an ergosphere one can extract energy from the solution by the
Penrose process (Penrose 1969). This consists of sending a particle with energy
E, = PP K, from infinity into the ergosphere. It then splits into two particles with
energies E; and F3. By local conservation E; = E3 + F3. Since the Killing vector
K*? is spacelike in the ergosphere, one can choose the momentum p§ of the second
particle such that E; is negative. Thus Ej is greater than E,. The particle 3 can
escape to infinity where its total energy (the rest mass + kinetic energy) will be
greater than that of the original particle 1. Thus one has extracted energy. Par-
ticle 2, having negative energy, must remain in the region where K@ is spacelike.

60



Suppose that the ergosphere did not intersect the horizon. Then particle 2 would
have to remain outside the horizon. One could repeat the process and extract more
energy. As one did so the solution would presumably change gradually. However the
ergosphere could not disappear because there has to be somewhere for the negative
energy particles to exist. If the ergosphere remained disjoint from the horizon one
could extract an arbitrarily large amount of energy. This does not seem reasonable
physically. On the other hand, if the ergosphere moved so that it intersected the
horizon, the solution would have to become axisymmetric. At the moment the er-
gosphere touched the horizon one would have a stationary, non-static, axisymmetric
black hole solution. This could not be a Kerr solution because in a non-static Kerr
solution the ergosphere actually intersects and does not merely touch the horizon.
However it appears from the results of Carter that the Kerr solutions are the only
stationary axisymmetric black hole solutions. Thus it seems that one ends up with
a contradiction if one supposes that the ergosphere is disjoint from the horizon. I
shall therefore assume that any stationary, non-static black hole is rotating.

My original proof (Hawking 1972) that a stationary rotating black hole must be
axisymmetric had the great advantage of simplicity. However it involved the assump-
tion that as well as the future event horizon J—(Z*) there was a past event horizon
j“"(I ~) and that the two horizons intersected in a compact spacelike 2-surface.
Penrose pointed out that there is no necessity for this assumption to hold. These
stationary spaces represent physical solutions only at large times. There would be
a past horizon if the solution were time-symmetric. By the Papapetrou theorem
(see Carter) time-symmetry is a consequence of stationary and axial-symmetry. It
should not be assumed to prove axial symmetry. I therefore developed another proof
of axial symmetry which depends only on the future horizon. Unfortunately, this
proof is rather long and messy. I shall try to give an intuitive picture of it here and
shall give the full details in HE.

Consider a rotating black hole. Let ¢; be the period of rotation of the horizon.
This means that for a point p on a generator A of the horizon ¢, (p) is also on A
(Fig. 18). One can choose a parameter v on A so that [* = dz®/dv satisfies

Lopl® = 2¢l,

where ¢ is constant on A and so that difference between the values of v at p and at
&¢,(p) is t1. This fixes the scaling of I*. One can now form the vector field

“a_ﬁ_ a _ e
ke =L - k%)

on the horizon. The orbits of K will be closed spacelike curves in the horizon.
The aim will be to show that they correspond to rotations of the solution about
an axis of symmetry. Choose a spacelike 2-surface F' in the horizon tangent to Ke.
Let N be the null surface generated by the ingoing null geodesics orthogonal to F
(Fig. 19). The idea of the proof is to consider the Cauchy problem for the region to
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Fig. 18. The time translation ¢¢, moves a point P on the horizon along the orbit of K% to the
point ¢¢, (P) on the same generator of the horizon.

the past of both the horizon and N. The Cauchy data for the empty space Einstein
equations in this situation consists of 1o on the horizon ¥4 = Capean®mPncm? on
N where n® is the null vector tangent to N and p, u = —na;bﬁz“mb and ¥, =
%C,,bcd(l"n"lcn" ~ I*n®m®m?) on the 2-surface F. If there are other fields present
(e.g., an electromagnetic field) one has to give additional data for them. I shall
consider only the empty case but similar arguments hold in the presence of any
fields obeying well-behaved hyperbolic equations.

By the stationarity of the horizon, p and vy are zero and one can show from the
Newman-Penrose equations that 1, is constant along the generators of the horizon.
Thus the only non-trivial Cauchy data are that on the null surface N. The idea now
is to show that these Cauchy data are unchanged if one moves N by moving each
point of the 2-surface F' an equal parameter distance down the generators of the
horizon. If this is the case, it follows from the uniqueness of the Cauchy problem
that the solution admits a Killing vector K* which coincides with I* on the horizon.
Then K*® defined as t;/2r(K® ~ K*) will also be a Killing vector. Since the orbits
of K*° are closed curves on the horizon, they will be closed everywhere and so will
correspond to rotations about an axis of symmetry.

To show that the data on N are unchanged on moving each point of F down the
generators of the horizon, I assume that the solution is analytic though this is almost
certainly not necessary. The data on N can then be represented by their partial
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Fig. 19. The event horizon and the null surface N intersected in the spacelike surface F'.

derivatives at F in the direction along N. From the Newman-Penrose equations one
can evaluate the derivatives along a generator A of the horizon of these and certain
other quantities. If one takes them in a certain order one obtains equations of the

form

dz
%—az+b

where z is the quantity in question and a and b are constant along A.

Now moving F a parameter distance ¢; (the period of rotation of the black hole)
to the past along the generators of the horizon is the same as moving F by the time
translation ¢_;,. Since ¢_;, is an isometry, the quantity 2 will be unchanged under
it. Thus z must be periodic along the generator A with period ¢;. This is possible
only if z is constant along A and equal to —(b/a). One then uses this to calculate
the derivative along A of another quantity and shows that it is constant by a similar
argument. Proceeding by induction one shows that all the derivatives at the horizon
of the Cauchy data on N are constant along the generators of the horizon.

The first quantity z that one considers is & + 3. The Newman-Penrose equation
for this is
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L@+ ) =8+ o)+ .

By construction §(e + €) is constant along the generators of the horizon and by
another Newman—Penrose equation, ¢¥; = 0 on the horizon. Therefore in order for
& + f to be periodic it has to be constant along the generators and d(e + €) has to
be zero. This means that e + € must be constant over the whole horizon. In the
next section we shall see ¢ + € can be interpreted as the restoring force or effective
surface gravity of the black hole.

One now applies similar arguments to show that (& — 8), g, A, ¥3 and 94 are
constant along the generators of the horizon. One then repeats the arguments to
show that the first and higher derivatives of all quantities along the vector n® are
constant along the generators. This completes the proof.

It turns out that if € is nonzero (as it is in general) the solution is completely
determined by a knowledge of ¥, on each generator. I shall use this fact in one of
the applications in the next section. It holds true even if the space outside the black
hole is not empty but contains, say, a ring of matter (in which case the space would
not be a Kerr solution).

The proof of axial symmetry implies that a rotating black hole cannot be exactly
stationary unless all distance matter and all fields are arranged axisymmetrically.
In real life this will never be the case. Thus a rotating black hole can never be
exactly stationary, it must be slowing down. However, calculations by Press (1972),
Hawking and Hartle (1972), and Hartle (1972) have shown that the rate of slowing
down is very small in most cases. I shall discuss this further in the next section.

9. Applications

In this final section I shall outline some of the ways in which the theory described
so far can be used to obtain quantitative results, which is what most people want.
I shall discuss three applications:

(A) The limits that can be placed from the area theorem on the amount of energy
that can be extracted from black holes.

(B) The change in the mass and angular momentum of a nearly stationary black
hole produced by small perturbations.

(C) Time-symmetric black holes. (These are not very realistic but they provide
some concrete examples.)

A. Energy Limits

In view of the last section it seems reasonable to assume that a black hole set-
tles down to a Kerr solution or, if carrying an electric charge, to a Newman-Kerr
solution. The area of the event horizon of such a solution is

A=4ar)2M? — & + 2(M* — M*e* — 1%} (9.1)



where M is the mass, e the electric charge and L the angular momentum of the
black hole. (All in units such that G = ¢ = 1.) Now suppose that the black
hole, having settled down by the surface S(m1) to a nearly stationary state with
parameters Mj, ey, Ly, now undergoes some interaction with external particles or
fields and then settles down again by the surface S(72) to a nearly stationary state
with parameters M, €3, L2. Since the area of the horizon cannot decrease

A > A (9.2)

where A; and A, are given by equation (9.1) with the appropriate values of M, e
and L. In fact (9.2) is a strict inequality if there is any disturbance at the horizon.
It puts an upper limit on M) — M;, which represents the amount of energy extracted
from the black hole by the interaction. To see what this limit is, it is convenient to
express equation (9.1) in the form:

M2=_é_+ft7r_l’2+£i4_+ ’

€
167 A A2 (9:3)

The first term on the right can be regarded as the “irreducible” part of M?, the
part that is irretrievably lost down the black hole. The second term can be regarded
as the contribution of the rotational energy of the black hole and the third and
fourth terms as the contribution of the electrostatic energy. Christodoulou (1970)
has shown that one can extract an arbitrarily large fraction of the rotational energy
by the Penrose process of sending a particle from infinity into the ergosphere where
it splits into two particles one of which returns to infinity with more than the original
energy while the other falls through the horizon and reduces the mass and angular
momentum of the black hole. Similarly, using charged particles, one can extract an
arbitrarily large fraction of the electrostatic energy.

Note that it is M2 and not M which has an irreducible part. This distinction
does not matter when there is only one black hole but it means that one can ex-
tract energy, other than rotational or electrostatic energy, by allowing black holes
to collide and merge. Consider two black holes By(7) and B;(7) a long way apart
which have settled down to nearly stationary states. One can neglect the interaction
between them and regard the solution near each as a Kerr solution with the param-
eters My, e;, L; and M;, e; and Ly respectively. The areas A; and A, of 3B, (1)
and 8B;(r) will be given by equation (9.1). Suppose that at some later time the
two black holes come together and merge to form a single black hole Bs(r) which
settles down to a nearly stationary state with parameters M3, e3 and L3. During the
collision process a certain amount of gravitational and possibly electromagnetic radi-
ation will be emitted to infinity. The energy of this radiation will be My + Ma — M3.
This is limited by the requirement that the area A3 of @ B3(7) must be greater than
the sum of A; and A;. The fraction € = (M + M)~ (M + Mz — M3) of the total
mass that can be radiated is always less than 1 — 2-%, i.e., about 65%. If the black
holes are uncharged or carry the same sign of charge, the fraction is less than a half,
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i.e., 50%. If the black holes are also non-rotating the fraction is less than 1 — 2'5,
i.e., about 29%.

By the conservation of charge e3 = €; + e3. Angular momentum, on the other
hand, can be carried away by the radiation. This cannot happen, however, if the
situation is axisymmetric, i.e., if the rotation axes of the black holes are aligned along
their direction of approach to each other. Then L3 = L; + L;. One can see from
equation (9.3) that Mj can be smaller, i.e., there can be more energy radiated, if the
rotations of the black holes are in opposite directions than if they are in the same
direction. This suggests that there may be an orientation dependent force between
black holes analogous to that between magnetic dipoles. Unlike the electromagnetic
case, the force is repulsive if the orientations are the same and attractive if they
are opposite. Even in the limiting case when L, = M} and L, = M2, there is still
energy available to be radiated. Thus it seems that the force can never be sufficiently
repulsive to prevent the black holes colliding.

B. Perturbations of Black Holes

To perform dynamic calculations about black holes seems to require the use of a
computer in general. However there are a number of situations that can be treated
as small perturbations of stationary black holes, i.e., Kerr solutions. The general
idea in these calculations is to solve the linearized equations for a perturbation
field (scalar, electromagnetic or gravitational) in a Kerr background and to try to
find the radiation emitted to infinity and the rate of change of the mass and angular
momentum of the black hole. In the case of the scalar and electromagnetic field these
latter can be evaluated by integrating the appropriate components of the energy—
momentum tensor of the field over the horizon. For gravitational perturbations,
however, there is no well defined local energy-momentum tensor. Instead I shall
show how one can determine the change in the mass and angular momentum of the
black hole by calculating the change in the area of the horizon and the quantity 1,
on the horizon. It turns out that these depend only on the Ricci tensor terms ¢g =
47T, 1%1% and ¢o; = 47T5,I°m? and the Weyl tensor term ) on the horizon. This is
fortunate because it seems that the full equation for gravitational perturbations in
a Kerr background are not solvable by separation of functions but Teukolsky (1972)
has obtained decoupled separable equations for the quantities 19 and 4.

The mass, the magnitude of the angular momentum and its orientation make
up four parameters in all. However, in many uses there are constraints which make
it sufficient to caluclate the change in only one function of these four parameters.
The simplest such function is the area of the horizon which is given by equation
(9.1). The rate of charge of this area can be calculated from the Newman—Penrose
equations

dp

2, =P + 05+ 2+ oo (9-4)
do
pe 2p0 + 2¢0 + Py (9.5)
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Choose a spacelike surface S which intersects the event horizon of the background
Kerr solutions in J*¥(Z~) and is tangent to the rotation Killing vector K¢, Then
one can define a family S(t) of such surfaces by moving S under the time translation
&, i.e., by moving each point of S a parameter distance ¢ along orbits of the Killing
vector K* of the unperturbed metric. This defines a time coordinate ¢ on the
horizon. It is convenient to choose the parameter v along the generators of the
horizon to be equal to ¢t. Then in the unperturbed Kerr metric

_ Y
e_—————4M(M2+y), (9.6)

where

y=(M* - L%}

There are two kinds of perturbations one can consider, those in which there
is some matter fields like the scalar or electromagnetic field on the horizon with
energy-momentum tensor Ty, and those in which the perturbations at the horizon
are purely gravitational and are produced by matter at a distance from the black
hole. Consider first a matter field perturbation where the field is proportional to a
small parameter A\. The energy-momentum tensor and so the perturbation in the
metric and in 1o will be proportional to A2. Thus p and o will be proportional to
A? and to order A? equation (9.4) becomes

(cii_lt, = 2¢p + 4nTy 100 (9.7

where ¢ is given by (9.6). Suppose that the perturbation field is turned off after
some time t;. The black hole will then settle down to a stationary state with p = 0.
Thus the solution of (9.7) for p is

o0
p= —-47r/ exp{2e(t — t')}Tupl®lbdt’ . (9.8)
t

The rate of increase of area of the horizon is

dA
E = -2/pdA

where the integral is taken over the two surface d B(t) which is the intersection of the
event horizon with the surface §(¢). Substituting from equation (9.8) and performing
a partial integration with respect to time one finds that total area increase of the
horizon is

64 = 361 / Tol®ds? (9.9)

where dZ° = [’ d Adt is the 3-surface element of the event horizon. The null vector {*
tangent to the horizon can be expressed in terms of K% and K* the Killing vectors
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of the background Kerr metric which correspond to time translations and spatial
rotations respectively.

°= K* +wK®+0(\?), (9.10)
where
we Lt (9.11)
T 2M(M? + y) |

is the angular velocity of the black hole. The vectors T, K* and —T,;, K® represent
the flow of energy and angular momentum respectively in the matter fields. They
are conserved in the background Kerr metric and their fluxes across the horizon give
change of mass and angular momentum of the black hole.

Thus

§A = 4_:’.[5M — wél). (9.12)

This is just the change needed to preserve the formula (9.1) for the area of the
horizon of Kerr solution. It is therefore consistent with the idea that the pertur-
bation changes the black hole from one Kerr solution to one with slightly different
parameters.

The case of purely gravitational perturbations is rather more interesting because
one does not have an energy—momentum tensor from which to compute the fluxes
of energy and angular momentum into the black hole. Instead one can use the area
increase as a measure of a certain combination of them. One takes the gravitational
perturbation field to be proportional to a small parameter A. Then from equations
(9.4), (9.5) o will be proportional to A and p to A

dp _
7= ° + 2¢p, (9.13)
do
i 2¢a + ¢y (9.14)
From (9.14)
o=- / exp{2e(t — ')} odt’ (9.15)
t
and .
0A = ;/a&dAdt. (9.16)

One can apply this formula in at least two situations. First there are stationary
gravitational perturbations induced by distant matter which is stationary or nearly
stationary. In such perturbations there will be no radiation at infinity and the
energy of the sources of the perturbation will be nearly constant. Thus there can
be no energy flow into or out of the black hole and its mass must remain constant.
From equation (9.1) it then follows that the increase in the area A of the horizon
must be accompanied by a decrease in the angular momentum of the black hole. In
other words, the effect of stationary perturbation is to slow down the rotation of the
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black hole. What is happening is that the rotational energy part of M? in equation
(9.3) is being dissipated into the irreducible part of M? represented by A.

There is a strong analogy between this process and ordinary tidal friction in a
shallow sea covering a rotating planet. A nearly stationary external body such as a
moon will raise tides in the sea. As the planet rotates, the shape of a fluid element
will change and so the fluid will be shearing. There will be dissipation of energy at
a rate proportional to the coefficient of viscosity times the square of the shear. This
energy must come from the rotational energy of the planet. Thus the planet will
slow down.

Similarly one can regard the perturbation field of a stationary external object as
tidally distorting the horizon of the black hole (Fig. 20) with consequent shearing
as the black hole rotates and dissipation of rotational energy at a rate proportional
to the square of the shear. The dimensionless analogue of the viscosity in this case
is of order unity. Hartle (1972) has calculated the rate of slowing down of a slowly
rotating black hole caused by a stationary object of mass M' at coordinates r and
6. For r/M large he finds

dL L (M, , (M\°
—dT——2/5_M— (TM-) sin 9(7-)

D) «—

OBJECT
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Fig. 20. The gravitational of an external object tidally distorts the event horizon.
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Because of the last factor, this seems too small ever to be of astrophysical signifi-
cance. This situation might be different, however, for a rapidly rotating black hole
with L nearly equal to M2. In this case the quantity ¢ which acts as a restoring
force in equations (9.13) and (9.14) is very small. In a sense the black hole is rotat-
ing with nearly break up velocity so centrifugal force almost balances gravity and a
small object can raise a large tide on the horizon. For maximum effect, the object
should be orbiting the black hole near the horizon with nearly the same angular
velocity as that of the black hole. Under these circumstances the black hole would
lose energy and angular momentum at a significant rate to the object. The object
would also be losing energy and angular momentum in radiation to infinity. It is
possible that the rates would balance to give what is called a floating orbit. To
find out whether this could happen, it would be sufficient to calculate the rate of
increase of the area of the horizon and the rate of radiation of energy and angular
momentum to infinity since an object in a circular orbit can gain or lose energy and
angular momentum only in a certain ratio.

For other problems it would be helpful to be able to calculate separately the rate
of change of the mass and the three components of angular momentum. In the last
section we saw that a stationary black hole solution is in general determined by a
knowledge of the quantity 1), on a 2-dimensional section of the horizon. In the case
of a Kerr black hole, the angular momentum is represented by the imaginary ! = 1
part of ¢, 3 From the Newman—Penrose equations one can calculate the change in
19 produced by the perturbation.

{2 + ar = pp— 11 — A)iA
= 880 — 38p + B[(a + B)p + Po1) — B[(a + B)p + $10]

where 0 acting on a spin weight s quantity is § + 8(a — ). Further details will be
given elsewhere. '

C. Time-Symmetric Black Holes

The last application I shall describe is largely based on the work of G. W.
Gibbons. Some of it is about to be published (Gibbons 1972) and more will be
in his Ph.D. thesis.

To calculate the evolution of a section of the Einstein equation one requires
initial data on a partial Cauchy surface S. The Cauchy data on a spacelike surface
can be represented by two symmetric 3-dimensional tensor fields h;; and x;j. The
negative definite tensor h;; is the first fundamental form or induced metric of the
3-surface S imbedded in the 4-dimensional spacetime manifold M. It is equal to
gij — uju; where u; is the unit timelike vector orthogonal to S. The tensor x;; is
the second fundamental form or extrinsic curvature of S imbedded in M. It is equal
to ug,hkh!. The fields h;; and x;; have to obey the constraint equations:
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Xabllch'bc - Xbcuahbc = SWdehab'ud
.;.[(3)R + (Xabhab)z _ Xachdh“hbd] - SWT“buaub

where || indicates covariant differentiation with respect to the 3-dimensional metric
hi; in the surfaces. The constraint equations are non-linear and difficult to solve
in general. However the problem is much simpler if the solution is time-symmetric.
The solution is said to be time-symmetric about the surface S if there is an isometry
which leaves the surface S pointwise fixed but reverses the direction of time, i.e.,
it moves a point to the future of S on a timelike geodesic orthogonal to S to the
point on the some geodesic an equal distance to the past of §. The time symmetry
isometry maps x;; to —x;;j since it reverses the direction of the normal u; to §.
Thus xi; = 0. The first constraint is trivially satisfied and the second one becomes
in the empty case
GRr=0

The convergence of the outgoing null geodesics orthogonal to a 2-surface F in §

is
p =27 mim (ug; + wy;)

where w; is the unit spacelike vector in S orthogonal to F. The first term is zero
because xij = 0. Thus if F is a marginally trapped surface, the convergence of
its normals in S must be zero. This means that it is an extremal surface, i.e., its
area is unchanged to first order under a small deformation. In fact F' must be a
minimal surface if it is an apparent horizon, i.e., if it is the outer boundary of a
region containing closed trapped surfaces. Conversely any minimal 2-surface in § is
an apparent horizon.

One can write down an explicit family of solutions of the remaining constraint
equation by taking the metric k;; on S to be V‘m,- where 7;; is the three-dimensional
flat metric and V satisfies the Laplace’s equation in this metric

vViv =0.

I shall consider solutions of the form V = 1 4 X M;/2r; representing the field of a
number of point masses M; where the distance from the i*® mass is r;.

The solution with only one mass is the Schwarzschild solution expressed in
isotropic coordinance. The minimal surface, which in this case is both the apparent
and event horizon, is at r = 1 M and has area 16w M2. Now consider the case of two
equal mass points My and M;. If they are far apart the minimal surfaces around
each will be almost at 1y = } M and r; = $ M and their areas will be nearly 167 M 2,
Each surface will however be slightly distorted by the field of the other points and
their areas will be slightly greater than 16w M?%. As the solution evolves the two
black holes containing these two apparent horizons will fall towards each other and
will merge to form a single black hole which will settle down to a Schwarzschild
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solution with mass M'. The energy of the gravitational radiation emitted in this
process will be the initial mass 2M of the system minus the final mass M'. This
is limited by the fact that the area 16mM'? of the event horizon of the final black
hole must be greater than the sum of the areas of the event horizons around the two
original black holes. The area of these event horizons must be greater than those
of the corresponding apparent horizons since these are minimal surfaces. Thus the
upper limit on the fraction ¢ of the initial mass that can be radiated is somewhat
less than 1 — 2-%. If the two mass points are moved nearer to each other in the
initial surface S the minimal surfaces around them become more distorted and their
area increases. Thus the upper limit on the fraction of energy that can be radiated
becomes less. This is what one would expect since the available energy of each
black hole is reduced by the negative gravitational potential of the other. In fact to
first order, the reduction in the upper limit on ¢ just corresponds to the Newtonian
gravitational interaction energy of the two point masses. When the two mass points
are moved close to each other the area of the minimal surface around each becomes
greater than 32w M2, This seems to indicate that the amount of energy that could
be radiated would be negative which would be a contradiction. However before the
two mass points are close enough for this to happen, it seems that a third minimal
surface will be formed which surrounds them both and has area less than 647 M?
(Fig. 21).

Fig. 21. The two apparent horizons 477 and 872 are surrounded by another apparent horizon 373.

Gibbons (1972) has shown that any minimal surface in a conformally flat initial
surface must have an area greater than

1 2
2 (-2—;/‘/",,(1/1 )

where the integral is taken over the minimal surface. The expression in the brackets
represents the contribution to the total mass on the initial surface arising from
points within the minimal surface. The solution that evolves from the initial surface
will eventually settle down to a Schwarzschild solution with an event horizon of
area 16rM'?. Since this area must be greater than the area of the event horizon
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on the initial surface which in turn must be greater than the area of the minimal
surface, the difference between the initial mass M and the final mass M’ must be
less than (1 — 273/2)M. This means that a single distorted black hole on a surface
of time symmetry cannot radiate more than 65% of its initial mass M in relaxing
to a spherical black hole.

The black holes that have been considered so far in this subsection are non-
rotating. This is because the condition that the solution be invariant under t — —t
rules out any rotation. However, one can include rotation in a simple way if the
solution is invariant under the simultaneous transformation t — —t, ¢ — —¢. 1
shall call such a solution (t, ¢) symmetric. To obtain such a solution the initial
data must be of the form .
2Ja Ky)

K.Ke
where J, is an axisymmetric vector field orthogonal to the Killing vector K® which
corresponds to rotations about the axis of symmetry. The first constraint equation
then becomes

Xab =

i = 81Topu’ K.

One can integrate this equation to obtain the total angular momentum within a

given 2-surface
1 a
L= —gr- /JadA .

In the empty case, to which I shall now restrict myself, the angular momentum
will arise from singularities of the field J%. The solution will be asymptotically
predictable and will represent black holes if those singularities are contained within
apparent horizons. From the form of x,; it follows that the apparent horizons in
the initial surface of (¢, ¢) symmetry are minimal 2-surfaces. Note that this is the
case only in a surface of time symmetry or (¢, ¢) symmetry. It is not true in later
space-like surfaces.
In the empty case the second constraint equation becomes

(3)R = 2~J4J¢l

K, Ks'

This equation can be solved by a technique of Lichnerowicz. Choose a spatial
metric hgp. Then choose a spatial vector field J, which is axisymmetric, orthognal
to K* and which satisfies J,‘,‘a = 0 in the metric h,;. One then makes a conformal
transformation hg, = V4hq,. The first constraint equation will remain satisfied if

J, transforms as J, = V~2J,. The second constraint equation will be satisfied if V
is chosen so that

JoJ®
VOR — 8V ph® = 2V -7 22—
- et KoK

where the covariant derivatives are with respect to the metric h,5. This equation is
non-linear so one cannot write down explicit solutions even in the case where the
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metric hgp is chosen to be flat. However one can note certain qualitative features.
One of these is that the addition of angular momentum tends to increase the total
mass of the solution. Thus it seems that the rotational energy of black holes is
positive as one would expect. Calculations by Gibbons in the case of two black
holes indicate that the ratio of the area of the apparent horizons to the square of
the total mass is bigger when the angular momenta of the black holes are in opposite
directions than when they are in the same direction. This indicates that there is
less energy available to the radiated in the former case than in the latter which is
consistent with the idea that there is a spin-dependent force between black holes
which is attractive in the case of opposite angular momenta and repulsive in the
other case,

The calculations of Gibbons indicate that when the black holes are far apart the
force is proportional to the inverse fourth power of the separation which is what one
would expect from the analogy with magnetic dipoles.
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Abstract. Expressions are derived for the mass of a stationary axisymmetric solution
of the Einstein equations containing a black hole surrounded by matter and for the
difference in mass between two neighboring such solutions. Two of the quantities which
appear in these expressions, namely the area A of the event horizon and the “‘surface
gravity”x of the black hole, have a close analogy with entropy and temperature respectively.
This analogy suggests the formulation of four laws of black hole mechanics which corre-
spond to and in some ways transcend the four laws of thermodynamics.

1. Introduction

It is generally believed that a gravitationally collapsing body will
give rise to a black hole and that this black hole will settle down to a
stationary state. If the black hole is rotating, the stationary state must
be axisymmetric [1] (An improved version of this theorem involving
weaker assumptions is outlined in [2] and is given in detail in [3]).
It has been shown that stationary axisymmetric black hole solutions
which are empty outside the event horizon fall into discrete families
each of which depends on only two parameters, the mass M and the
angular momentum J [4—6]. The Kerr solutions for M* > J? are one
suchfamily. It seems unlikely that there are any others. It also seems reason-
able to suppose that the Newman-Kerr solutions for M* > J? + M2Q?,
where Q is the electric charge, are the only stationary axisymmetric black
hole solutions which are empty outside the event horizon apart from
an electromagnetic field. On the other hand there will be an infinite
dimensional family of stationary axisymmetric solutions in which
there are rings of matter orbiting the black hole. In Sections 2 and 3 of
this paper we shall derive formulae for the mass of such a solution and
for the difference in mass of two nearby solutions. These formulae

® Research supported in part by the National Science Foundation.
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generalise the expressions found by Smarr [7] and Beckenstein [8]
for the Kerr and Newman-Kerr solutions, We show that the quantities
appearing in the formulae have well-defined physical interpretations.
Of particular interest are the area A4 of the event horizon and the “surface
gravity” k, which appear together. These have strong analogies to
entropy and temperature respectively. Pursuing this analogy we are
led in Section 4 to formulate four laws of black hole mechanics which
are similar to, but distinct from, the four laws of thermodynamics.

2, The Integral Formula

In a stationary axisymmetric asymptotically flat space, there is a
unique time translational Killing vector K® which is timelike near infinity
with K°K,=—1 and a unique rotational Killing vector K* whose
orbits are closed curves with parameter length 2a. These Killing vectors
obey equations

Ka;b = K[a;b] » Ka;b = K[a;b] ’ (1)
Ka;bkb = Iza;be ’ 2)
Kﬂtbb= - Rabe , (3)
Ka;bb =- Rablzb s 4

where a semicolon denotes the covariant derivatives, square brackets
around indices imply antisymmetrization and R,, = R,.,’ with

Vg1 = RV

for any vector v”. Since K,,, is antisymmetric, one can integrate Eq. (3)
over a hypersurface S and transfer the volume on the left to an integral
over a 2-surface 4S5 bounding S:

j K%*d%,,=—|RK*dZ,, %)
o8 S

where dZ,, and dX%, are the surface elements of 45 and § respectively.
We shall choose the surface to be spacelike, asymptotically flat, tangent
to the rotation Killing vector K? and to intersect the event horizon [1]
in a 2-surface 0 B. The boundary 45 of S consists of dB and a 2-surface
08, at infinity. For an asymptotically flat space, the integral over 45
in equation (5) is equal to —4n M, where M is the mass as measured from
infinity. Thus

M= QT = To) K%dE, + - | K**dE,,, (©)
3 4n ;5

where
Rab - %Rgab = 87‘7;1, .

76



Laws of Black Hole Mechanics 163

The first integral on the right can be regarded as the contribution to the
total mass of the matter outside the event horizon, and the second
integral may be regarded as the mass of the black hole. One can integrate
Eq. (4) similarly to obtain an expression for the total angular momentum
J as measured asymptotically from infinity,

= [ T%R%dZ, - - [ R**d5,,. ™
s 87 58

The first integral on the right is the angular momentum of the matter,
and the second integral can be regarded as the angular momentum
of the black hole.

One can introduce a time coordinate ¢ which measures the parameter
distance from S along the integral curves of K° (i.e. t,,K*=1). The null
vector [°=dx%/dt, tangent to the generators of the horizon, can be
expressed as .

F=K*+QuK". (8)

The coefficient Q is the angular velocity of the black hole and is the
same at all points of the horizon [9]. Thus one can rewrite Eq. (6) as

M=[QT}— T8 K*dE, + 2Qutu + —417 [ @4z, )
where s ) °®
—_— Faib
Jup= . oInK az,,

is the angular momentum of the black hole. One can express dX,, as
lahsyd A, where n, is the other null vector orthogonal to 3B, normalized
so that n,/°= —1, and dA is the surface area element of ¢B. Thus the
last term on the right of Eq.(9) is
1

e O‘L kdA,
where k = — 1, ,n°I* represents the extent to which the time coordinate
t is not an affine parameter along the generators of the horizon. One can
think of « as the “surface gravity” of the black hole in the following sense:
a particle outside the horizon which rigidly corotates with the black
hole has an angular velocity Qy, a four-velocity v* = /(K* + Q4 K?), and
an acceleration four-vector °,¢*. The magnitude of the acceleration,
multiplied by a factor 1/¢' to convert from change in velocity per unit
proper time to change in velocity per unit coordinate time ¢, tends to x
when the particle is infinitesimally close to the event horizon.

We shall now show that x is constant over the horizon. Let m?, m*
be complex conjugate null vectors lying in 0B and normalised so that
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m*m, = 1. Then

K. mt = —(l,.,n°lP)..m

a ( a;b b),c . (10)

= — Ly 0P = 1 0% Pt — 1, 0P mE .

Since I* is a Killing vector, I,.,. = Rypo!*. The normalization of the null
tetrad on the horizon, from which

Jap = — Moy — lny +m iy, +m,m,

is used to put the second term in the form «l, n®m°. The third term is
—kl,.n°m° as a result of the vanishing of the shear and convergence
of the generators of the horizon, I,,,m*m® =0=l,,,m*m". Thus

h‘;ama = — Rabcdl“mblcnd . (11)

But on the horizon
0=(l,,,m'm®),.m*

= Rdabcldmaﬁlbmc (12)
= - Rdbldmb <+ Rabcdlamblcnd .

By the Einstein equations R, ,I’m‘=8=T,,/’m".

If energy-momentum tensor obeys the Dominant Energy Condition
[10], T, will be a non-spacelike vector. However T,,/°/#=0 on the
horizon since the shear and convergence of the horizon are zero. This
shows that T,,/® must be zero or parallel to /* and that T,,/m‘=0.
Thus x.,m* is zero and « is constant on the horizon.

The integral mass formula becomes

M={QT2— T&) K*dZ, + 2QpuJy + ~4—"n— A, (13)
S

where A is the area of a 2-dimensional cross section of the horizon.
When T, is zero, ie. when the space outside the horizon is empty,
this formula reduces to that found by Smarr [7] for the Kerr solution.
In the Kerr solution,

- Ju
u= 2M(M? +(M* —JR)!%) (149
(M*— T\ (15)

FTIMMT (M )
A =8n(M? +(M* - J3)'%). (16)

For a Kerr solution with a zero angular momentum, the total mass is
represented by the last term in equation (13). As the angular momentum
increases, the surface gravity decreases until it is zero in the limiting
case, J5=M*. The mass is then all represented by the rotational term
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2QyJy. The reduction of the surface gravity with angular momentum
can be thought of as a centrifugal effect. When the angular momentum
is near the limiting value, the horizon is, in a sense, very loosely bound
and a small perturbation can raise a large tide [11].

3. The Differential Formula

In this section we shall use the integral mass formula to derive an
expression for the difference dM between the masses of two slightly
different stationary axisymmetric black hole solutions. For simplicity
we shall consider only the case in which the matter outside the horizon
is a perfect fluid in circular orbit around the black hole. The differential
mass formula for rotating stars without the blackhole terms is discussed
in [12]. A treatment including electromagnetic fields, which allows the
matter to be an elastic solid, is given in [6].

A perfect fluid may be described by an energy density ¢ which is a
function of the particle number density n and entropy density s. The
temperature 6, chemical potential u and pressure p are defined by

_ %
0= Frl (17)
Je
=3 (18)
p=un+0s—e. (19)
The energy momentum tensor is
T:lb = (8 + P) UaUp+ PGas » (20)

where 1* = (—u,u?)"/24® is the unit vector tangent to the flow lines and
u'=K*+ QK?* where Q is the angular velocity of the fluid. The angular
momentum, entropy and number of particles of the fluid can be expressed

as ~[ T%R%dZ,,
fsvdZ,,
fn*dZ, respectively.

and

When comparing two slightly different solutions there is a certain
freedom in which points are chosen to correspond. We shall use this
freedom to make the surfaces S, the event horizons, and the Killing
vectors K* and K the same in the two solutions. Thus

SK =8K*=0 (21)

and o .
6K,=h,K"* 6K,=h, K", (22)
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where h,, = 38g,p = — gacdpa09°°. Then
8P =60,K°, (23)
Ol = hy PP +g,,0Q,K?. (249

Since the event horizons are in the same position in the two solutions,
the covariant vectors normal to them must be parallel,

Olly=0, Snn?=0. (25)
Also, the Lie derivative of 6/, by * is zero, (§1,),,1* + 61,1, = 0. Therefore
S =41 F + 1,61, n° + (1%, 6n
=3(00),,(Fn® + ) + 81 1 0
+8QuK%, 10t + onPl 1,
=4(61),,(Pn® + n*P) + QK4 I.n® .
As 41, is proportional to [, on the horizon, (81,).,m*m" is zero. Thus
ox=—4(81)° + QK l,n*
=—3h, P + QK I

To evaluate 6 M, we express the mass formula derived in the previous
section in the form

(26)

(27)

1

- b, 1 pshypa K 2
M !(ZT, + e RO) K dZy+2QuJy + yp A. (28)
The variation of the term involving the scalar curvature, R, gives
‘Tal? | {(R“ - % g..R) K + 2hfc;,,,=d} K°dE,. (29)
s
But
2h,. d,"‘K‘ =2(K°hl=4) — K"hﬁ“"’);d s (30)

using h.4,,K* +hyK®, .+ h, K% ,=0. One can therefore transform the
last term in (29) into the 2-surface integral

- J (KoK~ KOHso a5, (31)
The integral over 85, gives —dM and, by Eq. (27), the integral over 4B
gives -j—; A—26QJy.
The variation of the energy-momentum tensor term in (28) is
26 [ TPK*dZ,=~2{Q{T}PKdZ,} +26 [ pK°dS,

32
+2[udf{le+ p)(—uwu'g.y) ' u KPdZ,}. 42
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Bute+p=un+0s,5p=~un+60s, and w*s{(—u‘u’g.)”*u,} =4 v°v'h,,.
Therefore
26 [ T2K*dZ, = | T*h,,K*dZ, + 2[Q5dJ

+2[H6dN +2§8sdS,

where ddJ = ~3{T,>K°dZ,} is the change in the angular momentum of
the fluid crossing the surface element dZ,

SdN =é{n(—u,u) 12 K*Z,}
is the change in the number of particles crossing 4,
8dS = 6{s(—u,u")"* K*dx,}

is the change in the entropy crossing dZ,,

(33)

A= ()
is the “red-shifted” chemical potential, and

G=(—uu’)?6
is the “red-shifted” temperature. Thus

SM =[QédJ + [ GOdN + [ §6dS + QuéJy + 8%5/1. (34)

This is the differential mass formula.

If an infinitesimal ring is added to a black hole slowly, without
allowing any matter or radiation to cross the event horizon, the area
and the angular momentum of the black hole are constant and the matter
terms in the Eq. (34) give the net energy required to add the ring. Since
Qy and x do change to first order in the mass of the ring, the change in
My =2Q4,Jy +xA/4n must be taken into account in the integral mass
formula of Eq. (13).

4. The Four Laws

In this section we shall pursue the analogy between black holes and
thermodynamics and shall formulate four laws which correspond to and
in some ways transcend the four laws of thermodynamics. We start with
the most obvious analogy:

The Second Law [1]

The area A of the event horizon of each black hole does not decrease
with time, i.e.
60A420.
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If two black holes coalesce, the area of the final event horizon is greater
than the sum of the areas of the initial horizons, i.e.

Ay> A+ A,

This establishes the analogy between the area of the event horizon
and entropy. The second law of black hole mechanics is slightly stronger
than the corresponding thermodynamic law. In thermodynamics one
can transfer entropy from one system to another, and it is required only
that the total entropy does not decrease. However one cannot transfer
area from one black hole to another since black holes cannot bifurcate
([1, 2, 3]). Thus the second law of black hole mechanics requires that the
area of each individual black hole should not decrease.

The First Law

Any two neighboring stationary axisymmetric solutions con-
taining a perfect fluid with circular flow and a central black hole are
related by

5M = 8"—;[6/4 + 0,80y + [ Q6dJ +  G6dN + [ BsdS .

x
8n
that A is analogous to entropy. It should however be emphasized that

It can be seen that is analogous to temperature in the same way

?Kn— and A are distinct from the temperature and entropy of the black hole.

In fact the effective temperature of a black hole is absolute zero.
One way of seeing this is to note that a black hole cannot be in equilibrium
with black body radiation at any non-zero temperature, because no
radiation could be emitted from the hole whereas some radiation would
always cross the horizon into the black hole. If the wavelength of the
radiation were very long, corresponding to a low black body temper-
ature, the rate of absorption of radiation would be very slow, but true
equilibrium would be possible only if there were no radiation present
at all, i.e. if the external black body radiation temperature were zero.
Another way of seeing that the effective temperature of a black hole is
zeto is to note that the “red shifted” effective temperature 8 of any matter
orbiting the black hole must tend to zero as the horizon is approached,
because the time dilatation factor (— u”u,)!/? tends to zero on the horizon.
The fact that the effective temperature of a black hole is zero means
that one can in principle add entropy to a black hole without changing
it in any way. In this sense a black hole can be said to transcend the
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second law of thermodynamics. In practise of course any addition of
entropy to a black hole would cause some increase in the area of the
event horizon. One might therefore suppose that by adding some mul-
tiple of the area to the total entropy of all matter outside the event horizon
one could obtain a quantity which never decreased. However this is
not possible since by careful management one can arrange that the area
increase accompanying a given addition of entropy is arbitrarily small.
One way of doing this would be to put the entropy into two containers
and lower them on ropes down the axis towards the north and south
poles. As the containers approach the black hole they would distort
the horizon. The shear or rate of distortion of the horizon would be
proportional to the rate at which the containers were being lowered.
The rate of increase of area of the horizon would be proportional to the
square of the shear, [2,11], and so to the square of the rate at which
the containers were being lowered. Thus by lowering the containers
very slowly, one could ensure that the area increase was very small.
When the containers reach the horizon, they would be moving parallel
to the null vector /* and so would not cause any area increase as they
cross the horizon.

In a similar way the effective chemical potential /i tends to zero on the
horizon, which means that in principle one can also add particles to a
black hole without changing it. In this sense a black hole transcends
the law of conservation of baryons.

Continuing the analogy between X

2 and temperature, one has:
n

The Zeroth Law

The surface gravity, k of a stationary black hole is constant over the
event horizon.

This was proved in Section 2. Other proofs under slightly different
assumptions are given in [6, 2].

Extending the analogy even further one would postulate:

The Third Law

It is impossible by any procedure, no matter how idealized, to reduce
K to zero by a finite sequence of operations.

This law has a rather different status from the others, in that it does
not, so far at least, have a rigorous mathematical proof. However there
are strong reasons for believing in it. For example if one tries to reduce
the value of x of a Kerr black hole by throwing in particles to increase
the angular momentum, one finds that the decrease in k per particle
thrown in gets smaller and smaller as the mass and angular momentum
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tend to the critical ratio J/M?2 =1 for which « is zero. While idealized
accretion processes do exist for which J/M?— 1 with the addition of a
finite amount of rest mass ([13, 14]), they require an infinite divisibility
of the matter and an infinite time. Another reason for believing the third
law is that if one could reduce « to zero by a finite sequence of operations,
then presumably one could carry the process further, thereby creating
a naked singularity. If this were to happen there would be a breakdown
of the assumption of asymptotic predictability which is the basis of many
results in black hole theory, including the law that 4 cannot decrease.

This work was carried out while the authors were attending the 1972 Les Houches
Summer School on Black Holes. The authors would like to thank Larry Smarr, Bryce
de Witt and other participants of the school for valuable discussions.
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Abstract. In the classical theory black holes can only absorb and not emit particles. However it
is shown that quantum mechanical effects cause black holes to create and emit particles as if they

h
were hot bodies with temperature T:k ~10"¢ (%) °K where « is the surface gravity of the black

hole. This thermal emission leads to a slow decrease in the mass of the black hole and to its eventual
disappearance: any primordial black hole of mass less than about 10'* g would have evaporated by
now. Although these quantum effects violate the classical law that the area of the event horizon of a
Black hole cannot decrease, there remains a Generalized Second Law: S+}A4 never decreases where §
is the entropy of matter outside black holes and A is the sum of the surface areas of the event horizons.
This shows that gravitational collapse converts the baryons and leptouns in the collapsing body into
entropy. It is tempting to speculate that this might be the reason why the Universe contains so much
entropy per baryon.

1.

Although there has been a lot of work in the last fifteen years (see [1, 2] for
recent reviews), I think it would be fair to say that we do not yet have a fully
satisfactory and consistent quantum theory of gravity. At the moment classical
General Relativity still provides the most successful description of gravity. In
classical General Relativity one has a classical metric which obeys the Einstein
equations, the right hand side of which is supposed to be the energy momentum
tensor of the classical matter fields. However, although it may be reasonable to
ignore quantum gravitational effects on the grounds that these are likely to be
small, we know that quantum mechanics plays a vital role in the behaviour of
the matter fields. One therefore has the problem of defining a consistent scheme
in which the space-time metric is treated classically but is coupled to the matter
fields which are treated quantumn mechanically. Presumably such a scheme would
be only an approximation to a deeper theory (still to be found) in which space-
time itself was quantized. However one would hope that it would be a very good
approximation for most purposes except near space-time singularities.

The approximation I shall use in this paper is that the matter fields, such as
scalar, electro-magnetic, or neutrino fields, obey the usual wave equations with
the Minkowski metric replaced by a classical space-time metric g,, This metric
satisfies the Einstein equations where the source on the right hand side is taken
to be the expectation value of some suitably defined energy momentum operator
for the matter fields. In this theory of quantum mechanics in curved space-time
there is a problem in interpreting the field operators in terms of annihilation and
creation operators. In flat space-time the standard procedure is to decompose
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the field into positive and negative frequency components. For example, if ¢ is
a massless Hermitian scalar field obeying the equation ¢.,n""=0 one expresses

¢ as
=3 fa+ fial} (1.1)

where the {f;} are a complete orthonormal family of complex valued solutions
of the wave equation f;,,n°*=0 which contain only positive frequencies with
respect to the usual Minkowski time coordinate. The operators a; and a] are
interpreted as the annihilation and creation operators respectively for particles
in the ith state. The vacuum state |0) is defined to be the state from which one
cannot annihilate any particles, i.e.

a;jJ0>=0 foralli.

In curved space-time one can also consider a Hermitian scalar field operator
¢ which obeys the covariant wave equation ¢,,,g°>=0. However one cannot
decompose into its positive and negative frequency parts as positive and negative
frequencies have no invariant meaning in curved space-time. One could still
require that the {f;} and the {f;} together formed a complete basis for solutions
of the wave equations with

Yifs(fi Jia= Ji frdd 2= (1.2)

where S is a suitable surface. However condition (1.2) does not uniquely fix the
subspace of the space of all solutions which is spanned by the {f;} and therefore
does not determine the splitting of the operator ¢ into annihilation and creation
parts. In a region of space-time which was flat or asymptotically flat, the appro-
priate criterion for choosing the {f;} is that they should contain only positive
frequencies with respect to the Minkowski time coordinate. However if one has
a space-time which contains an initial flat region (1) followed by a region of
curvature (2) then a final flat region (3), the basis { f;;} which contains only positive
frequencies on region (1) will hot be the same as the basis {f3;} which contains
only positive frequencies on region (3). This means that the initial vacuum state
10,>, the state which satisfies a,;J0,>=0 for each initial annihilation operator
a,;, will not be the same as the final vacuum state |0,) i.e. a4;(0,>#0. One can
interpret this as implying that the time dependent metric or gravitational field
has caused the creation of a certain number of particles of the scalar field.
Although it is obvious what the subspace spanned by the { f;} is for an asympto-
tically flat region, it is not uniquely defined for a general point of a curved space-
time. Consider an observer with velocity vector «* at a point p. Let B be the least
upper bound |R,,| in any orthonormal tetrad whose timelike vector coincides
with ¢*. In a neighbourhood U of p the observer can set up a local inertial co-
ordinate system (such as normal coordinates) with coordinate radius of the order
of B™*. He can then choose a family {f;} which satisfy equation (1.2) and which
in the neighbourhood U are approximately positive frequency with respect to
the time coordinate in U. For modes f; whose characteristic frequency w is high
compared to B, this leaves an indeterminacy between f; and its complex con-
jugate f; of the order of the exponential of some multiple of —wB~*. The indeter-
minacy between the annihilation operator a; and the creation operator a] for the
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mode is thus exponentially small. However, the ambiguity between the a; and
the a} is virtually complete for modes for which w < B*. This ambiguity introduces
an uncertainty of 14 in the number operator a/a; for the mode. The density of
modes per unit volume in the frequency interval w to w+dw is of the order of
w?dw for w greater than the rest mass m of the field in question. Thus the un-
certainty in the local energy density caused by the ambiguity in defining modes
of wavelength longer than the local radius of curvature B~%, is of order B? in
units in which G=c=h=1. Because the ambiguity is exponentially small for
wavelengths short compared to the radius of curvature B~ %, the total uncertainty
in the local energy density is of order B2 This uncertainty can be thought of as
corresponding to the local energy density of particles created by the gravitational
field. The uncertainty in the curvature produced via the Einstein equations by
this uncertainty in the energy density is small compared to the total curvature
of space-time provided that B is small compared to one, i.e. the radius of curvature
B~* is large compared to the Planck length 10733 cm. One would therefore
expect that the scheme of treating the matter fields quantum mechanically on a
classical curved space-time background would be a good approximation, except
in regions where the curvature was comparable to the Planck value of 10 cm™~2.
From the classical singularity theorems {3—6], one would expect such high cur-
vatures to occur in collapsing stars and, in the past, at the beginning of the present
expansion phase of the universe. In the former case, one would expect the regions
of high curvature to be hidden from us by an event horizon [7]. Thus, as far as
we are concerned, the classical geometry—quantum matter treatment should be
valid apart from the first 10™3 5 of the universe. The view is sometimes expressed
that this treatment will break down when the radius of curvature is comparable
to the Compton wavelength ~107!3cm of an elementary particle such as a
proton. However the Compton wavelength of a zero rest mass particle such as
a photon or a neutrino is infinite, but we do not have any problem in dealing
with electromagnetic or neutrino radiation in curved space-time. All that hap-
pens when the radius of curvature of space-time is smaller than the Compton
wavelength of a given species of particle is that one gets an indeterminacy in the
particle number or, in other words, particle creation. However, as was shown
above, the energy density of the created particles is small locally compared to the
curvature which created them.

Even though the effects of particle creation may be negligible locally, I shall
show in this paper that they can add up to have a significant influence on black
holes over the lifetime of the universe ~10'7s or 10%° units of Planck time.
It seems that the gravitational field of a black hole will create particles and emit
them to infinity at just the rate that one would expect if the black hole were an
ordinary body with a temperature in geometric units of x/2m, where i is the
“surface gravity” of the black hole [8]. In ordinary units this temperature is of
the order of 1026 M ~! °K, where M is the mass, in grams of the black hole. For
a black hole of solar mass (103 g) this temperature is much lower than the 3 °K
temperature of the cosmic microwave background. Thus black holes of this size
would be absorbing radiation faster than they emitted it and would be increasing
in mass. However, in addition to black holes formed by stellar collapse, there
might also be much smaller black holes which were formed by density fluctua-
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tions in the early universe [9, 10]. These small black holes, being at a higher
temperature, would radiate more than they absorbed. They would therefore pre-
sumably decrease in mass. As they got smaller, they would get hotter and so
would radiate faster. As the temperature rose, it would exceed the rest mass of
particles such as the electron and the muon and the black hole would begin to
emit them also. When the temperature got up to about 10'2 °K or when the mass
got down to about 10'* g the number of different species of particles being emitted
might be so great [11] that the black hole radiated away all its remaining rest
mass on a strong interaction time scale of the order of 10~23s. This would pro-
duce an explosion with an energy of 103 ergs. Even if the number of species of
particle emitted did not increase very much, the black hole would radiate away
all its mass in the order of 10”28 M35, In the last tenth of a second the energy
released would be of the order of 103° ergs.

As the mass of the black hole decreased, the area of the event horizon would
have to go down, thus violating the law that, classically, the area cannot decrease
{7, 12]. This violation must, presumably, be caused by a flux of negative energy
across the event horizon which balances the positive energy flux emitted to
infinity. One might picture this negative energy flux in the following way. Just
outside the event horizon there will be virtual pairs of particles, one with negative
energy and one with positive energy. The negative particle is in a region which
is classically forbidden but it can tunnel through the event horizon to the region
inside the black hole where the Killing vector which represents time translations
is spacelike. In this region the particle can exist as a real particle with a timelike
momentum vector even though its energy relative to infinity as measured by the
time translation Killing vector is negative. The other particle of the pair, having
a positive energy, can escape to infinity where it constitutes a part of the thermal
emission described above. The probability of the negative energy particle tun-
nelling through the horizon is governed by the surface gravity  since this quantity
measures the gradient of the magnitude of the Killing vector or, in other words,
how fast the Killing vector is becoming spacelike. Instead of thinking of negative
energy particles tunnelling through the horizon in the positive sense of time one
could regard them as positive energy particles crossing the horizon on past-
directed world-lines and then being scattered on to future-directed world-lines by
the gravitational field. It should be emphasized that these pictures of the mecha-
nism responsible for the thermal emission and area decrease are heuristic only
and should not be taken too literally. It should not be thought unreasonable that
a black hole, which is an excited state of the gravitational field, should decay
quantum mechanically and that, because of quantum fluctuation of the metric,
energy should be able to tunnel out of the potential well of a black hole. This
particle creation is directly analogous to that caused by a deep potential well in
flat space-time [18]. The real justification of the thermal emission is the mathe-
matical derivation given in Section (2) for the case of an uncharged non-rotating
black hole. The effects of angular momentum and charge are considered in
Section (3). In Section (4) it is shown that any renormalization of the energy-
momentum tensor with suitable properties must give a negative energy flow
down the black hole and consequent decrease in the area of the event horizon.
This negative energy flow is non-observable locally.
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The decrease in area of the event horizon is caused by a violation of the weak
energy condition [5-7, 12] which arises from the indeterminacy of particle num-
ber and energy density in a curved space-time. However, as was shown above,
this indeterminacy is small, being of the order of B* where B is the magnitude
of the curvature tensor. Thus it can have a diverging effection a null surface like
the event horizon which has very small convergence or divergence but it can not
untrap a strongly converging trapped surface until B becomes of the order of
one. Therefore one would not expect the negative energy density to cause a
breakdown of the classical singularity theorems until the radius of curvature of
space-time became 10733 cm.

Perhaps the strongest reason for believing that black holes can create and
emit particles at a steady rate is that the predicted rate is just that of the thermal
emission of a body with the temperature x/2n. There are independent, thermo-
dynamic, grounds for regarding some multiple of the surface gravity as having
a close relation to temperature. There is an obvious analogy with the second law
of thermodynamics in the law that, classically, the area of the event horizon can
never decrease and that when two black holes collide and merge together, the
area of the final event horizon is greater than the sum of the areas of the two
original horizons [7, 12]. There is also an analogy to the first law of thermo-
dynamics in the result that two neighbouring black hole equilibrium states are
related by 8]

K

dM = 8n

dA+QdJ

where M, , and J are respectively the mass, angular velocity and angular mo-
mentum of the black hole and 4 is the area of the event horizon. Comparing this to

dU =TdS+ pdV

one sees that if some multiple of 4 is regarded as being analogous to entropy,
then some multiple of  is analogous to temperature. The surface gravity is also
analogous to temperature in that it is constant over the event horizon in equi-
librium. Beckenstein [19] suggested that A and x were not merely analogous to
entropy and temperature respectively but that, in some sense, they actually were
the entropy and temperature of the black hole. Although the ordinary second
law of thermodynamics is transcended in that entropy can be lost down black
holes, the flow of entropy across the event horizon would always cause some
increase in the area of the horizon. Beckenstein therefore suggested [20] a Gen-
eralized Second Law: Entropy + some multiple (unspecified) of A never decreases.
However he did not suggest that a black hole could emit particles as well as
absorb them. Without such emission the Generalized Second Law would be
violated by for example, a black hole immersed in black body radiation at a lower
temperature than that of the black hole. On the other hand, if one accepts that
black holes do emit particles at a steady rate, the identification of x/2r with tem-
perature and 34 with entropy is established and a Generalized Second Law
confirmed.
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2. Gravitational Collapse

It is now generally believed that, according to classical theory, a gravitational
collapse will produce a black hole which will settle down rapidly to a stationary
axisymmetric equilibrium state characterized by its mass, angular momentum
and electric charge [7. 13]. The Kerr-Newman solution represent one such family
of black hole equilibrium states and it seems unlikely that there are any others.
It has therefore become a common practice to ignore the collapse phase and to
represent a black hole simply by one of these solutions. Because these solutions
are stationary there will not be any mixing of positive and negative frequencies
and so one would not expect to obtain any particle creation. However there is
a classical phenomenon called superradiance [14—17] in which waves incident
in certain modes on a rotating or charged black hole are scattered with increased
amplitude [see Section (3)]. On a particle description this amplification must cor-
respond to an increase in the number of particles and therefore to stimulated
emission of particles. One would therefore expect on general grounds that there
would also be a steady rate of spontaneous emission in these superradiant modes
which would tend to carry away the angular momentum or charge of the black
hole [16]. To understand how the particle creation can arise from mixing of
positive and negative frequencies, it is essential to consider not only the quasi-
stationary final state of the black hole but also the time-dependent formation
phase. One would hope that. in the spirit of the “no hair” theorems, the rate of
emission would not depend on details of the collapse process except through the
mass, angular momentum and charge of the resulting black hole. I shall show
that this is indeed the case but that, in addition to the emission in the super-
radiant modes, there is a steady rate of emission in all modes at the rate one
would expect if the black hole were an ordinary body with temperature x/2n.

I shall consider first of all the simplest case of a non-rotating uncharged black
hole. The final stationary state for such a black hole is represented by the
Schwarzschild solution with metric

2) - M\
ds?= — (1 - —r—[) dr—|1- —rM) dr? +r3(df*+ sin*8d¢?) . (2.1)

As is now well known. the apparent singularities at r=2M are fictitious, arising
merely from a bad choice of coordinates. The global structure of the analytically
extended Schwarzschild solution can be deéscribed in a simple manner by a
Penrose diagram of the r-r plane (Fig. 1) [6, 13]. In this diagram null geodesics
in the r-¢ plane are at —43° to the vertical. Each point of the diagram represents
a 2-sphere of area 4nr-. A conformal transformation has been applied to bring
infinity to a finite distance: infinity is represented by the two diagonal lines (really
null surfaces) labelled #~ and .# -, and the points I*, I, and I° The two hori-
zontal lines r=0 are curvature singularities and the two diagonal lines r=2M
(really null surfaces) are the future and past event horizons which divide the
solution up into regions from which one cannot escape to #* and # . On the
left of the diagram there is another infinity and asymptotically flat region.

Most of the Penrosa diagram is not in fact relevant to a black hole formed
by gravitational coilapse since the metric is that of the Schwarzchild solution
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r =0 singularity I*

O 37
r=0 singularity I

Fig. 1. The Penrose diagram for the analytically extended Schwarzschild solution

r=0 singularity 1+ surface of

%

region not applicable to’

a gravitationat collapse
Fig. 2. Only the region of the Schwarzschild solution outside the collapsing body is relevant for a
black hole formed by gravitational collapse. Inside the body the solution is completely different

. singularity _.-event horizon

r=0
origin of —
coordinates

\collupsing body

Fig. 3. The Penrose diagram of a spherically symmetric collapsing body producing a black hole..The
vertical dotted line on the left represents the non-singular centre of the body

only in the region outside the collapsing matter and only in the asymptotic future.
In the case of exactly spherical collapse, which I shall consider for simplicity, the
metric is exactly the Schwarzchild metric everywhere outside the surface of the
collapsing object which is represented by a timelike geodesic in the Penrose
diagram (Fig. 2). Inside the object the metric is completely different, the past
event horizon, the past r=0 singularity and the other asymptotically flat region
do not exist and are replaced by a time-like curve representing the origin of polar
coordinates. The appropriate Penrose diagram is shown in Fig. 3 where the con-
formal freedom has been used to make the origin of polar coordinates into a
vertical line. '

In this space-time consider (again for simplicity) a massless Hermitian scalar
field operator ¢ obeying the wave equation

$..9°=0. (2.2)
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(The results obtained would be the same if one used the conformally invariant
wave equation:

¢.ag”*+ER$=0)

The operator ¢ can be expressed as
¢p=Y.{fia;+ fal}. 2.3)

The solutions { f;} of the wave equation f;.,,g**=0 can be chosen so that on past
nuil infinity .~ they form a complete family satisfying the orthonormality con-
ditions (1.2) where the surface S is #~ and so that they contain only positive
frequencies with respect to the canonical affine parameter on #~. (This last con-
dition of positive frequency can be uniquely defined despite the existence of
“supertranslations” in the Bondi-Metzner-Sachs asymptotic symmetry group
[21, 22].) The operators a; and a] have the natural interpretation as the annihi-
lation and creation operators for ingoing particles i.e. for particles at past null
infinity 4 ~. Because massless fields are completely determined by their data on
J~, the operator ¢ can be expressed in the form (2.3) everywhere. In the region
outside the event horizon one can also determine massless fields by their data on
the event horizon and on future null infinity #*. Thus one can also express ¢
in the form

¢=Zi{pibi+ﬁib:+qici+qici’} . (2.4)

Here the {p;} are solutions of the wave equation which are purely outgoing, i.e.
they have zero Cauchy data on the event horizon and the {q;} are solutions which
contain no outgoing component, i.e. they have zero Cauchy data on £*. The
{p:} and {q;} are required to be complete families satisfying the orthonormality
conditions (1.2) where the surface S is taken to be £* and the event horizon
respectively. In addition the {p;} are required to contain only positive frequencies
with respect to the canonical affine parameter along the null geodesic generators
of #*. With the positive frequency condition on {p;}, the operators {b;} and {b}}
can be interpreted as the annihilation and creation operators for outgoing par-
ticles, i.e. for particles on # . It is not clear whether one should impose some
positive frequency condition on the {g;} and if so with respect to what. The choice
of the {g;} does not affect the calculation of the emission of particles to #*. 1 shall
return to the question in Section (4).

Because massless fields are completely determined by their data on £~ one
can express {p;} and {g;} as linear combinations of the {f} and {f;}:

pi= Y2 fi+ By . (2.5)

0= Y,GuLitnif). 2.6)
These relations lead to corresponding relations between the operators

bi=) {&;a;~Bi;a}). 2N

;=3 i(7i;a;—7l;a}). (2.8)
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The initial vacuum state |0), the state containing no incoming particles, i.e.
no particles on £, is defined by

aj0>=0 foralli. (2.9)

However, because the coefficients f;; will not be zero in general, the initial vacuum
state will not appear to be a vacuum state to an observer at # *. Instead he will
find that the expectation value of the number operator for the i th outgoing mode is

0Bl B;J0_>=3 18,1 (2.10)

Thus in order to determine the number of particles created by the gravitational
field and emitted to infinity one simply has to calculate the coefficients §;;. One
would expect this calculation to be very messy and to depend on the detailed
nature of the gravitational collapse. However, as I shall show, one can derive an
asymptotic form for the f,;; which depends only on the surface gravity of the
resulting black hole. There will be a certain finite amount of particle creation
which depends on the details of the collapse. These particles will disperse and at
late retarded times on S * there will be a steady flux of particles determined by
the asymptotic form of §;;.

In order to calculate this asymptotic form it is more convenient to decompose
the ingoing and outgoing solutions of the wave equation into their Fourier com-
ponents with respect to advanced or retarded time and use the continuum nor-
malization. The finite normalization solutions can then be recovered by adding
Fourier components to form wave packets. Because the space-time is spherically
symmetric, one can also decompose the incoming and outgoing solutions into
spherical harmonics. Thus, in the region outside the collapsing body, one can
write the incoming and outgoing solutions as

Jom=2m) ¥ @), (r)e"" Y6, ), (2.11)
Poim=21)}r "0 7 P () V(6 ¢) (2.12)
where v and u are the usual advanced and retarded coordinates defined by
r
v=t+r+2M log M ll ) (2.13)
r
u=t—r—2M log E—M-—l . (2.14)

Each solution p,,,, can be expressed as an integral with respect to @’ over solu-
tions f.,, and z,'.,,,, with the same values of | and |m| (from now on I shall drop
the suffices I, m):

Pu= Ig’(amw'fw' + ﬁum']w’)dwl . (2-15)

To calculate the coefficients «,, and B, consider-a solution p, propagating
backwards from #* with zero Cauchy data on the event horizon. A part p{!’ of
the solution p,, will be scattered by the static Schwarzchild field outside the col-
lapsing body and will end up on #~ with the same frequency w. This will give
a ' —w) term in a,,. The remainder p?’ of p, will enter the collapsing body
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event horizon
|

! . surfaces of
M-~~~ constant phase

fmmmmm—m—m s e e ——

Fig. 4. The solution p,, of the wave equation has an infinite number of cycles near the event horizon
and near the surface v=v,

where it will be partly scattered and partly reflected through the centre, eventually
emerging to 4 ~. It is this part p{¥’ which produces the interesting effects. Because
the retarded time coordinate u goes to infinity on the event horizon, the surfaces
of constant phase of the solution p, will pile up near the event horizon (Fig. 4).
To an observer on the collapsing body the wave would seem to have a very large
blue-shift. Because its effective frequency was very high, the wave would propa-
gate by geometric optics through the centre of the body and out on #~. On
S~ p¥ would have an infinite number of cycles just before the advanced time
v=r, where t, is the latest time that a null geodesic could leave .# ~, pass through
the centre of the body and escape to S+ before being trapped by the event
horizon. One can estimate the form of p?’ on £~ near v=y, in the following
way. Let x be a point on the event horizon outside the matter and let /* be a null
vector tangent to the honizon. Let n° be the future-directed null vector at x which
is directed radially inwards and normalized so that “n,= — 1. The vector —en®
(¢ small and positive) will connect the point x on the event horizon with a nearby
null surface of constant retarded time u and therefore with a surface of constant
phase of the solution p{2. If the vectors ¥ and n® are parallelly transported along
the null geodesic ;' through x which generates the horizon, the vector —en® will
always connect the event horizon with the same surface of constant phase of p{'.
To see what the relation between ¢ and the phase of p{?’ is, imagine in Fig, 2 that
thercollapsing body did not exist but one analytically continued the empty space
Schwarzchild solution back to cover the whole Penrose diagram. One could then
transport the pair (/. n°) back along to the point where future and past event
horizons intersected. The vector — en® would then lie along the past event horizon.
Let Z be the affine parameter along the past event horizon which is such that at

. . . . dax*®
the point of intersection of the two horizons, A=0 and d: =n° The affine par-
ameter / is related to the retarded time u on the past horizon by
= —Ce ™™ (2.16)

where C is constant and « is the surface gravity of the black hole defined by
K% Kb=— kK on the horizon where K* is the time translation Killing vector.
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. 1
(For a Schwarzchild black hole k= Z]\—’f) It follows from this that the vector
—en“ connects the future event horizon with the surface of constant phase
-— (logs — logC) of the solution p{2). This result will also hold in the real space-

nmc (including the collapsing body) in the region outside the body. Near the
event horizon the solution p{?’ will obey the geometric optics approximation as
it passes through the body because its effective frequency will be very high, This
means that if one extends the null geodesic y back past the end-point of the event
horizon and out onto #~ at v=uv, and parallelly transports n° along 7, the vector
—¢gn® will still connect y to a surface of constant phase of the solution p{?. On
£ ~n” will be parallel to the Killing vector K* which is tangent to the null geodesic
generators of .

n®=DK".

Thus on S~ for vy— v small and positive, the phase of the solution will be
- 9.(101;(0o — 1)~ logD— logC). @.17)

Thus on #~ p{?) will be zero for v>uv, and for v<v,

P~ (2n) tw 4P exp(—t—(log( E‘—Dv))) (2.18)

where P,; =P, (2M) is the value of the radial function for P, on the past event
horizon in the analytically continued Schwarzchild solution. The expression
(2.18) for p? is valid only for vo— v small and positive. At earlier advanced times
the amplitude will be different and the frequency measured with respect to v, will
approach the original frequency w.

By Fourier transforming P2 one can evaluate its contributions to «,, and
B For large values of ' these will be determined by the asymptotlc form
(2.18). Thus for large @’

w0

iw N ‘ yale
o2, 2 (2m)~ ' P;(CD)* exp(i(w—w’)vo)(%) F(l—%)(—iw’) TR (219

2) (2)
R - ldw( w')*

(2.20)

The solution p{?' is zero on .# ~ for large values of v. This means that its Fourier
transform is analytic in the upper half @' plane and that p{?’ will be correctly
represented by a Fourier integral in which the contour has been displaced into the
upper half o’ plane. The Fourier transform of p!2’ contains a factor (~ iw') T
which has a logarithmic singularity at @'=0. To obtain 2. from o2}, by (2.20)
one has to analytically continue «{2,. anticlockwise round this singularity. This

means that

|a(2) | =exp < ) |B(2) (2.21)
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Actually, the fact that p{2) is not given by (2.18) at early advanced times means
that the singularity in . occurs at o'=w and not at w’=0. However the rela-
tion (2.21) is still valid for large w'.

The expectation value of the total number of created particles at /* in the
frequency range w to w+dw is dw [§1B,.-1*dw’. Because || goes like (w)~*
at large o' this integral diverges. This infinite total number of created particles
corresponds to a finite steady rate of emission continuing for an infinite time as
can be seen by building up a complete orthonormal family of wave packets from
the Fourier companents p,,. Let

Pj,,=8_*ﬁ£+ l)ce—lziu'lwpwdw (2.22)

where j and n are integers, j20, £¢>0. For ¢ small these wave packets will have

frequency je and will be peaked around retarded time u=2nne~! with width ¢ *.

One can expand {p;,} in terms of the {f,}

Pin= 8 @jnar for + Bjner Jor)d' 2.23)
where

Uy = F[{J¥ V1™ M0y dw  ete. (2.24)
For jpe, npe

= |20)” P07 (1= 2) o400

It eexpio(— 2nne ™ + ! logw')dw”

(2.25)

lpe - i\ . ol oy
=n"'P o *I’(l——x—)e Hw') ¥z tsindez

where w=j¢ and z=x""logw’—2nne~'. For wave-packets which reach #* at
late retarded times, i.e. those with large values of n, the main contribution to
%jner and f;,,, come from very high frequencies w’ of the order of exp(2nnke™?).
This means that these coeflicients are governed only by the asymptotic forms
(2.19, 2.20) for high o’ which are independent of the details of the collapse.

The expectation value of the number of particles created and emitted to
infinity #* in the wave-packet mode p;, is

[ Bjnar e . (2.26)

One can evaluate this as follows. Consider the wave-packet p;, propagating
backwards from . A fraction 1—1Tj, of the wave-packet will be scattered by
the static Schwarzchild field and a fraction I, will enter the collapsing body.

Tju= (3 (a1 = | Bjmar |}’ 227
where o), and 2),., are calculated using (2.19, 2.20) from the part p{?’ of the

jne’ J

wave-packet which enters the star. The minus sign in front of the second term on

the right of (2.27) occurs because the negative frequency components of p}ﬁ’ make
a negative contribution to the flux into the collapsing body. By (2.21)
|22, = exp(reor ™ )2, ). (2.28)

96



Particle Creation by Black Holes 211

Thus the total number of particles created in the mode p,, is
I(expQawrk™")—1)"1. 2.29)

But for wave-packets at late retarded times, the fraction I';, which enters the
collapsing body is almost the same as the fraction of the wave-packet that would
have crossed the past event horizon had the collapsing body not been there but
the exterior Schwarzchild solution had been analytically continued. Thus this
factor I, is also the same as the fraction of a similar wave-packet coming from
#~ which would have crossed the future event horizon and have been absorbed
by the black hole. The relation between emission and absorption cross-section is
therefore exactly that for a body with a temperature, in geometric units, of x/2x.

Similar results hold for the electromagnetic and linearised gravitational fields.
The fields produced on S~ by positive frequency waves from f* have the same
asymptotic form as (2.18) but with an extra blue shift factor in the amplitude.
This extra factor cancels out in the definition of the scalar product so that the
asymptotic forms of the coefficients « and f are the same as in the Eqs. (2.19) and
(2.20). Thus one would expect the black hole also to radiate photons and gravitons
thermally. For massless fermions such as neutrinos one again gets similar results
except that the negative frequency components given by the coefficients § now
make a positive contribution to the probability flux into the collapsing body.
This means that the term |B|? in (2.27) now has the opposite sign. From this it
follows that the number of particles emitted in any outgoing wave packet mode
is (exp(2rwk~')+1)~! times the fraction of that wave packet that would have
been absorbed by the black hole had it been incident from #~. This is again
exactly what one would expect for thermal emission of particles obeying Fermi-
Dirac statistics.

Fields of non-zero rest mass do not reach #~ and #*. One therefore has to
describe ingoing and outgoing states for these fields in terms of some concept such
as the projective infinity of Eardley and Sachs [23] and Schmidt [24]. However,
if the initial and final states are asymptotically Schwarzchild or Kerr solutions,
one can describe the ingoing and outgoing states in a simple manner by separa-
tion of variables and one can define positive frequencies with respect to the time
translation Killing vectors of these initial and final asymptotic space-times. In the
asymptotic future there will be no bound states: any particle will either fall through
the event horizon or escape to infinity. Thus the unbound outgoing states and the
event horizon states together form a complete basis for solutions of the wave
equation in the region outside the event horizon. In the asymptotic past there
could be bound states if the body that collapses had had a bounded radius for
an infinite time. However one could equally well assume that the body had col-
lapsed from an infinite radius in which case there would be no bound states. The
possible existence of bound states in the past does not affect the rate of particle
emission in the asymptotic future which will again be that of a body with tem-
perature x/2n. The only difference from the zero rest mass case is that the fre-
quency w in the thermal factor (exp(2nwx~!)F 1)~! now includes the rest mass
energy of the particle. Thus there will not be much emission of particles of rest
mass m unless the temperature x/2x is greater than m,
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One can show that these results on thermal emission do not depend on
spherical symmetry. Consider an asymmetric collapse which produced a black
hole which settled to a non-rotating uncharged Schwarzchild solution (angular
momentum and charge will be considered in the next section). The fact that the
final state is asymptotically quasi-stationary means that there is a preferred
Bondi coordinate system [25] on #* with respect to which one can decompose
the Cauchy data for the outgoing states into positive frequencies and spherical
harmonics. On #~ there may or may not be a preferred coordinate system but
if there is not one can pick an arbitrary Bondi coordinate system and decompose
the Cauchy data for the ingoing states in a similar manner. Now consider one
of the J~ states p,,, propagating backwards through this space-time into the
collapsing body and out again onto .#~. Take a null geodesic generator y of the
event horizon and extend it backwards beyond its past end-point to intersect £~
at a point y on a null geodesic generator A of #~. Choose a pair of null vectors
(I°,7°) at y with I tangent to 7 and A° tangent to A. Parallelly propagate I° #°
along 7 to a point x in the region of space-time where the metric is almost that
of the final Schwarzchild solution. At x /i will be some linear combination of ¥
and the radial inward directed null vector n°. This means that the vector —ei®
will connect x to a surface of phase —w/k (loge— logE) of the solution p,,,,
where E is some constant. As before, by the geometric optics approximation, the
vector — &i® at y will connect y to a surface of phase —w/k (loge — logE) of p2).
where pi3! is the part of p,,,, which enters the collapsing body. Thus on the null

«lm
geodesic generator /. of # ~. the phase of p{2), will be

- %’— (log(to — v)— logH) 2.30)

where t is an affine parameter on / with value v, at y and H is a constant. By the

geometrical optics approximation, the value of p!2), on 4 will be

Lexp{-— % [log(re—rt)— logH]} (2.31)

for vo—t, small and positive and zero for v>wv, where L is a constant. On each
null geodesic generator of . ~p{2), will have the form (2.31) with different values
of L. ro. and H. The lack’ of spherical symmetry during the collapse will cause
pi2h, on J~ to contain components of spherical harmonics with indices (I, m’)
different from (/, m). This means that one now has to express pi2), in the form

p:):l:n = Z;I‘m' (g {ziozllnw'l'm‘ fw'l'm' +ﬂgl)mw'l’m’ fw'l’m’}dw’ . (232)

Because of (2.31), the coefficients ¥ and ® will have the same w’ dependence
as in (2.19) and (2.20). Thus one still has the same relation as (2.21):

|1:9:l:nu'l'm'l = cxp(”w’\'_ 1) lﬂiuzl:nw’l'm‘ . (233)

As before. for each (I.m). one can make up wave packets p;,,. The number of
particles emitted in such a wave packet mode is

Zlm‘g l/}jnlmw'l'm"ld(")' . (234)
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Similarly, the fraction I, of the wave packet that enters the collapsing body is
rjnlm=zl’;m' j‘(u)o {Iaﬁﬂmw’l'rn‘lz"l j%l)mw'l’m' 2'}da)' . (235)

Again, I}, is equal to the fraction of a similar wave packet coming from .~
that would have been absorbed by the black hole. Thus, using (2.33), one finds
that the emission is just that of a body of temperature x/2x: the emission at late
retarded times depends only on the final quasi-stationary state of the black hole
and not on the details of the gravitational collapse.

3. Angular Momentum and Charge

If the collapsing body was rotating or electrically charged, the resulting black
hole would settle down to a stationary state which was described, not by the
Schwarzchild solution, but by a charged Kerr solution characterised by the
mass M, the angular momentum J, and the charge Q. As these solutions are
stationary and axisymmetric, one can separate solutions of the wave equations
in them into a factor €' or ¢'“” times e~ "™ times a function of r and 6. In the case
of the scalar wave equation one can separate this last expression into a function
of r times a function of § [26]. One can also completely separate any wave equa-
tion in the non-rotating charged case and Teukolsky [27] has obtained com-
pletely separable wave equations for neutrino, electromagnetic and linearised
gravitational fields in the uncharged rotating case.

Consider a wave packet of a classical field of charge e with frequency w and
axial quantum number m incident from infinity on a Kerr black hole. The change
in mass dM of the black hole caused by the partial absorption of the wave packet
will be related to the change in area, angular momentum and charge by the
classical first law of black holes:

dM = 8—%dA+QdJ+¢dQ (3.1)

where © and @ are the angular frequency and electrostatic potential respectively
of the black hole [13]. The fluxes of energy, angular momentum and charge in
the wave packet will be in the ratio w:m:e. Thus the changes in the mass, angular
momentum and charge of the black hole will also be in this ratio. Therefore

dM(l—Qmw-‘—e¢w-‘)=§’indA. (3.2)

A wave packet of a classical Boson field will obey the weak energy condition: the
local energy density for any observer is non-negative. It foliows from this [7, 12]
that the change in area dA4 induced by the wave-packet will be non-negative.
Thus if

w<m+ed (3.3)
the change in mass dM of the black hole must be negative. In other words, the
black hole will lose energy to the wave packet which will therefore be scattered

with the same frequency but increased amplitude. This is the phenomenon known
as “superradiance”,
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For classical fields of hall-integer spin, detailed calculations [28] show that
there is no superradiance. The reason for this is that the scalar product for half-
integer spin fields is positive definite unlike that for integer spins. This means
that the probability flux across the event horizon is positive and therefore, by
conservation of probability, the probability flux in the scattered wave packet must
be less than that in the incident wave packet. The reason that the above argument
based on the first Jaw breaks down is that the energy-momentum tensor for a
classical half-intéger spin field does not obey the weak energy condition. On a
guantum, particle level one can understand the absence of superradiance for
fermion fields as a consequence of the fact that the Exclusion Principle does not
allow more than one particle in each qutgoing wave packet mode and therefore
does not allow the scattered wave-packet to be stronger than the incident wave-
packet.

Passing now to the quantum theory, consider first the case of an unchanged,
rotating black hole. One can as before pick an arbitrary Bondi coordinate frame
on S~ and decompose the operator ¢ in terms of a family {f,,,} of incoming
solutions where the indices w, I, and m refer to the advanced time and angular
dependence of f on .~ in the given coordinate system. On #* the final quasi-
stationary state of the black hole defines a preferred Bondi coordinate system
using which one can define a family {p,,.,} of outgoing solutions. The index ! in
this case labels the spheroidal harmonics in terms of which the wave equation is
separable. One proceeds as before to calculate the asymptotic form of piZ, on
J . The only diflerence is that because the horizon is rotating with angular
velocity Q with respect to £ 7, the effective frequency near a generator of the
event horizon is not w but w—mQ. This means that the number of particles
emirted in the wave-packet mode p;,,, is

{expQax ™ Yeor—mQ) F 1} ™' Ty - (3.4)

The effect of this is to cause the rate of emission of particles with positive angular
momentum m to be higher than that of particles with the same frequency w and
quantum number / but with negative angular momentum —m. Thus the particle
emission tends to carry away the angular momentum. For Boson fields, the
factor in curly brackets in (3.4) is negative for @ <mQ. However the fraction I,
of the wave-packet that would have been absorbed by the black hole is also
negative in this case because w<mg is the condition for superradiance. In the
limit that the temperature x/2n is very low, the only particle emission occurs is
an amount ¥, in the modes for which w<mQ. This amount of particle
creation is equal to that calculated by Starobinski [16] and Unruh [29], who
considered only the final stationary Kerr solution and ignored the gravitational
collapse.

One can treat a charged non-rotating black hole in a rather similar way. The
behaviour of fields like the electromagnetic or gravitational fields which do not
carry an electric charge will be the same as before except that the charge on the
black will reduce the surface gravity k and hence the temperature of the black
hole. Consider now the simple case of a massless charged scalar field ¢ which
obeys the minimally coupled wave equation

gdb( rn_ieAa)(rb'-ieAh)¢=0 . (35)
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The phase of a solution p,, of the wave equation (3.5) is not gauge-invariant but.
the propagation vector ik, =V (logp,,)— ieA, is. In the geometric optics or WKB
limit the vector k, is null and propagates according to

k,oko= — eF kb . (3.6)

An infinitessimal vector z* will connect points with a “guage invariant” phase
difference of ik,z%. If z* is propagated along the integral curves of k° according to

2,k = —eFiz 3.7

z* will connect surfaces of constant guage invariant phase difference.

In the final stationary region one can choose a guage such that the electro-
magnetic potential 4, is stationary and vanishes on #*. In this guage the field
equation (3.5) is separable and has solutions p,, with retarded time dependence
e'™, Let x be a point on the event horizon in the final stationary region and let
¥ and »* be a pair of null vectors at x. As before, the vector —en® will connect
the event horizon with the surface of actual phase —w/x (loge—logC) of the
solution p,,. However the guage invariant phase will be — x~}(w— e®)(loge—logC)
where @=K"A, is the electrostatic potential on the horizon and K* is the time-
translation Killing vector. Now propagate I like &* in Eq.(3.6) back until it inter-
sects a generator 2 of £~ at a point y and propagate »* like #* in Eq. (3.7) along
the integral curve of I*. With this propagation law, the vector —en® will connect
surfaces of constant guage invariant phase. Near £~ one can use a different
electromagnetic guage such that A® is zero on #~. In this guage the phase of
p? along each generator of #~ will have the form

—(w=—ed)x~ {log(vy—v)—logH} (3.8)

where H is a constant along each generator. This phase dependence gives the
same thermal emission as before but with w replaced by w— e®. Similar remarks
apply about charge loss and superradiance. In the case that the black hole is both
rotating and charged one can simply combine the above results.

4. The Back-Reaction on the Metric

I now come to the difficult problem of the back-reaction of the particle creation
on the metric and the consequent slow decrease of the mass of the black hole.
At first sight it might seem that since all the time dependence of the metric in
Fig. 4 is in the collapsing phase, all the particle creation must take place in the
collapsing body just before the formation of the event horizon, and that an in-
finite number of created particles would hover just outside the event horizon,
escaping to £ * at a steady rate. This does not seem reasonable because it would
involve the collapsing body knowing just when it was about to fall through the
event horizon whereas the position of the event horizon is determined by the
whole future history of the black hole and may be someway outside the apparent
horizon, which is the only thing that can be determined locally [7].

Consider an observer falling through the horizon at some time after the
collapse. He can set up a local inertial coordinate patch of radius ~M centred
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on the point where he crosses the horizon. He can pick a complete family {h,}
of solutions of the wave equations which obey the condition:

i".“s (hmﬁm;a_Em;hm:a)dza=6(w1"wz) (4.1)

(where S is a Cauchy surface) and which have the approximate coordinate de-
pendence ¢! in the coordinate patch. This last condition determines the splitting
into positive and negative frequencies and hence the annihilation and creation
operators fairly well for modes h, with w>M but not for those with w<M.
Because the {h,}, unlike the {p,}, are continuous across the event horizon, they
will also be continuous on # ~. It is the discontinuity in the {p,} on #~ at v=y,
which is responsible for creating an infinite total number of particles in each mode.
P. by producing an (w’)”! tail in the Fourier transforms of the {p,} at large
negative frequencies w’. On the other hand, the {h,} for w>M will have very
small negative frequency components on £ ~. This means that the observer at
the event horizon will see few particles with «w > M. He will not be able to detect
particles with w <M because they will have a wavelength bigger than his particle
detector which must be smaller than M. As described in the introduction, there
will be an indeterminacy in the energy density of order M ~* corresponding to
the indeterminacy in the particle number for these modes.

The above discussion shows that the particle creation is really a global process
and is not localised in the collapse: an observer falling through the event horizon
would not see an infinite number of particles coming out from the collapsing
body. Because it is a non-local process, it is probably not reasonable to expect
to be able to form a local energy-momentum tensor to describe the back-reaction
of the particle creation on the metric, Rather, the negative energy density needed
to account for the decrease in the area of the horizon, should be thought of as
arising from the indeterminacy of order of M ~* of the local energy density at the
horizon. Equivalently, one can think of the area decrease as resulting from the
fact that quantum fluctuations of the metric will cause the position and the very
concept of the event horizon to be somewhat indeterminate.

Although it is probably not meaningful to talk about the local energy-momen-
tum of the created particles, one may still be able to define the total energy flux
over a suitably large surface. The problem is rather analogous to that of defining
gravitational energy in classical general relativity: there are a number of different
epergy-momentum pseudo-tensors, none of which have any invariant local sig-
nificance, but which all agree when integrated over a sufficiently large surface.
In the particle case there are similarly a number of different expressions one can
use for the renormalised energy-momentum tensor. The energy-momentum
tensor for a classical field ¢ is

T-Gb = ¢;a¢;b_ %gabg‘d¢;cd);d . (42)

If one takes this expression over into the quantum theory and regards the ¢’s as
operators one obtains a divergent result because there is a creation operator for
each mode to the right of an annihilation operator. One therefore has to subtract
out the divergence in some way. Various methods have been proposed for this
fe.g. [30]) but they all seem a bit ad hoc. However, on the analogy of the pseudo-
tensor, one would hope that the different renormalisations would all give the
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same integrated fluxes. This is indeed the case in the final quasi-stationary region:
all renormalised energy-momentum operators T, which obey the conservation
equations T3*=0, which are stationary i.e. which have zero Lie derivative with
respect to the time translation Killing vector K° and which agree near S* will
give the same fluxes of energy and angular momentum over any surface of con-
stant r outside the event horizon. It is therefore sufficient to evaluate the energy
flux near #* : by the conservation equations this will be equal to the energy flux
out from the event horizon. Near #* the obvious way to renormalise the energy-
momentum operator is to normal order the expression (4.2) with respect to
positive and negative frequencies defined by the time-translation Killing vector
K?® of the final quasi-stationary state. Near the event horizon normal ordering
with respect to K° cannot be the correct way to renormalise the energy-momentum
operator since the normal-ordered operator diverges at the horizon. However it
still gives the same energy outflow across any surface of constant r. A renormalised
operator which was regular at the horizon would have to violate the weak energy
condition by having negative energy density. This negative energy density is not
observable locally.

In order to evaluate the normal ordered operator one wants to choose the
{q:} which describe waves crossing the event horizon, to be positive frequency
with respect to the time parameter defined by K° along the generators of the
horizon in the final quasi-stationary state. The condition on the {g,} in the time-
dependent collapse phase is not determined but this should not affect wave
packets on the horizon at late times. If one makes up wave-packets {g;,} like the
{p;.}, one finds that a fraction I';, penectrates through the potential barrier around
the black hole and gets out to £~ with the same frequency w that it had on the
horizon. This produces a é(w— ') behaviour in y;,,. The remaining fraction
1-T;, of the wave-packet is reflected back by the potential barrier and passes
through the collapsing body and out onto #~. Here it will have a similar form
to p{. Thus for large ',

92| = exp(mar ™) |ni2l ! . (4.3)

By a similar argument to that used in Section (2) one would conclude that the
number of particles crossing the event horizon in a wave-packet mode peaked at
late times would be

(1-T1;,) {expQrwx~)—1} 1. (4.4)

For a given frequency w, i.e. a given value of j, the absorption fraction I';, goes
to zero as the angular quantum number ! increases because of the centrifugal
barrier. Thus at first sight it might seem that each wave-packet mode of high !
value would contain

{exp(2rwx~t)—1} !

particles and that the total rate of particles and energy crossing the event horizon
would be infinite. This calculation would, of course, be inconsistent with the
result obtained above that an observer crossing the event horizon would see only
a finite small energy density of order M ~*. The reason for this discrepancy seems
to be that the wave-packets {p,,} and {q,,} provide a complete basis for solutions
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of the wave equation only in the region outside the event horizon and not actu-
ally on the event horizon itself. In order to calculate the particle flux over the
horizon one therefore has to calculate the flux over some surface just outside the
horizon and take the limit as the surface approaches the horizon.

To perform this calculation it is convenient to define new wave-packets
X;n=pj2+4? which represent the part of p;, and gq;, which passes through the
collapsing body and y;, = pf.’ + g}’ which represents the part of p;, and g;, which
propagates out to £~ through the quasi-stationary metric of the final black hole.
In the initial vacuum state the {y;,} modes will not contain any particles but
cach x;, mode will contain {exp(2rwk~')—1}~"' particles. These particles will
appear to leave the collapsing body just outside the event horizon and will propa-
gate radially outwards. A fraction I, will penetrate through the potential barrier
peaked at r=3M and will escape to #* where they will constitute the thermal
emission of the black hole. The remaining fraction 1-I';, will be reflected back by
the potential barrier and will cross the event horizon. Thus the net particle flux
across a surface of constant r just outside the horizon will be I';, directed outwards.

I shall now show that using the normal ordered energy momentum operator,
the average energy flux across a surface of constant r between retarded times u,
and u,

(ua— 1) [2<0_|T,l0-> K*dZ® (4.5)

is directed outwards and is equal to the energy flux for the thermal emission from
a hot body. Because the {y;,} contain no negative frequencies on ., they will
not make any contribution to the expectation value (4.5) of the normal ordered
energy-momentum operator. Let

Xjn= _((:)[ (gjuw’fm‘+éjnw‘.f_‘w')dw" (4.6)
Near #*
xjn=(rjn)*pjn' 4.7}
Thus
@S)=(u;—uy) ' Re{};.0 Y jru J§ fi2 000" THipjud jrar
Thonr By lirmrar— T foms Do e o o) e’ dut} (4.8)

where w and w” are the frequencies of the wave-packets p;, and p;.,. respectively.
In the limit u, —u, tends to infinity, the second term in the integrand in (4.8) will
integrate out and the first term will contribute only for (j", n")=(j, n). By argu-
ments similar to those used wm Section 2,

§& 18 jporPdeo’ = {eXp (2meon~ 1) — 1} 71, 4.9
Therefore
4.5)= [§ I',o{expQrox™ )~ 1} 'dw (4.10)

where I m=}'§g I, is the fraction of wave-packet of frequency that would be

absorbed by the black hole. The energy flux (4.10) corresponds exactly to the rate
of thermal emission calculated in Section 2. Any renormalised energy momentum
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Fig. 5. The Penrose diagram for a gravitational collapse followed by the slow evaporation and even-
tual disappearance of the black hole, Jeaving empty space with no singularity at the origin

operator which agrees with the normal ordered operator near # ¥, which obeys
the conservation equations, and which is stationary in the final quasi-stationary
region will give the same energy flux over any surface of constant r. Thus it will
give positive energy flux out across the event horizon or, equivalently, a negative
energy flux in across the event horizon.

This negative energy flux will cause the area of the event horizon to decrease
and so the black hole will not, in fact, be in a stationary state. However, as long
as the mass of the black hole is large compared to the Planck mass 1073 g, the
rate of evolution of the black hole will be very slow compared to the characteristic
time for light to cross the Schwarzchild radius. Thus it is a reasonable approxima-
tion to describe the black hole by a sequence of stationary solutions and to cal-
culate the rate of particle emission in each solution. Eventually, when the mass
of the black hole is reduced to 1073 g, the quasi-stationary approximation will
break down. At this point, one cannot continue to use the concept of a classical
metric. However, the total mass or energy remaining in the system is very small.
Thus, provided the black hole does not evolve into a negative mass naked sin-
gularity there is not much it can do except disappear altogether. The baryons or
leptons that formed the original collapsing body cannot reappear because all
their rest mass energy has been carried away by the thermal radiation. It is
tempting to speculate that this might be the reason why the universe now contains
so few baryons compared to photons: the universe might have started out with
baryons only, and no radiation. Most of the baryons might have fallen into small
black holes which then evaporated giving back the rest mass energy of baryons
in the form of radiation, but not the baryons themselves.

The Penrose diagram of a black hole which evaporates and leaves only empty
space is shown in Flg S. The horizontal line marked “singularity” is really a
region where the radius of curvature is of the order the Planck length. The matter
that runs into this region might reemerge in another universe or it might even
reemerge in our universe through the upper vertical line thus creating a naked
singularity of negative mass.
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One can evsluate the action for a gravitational field on a section of the complexified spacetime which avoids
the singularities. In this manner we obtain finite, purely imaginary values for the actions of the Kerr-Newman
solutions and de Sitter space. One interpretation of these values is that they give the probabilities for finding
such metrics in the vacuum state. Another interpretation is that they give the contribution of that metric to
the partition function for a grand canonical ensemble at a certain temperature, angular momentum, and
charge. We use this approach to evaluate the entropy of these metrics and find that it is always equal to one
quarter the area of the event horizon in fundamental units. This agrees with previous derivations by
completely different methods. In the case of a stationary system such as a star with no event horizon, the

gravitational fleld has no entropy.

L INTRODUCTION

In the path-integral approach to the quantization
of gravity one considers expressions of the form

z=fd[g]d[¢lem{i1[g. 1}, (1.1)

where d{ g] is a measure on the space of metrics
&, d(¢]1s ameasure on the spaceof matter fields ¢,
and I g, ¢] isthe action. Inthisintegral one must in-
clude not only metrics which can be continugusly
deformed into the flat-space metric but also homo-
topically disconnected metrics such as those of
black holes; the formation and evaporation of
macroscopic black holes gives rise to effects such
as baryon nonconservation and entropy produc-
tion.'™* One would therefore expect similar pheno-
mena to occur on the elementary-particle level.
However, there is & problem in evaluating the ac-
tion I for a black-hole metric because of the space-
time singularities that it necessarily contains.*™”
In this paper we shall show how one can overcome
this difficulty by complexifying the metric and
evaluating the action on a real four-dimensional
section (really a contour) which avoids the singu-
laritles. In Sec. Il we apply this procedure to
evaluating the actfon for a number of stationary
exact solutions of the Einstein equations. For a
black hole of mass M, angular momentum J, and
charge Q we obtain

I=izx™Y(M - Q¥), (1.2)
where

k=(r,—-r_ )27 (r 3+ M),

@ =Qr.(r,! +s'M™)7,

ro= M (M - M - Q12
in units such that
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G=c=hi=k=l.

One interpretation of this result is that it gives
a probability, in an appropriate sense, of the
occurrence in the vacuum state of a black hole
with these parameters. This aspect will be dis-
cussed further in another paper. Another inter-
pretation which will be discussed in Sec. III of this
paper is that the action gives the contribution of
the gravitational fieid to the logarithm of the parti-
tion function for a system at a certain temperature
and angular velocity. From the partition function
one can calculate the entropy by standard thermo-
dynamic arguments. It turns out that this entropy
ig zero for stationary gravitational fields such as
those of stars which contain no event horizons,
However, both for black holes and de Sitter space®
it turns out that the entropy is equal to one quarter
of the area of the event horizon. This is in agree-
ment with results obtained by completely differ-
ent methods, 42

IL. THE ACTION

The action for the gravitational field is usually
taken to be

(167)" f R(=-g)V2d'x.

However, the curvature scalar R contains terms
which are linear in second derivatives of the
metric. In order to obtain an action which depends
only on the {irst derivatives of the metric, as is
required by the path-integral approach, the second
derivatives have to be removed by integration by
parts. The action for the metric g over a region
Y with boundary 8Y has the form

1280 [ Ri=gd's+ [ BBV @5, @.1)
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The surface term B is to be chosen so that for
metrics g which satisfy the Einstein equations the
action 7 is an extremum under variations of the
metric which vanish on the boundary 3Y but which
may have nonzero normal derivatives. This will
be satisfied if B=(87)"! K+C, where K is the
trace of the second fundamental form of the bound-
ary 3Y in the metric g and C is a term which de-
pends only on the induced metric k, on 3Y. The
term C gives rise to a term in the action which is
independent of the metric g. This can be absorbed
into the normalization of the measure on the space
of all metrics. However, in the case of asymptot-
ically flat metrics, where the boundary 8Y can be
taken to be the product of the time axis with a two-
sphere of large radius, it is natural to choose C
so that I =0 for the flat-space metric 7. Then B
=(87)~* {K), where [K] is the difference in the
trace of the second fundamental form of 3Y in the
metric g and the mettic 7.

We shall illustrate the procedure for evaluating
the action on a nonsingular section of a complexi-
fied spacetime by the example of the Schwarz-
schild solution. This is normally given in the
form

ds? == (1 = 2M7r=1)d +(1 = 2M7r=")"1dr® +r2d0 2.
(2.2)

This has sgingularities atr =0 and at r =2M. As
is now well known, the singularity at » =2M can
be removed by transforming to Kruskal coordi-
nates in which the metric has the form

ds? =32M% "t exp[ =7 (2M) "} ](~d2? +dy?) +r3dQ?

(2.3)

where
-2 +y3 =[r(2M)" = 1]exp[r2M)"1], (2.4)
(y+2)(y-2)~" =expft(201)™). (2.5)

The singularity at » =0 now lies on the surface z*
~y*=1, Itis a curvature singularity and cannot
be removed by coordinate changes. However, it
can be avoided by defining a new coordinate { =iz.
The metric now takes the positive-definite or
Euclidean form

ds? =32M3r " texp[~r(2M)~1](dL? +dy?) +73d0?,
(2.6)
where » is now defined by
£ +y* =[r@M)=* = 1 exp[r@M)=2]. 2.7

On the section on which { and y are real (the Eu-
clidean section), r will be real and greater than
or equal to 2M. Define the imaginary time by 7
=i¢, It follows from Eq. (2.5) that r is periodic
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with period 8nM. On the Euclidean section T has
the character of an angular coordinate about the
“axis” r =2M. Since the Euclidean section is non-
singular we can evaluate the action (2.1) on a re-~
gion Y of it bounded by the surface r =7,. The
boundary 8Y has topology S'x $* and so is compact.

The scalar curvature R vanishes so the action
is given by the surface term

I=(8m= f (K)dE . (2.8)

But

fxdz =%f dx, (2.9)

where (3/on) [dZ is the derivative of the area [dZ
of 3Y as each point of 3Y is moved an equal dis-
tance along the outward unit normal n. Thus in
the Schwarzschiid solution

fxdz: = —327M(1 = 2Mr-)V2
g -y
X [ir3(1 = 2Mr~1)V3]

=~ 3203iM(2r - 3M). (2.10)

The factor —i arises from the {~=k)¥? in the sur-
face element dZ. For flat space K=2r"!, Thus

f KdZ ==327iM(1 - 2Mr~1)Y3 27, (2.11)
Therefore
1= (87)™ f (k]dz

=4mM? +O(M?7r,~Y)
=mMk™t +O(M?r,"t), (2.12)

where x=(4M)™" ig the surface gravity of the
Schwarzschild solution.

The procedure is similar for the Reissner-
Nordstrém solution except that now one has to
add on the action for the electromagnetic field F,.
This is

—(16m)"* f Fo F (=g d'x. (2.13)

For a solution of the Maxwell equations, F* , =0
so the integrand of (2.13) can be written as a di-
vergence

F“Fc‘g“g“= (zFahAa):b M (2-14)
Thus the value of the action is

~(8m! [ F®A,dZ,. (2.15)
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The electromagnetic vector potential A, for the
Reissner-Nordstr8m solution is normally taken to
be

A, =Qr-it,. (2.16)

However, this is singular on the horizon as t is
not defined there. To obtain a regular potential
one has to make a gauge transformation

A;=(Q‘r-1"¢)t:al (2-17)
where & =Q(r,)~" is the potential of the horizon of
the black hole. The combined gravitational and
electromagnetic actions are

I=iak~{(M -~ Qd). (2.18)
We have evaluated the action on a section in the
complexified spacetime on which the induced me-
tric is real and positive-definite. However, be-
cause R, F,,, and K are holomorphic functions on
the complexified spacetime except at the singu-
larities, the action integral is really a contour
integral and will have the same value on any sec-
tion of the complexified spacetime which is homo-
logous to the Euclidean section even though the in-
duced metric on this section may be complex.
This allows us to extend the procedure to other
spacetimes which do not necessarily have a real
Euclidean gection. A particularly important
example of such a metric is that of the Kerr-New-
man solution. In this one can introduce Kruskal
coordinates y and 2 and, by setting { =iz, one can
define a nonsingular section as in the Schwarz-
schild case. We shall call this the “quasi-Eucli-
dean section.” The metric on this section is com-
plex and it is asymptotically flat in 2 coordinate
system rotating with angular velocity 2, where
Q=JMr 2 +2M"")"! is the angular velocity of
the black hole. The regularity of the metric at
the horizon requires that the point (¢,7, 6, ¢) be
identified with the point (¢ +{27x™2,7, 8, ¢ +i27%"™Y).
The rotation does not affect the evaluation of the
JIK)dZ so the action is still given by Eq. (2.18).
One can also evaluate the gravitational contribu-
tion to the action for a stationary axisymmetric
solution containing a black hole surrounded by a
perfect fluid rigidly rotating at some different
angular velocity. The action is

I-z'21rx"[(16w)" f: RK*dT, +2"M] ,  (2.19)

where K°/ax,=9/8¢ is the time-translation Killing
vector and Z is a surface in the quasi-Euclidean
section which connects the boundary at » =7, with
the “axis” or bifurcation surface of the horizon
r=7,. The total mass, M, can be expressed as
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M=My+2[ (To=4g0 TIKAE", (2.20)
;]
where
My = (477" kA +20 4y . (2.21)

M, is the mass of the black hole, A is the area
of the event horizon, and ; and J, are respec~
tively the angular velocity and angular momentum
of the black hole.® The energy-momentum tensor
of the fluid has the form

Tdb'(P+p)“cub +P8ar» (2.22)

where p is the energy density and p is the pres-
sure of the fluid. The 4-velocity u, can be ex-
pressed as

M=K +Q o m°, (2.23)

where Q, is the angular velocity of the fluid, m*
is the axial Killing vector, and X is a normaliza-
tion factor. Substituting (2.21) and (2.22) in (2.20)
one finds that

M=(4m)" kA +2Q,7, +2Q,7

- f (o +3p)K*dE, (2.24)

where

Jn=~ f T,,m*dZ® (2.25)
is the angular momentum of the fluid. By the field
equations, R =8x(p- 3p), so this action is

1=2mix"? [M —Qpdy =0T = KA(BT)™ 4 f pK'dE.] .

(2.26)

One can alsop apply (2.26) to a situation such as a
rotating star where there is no black hole present.
In this case the regularity of the metric does not
require any particular periodicity of the time co-
ordinate and 2rx™! can be replaced by an arbitrary
periodicity 8. The significance of such a periodic-
ity will be discussed in the next section.

We conclude this section by evaluating the action
for de Sitter space. This is given by

I=(16m)* Y(R - 2A)~-g)V%d*x

+(8m) f (Kldz, @.27)
oy

where A is the cosmological constant. By thefield

equations R =4A. If one were to take Y to be the

ordinary real de Sitter space, i.e., the section

on which the metric was real and Lorentzian, the

volume integral in (2.27) would be infinite. How-

ever, the complexified de Sitter space contains a
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section on which the metric is the real positive-
definite metric of a 4-sphere of radius 3/3A-V2,
This Euclidean section has no boundary so that
the value of this action on it is

=-12mA"t, (2.28)

where the factor of ~i comes from the {-g)¥.

III. THE PARTITION FUNCTION

In the path-integral approach to the quantization
of a tield ¢ one expresses the amplitude to go
from a field configuration ¢, at a time ¢, to a field
configuration ¢, at time ¢, as

(Sata b1, t)) = | dlplexplir{o]), (3.1)
where the path integral is over all field configura-

tions ¢ which take the values ¢, at time ¢, and ¢,
at time £,. But

(Dasta |0y, 0,0 = (b, lexp{—iH{t, — )] [0, (3.2)

where H is the Hamiltonian. If one sets ¢, ~ ¢,

=-i{f and ¢, = ¢, and the sums over all ¢, one ob-
tains

Tr exp(- ) =[ dl ¢l exptirl#)), (3.3)
where the path integral is now taken over all fields
which are periodic with period 8 in imaginary
time. The left-hand side of (3.3) is just the parti-
tion function Z for the canonical ensemble consist-
ing of the field ¢ at temperature T ="', Thus one
can express the partition function for the system
in terms of a path integral over periodic fields.!®
When there are gauge fields, such as the electro-
magnetic or gravitational fields, one must include
the Faddeev-Popov ghost contributions to the path
integral,t~®

One can also consider grand canonical ensembles
in which one has chemical potentials u,; associated
with conserved quantities C,. In this case the par-
tition function is

Z=Tr exp[—ﬂ(H -Z u.C;ﬂ )

For example, one could consider a system at a
temperature T =8~! with a given angular momen-
tum J and electric charge Q. The corresponding
chemical potentials are then Q, the angular veloc-
ity, and &, the electrostatic potential. The parti-
tion function will be given by a path integral over
all fields ¢ whose value at the point (¢ +iB,7, 8, ¢
+ifQR) is exp (¢8®) times the value at (¢,7, 6, ¢),
where ¢ is the charge on the tield.

The dominant contribution to the path integral
will come from metrics g and matter flelds ¢

(3.4)
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which are near background flelds g, and ¢, which
have the correct periodicities and which extrem-
ize the action, i.e., are solutions of the classical
field equations. QOne can express g and ¢ as

8= *8 P=¢o+d (3.5)

and expand the action in a Taylor series about the
background fields
Hg,¢1=1{ g5, b0l +1.[ 21 +1[ 3]
+higher-order terms, (3.6)

where I{ 3} and [ #] are quadratic in the fluctua-
tions Z and $. If one neglects higher-order terms,
the partition function is given by

InZ =il{ g,, ¢,) +1n f di zlexpGL( F)

+lnfd[ élexpL[a]). 3.1
But the normal thermodynamic argument
InZ==-WwT"!, (3.8)

where W=M -TS-3;u,C, is the “thermodynam-
ic potential” of the system. QOne can therefore re-
gard il g, ¢,] as the contribution of the background
to —=WT"! and the second and third terms in (3.7)
as the contributions arising from thermal gravi-
tons and matter quanta with the appropriate chemi-
cal potentials. A method for evaluating these lat-
ter terms will be given in another paper.

One can apply the above analysis to the Kerr-
Newman solutions because in them the points
(t,7,6,¢) and (¢ +2mix~,7, 6, ¢ +27iQ«™") are
identified (the charge g of the graviton and photon
are zero). It follows that the temperature T of
the background field is «(22)~! and the thermody~
namic potential is

W=4{M-9Q), 3.8)
but

W=M~TS-4Q~-QJ. (3.10)
Therefore

M=TS+18Q +QJ, (3.11)
but by the generalized Smarr formula®-!¢

IM=k(B1) A +18Q +0J. (3.12)
Therefare

S=%4, (3.13)

in complete agreement with previous resuits.
For de Sitter space

WT™ =< 127A7%, (3.14)
but in this case W =— TS, since M =J=Q =0 be-
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cause this gpace is closed. Therefore

S=127A7%, (3.15)

which again agrees with previous results. Note
that the temperature T of de Sitter space cancels
out the period. This is what one would expect
since the temperature is observer dependent and
related to the normalization of the timelike Killing
vector.

Finally we consider the case of a rotating star
in equilibrium at some temperature 7 with no
event horizons. In this case we must include the
contribution from the path integral over the matter
fields as it is these which are producing the gravi-
tational field. For matter quanta in thermal equili-
brium at a temperature T volume V>» T7% of flat
space the thermodynamic potential is given by

wr-! ~-if p=m¥3dty == pyT-t, (3.18)

In situations in which the characteristic wave-
lengths, T™!, are small compared to the gravita-
tional length scales it is reasonable to use this
fluid approximation for the density of thermody-
namic potential; thus the matter contributing to
the thermodynamic potential will be given by

w, T -if P~V dt =T pK*dZ, (3.17)
(because of the signature of our metric K*dZ, is
negative), but by Eq. (2.28) the gravitational con-

tribution to the total thermodynamic potential is

G. W. GIBBONS AND S. W, HAWKING
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vtr,-M-n,,,J,+J;px'dz.. (3.18)
Therefore the total thermodynamic potential is
W=M-Q,d,+ :(p+p)K“dE¢, (3.19)
but
p+p-7‘s+‘z Heng, (3.20)

where T is the local temperature, s is the en-
tropy density of the fluid, 1, is the local chemical
potentials, and n,; is the number densities of the
ith species of particles making up the fluid.
Therefore

W=M-ﬂ,,,J,,,+f (T's«q-z;—l,n‘)K‘dE, . (3.21)
z {
In thermal equilibrium
TFaTa"t, (3.22)
Bi=urt, (3.23)

where T and u, are the values of T and i, at in-
finity.®* Thus the entropy is

S==| su*dx, . (3.24)
This is just the entropy of the matter. In the ab-
sence of the event horizon the gravitational field
has no entropy.

*Present address: Max-Planck-Institute flr Phystk und
Astrophysaik, 8 Minchen 40, Postfach 401212, West
Germany. Telephone: 327001.
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The principle of equivalence, which says that gravity couples to the energy-momentum tensor of matter, and
the quantum-mechanical requirement that energy should be positive imply that gravity is always attractive.
This leads to singularities in any reasonable theory of gravitation. A singularity is a place where the classical
concepts of space and time break down as do all the known laws of physics because they are all formulated on
a classical space-time background. In this paper it is claimed that this breakdown is not merely a result of our
ignorance of the correct theory but that it represents a fundamental limitation to our ability to predict the
future, a limitation that is analogous but additional to the limitation imposed by the normal quantum-
mechanical uncertainty principle. The new limitation arises because general relativity allows the causal
structure of space-time to be very different from that of Minkowski space. The interaction region can be
bounded not only by an initial surface on which data are given and a final surface on which measurements are
made but also a “hidden surface” about which the observer has only limited information such as the mass,
angular momentum, and charge. Concerning this hidden surface one has a “principle of ignorance’: The
surface emits with equal probability all configurations of particles- compatible with the observers limited
knowledge. It is shown that the ignorance principle holds for the quantum-mechanical evaporation of black
holes: The black hole creates particles in pairs, with one particle always falling into the hole and the other
possibly escaping to infinity. Because part of the information about the state of the system is lost down the
hole, the final situation is represented by a density matrix rather than a pure quantum state. This means there
is no S matrix for the process of black-hole formation and evaporation. Instead one has to introduce a new
operator, called the superscattering operator, which maps density matrices describing the initial situation to
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density matrices describing the final situation.

I. INTRODUCTION

Gravity is by far the weakest interaction known
to physics: The ratio of the gravitational to elec-
trical forces between two electrons is about one
part in 10%, In fact, gravity is so weak that it
would not be observable at all were it not distin-
guished from all other interactions by having the
property known as the principle of universality or
equivalence: Gravity affectsthe trajectories of all
freely moving particles in the same way. This has
been verified experimentally to an accuracy of
about 10" by Roll, Krotkov, and Dicke! and by
Braginsky and Panov.? Mathematically, the princi-
ple of equivalence is expressed as saying that
gravity couples to the energy-momentum tensor
of matter. This result and the usual requirement
from quantum theory that the local energy density
should be positive imply that gravity is always at-
tractive. The gravitational fields of all the parti-
cles in large concentrations of matter therefore
add up and can dominate over all other forces. As
predicted by general relativity and verified experi-
mentally, the universality of gravity extends to
light. A sufficiently high concentration of mass can
therefore produce such a strong gravitational field
that no light can escape. By the principle of ape-
cial relativity, nothing else can escape either since
nothing can travel faster than light. One thus has
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a situation in which a certain amount of matter is
trapped in a region whose boundary shrinks to
zero in a finite time. Something obviously goes
badly wrong. In fact, as was shown in a series of
papers by Penrose and this author,®*® a space-time
singularity is inevitable in such circumstances
provided that general relativity is correct and that
the energy-momentum tensor of matter satisfies

a certain positive-definite inequality.

Singularities are predicted to occur in two areas.
The first is in the past at the beginning of the pres-
ent expansion of the universe. This is thought to be
the “big bang” and is generally regarded as the
beginning of the universe., The second area in
which singularities are predicted is the collapse
of isolated regions of high-mass concentration such
as burnt-out stars,

A singularity can be regarded as a place where
there is a breakdown of the classical concept of
space-time as a manifold with a pseudo-Reiman-
nian metric. Because all known laws of physics
are formulated on a classical space-time back-
ground, they will all break down at a singularity.
This is a great crisis for physics because it means
that one cannot predict the future: One does not
know what will come out of a singularity.

Many physicists are very unwilling to believe
that physics breaks down at singularities. The
following attempts were therefore made in order
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to try to avoid this conclusion.

1. General relativity does not predict singulari-
ties. This was widely believed at one time (e.g.,
Lifshitz and Khalatnikov®). It was, however,
abandoned after the singularity theorems mentioned
above and it is now generally accepted that the
classical theory of general relativity does indeed
predict singularities (Lifshitz and Khalatnikov®).

2. Modify general relativity. In order to prevent
singularities the modifications have to be such as
to make gravity repulsive in some situations. The
simplest viable modification is probably the Brans-
Dicke theory,'°. In this, however, gravity is al-
ways attractive so that the theory predicts singu-
larities just as in general relativity.” The Ein-
stein-Cartan theory!! contains a spin-spin interac-
tion which can be repulsive. This might prevent
singularities in some cases but there are situations
(such as a purely gravitational and electromagnetic
fields) in which singularities will still accur. Most
other modifications of general relativity appear
either to be in conflict with observations or to have
undesirable features like negative energy or
fourth-order equations.

3. The “cosmic censorship” hypothesis: Nature
abhors a naked singularity. In other words, if one
starts out with an initially nonsingular asymptot-
ically flat situation, any singularities which subse-
quently develop due to gravitational collapse will
be hidden from the view of an observer at infinity
by an event horizon. This hypothesis, though un-
proved, is probably true forthe classical theory
of general relativity with an appropriate definition
of nontrivial singularities to rule out such cases
as the world lines of pressure-free matter inter-
secting on caustics. If the cosmic censorship hy-
pothesis held, one might argue that one could ig-
nore the breakdown of physics at space-time singu-
larities because this could never cause any detec-
table effect for observers careful enough not to
fall into a black hole. This is a rather selfish at-
titude because it ignores the question of what hap-
pens to an observer who does fall through an event
horizon. It also does not solve the problem of the
big-bang singularity which definitely is naked. The
final blow to this attempt to evade the issue of
breakdown at singularities, however, has been the
discovery by this author!®!3 that black holes create
and emit particles at a steady rate with a thermal
spectrum. Because this radiation carries away
energy, the black holes must presumably lose mass
and eventually disappear. If one tries to describe
this process of black-hole evaporation by a classi-
cal space-time metric, there is inevitably a naked
singularity when the black hole disappears. Even
if the black hole does not evaporate completely one
can regard the emitted particles as having come
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from the singularity inside the black hole and
having tunnelled out through the event horizon on
spacelike trajectories. Thus even an observer at
infinity cannot avoid seeing what happens at a
singularity.

4. Quanttze general relativity. One would ex-
pect quantum gravitational effects to be important
in the very strong fields near a singularity, A
number of people have hoped, therefore, that these
quantum effects might prevent the singularity from
occurring or might smear it out in some way such
as to maintain complete predictability within the
limits set by the uncertainty principle. However,
setrious difficulties have arisen in trying to treat
quantum gravity like quantum electrodynamics by
using perturbation theory about some background
metric (usually flat space). Usually in electrody-
namics one makes a perturbation expansion in
powers of the small parameter ¢*/f ¢, the charge
squared. Because of the principle of equivalence,
the quantity in general relativity that corresponds
to charge in electrodynamics is the energy of a
particle. The perturbation expansion is therefore
really a series in powers of the various energies
involved divided by the Planck mass ff}/3c!/2G~1/2
o~ 10°% €.

This works well for low-energy tree-approxima-
tion diagrams but it breaks down for diagrams with
closed loops where one has to integrate over all
energies. At energies of the Planck mass, all
diagrams become equally important and the series
diverges. This is the basic reason why general
relativity is not renormalizable,%!?

Each additional closed loop appears to involve a
new infinite subtraction. There appears to be an
infinite sequence of finite remainders or renormal-
ization paraineters which are not determined by
the theory. One therefore cannot, as was hoped,
construct an S matrix which would make definite
predictions. The trouble with perturbation theory
is that it uses the light cones of a fixed background
space. It therefore cannot describe situations in
which horizons or worm holes develop by vacuum
fluctuations. This is not to say that one cannot
guantize gravity, but that one needs a new ap-
proach,

One possible view of the failure of the above at-
tempts to avoid the breakdown of predictability
would be that we have not yet discovered the cor-
rect theory. The aim of this paper, however, is to
show this cannot be the case if one accepts that
quantum effects will cause a black hole to radiate.
In this case there is a basic limitation on our abili-
ty to predict which is similar but additional to the
usual quantum-mechanical uncertainty principle.
This extra limitation arises because general rela-
tivity allows the causal structure of space-time
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to be very different from that of Minkowski space.
For example, in the case of gravitational collapse
which produces a black hole there is an event hori-
zon which prevents observers at infinity from mea-
suring the internal state of the black hole apart
from its mass, angular momentum, and charge.
This means that measurements at future infinity
are insufficient to determine completely the state
of the system at past infinity: One also needs data
on the event horizon describing what fell into the
black hole. One might think that one could have
observers stationed just outside the event horizon
who would signal to the observers at future infinity
every time a particle fell into the black hole. How-
ever, this is not possible, just as one cannot have
observers who will measure both the position and
the velocity of a particle. To signal accurately the
time at which a particle crossed the event horizon
would require a photon of the same wavelength and
therefore the same energy as that of the infalling
particle. If this were done for every particle which
underwent gravitational collapse to form the black
hole, the total energy required to signal would be
equal to that of the collapsing body and there would
be no energy left over to form the black hole. It
_therefore follows that when a black hole forms, one
cannot determine the resuits of measurements at
past infinity from observations at future infinity.
This might not seem so terrible because one is
normally more concerned with prediction than
postdiction, However, although in such a situation
one could classically determine future infinity from
knowledge of past infinity, one cannot do this if
quantum effects are taken into account. For exam-
ple, quantum mechanics allows particles to tunnel
on spacelike or past-directed world lines. It is
therefore possible for a particle to tunnel out of the
black hole through the event horizon and escape
to future infinity, One can interpret such a hap-
pening as being the spontaneous creation in the
gravitational field of the black hole of a pair of
particles, one with negative and one with positive
energy with respect to infinity., The particle with
negative energy would fall into the black hole
where there are particle states with negative en-
ergy with respect to infinity. The particles with
positive energy can escape to infinity where they
constitute the recently predicted thermal emission
from black holes. Because these particles come
from the interior of the black hole about which an
external observer has no knowledge, he cannot
predict the amplitudes for them to be emitted but
only the probabililies without the phases.

In Secs. III and IV of this paper it is shown that
the quantum emission from a black hole is com-
pletely random and uncorrelated. Similar results
have been found by Wald'® and Parker.!” The black
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hole emits with equal probability every configura-
tion of particles compatible with conservation of
energy, angular momentum, and charge (not every
configuration escapes to infinity with equal proba-
bility because there is a potential barrier around
the black hole which depends on the angular mo-
mentum of the particles and which may reflect
some of the particles back into the black holes).
This result can be regarded as a quantum version
of the “no hair” theorems because it implies that
an observer at infinity cannot predict the internal
state of the black hole apart from its mass, angu-
lar momentum, and charge: If the black hole
emitted some configuration of particles with great-
er probability than others, the observer would
have some a priori information about the internal
state. Of course, if the observer measures the
wave furictions of all the particles that are emitted
in a particular case he can then aposteriori de-
termine the internal state of the black hole but it
will have disappeared by that time.

A gravitational collapse which produces an event
horizon is an example of a situation in which the
interaction region is bounded by an initial surface
on which data are prescribed, a final surface on
which measurements are made, and, in addition,
a third “hidden” surface about which the observer
can have only limited information such as the flux
of energy, angular momentum, or charge. Such
hidden surfaces can surround either singularities
(as in the Schwarzschild solution) or “wormholes”
leading to other space-time regions about which
the observer has no knowledge (as in the Reissner-
Nordstrom or other solutions). About this surface
one has the principle of ignorance.

All data on a “hidden” gurface compatible with
the observer’s limited information are equally
probable,

So far the discussion has been in terms of quan-
tized matter fields on a fixed classical background
metric (the semiclassical approximation). How-
ever, one can extend the principle to treatments in
which the gravitational field is also quantized by
means of the Feynman sum over histories. In this
one performs an integration (with an as yet unde-
termined measure) over all configuration of both
matter and gravitational fields. The classical ex-
ample of black-hole event horizons shows that in
this integral one has to include metrics in which
the interaction region (i.e., the region over which
the action is evaluated) is bounded, not only by the
initial and final surfaces, but by a hidden surface
as well. Indeed, in any quantum gravitational situ-
ation there is the possibility of “virtual” black
holes which arise from vacuum fluctuations and
which appear out of nothing and then disappear
again. One therefore has to include in the sum
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over histories metrics containing transient holes,
leading either to singularities or to other space-
time regions about which one has no knowledge.
One therefore has to introduce a hidden surface
around each of these holes and apply the principle
of ignorance to say that all field configurations on
these hidden surfaces are equally probable pro-
vided they are compatible with the conservation of
mass, angular momentum, etc. which can be mea-
sured by surface integrals at a distance from the
hole.

Let H, be the Hilbert space of all possible data
on the initial surface, H, be the Hilbert space of
all possible data on the hidden surface, and H; be
the Hilbert space of all possible data on the final
surface. The basgic assumption of quantum theory
is that there is some tensor S ,,, whose three in-
dices refer to H;, H,, and H,, respectively, such
that if

gceHl ’ IBEHa y
then

E 2 EsAachtasc

is the amplitude to have the initial state £, the
final state x,, and the state {; on the hidden sur-
face. Given only the initial state £ one cannot de-
termine the final state but only the element
218 ,5ckc of the tensor product H, ®H,. Because
one is ignorant of the state on the hidden surface
one cannot find the amplitude for measurements on
the final surface to give the answer x, but one can
calculate the probability for this outcome to be

200 cpXcXps Where

Pep= Z Z E ScsrSpsrbats

is the density matrix which completely describes
observations made only on the future surface and
not on the hidden surface. Note that one gets this
density matrix from 235,504 by summing with
equal weight over all the uncbserved states on the
“hidden” surface,

One can see from the above that there will not
be an § matrix or operator which maps initial
states to final states, because the observed final
gituation is described, not by a pure quantum
state, but by a density matrix. In fact, the initial
situation in general will also be described not by
a pure state but by a density matrix because of the
hidden surface occurring at earlier times. Instead
of an S$ matrix one will have a new operator called
the superscattering operator 8, which maps densi-
ty matrices describing the initial situation to den-
sity matrices describing the final situation. This
operator can be regarded as a 4-index tensor

XAEH,,
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8ancp Where the first two indices operate on the
final space H;® H, and the last two indices operate
on the space H, ® H,. 1t is related to the 3-index
tensor S g by

84pcp=% ), (SazcSseotSpecSasn) -

The final density matrix p,,, is given in terms of
the initial density matrix p,., by

P:ap= Z 2 84scoPion-

The superscattering operator is discussed further
in Sec. V.

The fact that in gravitational interactions the
final situation at infinity is described by a density
matrix and not a pure state indicates that quantum
gravity cannot, as was hoped, be renormalized
to give a well-defined S matrix with only a finite
number of undetermined parameters. It seems
reasonable to conjecture that there is a close con-
nection between the infinite sequence of renormali-
zation constants that occur in perturbation theory
and the loss of predictability which arises from
hidden surfaces.

One can also appeal to the principle of ignorance
to provide a possible explanation of the observa-
tions of the microwave background and of the abun-
dances of helium and deuterium which indicate that
the early universe was very nearly spatially homo-
geneous and isotropic and in thermal equilibrium,
One could regard a surface very close to the initial
big-bang singularity (say, at the Planck time
10"* gec) as being a “hidden surface” in the sense
that we have no a prior:i information about it. The
initial surface would thus emit all configurations
of particles with equal probability, To obtain a
thermal distribution one would need to impose
some constraint on the total energy of the configu-
rations where the total energy is the rest-mass en-
ergy of the particles plus their kinetic energy of
expansion minus their gravitational potential ener-
gy. Observationally this energy is very nearly, if
not exactly, zero and this can be understood as a
necessary condition for our existence: If the
total energy were large and positive, the universe
would expand too rapidly for galaxies to form, and
if the total energy were large and negative, the
universe would collapse before intelligent life had
time to develop. We therefore do have some
limited knowledge of the data on the initial surface
from the fact of our own existence. If one assumes
that the initial surface emitted with equal probabil-
ity all configurations of particles with total energy
(with some appropriate definition) nearly equal to
zero, then an approximately thermal distribution
is the most probable macrosfate since it
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corresponds to the largest number of microstates.
Any significant departure from homogeneity or iso-
tropy could be regarded as the presence in some
long-wavelength modes of a very large number of
gravitons, a number greatly in excess of that for

a thermal distribution and therefore highly im-
probable. It should be pointed out that this view

of the generality of isotropic expansion is the op-
posite of that adopted by Collins and Hawking.'®
The difference arises from considering microscop-
ic rather than macroscopic configurations.

One might also think to explain the observed net
baryon number of the universe by saying that we,
as chservers, could result only from initial con-
figurations that had a net baryon number. An al-
ternative explanation might be that CP violations
in the highly T-nonsymmetric early universe
caused expanding configurations in which baryons
predominated to have lower energies than similar
expanding configurations in which antibaryons pre-
dominated. This would mean that for a given ener-
gy density there would be more configurations
with a positive baryon number than with a negative
baryon number, thus the expectation value of the
baryon number would be positive. Alternatively,
there might be a sort of spontaneous symmetry
breaking which resulted in regions of pure baryons
or pure antibaryons having lower energy densities
than regions containing a mixture of baryons and
antibaryons. In this case, as suggested by
Omnés,'® one would get a phase transition in which
regions of pure baryons were separated from re-
gions of pure antibaryons. Unlike the case con-
sidered by Omnés, there is no reason why the
separation should not be over length scales larger
than the particle horizon. Such a greater separa-
tion would overcome most of the difficulties of the
Omnés model.

There is a cloge connection between the above
proposed explanation for the isotropy of the uni-
verse and the suggestion by Zel’dovich?® that it is
caused by particle creation in anisotropic regions.
In Zel’dovich’s work, however, in order to define
particle creation, one has to pretend that the uni-
verse was time-independent at early times (which
is obviously not the case). The present approach
avoids the difficulty of talking about early times;
one merely has to count the configurations at some
convenient late time.

The conclusion of this paper is that gravitation
introduces a new level of uncertainty or random-
ness into physics over and above the uncertainty
usually associated with quantum mechanics. Ein-
stein was very unhappy about the unpredictability
of quantum mechanics because he felt that “God
does not play dice.” However, the results given
here indicate that “God not only plays dice, He
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sometimes throws the dice where they cannot be
seen.”

Il. QUANTUM THEORY IN CURVED SPACE-TIME

In this section a brief outline is given of the
formalism of quantum theory on a given space-time
background which was used by Hawking'?® to derive
the quantum-mechanical emission from black
holes. This formalism will be used in Sec. Il to
show that the radiation which escapes to infinity is
completely thermal and uncorrelated. In Sec. IV
a specific choice of states for particles going into
the black hole is used to calculate explicitly both
the ingoing and the emitted particles. This shows
that the particles are created in pairs with one
member of the pair always falling into the hole and
the other member either falling in or escaping to
infinity. Section V contains a discussion of the
superscattering operator 8 which maps density
matrices describing the initial situation to density
matrices describing the final situation.

For simplicity only a massless Hermitian scalar
field ¢ and an uncharged nonrotating black hole will
be considered. The extension to charged massive
fields of higher spin and charged rotating black
holes is straightforward along the lines indicated
in Ref. 13. Throughout the paper units will be used
in which G=c=k =k=1.

Figure 1 is a diagram of the situation under con-
sideration: A gravitational collapse creates a
black hole which slowly evaporates and eventually
disappears by the quantum-mechanical creation
and emission of particles. Except in the final
stages of the evaporation, when the black hole gets
down to the Planck mass, the back reaction on the
gravitational field is very small and it can be
treated as an unquantized external field. The
metric at late times can be approximated by a se-
quence of time-independent Schwarzschild solu-
tions and the gravitational collapse can be taken to
be spherically symmetric (it was shown in Ref. 13
that departures from spherical symmetry made no
essential difference).

The scalar field operator ¢ satisfies wave equa-
tion

Q¢=0 (2.1)

in this metric and the commutation relations
[6(x), #(»)]=iGlx, ), 2.2)

where G(x,y) is the half-retarded minus half-ad-
vanced Green's function. One can express the op-
erator ¢ as

o= E (fia,+7,8),

where the {f,} are a complete orthonormal family

(2.3)
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FIG, 1. A gravitational collapse produces a black
hole which slowly evaporates by the emission of radia-
tion to future null infinity §*. Because of the loss of en-~
ergy, the black hole decreases in size and eventually
disappears.

of complex-valued soclutions of the wave equation
Of,=0 which contain only positive frequenciesat
past null infinity 8. The operators a, are position
independent and obey the commutation relations

[a4,a,]=0, (2.9
(a,,871=5,,. (2.5)

The operators a, and a{ are respectively the anni-
hilation and creation operators for particles in the
ith mode at past infinity. The initial vacuum state
for scalar particles |0.), i.e., the state which con-
tains no scalar particles at past infinity, is defined
by

a,[0)=0 foralli. (2.6)

One can also express ¢ in the form

¢=2, (pd,+ Bdl+q.c,+Tic)) . (2.7
i

Here the {p,} are a complste orthonormal family
of solutions of the wave equation which contain only
positive frequencies at future null infinity §*and
whichare purely outgoing, i.e., they have zero Cauchy
data on the event horizon H. The {g,} are a com-
plete orthonormal set of solutions of the wave
equation which contain no outgoing component. The
position-independent operators &, and c,; obey the
commutation relations

[bub!]=[cu c;]=0, (2.8)
(8, c,]=[b,, c}]=°’ 2.9)
[bubﬂ=[0u c}]= 8y (2.10)

The operators b, and b} are respectively the anni-
hilation and creation operators for outgoing parti-
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cles at future infinity. By analogy one could re-
gard the operators ¢, and ¢} as the annihilation and
creation operators for particles falling into the
black hole. However, because one cannot uniquely
define positive frequency for the {¢,}, the division
into annihilation and creation parts is not unique
and so one should not attach too much physical
significance to this interpretation. The nonunique-
ness of the {c,} and the {c}} does not affect any ob-
servable at future infinity. In Sec. IV a particular
choice of the {g,} will be made which will allow an
explicit calculation of the particles going into the
black hole. The final scalar-particle vacuum state
|0,),-1.e., the state which contains no outgoing par-
ticles at future infinity or particles going into the
black hole, is defined by

b,|0)=c,]0,)=0. (2.11)

It can be represented as [0,){0,), where the b and
¢ operators act on |0,) and |0,), respectively,
which are the vacua for outgoing particles and for
particles falling into the hole. |0, is uniquely de-
fined by the positive-frequency condition on the
{p,} but the ambiguity in the choice of the {g,}
means that |0,) is not unique.

Because massless fields are completely deter-
mined by their data on 4~ one can express {p,}
Emd} {g,}, as linear combinations of the {f,} and

Ific

pi=2 (@ fi+ BTy, (2.12)
3

‘I|=Z (Vufj"‘nu.?;)- (2.13)
3

These relations lead to corresponding relations be-
tween the operators:

b= 3 (@a,~ Fuyal) s (2.14)

]

¢ = 2 @0, yga}) - (2.15)
]

In the situation under consideration the metric
is spherically symmetric. This means the angular
dependence of the {f,}, {p,}, and {g,} can be taken
to be that of spherical harmonics Y,,. The rela-
tions (2.12) and (2.13) will connect only solutions
with the same values of ! and m|. (This is not
true if the collapse is not exactly spherically sym-
metric but it was shown in Ref, 13 that this makes
no essential difference.) For computational pur-
poses it is convenient to use f and p solutions
which have time dependence of the form &/’" and

" e'“%, respectively, where v and u are advanced and

retarded times. The solutions will be denoted by
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{f .} and {p,} and will have continuum normaliza-
tion. They can be superposed to form wave-packet
solutions of finite normalization. The summations
in Eqgs. (2.3), (2.7), and (2.12) are replaced by in-
tegrations over frequency. The operators a,,b,,,
etc. obey similar commutation relations involving
4 functions in the frequency.

The advantage of using Fourier components with
reapect to time is that one can calculate the coef-
ficients a,,. and 8, in the approximation that the
mass of the black hole is changing only slowly.
One considers a solution p, propagating backwards
in time from future infinity. A part p’ is reflec-
ted by the static Schwarzschild metric and reaches
past infinity with the same frequency. This gives
aterm r,8{w- ') in @, , Where 7, is the reflec-
tion coefficient of the Schwarzschild metric for
the frequency w and the given angular mode. More
interesting is the behavior of the part p!2’ which
propagates through the collapsing body and out to
past infinity with a very large blue-shift. This
gives contributions to a,,, and g, . of the form

o’ 1/2
a‘(‘ﬁ:’ o~ tw(zﬂ)-leﬂw-w' )v°<;_)
xT (1 - %)(_iw')'“‘“/ . (2.16)
B = =il oy, (2.17)

where k= (4M)™ is the surface gravity of the black
hole and where ¢, is the transmission coefficient
for the given Schwarzschild metric, i.e.,

|tu*=T

is the fraction of a wave with frequency w and the
given angular dependence which penetrates through
the potential barrier into the hole,

It |2+ 7,]2=1.

III. THE OUTGOING RADIATION

One assumes that there are no scalar particles
present in the infinite past, i.e., the system is in
the initial scalar-particle vacuum state |0). (It
is not a complete vacuum because it contains the
matter that will give rise to the black hole.) The
state |0.) will not coincide with the final scalar-
particle vacuum state |0,) because there is particle
creation. One can express ]0_) as a linear combi-
nation of states with different numbers of particles
going out to infinity and into the horizon:

[0= Z E AABlAI)IBH>’

where |A,) is the outgoing state with n,, particles
in the jth outgoing mode and |B,) is the horizon

(3.1)
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state with »,, particles in the kth mode going into
the hole. In other words,

|47 =TT (0122042 | 0y, (3.2)
E)

| By =TT (o) 2(ch)™| 0, . (3.3)
k&

An operator @ which corresponds to an observable
at future infinity will be composed only of the {b,}
and the {5} and will operate only on the vectors
|A,). Thus the expectation value of this operator
will be

0.|Ql0.)= Z E Pacfca

where Q;,=(C;|Q|A) in the matrix element of the
operator @ on the Hilbert space of outgoing states
and p,o=2sX,5hop is the density matrix which com-
pletely describes all cbservations which are made
only at future infinity and do not measure what
went into the hole. The components of p,. can be
completely determined from the expectation values
of polynomials in the operators {6} and {5'}. Thus
the density matrix is independent of the ambiguity
in the choice of the {g } which describes particles
going into the hole.

As an example of such a polynomial consider
b}b,, which is the number operator for the jth out-
going mode. Then

{np= Z NiaPaa

=(0.]b8,0.)
=3 |8al®-
kR

In order to calculate this last expression one ex-
pands the finite-normalization wave-packet mode
p; in terms of continuum-normalization modes p,,,

(3.4)

(3.5)

2= [ B (@b, 0dw, (3.6)
where
f-’;,l;;dw”m 3.7

then
("y)=fff gj(wl)ﬁj(wz) ’
Xbe w? szw.dwldwzdw’ .

If the wave packet is sharply peaked around fre.
quency w, one can use Eq. (2.14) to show that



[ By Bugrde’ = @021, |2 D(1 - d00™) |?

=1
Xeuul ~wg )o.\,w-l e~Tuk

X f e""'l“"x'“l’dy, (3.8)
where y=In(-w’). The factor e™*" arises from
the analytic continuation of w’ to negative values
in the expression (2.15) for g,,,

Eq. (3.8)= |4, [%e™ ~1)"6(w, - ),  (3.9)
therefore
(ny= |t | oo™ L 1), (3.10)

This is precisely the expectation value for a body
emitting thermal radiation with a temperature
T=k/27 To show that the probabilities of emitting
different numbers of particles in the jth mode and
not just the average number are in agreement with
thermal radiation, one can calculate the expectation
values of n,%, n,%, and so on. For example,

(n,® =40, b5 ,0%0,]0.)
=(n,)+ (0. (61)%(6,)*] 0. . (3.11)

One can evaluate the second term on the right-hand
side of (3.11) using Eqs. (2.14) and (2.15) as above.
The terms a"’, give rise to expressions involving
functions like 6(w,+ w,) which do not contribute,
since w; and w, are both positive. The terms in
all), give rise to expressions involving functions
like i) pf(w)dw which vanish because for wave pac-
kets at late times the phase of p,(w) varies very
rapidly with w. Thus,

2 _xI{1+(2r = 1)x
') ‘W—J

where x=e™" and T'= |£,]|% Proceeding induc-
tively one can calculate the higher moments

(n®, etc. These are all consistent with the prob-
ability distribution for n particles in the jth mode,

(1 - x)(aT)"
== Tixl"”
This is just the combination of the thermal prob-
ability (1 - x)x™ to emit m particles in the given
mode with the probability I" that a given emitted
particle will escape to infinity and not be reflected
back into the hole by the potential barrier.

One can also investigate whether there is any
correlation between the phases for emitting differ-
ent numbers of particles in the same mode by
examining the expectation values of operators like
b,b, which connect components of the density ma-
trix with different numbers of particles in the jth
mode, These expectation values are all zero. To

(3.12)

Pn,)= (3.13)
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gsee whether there are any correlations between
different modes one can consider the expectation
values of operators like b%b, which relate to other
nondiagonal components of the density matrix.
These are also all zero. Thus the density matrix
is completely diagonal in a basis of states with
definite particle numbers in modes which are
sharply peaked in frequency. One can express the
density matrix explicitly as

Pac= II %, LIS Pln,).

The density matrix (3.14) is exactly what one would
expect for a body emitting thermal radiation.

As the black hole emits radiation its mass will
go down and its temperature will go up. This vari-
ation will be slow except when the mass of the
black hole has gone down to nearly the Planck
mass. Thus to a2 good approximation the probabili-
ty of n, particles being emitted in the jth wave-pac-
ket mode will be given by Eq. (3.13) where the
temperature corresponds to the mass of the black
hole at the retarded time around which the jth mode
is peaked. After the black hole has completely
evaporated and disappeared, the only possible
states |A,) for the radiation at future infinity will
be those for which the total energy of the particles
is equal to the initial mass M, of the black hole.
The probability of such a state occurring will be

(3.14)

P(A)"‘D.u
=1 P(n,s). (3.15)
J
If I' were 1 for all modes,
m{PA4)]= 3 Il —x,)- Y Bmeyw, M, ,
E
(3.16)

where M,, is the mass to which the black hole has
been reduced by the retarded time of the jth mode
by emission of particles in configuration A. By
conservation of energy E"uw ;= M, for all possible
configurations A of the emitted particles. Because
M,, is only a slowly varying function of the mode
number j, the last term in Eq. (3.16) will be nearly
the same for all configurations A. Thus the black
hole emits all configurations with equal probability.
The probabilities of different configurations at
future infinity are not equal because the T factors
are different for different modes.

IV. THE INGOING PARTICLES

In this section a specific choice will be made of
the ingoing solutions {g,} which will allow an ex-
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plicit calculation to be made of the coefficients

X, p so that the state of the system can be expressed
in terms of particles falling into the black hole and
particles escaping to infinity. The outgoing solu-
tions { p,} are chosen to be purely positive frequen-
cy along the orbits of the approximate time-trans-
lation Killing vector K in the quasistationary re-
gion outside the black hole at late times. They
therefore, correspond to particle modes that would
be measured by an observer with a detector moving
along a world-line at constant distance from the
black hole. They do not correspond to what would
be detected by nonstationary observers, in parti-
cular observers falling into the black hole, be-
cause they are not purely positive frequency along
the world lines of such observers.

A stationary observer outside the black hole
could regard a particle he detected in a mode {p,}
as being one member of a pair of particles created
by the gravitational yield of the collapse, the other
member having negative energy and having fallen
into the black hole. The horizon states {q!} will be
chosen so that some of them describe those nega-
tive-energy particles which the stationary observer
considers to exist inside the black hole. The re-
maining {g,} will describe those positive-energy
particles which are reflected back by the potential
barrier around the black hole and which fall through
the event horizon. It should be emphasized that
this choice of {g,} does not correspond to anything
that an infalling observer would measure since
they are not positive frequency along his world
line. However, given the {p,}, the choice of the
{g,} that will be used is minimal in the sense that
any other choice would describe the creation of
extra pairs of particles, both of which fell into the
black hole,

To calculate the coefficients a and g which relate
the {p,} to the {£,} and {7,} one decomposes the
{p,} into Fourier components {p,} with time depen-
dence of the form ¢'**, where u=¢— v - 2M In(»
—-2M) is the retarded time coordinate in the
Schwarzschild solution. Because u tends to +«
in the exterior region as one approaches the future
horizon, the surfaces of constant phase of p, pile
up just outside the future horizon (Fig. 2). In
other words, p, is blue-shifted to a very high fre-
quency near the future horizon. This means that
it propagates by geometric optics back through the
collapsing body and out to past null infinity 4°
where it has time dependence of the form

e-iwk’l Intvy=v) for p< v,
and (4.1)
0 for v>vy,,

where v=¢{+¥+2M In(r - 2M) is the advanced time
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coordinate and v, is the last advanced time before
which a null geodesic could leave §7, pass through
the center of the collapsing object, and escape to
g'. Similarly, to calculate the coefficients y and

7 which express the {g,} in terms of the {f,} and
the {f,} one decomposes the {¢,} into Fourier com-
ponents {qw}. In the quasistationary region the
part {g‘} that crosses the future horizon in the
quasistationary region will have time dependence
of the form e*v. The part ¢‘* which crosses the
horizon just after its formation will have time de-
pendence of the form e *“¥ (the minus sign is be-
cause in the interior region the direction of in-
crease of u is reversed). The surfaces of constant
phase of {g!*’} pile up just inside the horizon (Fig.
2). One can therefore propagate them backwards
also by geometric optics through the collapsing body
andoutto §~, where they will have time dependence
of the form

elux"l  (v=-yy) for v»> v,
and (4.2)
0 for v <w,.

In order to calculate the coefficients a, g, v,
and 7 one can decompose (4.1) and (4.2) into posi-
tive- and negative-frequency components of the
form e%“® and ¢~'%" in terms of the advanced time
v at §°. However, one can obtain the same results

rEvent Horizon
B I
Wavefronts of qg‘” = Wavefronts of qf"
Wavefronts of p; - Wavefronts of p;
Vs Vn - V= V°
¥ -

FIG. 2. The wave fronts or surfaces of constant phase
of the solutions p, pile up just outside the event horizon
because of the large blue-shift. They propagate by geo-
metric optics through the collapsing body and out to
past null infinity 9° just before the advanced time v
=vq. Similarly the wave fronts of q‘,‘) will plle up just
ingide the horizon and will propagate through the collaps-
ing body out to 8~ just after the advanced time v =v,.
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if one leaves out the collapsing body and analytical-
ly extends back to the past horizon the Schwarz-
schild solution that represents the quasistationary
region. Instead of propagating p , and g, back
through the collapsing body to 8~ and analyzing
them there into positive- and negative-frequency
components with respect to the advanced time v,
one propagates them back to the past horizon H-
and analyzes them into positive~ and negative-
frequency components with respect to an affine
parameter U along the generators of H™. (A sim-
ilar construction has been used by Unruh.*!) One
can then discuss the creation of particles in terms
of the Penrose diagram (Fig. 3) of the analytically
extended Schwarzschild solution. The initial vacu-
um state |0_) is now defined as the state which on
§" has no positive-frequency components with re-
spect to the advanced time v and which on the past
horizon H~ has no positive-frequency components
with respect to affine parameter U. In other
words, one can express the operator ¢ in the form

b= f @® f44 4B 1 Hoe)dw, (4.3)
(]

where {f{'} are a family of solutions of the wave
equation in the analytically extended Schwarzschild
solution with continuum normalization which have
zero Cauchy data on the past horizon and have time
dependence of the form ¢*“v on §°, and {f®'} are a
family of solutions with continuum normalization
which have zero Cauchy data on 8- and have time
dependence of the form e'“Y on the past horizon.
The initial vacuum state is then defined by

a®|0)=al0)=0. (4.4)

This definition of the vacuum state is different
from that used by Boulware® for the analytically
extended Schwarzschild solution. The above defini-
tion, however, reproduces the results on particle
creation by a black hole which was formed by a
collapse. ,

The affine parameter U on the past horizon is re-
lated to the retarded time u by

u=- K*In(- U), (4.5)

where — o <y<w, <0, One can analytically con-
tinue (4.5) past the logarithmetic singularity at
U=0. In doing so, one picks up an imaginary part
of +7k™! depending on whether one passes above or
below the singularity, respectively. Define the
two analytic continuations %, and u_ by

u,=u_=-«In(- U) for U<O,

u,=— " InUzinc™? for U>0.

(4.6)

Because u, is holomorphic in the upper half U
plane, the functions e*“%+ and e¢~!“¥+ defined all the
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way up the past horizon from U=~ « to U=+ both
contain only positive frequencies with respect to
U. This means that one can replace the family of
solutions {7@"}, which have zero Cauchy data on
g~ and only positive frequencies with respect to U
on the past horizon, by two orthogonal families

of solutions { %"} and {f"'}, with continuum nor-
malization which have zero Cauchy data on #7, and
which have time dependence on the past horizon of
the form e*“¥+ and ¢+, respectively. One can
then express ¢ as

¢_=f(a,‘,,"f“,“+a,§,°’f,‘j’+a,§,"f,‘,,“+H.c.)dw.

(4.7
Equation (4.4) then becomes
a$*}0.) =al|0y=afM]0.)=0. (4.8)

Equation (4.8) says that there are no scalar parti-
cles in the modes { '} and {f'}. However, these
modes extend across both the interior and exterior
regions of the analytically continued Schwarzschild
solution. An observer at future null infinity *
cannot measure these modes but only the part of
them outside the future horizon. To correspond
with what an observer sees, define a new basis
consiating of three orthogonal families {w,}, {y.},
and {z,,} of solutions with continuum normalization
with the following properties:

{w,} have zero Cauchy data on 8~ and on the past
horizon for U<0. On the past horizon for U>0
they have time dependence of the form e™'“*:. (The
minus sign is necessary in order for the {wu} to
have positive Klein-Gordon norm and thus for the
associated annihilation and creation operators to
have the right commutation relations.)

{y.} have zero Cauchy data on 4 and the past
horizon for U>0. On the past horizon for U<0
they have time dependence of the form e!““s,

{z,} have zero Cauchy data on the past horizon
and on 8 they have time dependence of the form
etu,

The modes {z u} represent particles which come
in from 4" and pass through the future horizon with
probability |¢,|2 or are reflected back to 8* with
probability |7, I’. The modes {y } represent par-
ticles which, in the analytically extended Schwarz-
schild space, appear to come from the past horizon
and which escape to §* with probability |, |? or
are reflected back to the future horizon with prob-
ability |r,|?. In the spacetime which includes the
collapsing body, the outgoing and incoming solu-~
tions {p,}and {7} in the quasistationary
region outside the horizon correspond to linear
combinations of the {y,} and the {2 }:
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Future Horizon

Past Horizon

FIG. 3. The Penrose diagram of the r-¢ plane of the
analytically extended Schwarzschild space. Null lines
are at +456° and a conformal transformation has been
made to bring infinity, represented by 8* and 8°, toa
finite distance. Each point in this diagram represents a
sphere of area 4mr?.

pu=tuyu+rwzu)

94 =7uyw - tuzw'
The modes {wu} represent particles which, in the
analytically extended Schwarzschild space, are
always inside the future horizon and which do not
enter the exterior region. In the real space-time
with the collapsing body they correspond to par-
ticles which cross the event horizon just after its
formation.

The modes {z,} have the same Cauchy data as the

{r&}, therefore they are the same everywhere,
ie.,

(4.9)

2,51 (4.10)
on the past horizon for U<0,
Y= (1=}
=x A1 R FY, (4.11)

where x=¢-3"e**  The factors (1 — x)!/? and

x71/3(1 ~ x)t/2 appear because of the normaliza-
tion. On the past horizon for U>0
ww___x-l./nu - x)”’f}j‘
=(1=-g)t/2fW, (4.12)
This implies that (1-x)"/%(y, +x'/%w,) has the

same Cauchy data as 1’ and therefore is the same
everywhere, i.e.,

FO=-0)2 2y, + 217, (4.13)
Similarly,
FE = (1) g, + 207, (4.14)

One can express the operator ¢ in terms of the
basis {wu’yw"u}:

¢= f(guwu+h“,y“+jwzu+ﬂ.c.)dw, (4.15)
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where the {g,} and the {g}, etc., are the annihila-
tion and creation operators for particles in the
modes {w,}, etc. Comparing (4.15) with (4.7) and
using (4.13) and (4.14) one sees that

alP =1 ~x)"3n,~ %),
o= (1= 2 g, - 1Y),

@) = 5
a;)=j

(4.16)

w
One can superimpose the continuum-normalization
solutions {f$'}, etc., {w,}, etc. to form families
of orthonormal wave-packet solutions {f(""}, {f},
{r9Y, o, {9,} {2,}. 1 the wave packets are
sharply peaked around frequency w, the corre-
sponding operators af'’, etc., g,, etc. will be re-
lated by Eq. (4.16), where the suffix w is replaced
by j and modes with the same suffix j are taken to
be made up from continuum modes in the same
way, i.e., they have the same Fourier transforms.
One can define a future vacuum state ]0 Jby

g; 10,)=h,0,3=7,]0,)=0. {4.17)

One can then define states |A;B;C) which contain
n,, particles in the mode w,, n,, particles in the
mode w,, etc., n,, particles in the mode y,, etc.,
and n, particles in the mode z,, etc. by

1438;.0y= [[Ton, 1 (g |
X[H(njb! )-L/Z(h;)"“]

x [H(”:cl y ""(j})"“’] 0,).

The initial vacuum state |0_) can be expressed as
a linear combination of these states:

(4.18)

10.)= 3" ul;B;C)|4;B; ). (4.19)

The coefficients u{4;B; C) may be found by using
Egs. (4.8) and (4.16) which give

(g,- %} 0.y =0, (4.20)
(m—x*""gh|0.)=0, (4.21)
jnl0oy=0. (4.22)

Equation (4.22) implies that the coefficients p will
be nonzero only for states with no particles in the
{z,} modes, i.e., states for which n,,=0 for all j.
Equation (4.20) connects the coefficients p for
states with m particles in the w, mode and s par-
ticles in the y, mode, with the coefficients u for
states with m — 1 particles in the w, mode and

s~ 1 particles in the y, mode, i.e.,
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(m, ) ualm,}; Bls,]; 0
- s ) u(Alm - 1,]; Bl(s - 1),];0)=0,
(4.23)

where u(Alm,]; Bls,];0) is the coefficient for the
state fn,,, g,  + « 3 Mypstiay - - -0}, Where n, =m
and n,,=s. By induction on (4.23) one sees that

w(Alm,]; Bls,);0)=8,,x™*u(Al0,]; B[0,];0).
(4.24)

In other words, if one compares states with the
same numbers of particles in all modes except
the w, mode and the y, mode, the relative prob-
abilities of having m and s particles, respectively,
in these modes is gero unless m =s, in which case
it is proportional to x™. One can interpret this as
saying that the particles are created in pairs in the
corresponding w and y modes. The particle in the
w mode enters the black hole shortly after its for-
mation. The particle in the y mode is emitted from
the black hole and will escape to infinity with prob-
ability Itw l’ or be reflected back into the black hole
with probability |#,|®. The relative probabilities
of different numbers of particles being emitted in
the y modes- correspond exactly to the probability
distribution for thermal radiation.

By applying (4.24) to each value of % one obtains

u(A;B;0)=exp (— et E ":a“";) 1(0;0;0)

{4.25)

if {1y, Mag, «« 3= {340y - - -}, 0{4;B;0)=0 other-
wise. Strictly speaking, 1(0;0;0) is zero because
in the approximation that has been used the back
reaction of the created particles has been ignored
and the space-time has been represented by a
Schwarzschild solution of constant mass. This
means that the black hole goes on emitting at a
steady rate for an infinite time and therefore the
probability of emitting any given finite number of
particles is vanishingly small. However, if one
considers the emiasion only over some finite period
of time in which the mass of the black hole does
not change significantly, Eq. (4.26) gives the cor~
rect relative probabilities of emitting different
configurations of particles. Again one sees that
the probabilities of emitting all configurations with
some given energy are equal.

If one puts in the angular dependence Y, of the
modes, one finds that because (4.13) and (4.14)
connect w, and ¥, they connect modes with the
opposite angular momenta, (Z,m) and (I,—m).
This means that the particles are created in pairs
in the w and y modes with opposite angular mo-
menta. Because the w modes have time dependence
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of the form e~*“¥ while the y modes have time de-
pendence of the form ef“¥, there is also a sense
in which they have opposite signs of energy: The
y particles have positive energy and can escape
to infinity while the w particles have negative en-
ergy and reduce the mass of the black hole.

The particle creation that is observed at infinity
comes about because an observer at infinity divides
the modes of the scalar field in a manner which is
discontinuous at the event horizon and loses all in-
formation about modes inside the horizon. An ob-
server who was falling into the black hole would
not make such a discontinuous division. Instead,
he would analyze the field into modes which were
continuous against the event horizon. When prop-
agated back to the past horizon, these modes would
merely be blue-shifted by some constant factor
and therefore would still be purely positive fre-
quency with respect to the affine parameter U on
the past horizon. Thus the observer falling into
the black hole would not see any created particles.

V. THE SUPERSCATTERING OPERATOR 8

It was shown in Sec. III that observations at
future infinity had to be described in terms of a
density operator or matrix rather than a pure
quantum state. The reason for this was that part
of the information about the quantum state of the
system was lost down the black hole. One might
think that this information might reemerge during
the final stages of the evaporation and disappear-
ance of the black hole so that what one would be
left with at future infinity would be a pure quantum
state after all. However, this cannot be the case;
there must be nonconservation of information in
black-hole formation and evaporation just as there
must be a nonconservation of baryon number. A
large black hole formed by the collapse of a star
consisting mainly of baryons will have a very low
temperature. It will therefore emit most of its
rest-mass energy in the form of particles of zero
rest mass, By the time it becomes hot enough to
emit baryons it will have lost all but a small frac-
tion of its original mass and there will be insuf-
ficent energy avilable to emit the number of bar-
yons that went into forming the black hole. Thus,
if the black hole disappears completely, there will
be nonconservation of baryon number. The situa-
tion with regard to information nonconservation is
gimilar. The black hole is formed by the collapse
of some well-ordered body with low entropy. Dur-
ing the quasistationary emission phase the black
hole sends out random thermal radiation with a
large amount of entropy. In order to endup ina
pure quantum state the black hole would have to
emit a similar amount of negative entropy or in-
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formation in the final stages of the evaporation.
However, information like baryon number requires
energy and there is simply not enough energy
available in the final stages of the evaporation,
To carry the large amount of information needed
would require the emission in the final stages of
about the same number of particles as had already
been emitted in the quasistationary phase.
Because one ends up with a density operator
rather than pure quantum space, the process of
black-hole formation and evaporation cannot be
described by an § matrix. In general, the initial
situation will not be a pure quantum state either
because of the evaporation of black holes at earlier
times. What one has therefore is an dperator,
which will be called the superscattering operator
8, that maps density operators describing the ini-
tial situation to density operators describing the
final situation., By the superposition principle
this mapping must be linear. Thus if one regards
the initial and final density operators p, and p,
as second-rank tensors or matrices p, ,, and p,.p
on the inttial and final Hilbert spaces, respective-
ly, the superscattering operator will be a 4-index
tensor 8,5, such that

Pacp = ZZ 8coanPran-

When the initial situation is a pure quantum state
£, the initial density operator will be

(5.1)

Pias=Eaks- (5.2)

If the initial state i8 such as to have a very small
probability of forming a black hole, the final situa-
tion will also be a pure quantum state £, which is
related to the initial state by the § matrix:

tc= 2 Scabar (5.3)
The final density operator will be
Paco=Eckp- (5.4)

Thus the components of the § operator on these
states can be expressed as the product of two S
matrices:

8cpas=5(ScaSsn +S 407 Sc)- (5.5)

However, for initial states that have a significant
probability of forming a black hole, there is no S
matrix and so one cannot represent § in the form
(5.5).

Consider, for example, the scattering of two
gravitons. In this case the initial situation is a
pure quantum state and, if the energy is low, the
tinal situation will be also a nearly pure state.
This can be recognized by computing the entropy
of the final situation which can be defined as
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S, =~ Z Z Pacpln{Pzcp)-

In this expression the logarithm is to be under-
stood as the inverse of the exponential of a matrix.
It can be computed by transforming to a basis in
which p,.p i5 diagonal. For energies for which
there is a low probability of forming a black hole,
the entropy S, will be nearly zero. However, as
the center-of-mass energy of the gravitons is in-
creased to the Planck mass, there will be a sig-
nificant probability of a black hole forming and
evaporating and the entropy S, will be nonzero.

The tensor 8.,,, is Hermitian in the first and
second pairs of indices. Any density matrix has
unit trace hecause, in a basis in which it is di-
agonal, the diagonal entries are the probabilities
of being in the different states of the basis. Since
Pacp Must have unit trace for any initial density
matrix p, 4p,

Zscc.m =05

One can regard this as saying that, starting from
any initial state, the probabilities of ending up in
different final states must sum to unity. The cor-
responding relation

Z 8cpaa=0cp

would imply that for any given final state, the
probabilities of it arising from different initial
states should sum to unity., Two arguments will
be given for Eq. (5.8). The first is a thermody-
namic argument based on the impossibility of con-
structing perpetual-motion machines. The second
is based on CPT invariance.

Because the mass measured from infinity is con-
served, the superscattering operator 8 will con-
nect only initial and final states with the same en-
ergy. Thus (5.7) will hold when the initial and final
state indices are restricted to states with some
given energy E. Similarly, if (5.8) holds, it should
also hold when restricted to initial and final states
of energy E. For convenience, in order to make
the number of states finite, consider states be-
tween energy E and E + AE contained in a very
large box with perfectly reflecting walls, Define
Yep to be 258.p 44, Where the summation is over
the finite number of states specified above. Sup-
pose that

Yep# bep- (5.9

By (5.7) restricted to the same states, 2,§oc=N,
where N is the number of states. By transforming
to a basis in which i, is diagonal, one can see
that (5.9) would imply that there was some state
&, such that

(5.8)

(5.7)

(5.8}
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ZZ¢CD£CED= E Z Z 8cpaabcp>1.

(5.10)

This would imply that the sum of the probabilities
of arriving at the final state £, from all the differ-
ent possible initial states was greater than unity.
If one now left the energy E in the box for a very
long time, the system would evolve to various dif-
ferent configurations. For most of the time the
box would contain particles in approximately ther-
mal distribution. Qccasionally, a large number of
particles would get together in a small region and
would create a black hole which would then evapor-
ate again. To a good approximation one could re-
gard the time development of the density matrix

of the system as being given by successive applica-
tions of the 8 operator restricted to the finite num-
ber of states. On the normal assumptions of ther-
mal equilibrium and ergodicity one would expect
that after a long time the probability of finding the
system in any given state would be N and the
entropy would be ln N. However, if (5.10) held,

the probability of the system being in the state

. would be greater than N ! and so the entropy
would be less than In N. One could therefore ex-
tract useful energy and run a perpetual-motion
machine by periodically allowing the system to re-
lax to entropy In N. If one assumes that this is
impossible, (5.8) must hold.

The second argument for Eq. (5.8) is based on
CPT invariance. Because the Einstein equations
are separately invariant under C, P, and T, pure
quantum gravity will also be invariant under these
operations if the boundary conditions at hidden sur-
faces are similarly invariant. The matter fields

are not necessarily locally invariant under C, P,
and T separately, but they are locally invariant
under CPT because their Lagrangian density is a
scalar under local proper Lorentz transforma-
tions. Thus the quantum theory of coupled gravita-
tional and matter fields will be invariant under
CPT provided that the boundary conditions at hid-
den surfaces are invariant under CPT. That the
boundary conditions at hidden surfaces should be
invariant under CPT would seem a very reason-
able assumption, In fact, the assumption of CPT
for quantum gravity and the assumption that one
cannot build a perpetual-motion machine are equiv-
alent in that each of them implies the other. With
CPT invariance, Eq. (5.8) follows from (5.7). Be-
cause black holes can form when there was no
black hole present beforehand, CPT implies that
they must also be able to evaporate completely;
they cannot stabilize at the Planck mass, as has
been suggested by some authors., CPT invariance
also implies that for an observer at infinity there
is no operational distinction between a black hole
and a white hole: The formation and evaporation
of a black hole can be regarded equally well in the
reverse direction of time as the formation and
evaporation of a white hole.?® An observer who
falls into a hole will always think that it is a black
hole but he will not be able to communicate his
measurements to an observer at infinity.
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An interesting two-dimensional model theory has been proposed that allows one to consider black-hole
evaporation in the semiclassical approximation. The semiclassical equations will give a singularity where
the dilaton field reaches a certain critical value. This singularity will be hidden behind a horizon. As the
cvaporation procecds, the dilaton field on the horizon will approach the critical value but the tempera-
ture and rate of emission will remain finite. These results indicatc cither that there is a naked singulari-
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ty, or (more likely) that the semiclassical approximation breaks down.

PACS numbers; 97.60.L1, 04.20.Cv, 04.60.+n

Callan, Giddings, Harvey, and Strominger (CGHS)
{1) have suggested an interesting two-dimensional theory
with a metric coupled to a dilaton field and N minimal
scalar fields. The Lagrangian is

-—J '2'[R+4(V¢)2+4}.2]-—-Z(Vf)2

If one writes the metric in the form
dst=e®dxidx -,

the classical field equations are
8+0-f1=0,
2040-¢=20400-¢0— tr%¥=8,8_p,
040-90~204¢00-0— t1%?=0.

These equations have a solution
¢=—bln(—x4x-)—c—Inr,
p=—4%In(~xsx_)+In(26/1),

where b and ¢ are constants and b can be taken to be pos-
itive without lass of generality. A change of coordinates

ut =+ Qb/A)n(2 x4} (/A c+1nd)
gives a flat metric and a linear dilaton field

p=0,

¢=—+A(us—u-).

This solution is known as the linear dilaton. The solution
is independent of the constants b and ¢ which correspond
to freedom in the choice of coordinates. Normally b is
taken to have the value .

These equations also admit a solution

p=p—c=—% (ML " —A%¥x,x-).

This represents a two-dimensional black hole with hor-
izons at x + =0 and singularities at x+x - =MA "% ~%,
Note that there is still freedom to shift the p field on the

horizon by a constant and compensate by rescaling the
coordinates x +, but there is nothing corresponding to the
freedom to choose the constant b. In terms of the coordi-
nates u + defined as before with b= 4,

p=—FIn(1 — M le THUeTu))
o= ’!'}v(ll.o. —u._)—- i- In(1 _MA—|e —l(u‘—u_)) '

This black-hale solution is periodic in the imaginacy time
with period 272 ~'. One would therefore expect it to
have a temperature

T=\2n

and to emit thermal radiation {2). This is confirmed by
CGHS. They considered a black hole formed by sending
in a thin shock wave of one of the f; fields from the
weak-coupling region (large negative ¢) of the linear di-
laton. Onc can calculate the energy-momentum tensors
of the f; fields, using the conservation and trace anomaly
equations. If one imposes the boundary condition that
there is no incoming energy momentum apart from the
shock wave, ane finds that at late retarded times u — there
is a steady flow of energy in each f; field at the mass-
independent rate

A2/48 .

If this radiation continued indefinitely, the black hole
would radiate an infinite amount of energy, which seems
absurd. One might therefore expect that the backre-
action would modify the emission and cause it to stop
when the black hole had radiated away its initial mass. A
fully quantum treatment of the backreaction secems very
difficult even in this two-dimensional theory. But CGHS
suggested that in the limit of a large number NV of scalar
fields f;, one could neglect the quantum fluctuations of
the dilaton and the metric and treat the backreaction of
the radiation in the f; fields semiclassically by adding to
the action a trace anomaly term

T NG+B-p.
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The evolution equations that result from this action are
84+0-¢=(1~ f Ne?)8.6-p,
201~ F Ne™)848-9=(1 — 4 Ne?*)
X (484+98-9+1%%).

In addition, there are two equations that can be regarded
as constraints on the data on characteristic surfaces of
constant x 4,

83.¢—20+p8+¢- *Nez’laip—a-;pa-a-p—!-;(x "1,
6010—20_pd_g=LNe?92p—8-p8_p—t-(x7)],

where 1 +(x £) are determined by the boundary condi-
tions in a manner that will be explained later.

Even these semiclassical equations seem too difficult to
solve in closed form. CGHS suggested that a black hole
formed from an f wave would evaporate completely
without there being any singularity. The solution would
approach the linear dilaton at late retarded times « - and
there would be no horizons. They therefore claimed that
there would be no loss of quantum coherence in the for-
mation and evaporation of a two-dimensional black hole:
The radiation would be in a pure quantum state, rather
than in a mixed state.

In [3,4] it was shown that this scenario could not be
correct. The solution would develop a singularity on the
incoming f wave at the point where the dilaton field
reached the critical value

do=— 4 In(N/12).

This singularity will be spacelike near the f wave [4].
Thus at least part of the final quantum state will end up
on the singularity, which implies that the radiation at
infinity in the weak-coupling region will not be in a pure
quantum state.

The outstanding question is: How does the spacetime
evolve to the future of the f wave? There seem to be two
main possibilities: (1) The singularity remains hidden
behind an event horizon. One can continue an infinite
distance into the future on a line of constant ¢ <¢o
without ever secing the singularity. If this were the case,
the rate of radiation would have to go to zero. (2) The
singularity is naked. That is, it is visible from a linc of
constant ¢ at a finite time to the future of the f wave.
Any evolution of the solution after this would not be
uniquely determined by the semiclassical equations and
the initial data. Indeed, it is likely that the point at
which the singularity became visible was itself singular
and that the solution could not be evolved to the future
for more than a finite time.

In what follows I shall present evidence that suggests
the semiclassical equations lead to possibility (2). This
probably indicates that the semiclassical approximation
breaks down as the dilaton field on the horizon ap-
proaches the critical value.
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Static black holes.—If the solution were to evolve
without a naked singularity, it would presumably ap-
proach a static state in which a singularity was hidden
behind an event horizon. This motivates a study of static
black-hole solutions of the semiclassical equations. One
could look for solutions in which ¢ and p were indepen-
dent of the “time” coordinate v =x 4 +X - and depeaded
only on a “radial” variable o=x+ —x - but this has the
disadvantage that the Killing vector /8t is timelike
everywhere. This means the black-hole horizon is at
o= —oo_ [nstead it seems better to choose the Killing
vector to be that corresponding to boosts in the back-
ground two-dimensional Minkowski space. Then the past
and future horizons will be the null lines x + =0 inter-
secting at the origin. One can define a radial coordinate
that is left invariant by the boost as

r lem XX
It is straightforward to verify that r is regular on a space-
like surface through the origin and has nonzero gradient
there if ane chooses the positive square root on one side of
the intersection of the horizons at r=0 and the negative
root on the other. In the r coordinate the field equations
for a static solution are

" l'- —ﬂ.u
¢+'¢ [I 24e

1
Il+_ U .
o]
N 2¢ " 1, N )2 2

—_— + - - AR - 2 .
[l 3¢ ][¢ ’¢] 2[1 2% ¢ ]((¢) Ale¥)
The boundary conditions for a regular horizon are

¢'=p'=0.
A static black-hole solution is therefore determined by
the values of ¢ and p on the horizon. The value of p,
however, can be changed by a constant by rescaling the
coordinates x +. The physical distinct static solutions
with a horizon are therefore characterized simply by ¢4,
the value of the dilaton on the horizon.

If ¢x > 00, ¢ would increase away from the horizon and
would always be greater than its horizon value. This
shows that to get a static black-hole solution that is
asymptotic to the weak-coupling region of the linear dila-
ton, ¢» must be less than the critical value ¢o. One can
then show that both ¢ and p must decrease with increas-
ing r. This means the backreaction terms proportional to

N will become unimportant. For large r one can there-
fore approximate by putting N =0. This gives

o=p—Q2b—1lar—c,
o'+ (/)¢ =2{lp'— 2b—1)r "'12—22%%} .
Asymptotically these have the solution

p--|n,+m_2{b___K_+_Lﬁ+ e,

where b, ¢, K, L are parameters that determine the solu-
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tion. The parameters » and ¢ correspond to the coordi-
nate freedom in the linear dilaton that the solution ap-
proaches at large r. If L =0, the parameter K can be re-
lated to the Arnowitt-Deser-Misner (ADM) mass M of
the solution. However, if L#0, the ADM mass will be
infinite. This is what one would expect for a static black
hole in equilibrium with radiation at a nonzero tempera-
ture because there will be incoming and outgoing radia-
tion all the way to infinity. Of course a solution formed
by sending in an f wave to the linear dilaton will have a
finite mass. But one might hope that it would settle down
to a static black-hole solution which has finite mass be-
cause there is no incoming radiation (by boundary condi-
tions) and no outgoing radiation (because the rate of ra-
diation has gone to zero). Indeed this is what would have
to happen if the singularity were to remain hidden for all
time.

For ¢4 < 9o, the backreaction terms will be small at all
values of r and the solutions of the semiclassical equa-
tions will be almost the same as the classical black holes.
So

on=—%In(M/A),

where M is the mass at a finite distance from the black
hole.

Consider a situation in which a black hole of large
mass (M > NA/12) is created by sending in an f wave.
One could approximate the subsequent evolution by a se-
quence of static black-hole solutions with a steadily in-
creasing value of ¢ on the horizon. However, when the
value of ¢ on the horizon approaches the critical vaiue ¢q,
the backreaction will become important and will change
the black-hole solutions significantly. Let

¢=do+9, p=Ini+p.

Then N and A disappear and the equations for static
black holes become

¢n+l 1
r

F=1Q—e®|s"+ 75'

(1—¢%) =2 —e¥)(gN)2i—e¥].

¢-n+ _|_¢—:
r

As the dilaton ficld on the horizon approaches the criti-
cal value ¢, the term 1 —e?* will approach 2¢, where
€=¢o—¢x. This will cause the second derivative of ¢ to
be very large until ¢' approaches —e”™ in a coordinate
distance Ar of order 4¢. By the above equations, p' ap-
proaches —2¢™ in the same distance. A power series
solution and numerical calculations carried out by
Jonathan Brenchley confirm that in the limit as ¢ tends to
zero, the solution tends to a limiting form ¢.,p;.

The limiting black hole is regular everywhere outside
the horizon, but has a fairly mild singularity on the hor-

izon with R diverging like ™!, At large values of r, the
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solution will tend to the linear dilaton in the manner of
the asymptotic expansion given before. One or both of
the constants K and L must be nonzero, because the solu-
tion is not exactly the linear dilaton. Fitting to the
asymptotic expansion gives a value

b.=04.

If the singularity inside the black hole were to remain
hidden at all times, as in possibility (1) above, one might
expect that the temperature and rate of evolution of the
black hole would approach zero as the dilaton field on the
horizon approached the critical value. However, this is
not what happens. The fact that the black holes tend to
the limiting solution ¢.,5, means that the period in imagi-
nary time will tend to 4zb./L. Thus the temperature will
be

T.=\/4nb, .

The energy-momentum tensor of one of the f; fields can
be calculated from the conservation equations. In the x +
coordinates, they are

(T[b-;)-" 1"1‘ (6+58+ﬁ-—615+1+(x+)l f
(TL Y= — 5 18-p0-p—325+1-(x-)],

where ¢ + (x + ) are chosen to satisfy the boundary condi-
tions on the energy-momentum tensor. In the case of a
black hole formed by sending in an f wave, the boundary
condition is that the incoming flux (7% +) should be zero
at large r. This would imply that

l+-l/4x1 .

The energy-momentum tensor would not be regular on
the past horizon, but this does not matter as the physical
spacetime would not have a past horizon but would be
different before the f wave.

On the other hand, the energy-momentum tensor
should be regular on the future horizon. This would im-
ply that ¢ —(x _) should be regular at x - =0. Converting
to the coordinates u +, one then would obtain a steady
rate

A219262

of energy outflow in each [ field at late retarded times
u-.

In conclusion, the fact that the temperature and rate of
emission of the limiting black hole do not go to zero es-
tablishes a contradiction with the idea that the black hole
settles down to a stable state. Of course, this does not tell
us what the semiclassical equations will predict, but it
makes it very plausible that they will lead cither to a
naked singularity or to a singularity that spreads out to
infinity at some finite retarded time.

The semiclassical evolution of these two-dimensional
black holes is very similar to that of charged black holes
in four dimensions with a dilaton ficld [5]. If one sup-
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poses that there are no fields in the theory that can carry
away the charge, the steady loss of mass would suggest
that the black hole would approach an extreme state.
However, unlike the case of the Reissner-Nordstrom solu-
tions, the extreme black holes with a dilaton have a finite
temperature and rate of emission. So one obtains a simi-
lar contradiction. If the solution were to evolve to a state
of lower mass but the same charge, the singularity would
become naked.

There seems to be no way of avoiding a naked singutar-
ity in the context of the semiclassical theory. If space-
time is described by a semiclassical Lorentz metric, a
black hole cannot disappear completely without there be-
ing some sort of naked singularity. But there seem to be
zero-temperature nonradiating black holes only in a few
cases, for example, charged black holes with no dilaton
field and no fields to carry away the charge.

What seems to be happening is that the semiclassical
approximation is breaking down in the strong-coupling
regime. In conventional general relativity, this break-
down occurs only when the black hole gets down to the
Planck mass. But in the two- and four-dimensional dila-
tonic theories, it can occur for macroscopic black holes
when the dilaton ficld on the horizon approaches the criti-
cal value. When the coupling becomes strong, the semi-
classical approximation will break down. Quantum fluc-
tuations of the metric and the dilaton could no longer be
neglected. One could imagine that this might lead to a
tremendous explosion in which the remaining mass ener-
gy of the black hole was released. Such explosions might
be detected as gamma-ray bursts.

Even though the semiclassical equations seem to lead
to a naked singularity, one would hope that this would
not happen in a full quantum treatment. Exactly what it
means not to have naked singuiarities in a quantum
theory of gravity is not immediately obvious. One possi-
ble interpretation is the no boundary condition [6]:
Spacetime is nonsingular and without boundary in the
Euclidean regime. If this proposal is correct, some sort of
Euclidean wormhole would have to occur, which would

carry away the particles that went in to form the black
hole, and bring in the particles to be emitted. These
wormholes could be in a coherent state described by al-
pha parameters [7]. These parameters might be deter-
mined by the minimization of the effective gravitational
constant G [7-9). In this case, there would be no loss of
quantum coherence if a black hole were to evaporate and
disappear completely or the alpha parameters might be
different moments of a quantum field a on superspace
[10]. In this case there would be eflective loss of quan-
tum coherence, but it might be possible to measure all the
alpha parameters involved in the evaporation of a black
hole of a given mass. In that case, there would be no fur-
ther loss of quantum coherence when black holes of up to
that mass evaporated.,

I was greatly helped by talking to S. B. Giddings and
A. Strominger who were working along similar lines. [
also had useful discussions with G. Hayward, G. T.
Horowitz, and J. Preskill. This work was carried out dur-
ing a visit to Caltech as a Sherman Fairchild Dis-
tinguished Scholar. This work was supported in part by
the U.S. Department of Energy under Contract No.
DEAC-03-81 ER40050.
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It is shown that the close connection between event horizons and thermodynamics which has been found in
the case of black holes can be extended to cosmological models with a repulsive cosmological constant. An
observer in these models will have an event horizon whose area can be interpreted as the entropy or lack of
information of the observer about the regions which he cannot see. Associated with the event horizon is a
surface gravity k which enters a classical “first law of event horizons” in a manner similar to that in which
temperature occurs in the first law of thermodynamics. It is shown that this similarity is more than an
analogy: An observer with a particle detector will indeed observe a background of thermal radiation coming
apparently from the cosmological event horizon. If the observer absorbs some of this radiation, he will gain
energy and entropy st the expense of the region beyond his ken and the event horizon will shrink. The
derivation of these results involves abandoning the idea that particles should be defined in an observer-
independent manner. They also suggest that one has 10 use something like the Everett-Wheeler interpretation
of quantum mechanics because the back reaction and hence the spacetime metric itself appear to be observer-
dependent, if one assumes, as seems reasonable, that the detection of a particle is accompanied by a change in
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the gravitational field.

1L INTRODUCTION

The aim of this paper is to extend to cosmologi-
cal event horizons some of the ideas of thermo-
dynamics and particle creation which have recently
been successfully applied to black-hole event
horizons. In a black hole the inward-directed
gravitational field produced by a collapsing body is
8o strong that light emitied from the body is drag-
ged back and does not reach an observer at a large
distance. There is thus a region of spacetime
which is not visible to an external observer. The
boundary of the region is called the event horizon
of the black hole. Event horizons of a different
kind occur in cosmological models with a repul-
sive A term. The effect of this term is to cause
the universe to expand so rapidly that for each ob-
server there are regions from which light can
never reach him. We shall call the boundary of
this region the cosmological event horizon of the
observer.

The “no hair” theorems (Israel,! Muller zum
Hagen et al. ? Carter,® Hawking,! Robinson® %)
imply that a black hole formed in a gravitational
collapse will rapidly settle down to a quasistation-
ary state characterized by only three parameters,
the mass M, the angular momentum J,, and the
charge Q4. A black hole of a given M,,J,,Q,
therefore has a large number of possible unobserv.
able internal configurations which reflect the dif-
ferent possible initial configurations of the body
that collapsed to produce the hole. In purely clas-
sical theory this number of internal configurations
would be infinite because one could make a given
black hole out of an infinitely large number of

130

particles of indefinitely small mass. However,
when quantum mechanics is taken into account, one
would expect that in order to obtain gravitational
collapse the energies of the particle would have to
be restricted by the requirement that their wave-
length be less than the size of the black hole. It
would therefore seem reasonable to postulate that
the number of internal configurations is finite. In
this case one could associate with the black hole an
entropy S, which would be the logarithm of this
number of possible internal configuratjons.”®®
For this to be consistent the black hole would have
to emit thermal radiation like a body with a tem-
perature

Ty=G [(a}u)_,'c] '

The mechanism by which this thermal radiation
arises can be understood in terms of pair creation
in the gravitational potential well of the black hole.
Inside the black hole there are particle states
which have negative energy with respect to an ex-
ternal stationary observer. It is therefore ener-
getically possible for a pair of particles to be
spontaneously created near the event horizon. One
particle has positive energy and escapes to infinity,
the other particle has negative energy and falls
into the black hole, thereby reducing its mass,
The existence of the event horizon would prevent
this happening classically but it is possible quan-
tum-mechanically because one or other of the
particles can tunnel through the event horizon. An
equivalent way of looking at the pair creation is
to regard the positive- and negative-energy par-
ticles as being the same particle which tunnels
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out from the black hole on a spacelike or past-
directed timelike world line and is scattered onto

a future-directed world line (Hartle and Hawking'?).
When one calculates the rate of particle emission
by this process it turns out to be exactly what one
would expect from a body with a temperature

T y=M2nkc) 'k ,, where k, is the surface gravity

of the black hole and is related to M, J,, and

Q4 by the formulas

ky=(r,- r)c%r,

7, =2 (CM % (G ~ JAM*c? - G2,
roi=7 2+ G3PM 22,

Ay=drr?.

A, is the area of the event horizon of the black
hole.

Combining this quantum-mechanical argument
with the thermodynamic argument above, one
finds that the total number of internal configura-
tions is indeed finite and that the entropy is given

by
Sy=(4GHkcA , .

Cosmological models with a repulsive A term
which expand forever approach de Sitter space
asymptotically at large times. In de Sitter space
future infinity is spacelike.!*!? This means that
for each observer moving on a timelike world line
there is an event horizon separating the region of
spacetime which the observer can never see from
the region that he can see if he waits long enough.
In other words, the event horizon is the boundary
of the past of the observer’s world line. Such a
cosmological event horizon has many formal simi-
larities with a black-hole event horizon. As we
shall show in Sec. III it obeys laws very similar
to the zeroth, first, and second laws of black-
hole mechanics in the classical theory.?® It also
bounds the region in which particles can have nega-
tive energy with respect to the observer. One
might therefore expect that particle creation with
a thermal spectrum would also occur in these
cosmologlcal models. In Secs. IV and V we shall
show that this 18 indeed the case: An observer
will detect thermal radiation with a characteristic
wavelength of the order of the Hubble radlus. This
would correspond to a temperature of less than
10738 °K go that 1t 18 not of much practical signifi-
cance. It is, however, important conceptually be-
cause it shows that thermodynamic arguments can
be applied to the unlverse as a whole and that the
close relationship between event horizons, gravi-
tational fields, and thermodynamics that was
found for black holes has a wider validity.

One can regard the area of the cosmological
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event horizon as a measure of one’s lack of know-
ledge about the rest of the universe beyond one's
ken. If one absorbs the thermal radiation, one
gains energy and entropy at the expense of this
region and 8o, by the first law mentioned above,
the area of the horizon will go down. As the area
decreases, the temperature of the cosmalogical
radiation goes down (unlike the black-hole case),
so the cosmological event horizon is stable, On
the other hand, if the observer chooses not to
absorb any radiation, there is no change in area
of the horizon. This is another illustration of the
fact that the concept of particle production and
the back reaction associated with it seem not to
be uniquely defined but to be dependent upon the
measurements that one wishes to consider.'* ™

The plan of the paper is as follows. In Sec. I
we describe the black-hole asymptotically de Sitter
solutions found by Carter.?? In Sec. III we derive
the classical laws governing both cosmological and
black-hoie event horizons. In Sec. IV we discuss
particle creation in de Sitter space. We abandon
the concept of particles as being observer-inde-
pendent and consider instead what an observer
moving on a timelike geodesic and equipped with
a particle detector would actually measure. We
find that he would detect an isotropic background
of thermal radiation with a temperature (27) k¢
where kc=A'/2371/2 {g the surface gravity of the
cosmological event horizon of the observer. Any
other observer moving on a timelike geodesic will
also see isotropic radiation with the same tem-
perature even though he is moving relative to the
first observer. This shows that they are not ob-
serving the same particles: Particles are observ-
er-dependent. In Sec. V we extend these results
to asymptotically de Sitter spaces contalning black
holes. The implications are congidered in Sec. VI,
It seems necessary to adopt something like the
Everett-Wheeler Interpretation of quantum mech~
anics because the back reaction and hence the
spacetime metric wlll be observer-dependent, if
one assumes, as seems reasonable, that the de-~
tection of a particle s accompanied by a change
in the gravitational field.

We shall adopt units in which GaH=k=c=1, We
shall use a metric with signature +2 and our con-
ventions for the Riemann and the Ricci tensors are

Vai[p:e1 ™ %R‘ﬂbc Vs »
Ry=RS,
1. EXACT SOLUTIONS WITH COSMOLOGICAL EVENT
HORIZONS

In this section we shall give some examples of
event horizons in exact solutions of the Einstein
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equations

R,,-lignR+Ag,,=8er“v (2.1)

We shall consider only the case of A positive (cor-
responding to repulsion). Models with negative A
do not, in general, have event horizons.

The simplest example is de Sitter space which
is a solution of the field equations with 7,,=0.
One can write the metric in the static form

ds?= (1 =Ar*3"Vdt? +dy?(1 ~Ar?3-1) !

+r¥d & +sin®8d ¢?). (2.2)

This metric has an apparent singularity at »
=31/2A"1/2 This singularity caused considerable
discussion when the metric was first discov-
ered.'’'!® However, it was soon realized that it
arose simply from a bad choice of coordinates
and that there are other coordinate systems in
which the metric can be analytically extended to
a geodesically complete space of constant curva-
ture with topology R'xS°. For a detailed descrip-
tion of these coordinate systems the reader is
referred to Refs. 12 and 19. For our purposes it
will be convenient to express the de Sitter metric
in “Kruskal coordinates”:

ds®=3A"'(UV-1)"?
x{[-4qUdV+(UV+ 17 (@& +sin?6d¢>)]

(2.3)

where
re3R2ATNVZUYL DA -UY), (2.49)
exp(2A /23312y = VUL, (2.5)

The structure of this space is shown In Fig. 1. In
this diagram radial null geodesics are at x45° to
the vertical. The dashed curves UV=-1 are time-
like and represent the origin of polar coordinates
and the antipodal point on a three-sphere. The
solid curves UV=+1 are spacelike and represent
past and future infinity 8 and 9°, respectively.

In region I (U<0, V>0, UV>-1) the Killling vec-
tor K = &/8¢ is timelike and future-directed. How-
ever, in region IV (U>0, V<0, UV >-1, K is still
timelike but past-directed. while in regions II and
II (0<UV<1) X is spacelike. The Killing vector K
is null on the two surfaces U=0, V=0. These are
respectively the future and past event horizons for
any observer whose world line remains in region
I, in particular for any observer moving along a
curve of constant » in region I.

By applying a suitable conformal transformation
one can make the Kruskal diagram finite and con-
vert it to the Penrose-Carter form (Fig. 2). Radi-
al null geodesics are still 245" to the vertical but
the freedom of the conformal factor has been used
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Uvsz. 1(g)

Uv=.1(9)
r zoo

FIG. 1. Kruskal dlagram of the (r.?) plane of de
Sitter space. In this figure null geodesics are at * 45°
to the vertical. The dashed curves » =0 are the anti-
podal origins of polar coordinates on a three-sphere.
The solid curves r == are past and future infinity §~
and 9+, respectively. The lines 7=3'2A1/ 2 gre the
past and future event horizons of observers at the ori-
gin.

to make the origin of polar coordinates, » =0, and
future and past infinity, 9* and 8-, straight lines.
Also shown are some orbits of the Killing vector
K =3/8t, Because de Sitter space is invariant
under the ten-parameter de Sitter group, SO(4,1),
K will not be unique. Any timelike geodesic can
be chosen as the origin of polar coordinates and
the surfaces U=0 and V=0 in such coordinates
will be the past and future event horizons of an
observer moving on this geodesic. If one normal-
izes K to have unit magnitude at the origin, one
can define a “surface gravity” for the horizon by

Ko oK' = koK, (2.6)

r=0.,9 °

r=00.,9 "

FIG. 2. The Penrose-Carter diagram of de Sitter
space. The dotted curves are orbits of the Killing vec-
tor.
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on the horizon, This gives
Kp=AY/2371/2 2.m
The area of the cosmological horizon is
Ac=121A71, (2.8)

One can also construct solutions which general-
ize the Kerr-Newman family to the case when A
is nonzero.?™*' The simplest of these is the
Schwarzschild—de Sitter metric. When A =0 the
unique spherically symmetric vacuum spacetime
is the Schwarzschild solution. The metric of this
can be written in static form:

ds?= =1 ~2M» "N)dt? +gr*(1 -2Mr-1) !
+72(d & +8in’8d ¢%). (2.9)

As is now well known, the apparent singularities
at » = 2M correspond to a horizon and can be re-
moved by changing to Kruskal coordinates in which
the metric has the form

ds?=-32M%* "' exp(-2"'M " r)dUAV

+7 (d & +8in?6d ¢?), (2.10)
where
UV=(1-2""M"") exp(2 M ¥} (2:11)
and
UV?'=z—exp(=2-'M7), (2.12)

The Penrose-Carter diagram of the Schwarzschild
solution is shown In Fig. 3. The wavy lines marked
7=0 are the past and future singularities. Reglon

I is asymptotically flat and is bounded on the right
by past and future null infinity 9~ and 8*. It is
bounded on the left by the surfaces U=0 and V=0,
r=2M. These are future and past event horizons
for observers who remain outside » =2M. On the

r= 0 v

FIG. 3. The Penrose-Carter diagram of the Schwarzs-
child solution, Thé wavy lines and the top and bottom
are the future and past singularities. The diagonal
lines bounding the diegram on the right-hand side are
the past and future null infinity of asymptotically flat
space. The region IV on the left-hand-side is another
asymptotically flat space.
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left-hand side of the diagram there is another a
asymptotically flat region IV. The Kllling vector
K = 9/8¢ I3 now uniquely defined by the condition
that it be timelike and of unit magnitude near 8*
and 8-, It is timelike and future-directed in re-
gion I, timelike and past-directed in region IV,
and spacelike in regions I and II. The Killing
vector K is null on the horizons which have area
A ,=16zM*. The surface gravity, deflned by (2.6),
is x,= (M)

The Schwarzschild solution is usually interpreted
as a black hole of mass M in an asymptotically flat
space. There i8 a straightforward generalization
to the case of nonzero A which represents a black
hole in asymptotically de Sitter space. The metric
can be written in the static form

ds®=—(1 ~2Myr~' =Av*37)d}?
+dr”* (1 =2Mr 1 ~AP23 Y2
+72d 6 +8in*8d¢%) . (2.13)

If A>0 and 9AM? <1, the factor (1 -2Mr~! -A??3"1)
is zero at two positive values of ». The smaller of
of these values, which we shall denote by »,, can
be regarded as the position of the black-hole event
horizon, while the larger value 7, , represents the
position of the cosmological event horizon for ob-
servers on world lines of constant v between »,
and ,,. By using Kruskal coordinates as above
one can remove the apparent singularities in the
metric at , and 7,,. One has to employ separate
coordinate patches at r, and r,,. We shall not
give the expressions in full because they are rath-
er messy; however, the general structure can be
seen from the Penrose-Carter diagram shown in
Fig. 4. Instead of having two regions (I and IV) In
which the Killing vector K = 8/8¢ is timelike, there
are now an infinite sequence of such regions, also
labeled I and IV depending upon whether X is
future- or past-directed. There are also infinite
sequences of =0 singularities and spacelike in-
finities 8* and 8°. The surfaces r=7, and r=7,,
are black-hole and cosmological event horizons
for observers moving on world lines of constant

FIG. 4. The Penrose-Carter diagram for Sctwarzs-
child-de Sitter space. There is an infinite sequence of
singularities » = 0 and spacelike infinitles r =%, The
Killing vector K= 8/8¢ 1a timelike and future-gdirected
in regions I, timelike and past-directed In regions IV
and spacelike in the others.
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r between », and 7, ,.

The Killing vector K = 8/8¢ is uniquely defined
by the conditions that it be null on both the black-
hole and the cosmological horizons and that its
magnitude should tend to A'723°'/%y as » tends to
infinity. One can define black-hole and cosmolo-
loglcal surface gravities x, and k¢ by

Koy KP= kK, (2.14)
on the horizons. These are glven by

Ky=AB T My, v Mr, -r_ ), (2.15a)

Ke=A8'r My, —rr,,=7_)), {2.15b)
where r =7 __ I8 the negative roét of

37 —-6M-AY*=0. (2.16)
The areas of the two horizons are

Ay=4nr,? 2.17
and

Ac=4ny, 2. (2.18)

If one keeps A constant and increases M, », will
increase and 7, , will decrease. One can under-
stand this in the following way. When M =0 the
gravitational potential g(8/8¢, &/8¢) is 1 —Ar?37L.
The introduction of a mass M at the origin pro-
duces an additional potential of —2M»~'. Horlzons
occur at the two values of » at which g(8/3¢, 3/8¢)
vanishes. Thus as M increases, the black-hole
horizon >, increases and the cosmological hori-
zon 7, , decreases. When 9AM?=1 the two hori-
zons coincide. The surface gravity K can be
thought of as the gravitational field or gradient
of the potential at the horizons. As M increases
both «x, and k. decrease.

The Kerr—Newman-de Sitter space can be ex-

pressed in Boyer-Lindquist-type coordinates
aszo.z:

ds*=p*(A,dY +8e ' F)
+p"2E “2Agadt - (0 +a*Vd ¢]?

-A, S 2p7(dt —a sin®6d ), (2.19)

where
p*=7? +a’ cos®d, (2.20)
A, = (P +a(1-A3 ) -2M7r +@*, (2.21)
Ag=1+Aa*37 cos®6, (2.22)
Z=1+Aa%3"". (2.33)

The electromagnetic vector potential A, is given by
A, =Qrp 2EY8] —asin®66?) . {2.24)

Note that our A has the opposite sign to that in
Ref. 21,
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There are apparent singularities in the metric
at the values of » for which A,=0. As before,
these correspond to horizons and can be removed
by using appropriate coordinate patches. The Pen-
rose-Carter diagram of the symmetry axis (§=0)
of these spaces is shown in Fig. 5 for the case
that A, has 4 distinct roots: »_., r_, 7,, and
7,+. As before, »,, and 7, can be regarded as
the cosmological and black-hole event horlzons,
respectively. In addition, however, there is now
an inner black-hole horizon at r=7_. Passing
through this, one comes to the ring singularity at
7 =0, on the other side of which there is another
cosmological horizon at » =7 __ and another infin-
ity. The diagram shown is the simplest one to
draw but it is not simply connected; one can take
covering spaces. Alternatively one can identify
reglons in this diagram.

The Killing vector K = 9/ 1s uniquely defined by
the condition that its orbits should be closed
curves with parameter length 27, The other Kill-

1%

0oNOOO0O

FIG. 5. The Penrose-Carter diagram of the symme-
try axias of the Kerr—Newman--de Sitter solution for
the case that A, has four distinct real roots. The in-
finities 7 =+ and r =— = are not joined together. The
external cosmological horizon occurs at =7, the ex~
terior black-hole horizon at =7, the inner black-hole
horizon at r=r_. The open circles mark where the ring
singularity occurs, although this is not on the symmetry
axis. On the other side of the ring at negative values of
r there is another cosmological horizon at r=7.. and
another infinity.
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ing vector K = 8/8! 18 not so specially picked out.
One can add different constants multiples of K to
K to obtain Killing vectors which are null on the
different horizons and one can then define surface
gravities as before. We shall be interested only
in those for the r,,7,, horizons. They are

Ky=ABIE My, —r_Wr, v Mr,, -r M r.2+a)}™?,

(2.25)
Ke=AB =" r,, ~» Mr,, —» Mr,, =7 )r 2 +a®) "},
(2.26)
The areas of these horizons are
Ag=dn(r,?+a"), (2.27
Ac=dn(r,, +a%. (2.28)

L. CLASSICAL PROPERTIES OF EVENT HORIZONS

In this section we shall generalize a number of
results about black-hole event horizons in the
classical theory to spacetimes which are not
asymptotically flat and may have a nonzero cosmo-
logical constant, and to event horizons which are
not black-hole horizons., The event horizon of a
black hole in asymptotically flat spacetimes is
normally defined as the boundary of the region
from which one can reach future null infinity, §*,
along a future-directed timelike or null curve. In
other words it i1s J~(8*) [or equivalently 7 ~(8*}],
where an overdot indicates the boundary and J~
is the causal past ({/~ Is the chronological past).
However, one can also define the black-hole hori-
zon as {~(A), the boundary of the past of a time-
like curve A which has a future end point at future
timelike infinity, ¢* in Fig. 3. One can think of A
as the world line of an observer who remains out-
side the black hole and who does not accelerate
away to infinity. The event horizon ls the bound-
ary of the region of spacetime that he can see if
he walts long enough. It is this definition of event
horizon that we shall extend to more general
spacetimes which are not asymptotically flat.

Let A be a future inextensible timellke curve
representing an observer’s world line. For our
conslderations of particle creation in the next sec-
tion we shall require that the observer have an in-
definitely long time In which to detect particles.
We shall therefore assume that A has infinite prop-
er length in the future direction. This means that
it does not run Into a singularity. The past of A,
I-(2), is a terminal indecomposable past set, or’
TIP in the language of Geroch, Kronheimer, and
Penrose.’ It represents all the events that the ob-
server can ever see. We shall assume that what
the observer sees at late times can be predicted
(classically at least) from a spacelike surface 8,
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f.e., I"(A\) N J*(8) is contained in the future Cauchy
development D*(8).’> We shall also assume that
I=(\ N J*(8), the portion of the event horizon to
the future of 8, is contained in D*(8). Such an
event horizon will be sald to be predictable. The
event horizon will be generated by nuii geodesic
segments which have no future end points but
which have past end points if and where they in-
tersect other generators.'? In another paper®® it
is shown that the generators of a predictable event
horizon cannot be converging if the Einstein equa-
tions hold (with or without cosmological constant},
provided that the energy-~-momentum tensor sat-
isties the strong energy condition T,u"u®

)kT.‘,u‘ u, for any timellike vector u,, l.e., pro-
vided that p +P, 30, p+Y.{:23 P, 30, where u is

the energy density and P, are the principal pres-
sures. This gives immediately the following re-
sult, which, because of the very suggestive anal-
ogy with thermodynamics, we call:

The second law of event horizons: The area of
any connected two-surface in a predictadble event
horizon cannot decrease with time. The area may
be infinite if the two-dimensional cross section is
not compact. However, in the examples in Sec. II,
the natural two-sections are compact and have con-
stant area.

In the case of gravitational collapse in asymp-
totically flat spacetimes one expects the space-
time eventually to settle down to a quasistatlonary
state because all the available energy will elther
fall through the event horizon of the black hole
(thereby Increasing its area) or be radiated away
to infinity. In a similar way one would expect that
where the intersection of 7 ~(A) with a spacelike
surface 8 had compact closure (which we shall as-
sume henceforth), there would only be a finite
amount of energy available to be radiated through
the cosmological event horizon of the observer
and that therefore this spacetime would eventually
approach a stationary state. One ls thus lead to
consider solutions in which there is a Killing vec-
tor K which is timelike in at least some region of
I"(A\)NJ*(8). Such solutions would represent the
asymptotic future limit of general spacetimes with
predictable event horlzons.

Several results about stationary empty asymp-
totically flat black-hole solutions can be generai-
ized to stationary solutions of the Einstein equa-
tions, with cosmological constant, which contain
predictable event horizons. The first such theo-
rem ls that the null geodesic generators of each
connected component of the event horizon must
colncide with orbits of some Killing vector.?*:*!

These Klilling vectors may not coincide with the
original Klilling vector K and may be different for
different components of the horizon. In either of
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these two cases there are at least two Killing vec-
tors. One can chose a linear combination K whose
orbits are spacelike closed curves In I~(A) N J(8).
One could interpret this as implying that the solu-
tion is axisymmetric as well as being stationary,
though we have not been able to prove that there

is necessarily any axis on which K vanishes.

Let K be the Killing vector which coincides with
the generators of one component of the event hori-
zon. It K s not hypersurface orthogonal and if
then space is empty or contains only an electro-
magentic field, one can apply a generalized
Lichnerowicz theorem® ! to show that K must be
spacelike in some “ergoregion” of 7-(x). One can
then apply energy extraction arguments®*'? or
the results of Hajicek®® to show that this ergore-
glon contains another component of the event hori-
zon whose generators do not coincide with the or-
bits of K. It therefore follows that elther X 1s
hypersurface orthogonal (in which case the solu-
tion is static) or that there are at least two Kill-
ing vectors (in which case the solution is axis-
symmetric as well as stationary). If there is
only a cosmological horizon and no black-hole
horizon, then the solution is necessarily static.

One would expect that in the static vacuum case
one could generalize Israel’s theorem'*? to prove
that the space was spherically symmetric. One
could then generalize Birkhoff’s theorem to in-
clude a cosmological constant and show that the
space was necessarily the Schwarzschild-de Sitter
space described in Sec. II. In the case that there
was only a cosmological event horizon, it would
be de Sitter space. In the stationary axisymme-
tric case one would expect that one could general-
ize and extend the results of Carter and Robin-
son®'® to show that vacuum solutions were mem-
bers of the Kerr—de Sitter family described in
Sec. II. I there is matter present it will distort
the spacetime from the Schwarzschild-de Sitter
or Kerr-de Sitter solution just as matter around
a black hole in asymptotically flat space will dis-
tort the spacetime away from the Schwarzschild
or Kerr solution.

The proof given in Ref. 13 of the zeroth law of
black holes can be generalized immediately to
the case of nonzero cosmological constant. One
thus has:

The zervoth law of event horizons: The surface
gravity of a connecled component of the event hori-
zom I™()\) is constant gver that component. This
is analogous to the zeroth law of nonrelativistic
thermodynamics which states that the tempera-
ture i8 constant over a body in thermal equili-
brium. We shall show in Secs. IV and V that
quantum effects cause each component of the
event horizon to radiate thermally with a
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temperature proportional to its surface gravity.
One can also generalize the first law of black
holes. We shall do this for stationary axisymme-
tric solutions with no electromagnetic field and
where I-(x) NJ* (8) consists of two components,
a black-hole event horizon and a cosmological
event horizon. Let K be the Killing vector which
is null on the cosmological event horizon. The
orbits of K will constitute the stationary frame
which appears to be nonrotating with respect to
distant objects near the cosmological event hori-
zon. In the general case the normalization of K
is somewhat arbitrary but we shall assume that
some particular normalization has been chosen.
The Killing vector K which coincldes with the gen-
erators of the black-hole horizon can be expressed
in the form

K=K+Q,K, (3.1)

where {2, is the angular velocity of the black-hole
horizon relative to the cosmological horizon in
the units of time defined by the normalization of
K and K is the uniquely defined axial Killing vec-
tor whose orbits are closed curves with parame-
ter length 27,

For any Kllling vector fleld ¢° one has

ga:b:b=R‘b gb. (3.2)

Choose a three-surface 8 which is tangent to 1?,
and integrate (3.2) over it with {¢=K. On using
Einstein’s equations this gives

(an)'lfﬂk"”'dz:,,+(an)-‘fck'=’dz,,= fT“K,dz,,
(3.3)

where the three-surface integral on the right-hand
side 1s taken over the portions of 8 between the
black-hole and cosmological horizons and the
two-surface integrals marked H and C are taken
over the intersections of 8 with the respective
horizons, the orientation being given by the direc-
tion out of /(). One can interpret the right-hand
side of (3.3) as the angular momentum of the
matter between the two horizons. One can there-
fore regard the second term on the left-hand side
of (3.3) as being the total angular momentum, Jg,
contained in the cosmological horizon, and the
first on the left-hand side term as the negative of
the angular momentum of the black hole, J,.

One can also apply Eq. (3.2) to the Killing vec-
tor K to obtain

(4m"? jK”"dE,, +(4m"! fK"’dZ.,

= fz(imm S T g KA, + fA(4n)"x,dz‘ .
(3.4)
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One can regard the terms on the right-hand side
of Eq. (3.4) as representing respectively the (posi-
tive) contribution of the matter and the (negative)
contribution of the A term to the mass within the
cosmological horizon. One can therefore regard
the second term on the left-hand side as the (nega-
tive) mass M within the cosmological horizon

and the first term on the left-hand side as the
negative of the (positive) mass M, of the black
hole. As in Ref. 13, one can express M, and M.
as

3.5
(3.6)

My=kuApyd4mi= + 20 ,J,,
Me= —KcAc(47r)-l .

One therefore has the Smarr-type®® formulas
Me=-xeAAM™

=kyA 4m 420, J, 4 fz(T,,, ~Teg Kb dT*

+{4m)t J.AK,dE'. (3.7
One can take the differential of the mass formu-
la {n a manner similar to that in Ref. 13. One ob-
tains:
The first law of event horizons.

f BT K dZ? =~k BA o(87) ™  —k 6 A (81 "1 =0 40,
(3.8)

where 6T, is the variation in the matter energy-
momentum tensor between the horizons in a gauge
in which 6K*=8K%=0.

From this law one sees that if one regards the
area of a horizon as being proportional to the en-
tropy beyond that horizon, then the corresponding
surface gravity 1s proportional to the effective
temperature of that horizon, that is, the tempera-
ture at which that horizon would be in thermal
equillbrium and therefore the temperature at
which that horizon radiates. In the next sectlon
we shall show that the factor of proportionality
between temperature and surface gravity is (27)7%,
This means that the entropy is 4 the area. In the
case of the cosmological horizon in de Sitter
space the entropy is 37A ~'310%7° because A <1072,

IV. PARTICLE CREATION IN DE SITTER SPACE

In this section we shall calculate particle crea-
tion in solutions of the Einstein equations with
positive cosmological constant. The simplest ex-
ample {8 de Sitter space and particle production
in this sttuation has been studled by Nachtmann,?’
Tagirov,?® Candelas and Raine,*® and Dowker and
Critehley,’® among others. They all used definit-
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ions of particles that were observer-independent
and Invariant under the de Sitter group. Under
these conditions only two answers are possible
for the rate of particle creation per unit volume,
zero or infinity, because if there is nonzero pro-
duction of particles with a certain energy, then
by de Sitter group invariance there must be the
same rate of creation of particles with all other
energies. It is therefore not surprising that the
authors mentioned above chase their definitions
of particles to get the zero answer.

An observer-independent definition of particles
is, however, not relevant to what a given observ-
er would measure with a particle detector. This
depends not only on the spacetime and the guantum
state of the system, but also on the observer’s
world line. For example, Unruh' has shown that
in Minkowski space in the normal vacuum state
accelerated observers can detect and absorb par-
ticles. To a nonaccelerating observer such an
absorption will appear to be emission from the
accelerated observer’s detector. In a similar
manner, an observer at a constant distance from
a black hole will detect a steady flux of particles
coming out from the hole with a thermal spectrum
while an observer who falls into the hole will not
see many particles.

A feature common to the examples of a uniform-
ly accelerated observer in Minkowski space and
an observer at constant distance from the black
hole is that both observers have event horizons
which prevent them from seeing the whole of the
spacetime and from measuring the complete quan-
tum state of the system. It is this loss of informa-
tion about the quantum state which is responsible
for the thermal radiation that the observers see.
Because any observe\r in de Sitter space also has
an event horizon, one would expect that such an ob-
server would also detect thermal radiation. We
shall show that this is indeed the case. This can
be done either by the frequency-mixing methed in
which the thermal radiation from black holes was
first derived,**'* or by the path-integral method
of Hartle and Hawking.!® We shall adopt the latter
approach because it is more elegant and gives a
clearer intuitive picture of what is happening.

The same results can, however, be obtained by
the former method.

As In the method of Hartle and Hawking,!® we
construct the propagator for a scalar fleld of
mass m by the path integral

G(x,x')=llm f-dWF(W, %, %) exp[~(im*W +ew™1],
€0 "0

4.1)

where
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FW,x,x')= fbx[w] exp [-} lwg(i, i)dw] 4.2)

and the integral is taken over all paths x{w) from
x to x',

As in the Hartle and Hawking paper,'® this path
Integral can be given a well-defined meaning by
analtyically continuing the parameter W to nega-
tive imaginary values and analytically continuing
the coordinates to a region where the metric is
positive-definite. A convenient way of doing this
I8 to embed de Sitter space as the hyperboloid

~T e e X2+ Y24 2%=3A7 4.3)

in the five-dimensional space with a Lorentz me-
tric:

ds?*= —dT? +dS? +dX* +d Y% +dZ?. 4.4)

Taking 7 to be ¢ 7 (7 real), we obtain a sphere in
filve-dimensional Euclidean space. On this sphere
the function F satisfies the diffusion equation
8F -,
o) GC°F, (4.5)
where ©=iW and D5? is the Laplacian on the four-
sphere. Because the four-sphere is compact there

is a unique solution of (4.5) for the initial condition

F(0,x, x)=6(x,x"), (4.6)

where 8(x, x’) is the Dirac 6 function on the four-
sphere. One can then define the propagator

G(x, x’} from {4.1) by analytically continuing the
solution for F back to real values of the parame-
ter W and real coordinates x and x’. Because the
function F is analytlic for finite points x and x’,
any singularities which occur in G(x, x') must
come from the end points of the integration in
(4.1). As shown in Ref. 10, there will be singu-
larities in G(x, x’) when, and only when, x and x’
can be joined by a null geodesic. This will be the
case if and only if

(T_TI)2=(S_S:)3+(X_X1)2+(Y_Yi)2+(z_zl)2 .
4.n

The coordinates, T,S,X, Y,Z can be related to
the static coordinates {,v, 8, ¢ used in Sec. II by

T=(A3™' =)}/ ginhA' /3371 /3 (4.8)
S=(A37 =»*)'/2 coshA} /2371 /3¢, (4.9)
X=arsinfcasg, (4.10)
Y=7glnésing, (4.11)
Z =y cosé. 4.12)

The horizons A¥*=3 are the intersection of the
hyperplanes T'=1S with the hyperboloid. As in
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Ref. 10 we define the complexified horizon by Ar?
=3, 0, ¢ real. On the complexified horizon X, Y,
and Z are real and elther T=S=A"'/231/2y, Ua0
or T=~S=A"'/?3'*y Vv=0. By Eq. (4.7) a com-
plex null geodesic from areal point (7,8, X', Y', Z’)
on the hyperboloid can intersect the complex hori-
zon only on the real sections T'=x+ 8 real. If the
point (T,8', X', Y',Z’) is in region I (S>|T)) the
propagator G(x', x) will have a singularity on the
past horizon at the point where the past-directed
null geodesic from x’ intersects the horizon. As
shown In Ref. 10, the € convergence factor in (4.1)
will displace the pole slightly below the real axis
tn the complex plane on the complexified past hori-
zon. The propagator G{x', x) i8 therefore analytic
in the upper half U plane on the past horizon. Sim-
{larly, it will be analytic in the lower V plane on
the future horizon.

The propagator G{x', x} satisfies the wave equa-
tion

(0.2 -m>G(x', x) =~ 8(x, x") (4.13)

Thus if x’ i8 a fixed point in region I, the value
G(x', x) for a point in region I will be determined
by the values of G(x’, x) on a characteristic Cauchy
surface for region I consisting of the section of
the U=0 horizon for real V0 and the section of
the V=0 horizon for real U320. The coordinates

r and ! of the point x are related to U and V by

gt = Yy (4.14)
r=(+UNQ UV ke (4.15)

If one holds » fixed at a real value but lets 1 =7 +i0,
then

(4.16)
V= |V]exp@+ioke), 4.17

For a fixed value of 0 the metric (2.3) of de Sltter
space remains real and unchanged. Thus the val-
ue of G{x', ¥} atra complex coordinate ¢ of the point
x but real 7, 6, ¢ can be obtalned by solving the
Klein-Gordon equation with real coefficients and
with initial data on the Cauchy surface V=0,

U= |Ulexp(-ikc0) and U=0, V=|V]exp(+ix0).
Because G{x’, x) is analytic In the upper half U
plane on V=0 and the lower half V plane on U=0,
the data and hence the solution will be regular pro-
vided that

U= |Ulexp(-ioxc),

-1k "'s0 <0, (4.18)
The operator
(5"7) ke (V;av - U;"’U) (4.19)

commutes with the Klein-Gordon operator 0,% ~ m*
and is zero when acting on the initial data for o
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satisfying (4.18). Thus the solution G(x', x) de~
termined by the initial data will be analytic in the
coordinates ¢ of the point x for ¢ satisfying Eq.
(4.18).

This is the basic result which enables us to
show that an observer moving on a timelike geo-
desic in de Sitter space will detect thermal radi-
ation.

The propagator we have defined appears to be
similar to that constructed by other authors,?*~?°
However, our use of the propagator will be dif-
ferent: Instead of trying to obtain some observer-
independent measure of particle creation, we shall
be concerned with what an observer moving on a
timelike geodesic in de Sitter space would mea-
sure with a particle detector which is confined to
a small tube around his world line. Without loss
of generality we can take the observer’s world
line to be at the origin of polar coordinates in
region 1. Within the world tube of the particle
detector the spacetime can be taken as flat,

The results we shall obtain are independent of
the detailed nature of the particle detector. How-
ever, for explicitness we shall consider a particle
model of a detector similar to that discussed by
Unruh'! for uniformly accelerated observers in
flat space. This will consist of some system such
as an atom which can be described by a nonrela-
tivistic Schrddinger equation

i ;_.;I: =Ho¥ +g¢V¥,
where ¢’ is the proper time along the observer’s
world line, H, is the Hamiltonian of the undis-
turbed particle detector and g¢¥ is a coupling
term to the scalar field ¢. The undisturbed par-
ticle detector will have energy levels E; and
wave functions ¥, (R')e~*51*, where R’ represents
the spatial position of a point in the detector,

By first-order perturbation theory the ampli-
tude to excite the detector from energy level E;
to a higher-energy level E, is proportional to

fdt'fd’ﬁ'@',gw,exp[-t(zs,-E,)t'].

In other words, the detector responds to compo-
nents of field ¢ which are positive frequency along
the observer's world line with respect to his
proper time, By superimposing detector levels
with different energies one can obtain a detector
response function of a form

fEn®,

where f(t') is a purely positive-frequency func-
tion of the observer’s proper time ¢’ and k is zero
outside some value of ' corresponding to the
radius of the particle detector, Let ® be a three-
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surface which completely surrounds the observ-
er’s world line. If the observer detects a par-
ticle, it must have crossed @ in some mode &,
which is a solution of the Klein-Gordon equation
with unit Klein-Gordon norm over the hypersur-
face ®. The amplitude for the observer to detect
such a particle will be

f f fhix')C(x', 2)8, B, (x)dV'dZ®, (4.20)
where the volume integral in x’ is taken over the
volume of the particle detector and the surface
integral in x is taken over .

The hypersurface ® can be taken to be a space-
like surface of large constant 7 in the past in
region III and a spacelike surface of large con-
stant » in the future in region II, In the limit that
7 tends to infinity these surfaces tend to past in-
finity 4~ and future infinity 4*, respectively, We
shall assume that there were no particles present
on the surface in the distant past., Thus the only
contribution to the amplitude (4.20) comes from
the surface in the future, One can interpret this
as the spontaneous creation of a pair of particles,
one with positive and one with negative energy
with respect to the Killing vector K =8/81. The
particle with positive energy propagates to the
observer and is detected. The particle with neg-
ative energy crosses the event horizon into region
Il where K is spacelike, It can exist thereas a
real particle with timelike four-momentum.
Equivalently, one can regard the world lines of
the two particles as being the world line of a
single particle which tunnels through the event
horizon out of region I and is detected by the
observer,

Suppose the detector is sensitive to particles of
a certain energy E. In this case the positive-
frequency-response function f(f) will be propor-
tional to e~'®*, By the stationarity of the metric,
the propagator G(x’, x) can depend on the coordi-
nates ¢’ and ¢ only through their difference, This
means that the amplitude (4.20) will be zero ex-
cept for modes k, of the form x(», 6, ) e™*®, 1t
one takes out a & function which arises from the
integral over ¢ -/, the amplitude for detection
is proportional to

-

@, R)= [ atemmGO, B0 H), @2
where R’ and R denote respectively (»', &, ¢') and
(7, 6, ¢) and the radial and angular integrals over
the functions 2 and x have been factored out.
Using the result derived above that G(x',x) is
analytic in a strip of width nx, ™ below the real
¢t axis, one can displace the contour in (4.21)
down k. ~! to obtain



2748 G. W. GIBBONS AND S. W. HAWKING 15

8, [R', R) =exp(-nEs k™) f_ ' dte *®G(0, R, t-ink, ", R). (4.22)

By Eqs. (4.18) and (4.17) the point (f - ink."},7, 6, ¢) is the point in region III obtained by reflecting in the
origin of the U, V plane. Thus

E to propagate from region III and

be absorbed by cbserver

(amplitude for particle of energy E to propagate) = exp(-TEKs ")
from region II and be absorbed by observer = expl-nL ke

amplitude for particle with energy)

(4.23)

By time-reversal invariance the latter amplitude is equal to the amplitude for the observer’s detector in
an excited state to emit a particle with energy E which travels to region II. Therefore

probability for detector to absorb) _ - (probability for detector to emit) 4.94
(a particle from region II =exp(~21E k™) a particle to region I ‘ (4.24)
This is just the condition for the détector to be in coordinates T, S,7T’, §’, or alternatively U,V,U’,V’
thermal equilibrium at a temperature except when x and x’ can be joined by null geo-
- 21 a1z desics. On the other hand, the static-time co-
T=@n) " =(12)" 20 A2, (4.25) ordirste ¢ is a multivalued function of T and S or

U and V, being defined only up to an integral mul-
tiple of 2mik.~'. Thus the propagator G(x’, x) is

a periodic function of ¢ with period 27ix,"!. This
behavior is characteristic of what are known as
“thermal Green’s functions.”® These may be de-
fined (for interacting fields as well as the non-
interacting case considered here) as the expecta-
tion value of the time-ordered product of the field
operators, where the expectation value is taken
not in the vacuum state but over a grand canonical
ensemble at some temperature T ="}, Thus

The observer will therefore measure an isotropic
background of thermal radiation with the above
temperature. Because all timelike geodesics are
equivalent under the de Sitter group, any other
observer will also see an isotropic background
with the same temperature even though he is
moving relative to the first observer. This is

yet another illustration of the fact that different
observers have different definitions of particles.
It would seem that one cannot, as some authors
have attempted, construct a unique observer-
independent renormalized energy-momentum ten- Grlx', x) =i Tr[e" 279 ¢p(%)p(x)] /Tre 8%,
sor which can be put on the right-hand side of

the classical Einstein equations. This subject (4.26)
will be dealt with in another paper.!® where J denotes Wick time-ordering and & is the
Another way in which one can derive the result Hamiltonian in the observer’s static frame. ¢ is
that a freely moving observer in de Sitter space the quantum field operator and Tr denotes the
will see thermal radiation is to note that the trace taken over a complete set of states of the
propagator G(x, x') is an analytic function of the system. Therefore
-iGo(R', ', R, )= Trle * "I o(R, o (®, 1)) /Tre~®*
=Tr[e'“’.ﬂ (P(ﬁ', t')e’”e"“’¢(§,/t)]/'1‘re'°"
=Trle P49 o(R', 1’ +i8)@(R", 1)] /Tre~2#
=—iG,[R’, t'+iB; R, 1). (4.27)
Since G(x',x) that we have defined by a path integral is
momBH L 4 oy 8K 4 the same as the thermal propagator Gr{(x’,x) for
¢, 1) =e"Mo®, 1 —ip)e®. (4.28) a grand canonical ensemble at temperature T
Thus the thermal propagator is periodic in ¢t —¢’ T =(27) "'k, in the observer’s static frame. Thus
with period ¢T~!. One would expect Gn{x, %) to to the observer it will seem as if he is in a bath
have singularities when x and x’ can be connected of blackbody radidtion at the above temperature,
by a null geodesic and these singularities would It is interesting to note that a similar result was
be repeated periodically in the complex ¢’ —¢ found for two-dimensional de Sitter space by
plane. It therefore seems that the propagator Figari, Hoegh~Krohn, and Nappi®* although they
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did not appreciate its significance in terms of
particle creation.

The correspondence between G(x’, x) and the
thermal Green’s function is the same as that
which has been pointed out in the black-hole case
by Gibbons and Perry.*® As in their paper, one
can argue that because the free-field propagator
G(x', x)-is.identical with the free~field thermal
propagator Gr(x’, x), any n-point interacting
Green’s function G which can be constructed by
perturbation theory from G in a renormalizable
field theory will be identical to the n-point inter-
acting thermal Green’s function constructed from
Gr in a similar manner. This means that the re-
sult that an observer will think himself to be
immersed in blackbody radiation at temperature
T = ko (27) ™! will be true not only in the free-field
case that we have treated but also for fields with
mutual interactions and self-interactions. In
particular, one would expect it to be true for the
gravitational field, though this is, of course, not
renormalizable, at least in the ordinary sense.

It is more difficult to formulate the propagator
for higher-spin fields in terms of a path integral.
However, it seems reasonable o define the prop-
agators for such fields as solutfons of the relevant
inhomogeneous wave equation with the boundary
conditions that the propagator from a point x’ in
region I is an analytic function of x in the upper
half U plane and lower half V plane on the com-
plexified horizon. With this definition one op-
tains thermal radiation just as in the scalar case.

V. PARTICLE CREATION IN BLACK-HOLE
DE SITTER SPACES

For the reasons given in Sec. III one would ex-
pect that a solution of Einstein’s equations with
positive cosmological congtant which contained
a black hole would settle down eventually to one
of the Kerr-Newman-de Sitter solutions described
in Sec. II. We shall therefore consider what would
be seen by an observer in such a solution. Con-
sider first the Schwarzschild—de Sitter solution,
Suppose the observer moves along a world line A
of constant », 6§, and ¢ in region I of Fig. 4. The
world line A coincides with an orbit of the static
Killing vector X =8/8¢. Let ¢*=g(K,K) on A. One
would expect that the observer would see thermal
radiation with a temperature T, = (279)"*x, coming
from all directions except that of the black hole
and thermal radiation of temperature T ,=(27¢)  ky~!
coming from the black hole. The factor j appears
in order to normalize the static Killing vector to
have unit magnttude at the observer. The varia~
tion of § with » can be interpreted as the normal
red-shifting of temperature.
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There are, however, certain problems in show-
ing that this is the case. These difficulties arise
from the fact that when one has two or more sets
of horizons with different surface gravities one
has to introduce separate Kruskal-type coordi-
nate patches to cover each get of horizons. The
coordinates of one patch will be real analytic func-
tions of the coordinates of the next patch in some
overlap region between the horizons in the real
manifold. However, branch cuts arise if one
continues the coordinates to complex values, To
see this, let U,,V, be Kruskal coordinates in a
patch covering a pair of intersecting horizons
with a surface gravity «, and let U,, V; be a neigh-
boring coordinate patch covering horizons with
surface gravity x,. In the overlap region one has

VU, " = ~eg?"at, (5.1)

VU, 7 = e 2t (5.2)
Thus

-V, U, =(-V U, {5.3)

where P=,«,”!. There is thus a branch cut in
the relation between the two coordinate patches if
Ky # Ko

One way of dealing with this problem would be to
imagine perfectly reflecting walls between each
black-hole horizon and each cosmological horizon.
These walls would divide the manifold up into a
number of separate regions each of which could
be covered by a single Kruskal-coordinate patch.
In each region one could construct a propagator
as before but with perfectly reflecting boundary
conditions at the walls. By arguments similar
to thoge given in the previous section, these prop-
agators will have the appropriate periodic and
analytic properties to be thermal Green’s functions
with temperatures given by the surface gravities
of the horizons contained within each region. Thus
an observer on the black-hole side of a wall will
see thermal radiation with the black-hole tempera-
ture, while an observer on the cosmological side
of the wall will see radiation with the cosmological
temperature. One would expect that, if the walls
were removed, an observer would see a mrixture
of radiation as described above.

Another way of dealing with the problem would
be to define the paopagator G(x’, x) to be a solution
of the inhomogeneous wave equation on the real
manifold which was such that if the point were
extended to complex values of a Krushal-type-
coordinate patch covering one set of intersecting
horizons, it would be analytic on the complexified
horizon in the upper half or lower half U or V
plane depending on whether the point x was re-
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spectively to the future or the past of V=0 or gion IL; is analytic in a strip of width wi; ™' below
U=0. Then, using a similar argument to that in the real axis of the complex f plane. Similarly,
the previous section about the dependence of the the propagator G(x’, x) between a point x' in re-
propagator on initial data on the complexified gion I and a point x in region I, will be analytic
horizon, one can show that the propagator G(x’, x) in a strip of width 7x,™!. Using these results one
between a point x’ in region I and a point x in re- can show that

-~

probability of a particle of energy E, probability of a particle of energy E,
relative to the observer, propagating ]=exp[ —(E2nyx;"")]{ relative to the observer, propagating | ,
from J* to observer from observer to J*

(5.4)

and similarly the probability of propagating from V1. IMPLICATIONS AND CONCLUSIONS
the future singularity of the black hole will be
related by the appropriate factor to the probability We have shown that the close connection be-
for a similar particle to propagate from the ob- tween event horizons and thermodynamics has a
gerver into the black hole. These results estab- wider validity than the ordinary black-hole situa-
lish the picture described at the beginning of this tions in which it was first discovered. As observer
section. in a cosmological model with a positive cosmo-

One can derive similar results for the Kerr- logical constant will have an event horizon whose
de Sitter spaces, There is an additional complica- area can be interpreted as the entropy or lack of
tion in this case because there is a relative angular information that the observer has about the regions
velocity between the black hole and the cosmologi- of the universe that he cannot see., When the solu-
cal horizon, An observer in region I who is at a tion has settled down to a stationary state, the
constant distance » from the black hole and who is event horizon will have associated with it a surface
nonrotating with respect to distant stars will gravity « which plays a role similar to tempera-
move on an orbit of the Killing vector K which is ture in the classical first law of event horizons
null on the cosmological horizon, For such an derived in Sec, III. As was shown in Sec, 1V.,
observer the probability of a particle of energy E, this similarity is more than an analogy: The ob-
relative to the observer, propagating to him from server will detect an isotropic background of
beyond the future cosmological horizon will be thermal radiation with temperature (27)~*x coming,
exp[- (21YE«,"")] times the probability for a sim- apparently, from the event horizon, This result
ilar particle to propagate from the observer to was obtained by considering what an observer
beyond the cosmological horizon. The probabili- with a particle detector would actually measure
ties for emission and absorption by the black hole rather than by trying to define particles in an
will be similarly related except that in this case observer-independent manner. An fllustration of
the energy E will be replaced by E - nQ,, where the observer dependence of the concept of particle
n ig the aximuthal quantum number or angular mo- is the result that the thermal radiation in de Sitter
mentum of the particle about the axis of rotation of space appears isotropic and at the same tempera-
the black hole and &, is the angular velocity of the ture to every geodesic observer, If particles had
black-hole horizon relative t{o the cosmological an observer-independent existence and if the radi-
horizon. As in the ordinary black-hole case, the ation appeared isotropic to one geodesic observer,
black hole will exhibit superradiance for modes it would not appear isotropic to any other geodesic
for which E<n@,. Inthe case that the observer observer. Indeed, as an observer approached the
is moving on the orbit of a Killing vector K which first observer’s future event horizon the radiation
is rotating with respect to the cosmological hori- would diverge, It seems clear that this observer
zon, one again gets similar results for the radia- dependence of particle creation holds in the case
tion from the cosmological and black-hole hori- of black holes as well: An observer at constant
zons with E replaced by E - n{l, and E -nQ2,, re- distance from a black hole will observe a steady
spectively. Where Q. and ; are the angular emission of thermal radiation but an observer
velocities of the cosmological and black-hole hori- falling into a black hole will not observe any di-
zons relative to the observers frame and are de- vergence in the radiation as he approaches the
fined by the requirement that X + Q.K and K +Q ,K first-observer’s event horizon.
should be null on the cosmological and black-hole A consequence of the observer dependence of
horizons. particle creation would seem to be that the back
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reaction must be observer-dependent also, if one
assumes, as seems reasonable, that the mass of
the detector increases when it absorbs a particle
and therefore the gravitational field changes.

This will be discussed further in another paper,'®
but we remark here that it involves the abandoning
of the concept of an observer-independent metric
for spacetime and the adoption of something like
the Everett-Wheeler interpretation of quantum
mechanics.’® The latter viewpoint seems to be
required anyway when dealing with the quantum
mechanics of the whole universe rather than an
isolated system,

If a geodesic observer in de Sitter space chooses
not to absorb any of the thermal radiation, his
energy and entropy do not change and so one would
not expect any change in the solution. However,
it he does absorb some of the radiation, his en-
ergy and hence his gravitational mass will in-
crease. If the solution now settles down again to
a new stationary state, it follows from the first
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law of event horizons that the area of the cosmo-
logical event horizon will be less than it appeared
to be before. One can interpret this as a reduc-
tion in the entropy of the universe beyond the
event horizon caused by the propagation of some
radiation from this region to the observer. Un-
like the black-hole case, the surface gravity of
the cosmological horizon decreases as the horizon
shrinks. There is thus no danger of the observer’s
cosmological event horizon shrinking catastroph-
ically around him because of his absorbing
too much thermal radiation. He has, however, to
be careful that he does not absorb so much radia-
tion that his particle detector undergoes gravita-
tional collapse to produce a black hole, If this
were to happen, the black hole would always have
a higher temperature than the surrounding uni-
verse and so would radiate enexgy faster than it
absorbs it. It would therefore evaporate, leaving
the universe as it was before the observer began
to absorb radiation,
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The horizon, flatness and monopole problems can be solved if the universe underwent an exponentially expanding stage
which ended with a Higgs scalar field running slowly down an effective potential. In the downhill phase irregularities would
develop in the scalar field. These would lead to fluctuations in the rate of expansion which would have the right spectrum
to account for the existence of galaxies. However the amplitude would be too high to be consistent with observations of the
isotropy of the microwave background unless the effective coupling constant of the Higgs scalar was very small.

Observations of the microwave background and of
the abundances of helium and deuterium indicate that
the standard hot big-bang model is probably a good
description of the universe, at least back to the time
when the temperature was 1010 K. However this mod-
el leaves unanswered a number of questions including
the following.

(1) Why does the ratio of the number of baryons
to the number of photons in the universe have the ob-
served value of about 10-8-10-107

(2) Why is the universe so homogeneous and iso-
tropic on a large scale if different regions were out of
contact with each other at early times as they are in
the standard model?

{3) Why is the present density of the universe so
near the critical value that divides recollapse from in-
definite expansion?

(4) Why are there not many more superheavy mo-
nopoles formed when the grand unified symmetry
was broken?

(5) Why, despite the large scale homogeneity and
isotropy, were there sufficient irregularities to give
rise to stars and galaxies?

A possible answer to the first question has been
provided by grand unified theories which predict the
creation of a non-zero baryon number if there are CP
violating interactions. In attempts to answer the sec-
ond, third and fourth questions, various authors have
suggested that the universe underwent a period of ex-
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ponential expansion [1—3]. In order not to conflict
with the explanation of the baryon number, this ex-
ponential expansion would have had to have taken
place before the last time the universe was at a tem-
perature of the order of the grand unification energy,
M ~ 10141015 GeV. A detailed scenario for such an
inflationary or exponential expansion phase has been
provided by Guth [3]. At very early times the tem-
perature of the universe is supposed to have been
above the grand unification energy M and the sym-
metry of the grand unified theory would have been
unbroken. As the universe expanded, the temperature
T would have fallen below M but the Higgs scalar fields
may have been prevented from acquiring a symmetry
breaking expectation value by the existence of a bar-
rier in the effective potential. In this situation the uni-
verse would supercool in the metastable unbroken
symmetry phase, The vacuum energy of the unbro-
ken phase would act as an effective A term and would
lead to an exponential expansion of the universe with
a Hubble constant H of the order of (§ m)1/2M 2/mp
where m_ is the Planck mass, 1019 GeV.

The universe is obviously not now expanding at
this rate, so something must have happened to end
the exponentially expanding stage. Guth’s original
suggestion was that there would be a first order phase
transition in which bubbles of the broken symmetry
phase would form. Most of the vacuum energy of the
unbroken phase would be converted into the kinetic
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energy of walls of the bubble which would expand at
nearly the speed of light. The region inside the bubble
would be at a low temperature and would be nearly
empty. The energy in the bubble walls would be re-
leased and the universe reheated to the GUT temper-
ature only if the bubble collided with other bubbles.
However, because of the exponential expansion of
the universe, the probability of more than a few bub-
bles colliding would be small. This would lead to a
very inhomogeneous universe which would not be
compatible with the observations of the microwave
background.

In order to avoid this difficulty several authors
[4—8) have suggested that the bartier in the effec-
tive potential becomes very small or disappears alto-
gether:

V(®) = u?? + ?¢* [log (6%/62) — 31 + V.,

where p2 includes rest mass, thermal and curvature
contributions and || is small compared to the expan-
sion rate A, Quantum field theory in the exponential-
ly expanding stage can be defined on S4, the euclidean
version of de Sitter space [6,9]. Thus the fluctuations
of the scalar field around the unbroken symmetry val-
ue can be decomposed into foursphere harmonics.
The homogeneous / = 0 mode will be unstable if u2 <0
and neutrally stable if u2 = 0. If 0 < u2 € H2, the uni-
verse will make a quantum transition to a state of con-
stant ¢ at the maximum of the potential [6]. In all
three cases the I = 0 mode will then start to run down
the hill to the global minimum at ¢ = ¢ in a timescale
ty =cH| 1 Provided that |u?| < % 4?2, the constant ¢
will be greater than about 60. In this case any initial
spatial curvature of the hypersurfaces of constant time
on which ¢ is constant will be reduced to a sufficient-
ly small value by the time the scalar field reaches ¢,
that the universe will expand until the present time

as a nearly k = 0 model.

The higher / modes on the four-sphere will be stable
because of the gradient terms in the action. However
they will have quantum fluctuations which will be su-
perimposed on the downhill career of the I = 0 mode.
They are described by a two-point correlation func-
tion G(x, y) = {¢{x)¢(y))’ where the prime indicates
that the = 0 modes have been projected out. This
obeys the equation

(-0 +uH)G(x,p) = 8(x,y) — 3/8x2)H*
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on the four-sphere of radius # ~1, When analytically
continued to de Sitter space

G(x,y) = -~ H 1og (H1x - yI),

where the points x, y lie on 3 surface of constant time
in a & = 0 coordinate system at a separation greater
than the horizon #~1, The Fourier transform of
G(x,y) in a surface of constant time is

G~ -H%k3, k<H.

Thus a Fourier component of the ¢ field with a wave
number k has an amplitude of the order of Hk—3/2.

These inhomogeneous fluctuations mean that on
a surface of constant time there will be some regions
in which the ¢ field has run further down the hill of
the effective potential than in other regions. How-
ever, when one is dealing with fluctuations with wave-
lengths much longer than the horizon H ! i.e. with
k < H, such variations can be removed by choosing a
new time coordinate such that the surfaces of con-
stant time are surfaces of constant ¢. The amount by
which the time coordinate has to be shifted is of the
order of

52 =Hk 32 [@a)de) () L.

The I = 0 mode represented by (¢} will obey the equa-
tion

(92/3r2)(¢) + 3H(3/3r)(¢) = —dV/d{(9).
Thus
()=~ [3H[8a2(ty—1)] 12,

for ¢ < tg—H where ¢ is the time at which the field
reaches the global minimum (¢} = ¢. A comoving
region with a present length k1 will cross the event
horizon of the de Sitter space at a time ¢ = rg— H~1
log(Hk~1). Thus

~

8t ~ aH~1 [k~ Vog(HK-1))3/2 .

The surfaces of constant time will now be surfaces of
nearly constant energy—momentum tensor. However,
the change of time coordinate will have introduced
inhomogeneous fluctuations in the rate of expansion
H.

8H =~ k25t ~ o~ k1/2 [log(Hk~1)]3/2 .

The two-point correlation function of 5H? therefore
has a Fourier transform of the order of
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X flog(Hk~1))? .

This is just the scale-independent spectrum of fluctua-
tions that Harrison and Zeldovich [10,11] have sug-
gested could account for galaxy formation. However
observations of the microwave background place an
upper limit of about 10~8 on the dimensionless am-
plitude of these fluctuations on scales of the order of
the present Hubble radius. For such scales log(#k—1)
2 50 so the fluctuations would be too large to be
compatible with observations unless the coupling con-
stant « were very small. What is needed is a potential
of a different form with a region of nearly constant
slope —3V/3¢ » H3. Such a potential might arise in

a supersymmetric theory.
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Zeta Function Regularization of Path Integrals
in Curved Spacetime

S. W. Hawking

Department of Applied Mathematics and Theoretical Physics. University of Cambridge,
Cambridge CB3 9EW, England

Abstract. This paper describes a technique for regularizing quadratic path
integrals on a curved background spacetime. One forms a generalized zeta
function from the eigenvalues of the differential operator that appears in the
action integral. The zeta function is a meromorphic function and its gradient at
the origin is defined to be the determinant of the operator. This technique agrees
with dimensional regularization where one gencralises to n dimensions by
adding extra flat dimensions, The generalized zeta function can be expressed as
a Mellin transform of the kernel of the heat equation which describes diffusion
over the four dimensional spacetime manifold in & fith dimension of parameter
time. Using the asymptotic expansion for the heat kernel, one can deduce the
behaviour of the path integral under scale transformations of the background
metric. This suggests that there may be a natural cut off in the integral over all
black hole background metrics. By functionally differentiating the path integral
one obtains an energy momentum tensor which is finite even on the horizon of a
black hole. This energy momentum tensor has an anomalous trace.

1. Introduction

The purpose of this paper is to describe a technique for obtaining finite values to
path integrals for fields (including the gravitational field) on a curved spacetime
background or, equivalently, for evaluating the determinants of differential
operators such as the four-dimensional Laplacian or D'Alembertian. One forms a
gemeralised zeta function from the eigenvalues A, of the operator

{&=Y47". (1.1)

In four dimensions this converges for Re(s) > 2 and can be analytically extended to a
meromorphic function with poles only at s=2 and s=1. It is regular at s=0. The

derivative at s=0 is formally equal to —) log/,. Thus one can define the

determinant of the operator to be exp( —dC/d;)is= or
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134 S. W. Hawking

In situations in which one knows the eigenvalues explicitly one can calculate the
zeta function directly. This will be done in Section 3, for the examples of thermal
radiation or the Casimir effect in flat spacetime. In more complicated situations one
can use the fact that the zeta function is related by an inverse Mellin transform to
the trace of the kernel of the heat equation, the equation that describes the diffusion
ofheat (or ink) over the four dimensional spacetime manifold in a fifth dimension of
parameter time t. Asymptotic expansions for the heat kernel in terms of invariants
of the metric have been given by a number of authors [1-4].

In the language of perturbation theory the determinant of an operator is
expressed as a single closed loop graph. The most commonly used method for
obtaining a finite value for such a graph in flat spacetime is dimensional
regularization in which one evaluates the graph in n spacetime dimensions, treats n
as a complex variable and subtracts out the pole that occurs when n tends to four.
However it is not clear how one should apply this procedure to closed loops in a
curved spacetime. For instance, if one was dealing with the four sphere, the
Euclidean version of de Sitter space, it would be natural to generalize that $* to $"
[S, 6]. On the other hand if one was dealing with the Schwarzschild solution, which
has topology R? x $2, one might generalize to R? x §"~ 2, Alternatively one might
add on extra dimensions to the R%. These additional dimensions might be either flat
or curved. The value that one would obtain for a closed loop graph, would be
different in these different extensions to n dimensions so that dimensional
regularization is ambiguous in curved spacetime. In fact it will be shown in Section
5 that the answer given by the zeta function technique agrees up to a multiple of the
undetermined renormalization parameter with that given by dimensional re-
gularization where the generalization to n dimensions is given by adding on extra
flat dimensions.

The zeta function technique can be applied to calculate the partition functions
for thermal gravitons and matter quanta on black hole and de Sitter backgrounds.
It gives finite values for these despite the infinite blueshift of the local temperature
on the event horizons. Using the asymptotic expansion for the heat kernel, one can
relate the behaviour of the partition function under changes of scale of the
background spacetime to an integral of a quadratic expression in the curvature
tensor. In the case of de Sitter space this completely determines the partition
function up to a multiple of the renormalization parameter while in the
Schwarzschild solution it determines the partition function up to a function of ro/M
where r, is the radius of the box containing a black hole of mass M in equilibrium
with thermal radiation. The scaling behaviour of the partition function suggests
that there may be a natural cut off at small masses when one integrates over all
masses of the black hole background.

By functional differentiating the partition function with respect to the
background metric one obtains the energy momentum tensor of the thermal
radiation. This can be expressed in terms of derivatives of the heat kernel and is
finite even on the event horizon of a black hole background. The trace of the energy
momentum is related to the behaviour of the partition function under scale
transformations. It is given by a quadratic expression in the curvature and is non
zero even for conformally invariant fields [7-12].
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Zeta Function Regularization of Path Integrals 135

The effect of the higher order terms in the path integrals is discussed in Section 9.
They are shewn to make an insignificant contribution to the partition function for
thermal radiation in a black hole background that is significantly bigger than the
Planck mass. Generalised zeta functions have also been used by Dowker and
Critchley [11] to regularize one-loop graphs. Their approach is rather different
from that which will be given here.

2. Path Integrals

In the Feynmann sum over histories approach to quantum theory one considers
expressions of the form

Z=[dlgld[¢]exp{illg.4]} . @n

where d[g] is a measure on the space of metrics g, d[¢] is a measure on the space of
matter fields ¢ and I[g, ¢] is the action. The integral is taken over ali fields g and ¢
that satisfy certain boundary or periodicity conditions. A situation which is of
particular interest is that in which the fields are periodic in imaginary time on some
boundary at large distance with period i [13]. In this case Z is the partition function

. 1
for a canonical ensemble at the temperature T= 7’—

The dominant contribution to the path integral (2.1) will come from fields that
are near background fields g, and ¢, which satisfy the boundary or periodicity
conditions and which extremise the action ie. they satisfy the classical field
equations. One can expand the action in a Taylor series about the background
fields:

I(g, #)=1{go, ®o)+1,[d] + 1,[$] + higher order terms, (2.2)

where

9=4go+4, ¢=¢o+4;

and 1,[§] and I,[$] are quadratic in the fluctuations § and ¢. Substituting (2.2)
into (2.1) and neglecting the higher order terms one has

logZ =il(go, P01 +log fd[g] expil , (7]
+log [d[$)expil ,[$] . (2.3)

The background metric g, will depend on the situation under consideration but
in general it will not be a real Lorentz mctric. For example in de Sitter space one
complexifies the spacetime and goes 1o a section (the Euclidean section) on which
the metric is the real positive definite metric on a four sphere. Because the imaginary
time coordinate is periodic on this four sphere, Z will be the partition function for a
canonical ensemble. The action I[g,, ¢,] of the background de Sitter metric gives
the contribution of the background metric to the partition function while the
second and third terms in Equation (2.3) give the contributions of thermal gravitons
and matter quanta respectively on this background. In the case of the canonical
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136 S. W. Hawking

ensemble for a spherical box with perfectly reflecting walls the background metric
can either be that of a Euclidean space or it can be that of a section (the Euclidean
section) of the complexified Schwarzschild solution on which the metric is real
positive definite. Again the action of the background metric gives the contribution
of the background metric to the partition function. This corresponds to an entropy
equal to one quarter of the area of the event horizon in units in which G=c=h
=k=1. The second and third terms in Equation (2.3) give the contributions of
thermal gravitons and matter quanta on a Schwarzschild background. In the case of
the grand canonical ensemble for a box with temperature T=8""! and angular
velocity Q one considers fields which, on the walls of the box, have the same value at
the point (¢, r, 0, ¢) and at the point (¢t +if, r, 0, ¢ +ifQ). This boundary cannot be
filled in with any real metric but it can be filled in with a complex flat metric or with
a complex section (the quasi Euclidean section [13]) of the Kerr solution. In both
cases the metric is strongly elliptic (I am grateful to Dr. Y. Manor for this point) [14]
if the rotational velocity of the boundary is less than that of light. A metric g is said
to be strongly elliptic if there is a function f such that Re(fg) is positive definite. It
seems necessary to use such strongly elliptic background metrics to make the path
integrals well defined. One could take this to be one of the basic postulates of
quantum gravity.

The quadratic term I,{¢] will have the form

L[¢1= ~ [LpAP(—go) ' 2d*x (2.4)

where A is a second order differential operator constructed out of the background
fields g, ¢,. (In the case of the fermion fields the operator A is first order. For
simplicity I shall deal only with boson fields but the results can easily be extended to
fermions.) The quadratic term I,[§] in the metric fluctuations can be expressed
similarly. Here however, the second order differential operator is degenerate i.c. it
does not have an inverse. This is because of the gauge freedom to make coordinate
transformations. One deals with this by taking the path integral only over metrics
that satisfy some gauge condition which picks out one metric from each equivalence
class under coordinate transformations. The Jacobian from the space of all metrics
to the space of those satisfying the gauge condition can be regarded in perturbation
theory as introducing fictitious particles known as Feynmann-de Witt [ 15, 16] or
Fadeev-Popov ghosts [17]. The path integral over the gravitational fluctuations
will be treated in another paper by methods similar to those used here for matter
fields without gauge degrees of freedom.

In the case when the background metric g, is Euclidean i.e. real and positive
definite the operator A in the quadratic term I,[¢] will be real, elliptic and self-
adjoint. This means that it will have a complete spectrum of eigenvectors ¢, with
real eigenvalues A,:

Ad, =1, . (2.5)
The eigenvectors can be normalized so that

.‘-¢n¢m(90)”zd4x =6nm . (26)
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Zeta Function Regularization of Path Integrals 137

Note that the volume element which appears in the (2.6) is (g,)'/? because g,, is
positive definite. On the other hand the volume element that appears in the action I
is (—g)"/? = —i(g)' '? where the minus sign corresponds to a choice of the direction
of Wick rotation of the time axis into the complex plane.

If the background metric g, is not Euclidean, the operator A4 will not be self-
adjoint. However [ shall assume that the eigen functions ¢, are still complete. If this
is so, one can express the fluctuation ¢ in terms of the eigen functions.

¢=Ya,0,. Q.7)

The measure d[¢] on the space of all fields ¢ can then be expressed in terms of the
coefficients a,:

d[¢] =[] uda, , 28)

where u is some normalization constant with dimensions of mass or inverse length.
From (2.5)-(2.8) it follows that

Z[$]=fd[¢]expil ,[$]
= n I%”dan exp( - Anaf)

=T[4 un'2a; 112
n

=(det(dp *n~'A) Y2, (2.9)

3. The Zeta Function

The determinant of the operator A clearly diverges because the eigenvalues 4,
increase without bound. One therefore has to adopt some regularization procedure.
The technique that will be used in this paper will be called the zeta function method.
One forms a generalized zeta function from the eigenvalues of the operator 4:

Us)=Y 47" (3.1)

In four dimensions this will converge for Re(s) > 2. It can be analytically extended to
a merophorphic function of s with poles only at s=2and s=1 [18]. In particular it

is regular at s=0. The gradient of zeta at s=0 is formally equal to—) log4,. One
can therefore define det A to be exp(—d{/dsl,. o) [19]. Thus the partition function
logZ[$1=4£'(0) + § log (b nu){ (0) - (32)

In situations in which the eigenvalues are known, the zeta function can be
computed explicitly. To illustrate the method, I shall treat the case of a zero rest
mass scalar field ¢ contained in a box of volume V in flat spacetime at the
temperature T =" '. The partition function will be defined by a path integral over
all fields ¢ on the Euclidean space obtained by putting t = it which are zero on the
walls of the box and which are periodic in t with period . The operator A in the
action is the negative of the four dimensional Laplacian on the Euclidean space. If
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138 S. W, Hawking

the dimensions of the box are large compared to the characteristic wavelength S,
one can approximate the spatial dependence of the eigenfunctions by plane waves
with periodic boundary conditions. The eigenvalues are then

A,=Qrf " 'n)?>+k? (3.3)
and the density of eigenvalues in the continuum limit is

2v
(2n)’

fdk (3.4)

when n>0 and half that when n=0. The zeta function is therefore

AnV

{(s)= ——3—{5 dkk?™ 25 42 i § dkk2(4n2/3‘2n2+k2)“} : 3.9)
(21!) n=1

The second term can be integrated by parts to give

“(82%/5 Y [dk@nif™nt 4k} 12 -29)1 (3.6)
n=1

Put k=2anf~'sinhy. This gives

~(—82—7%/3— i fdy@np~'n)~2*3(2—25)" '(coshy) >**?
n=1

8nV
- (_2%5(21:3- 13- 28 5 { p(25—3)
1 I(1/2)r(s—-3/2)

‘(2—25)—1)( 3 —-—I—__(S—_—l—)———,

(3.7)

where { is the usual Riemann zeta function ) n* The first term in (3.5) seems to

n

diverge at k=0 when s is large and positive. This infra red divergence can be
removed if one assumes that the box containing the radiation is large but finite. In
this case the k integration has a lower cut off at some small value ¢. If sis large, the k
integration then gives a term proportional to £~ 2%, When analytically continued to
s=0, this can be neglected in the limit ¢—0, corresponding to a large box.

The gamma function I'(s— 1) has a pole at s=0 with residue — 1. Thus the
generalised zeta function is zero at s=0 and

{'(0)=2nVB*(x(—3)r(1/2)1(~3/2) (3.8)

2

n
=—_yT3

45 T

thus the partition function for scalar thermal radiation at temperature T in a box of

volume V is given by

n?vTe
90

logZ = . (3.9)
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Zeta Function Regularization of Path Integrals 139

Note that because {{0)=0, the partition function does not depend on the
undetermined normalization parameter u. However, this will not in general be the
case in a curved space background.

From the partition function one can calculate the energy, entropy and pressure
of the radiation.

d n?
E=——@log2=3—OVT‘, (3.10)
2n? o
S=BE+logZ= "= VT, (3.11)
2
P=pg-! %logz=g—01“. G.12)

One can calculate the partition functions for other fields in flat space in a similar
manner. For a charged scalar field there are twice the number of eigenfunctions so
that logZ is twice the value given by Equation (3.9). In the case of the
electromagnetic field the operator A4 in the action integral is degenerate because of
the freedom to make electromagnetic gauge transformations. One therefore has, as
in the gravitational case, to take the path integral only over fields which satisfy some
gauge condition and to take into account the Jacobian from the space of all fields
satisfying the gauge condition. When this is done one again obtains a value logZ
which is twice that of Equation (3.9). This corresponds to the fact that the electro-
magnetic field has two polarization states.

One can also use the zeta function technique to calculate the Casimir effect
between two parallel reflecting planes. In this case instead of summing over all ficld
configurations which are periodic in imaginary time, one sums over fields which are
zero on the plates. Defining Z to be the path integral over all such fields over an
interval of imaginary time t one has

n2Ath~?

50 (3.13)

logZ =
where b is the separation and A the area of the plates. Thus the force between the
plates is

d niAb~¢

F=t"! - logZ=——0 (3.14)

4. The Heat Equation

In situations in which one does not know the eigenvalues of the operator A, onc
can obtain some information about the generalized zeta function by studying the
heat equation.

d

;l—tF(x,y,t)+AF(x,y,t)=0 4.1)

here x and y represent points in the four dimensional spacetime manifold, ¢ is a fifth
dimension of parameter time and the operator A is taken to act on the first
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argument of F. With the initial conditions
F(x,y,0)=6(x, y) (4.2)

the heat kernel F represents the diffusion over the spacetime manifold in parameter
time t of a unit quantity of heat (or ink) placed at the point y at t =0. One can express
F in terms of the eigenvalues and eigenfunctions of A:

F(x,y,0)= Y exp(—A,t) §,(x)¢,(y) - 4.3)

In the case of a field ¢ with tensor or spinor indices, the eigenfunctions will carry a
set of indices at the point x and a set at the point y. If one puts x = y, contracts over
the indices at x and y and integrates over all the manifold one obtains

Y()= [ TrF(x, x, 1)(go)2d*x = ¥ exp(—4,1) . (4.4)

The generalized zeta function is related to Y(t) by a Mellin transform:

4 -s___L 1 s
{s)= Z AS= o) { £~ ' Yeyde . (4.5)

A number of authors e.g. [1-4] have obtained asymptotic expansions for F and
Y valid as t—0*. In the case that the operator A is a second order Laplacian type
operator on a four dimensional compact manifold.

Y®)~Y B,"" 2, (4.6)

where the coefficients B, are integrals over the manifold of scalar polynomials in the
metric, the curvature tensor and its covariant derivatives, which are of order 2n in
the derivatives of the metric

ie. B,=[b,(ge)/?d*x . 4.7)
DeWitt [1,2] has calculated the b, for the operator — (J+ &R acting on scalars,
bo=(4n)~?
b, =(4m) 2~ &R
b, =(2880n%)"!
- [R™“R pcg — R R, +30(1 — 6£)* R +(6 — 30£)OR] . 4.8)

Note that b, is zero when ¢ = ! which corresponds to a conformally invariant scalar
field.

In the case of a non-compact spacetime manifold one has to impose boundary
conditions on the heat equation and on the eigenfunctions of the operator A. This
can be done by adding a boundary to the manifold and requiring the field or its
normal derivative to be zero on the boundary. An example is the case of a black hole
metric such as the Euclidean section of the Schwarzschild solution in which one
adds a boundary at some radius r=r,. This boundary represents the walls of a
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perfectly reflecting box enclosing the black hole. For a manifold with boundary the
asymptotic expansion for Y takes the form [20].

Y()=Y (B,+C "2, 4.9)

where, as before, B, has the form (4.7) and
C,= [ (' *dx,

where ¢, is a scalar polynomial in the metric, the normal to the boundary and the
curvature and their covariant derivatives of order 2n—1 in the derivatives of the
metric and / is the induced metric on the boundary. The first coefficient ¢, is zero
because their is no polynomial of order — 1. McKean and Singer [3] showed that

¢ = K when ¢ =0 where K is the trace of the second fundamental form of the

48n?
boundary. In the case of a Schwarzschild black hole in a spherical box of radius
ro» €2 Must be zero in the limit of large r, because all polynomials of degree 3 in the
derivatives of the metric go down faster than rg *.

In a compact manifold with or without boundary with a strongly elliptical
metric g, the eigenvalues of a Laplacian type operator A will be discrete. If there are
any zcro cigenvalues they have to be omitted from the definition of the generalized
zeta function and dealt with separately. This can be done by defining a new operator
A= A— P where P denotes projection on the zero eigenfunctions. Zero eigenvalues
have important physical effects such as the anomaly in the axial vector current
conservation [21,22]. Let £>0 be the lowest cigenvalue of A (from now on I shall
simply use A and assume that any zero eigenfunctions have been projected out).
Then

L(s)= r:) [ e ‘Y(t)dt+jt" Yu)d| . | (4.10)

As t— o0, Y—e™ ™ Thus the second integral in Equation (4.10) converges for all s. In
the first integral one can use the asymptotic expression (4.9). This gives

B,+C,
z_.__

purnpr i (4.11)

Thus { has a pole at s=2 with residuc B, and a pole at s=1 with residue B, +C,.
There would be a pole at s=0 but it is cancelled out by the pole in I'(s). Thus
{(0)= B, + C,. Similarly the values of { at negative integer values of s are given by
(4.11) and (4.10).

5. Other Methods of Regularization

A commonly used method to evaluate the determinant of the operator A is to start
with the integrated heat kernel

Y(t)=Y exp(—4,0). 5.1
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Muttiply by exp(—m?t) and integrate from t=0to t=c0

?Y(t)exp(—mzt)dt= Y (A, +m?)! (5.2)
0 n

then integrate over m®> from m?=0 to m*=00 and interchange the orders of
integration to obtain

a

[ tY(@)dt= {Z’ log(4, + mZ)] - (5.3)

One then throws away the value of the righthand side of (5.3) at the upper limit and
claims that

log detA=Y log4,
=— (¢71Y(t)dr . (5:4)
0

This is obviously a very dubious procedure. One can obtain the same result from the
zeta function method in the (ollowing way. One has

log detA = —{'(0)

daf1 ¢ _,
=-o [F_(s—) (j)t Y(r)dt] . (5.5)
Near s=0
1
o =s+ys?+0(s?), (5.6)
where y is Euler’s constant.
Thus

log det 4 = — Lim |(1+2ys) [ ¢~ ' Y()dt
s—0 0

@D
+(s+ys?) | £ ogt Y(1)dt|. (5.7)

0
If one ignores the fact that the two integrals in Equation (5.7) diverged when s=0,
one would obtain Equation (5.4). Using the asymptotic expansion for Y, one sees
that the integral in Equation (5.4) hasat™2,¢™', and a logt divergence at the lower
limit with coefficients 1B,, B,, and B, respectively. The first of these is often
subtraced out by adding an infinite cosmological constant to the action while the
second is cancelled by adding an infinite multiple of the scalar curvature which is
interpreted as a renormalization of the gravitational constant. The logarithmic term
requires an infinite counter term of a new type which is quadratic in the curvature.
To obtain a finite answer from Equation (5.4) dimensional regularization is
often used. One generalizes the heat equation from 4+ 1 dimensions to 2w+ 1
dimensions and then subtracts out the pole that occurs in (5.4) at 2w=4. As
mentioned in the introduction, this is ambiguous because there are many ways that
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one could generalize a curved spacetime to 2w dimensions. The simplest generali-
zation would be to take the product of the four dimensional spacetime manifold
with 2w —4 flat dimensions. In this case the integrated heat kernel Y would be
multiplied by (4nt)>~®. Then (5.4) would become

log detA = — [ 1!~ *(4m)2~*Y(f)dt . (5.8)
0

This has a pole at 2w =4 with residue ¢(0) and finite part — {'(0)+ (2y + logdn) x {(0).
Thus, the value of the log Z derived by the dimensional regularization using flat
dimensions agrees with the value obtained by the zeta function method up to a
multiple of {(0) which can be absorbed in the normalization constant. However,
if one extended to 2w+ 1 dimensions in some more general way than merely
adding flat dimensions, the integrated hcat kernel would have the form

Y(tow)=Y B, ()"~ *, (5.9)

where the cocfficients B,(w) depend on the dimensions 2w. The finite part at w =2
would then acquire an extra term B)(2). This could not be absorbed in the
normalization constant u. One therefore sees that the zeta function method has the
conceptual advantages that it avoids the dubious procedures used to obtain
Equation (5.4), it does not require the subtraction of any pole term or the addition of
infinite counter terms, and it is unambiguous unlike dimensional regularization
which depends on how one generalizes to 2w dimensions.

6. Scaling

In this Section I shall consider the behaviour of the partition function Z under a
constant scale transformation of the metric

gab = kgab . (6 1 )

If Aisa Laplacian type operator for a zero rest mass field, the eigenvalues transform
as

A =k"14, . (62)
Thus the new generalized zeta function is

{s)=k"C(s) 63)
and

log det A =log det A — logk{(0) . (6.4)
Thus

logZ =logZ + Llogk{(0)

+(logji—logu)(0) . (6.5)
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If one assumed that the normalization constant p remained unchanged under a
scale transformation, the last term would vanish. This assumption is equivalent to
assuming that the measure in the path integral over all configurations of the field ¢
is defined not on a scalar field but on a scalar density of weight 4. This is because the
eigenfunctions of the operator A would have to transform according to

bo=k'0, (6.6)

in order to maintain the normalization condition (2.6). The coefficients a, of the
expansion of a given scalar field ¢ would therefore transform according to

d,=ka, (6.7)
and the normalization constant u would transform according to

fi=k™'p (6.8)
if the measure is defined on the scalar field itself, i.e. if

dl¢]=11 d¢p(x). (6.9)
However if the measure is defined on densities of weight 1, i.e.

d[$] = 11,(g(x)"*d(x) (6.10)

then the normalization parameter u is unchanged.

The weight of the measure can be deduced from considerations of unitarity. In
the case of a scalar field one can use the manifestly unitary formalism of summing
over all particle paths. This gives the conformally invariant scalar wave equation if
the fields are taken to be densities of weight 1 [23). By contrast, the “minimally
coupled” wave equation [J¢ =0 will be obtained if the weight is 1. In the case of a
gravitational field itself one can use the unitary Hamiltonian formalism. From this
Fadeev and Popov [17] deduce that the measure is defined on densities of weight 4
and is scale invariant. Similar procedures could be used to find the weight of the
measure for other fields. One would expect it to be 4 for massless fields.

These scaling arguments give one certain amounts of information about the
partition function. In DeSitter space they determine it up to the arbitrariness of the
normalization parameter u because DeSitter space is completely determined by the
scale. Thus

logZ =B, logr/re, 6.11)

where r is the radius of the space and r, is related to u. In the case of a Schwarzschild
black hole of mass M in a large spherical box of radius r,

logZ=B,logM/M,+ f(reM™1), (6.12)

where again M is related to p. If the radius of the box is large compared to M, one
would expect that the partition function should approach that for thermal radiation
at temperature T=(8zM) ™! in flat space. Thus one would expect

f———'g +o('—5) 6.13)
=3a560m° TV \ar?) - (©.
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It should be possible to verify this and to calculate the lower order terms by
developing suitable approximations to the eigenvalues of the radial equation in the
Schwarzschild solution. In particular f and logZ will be finite. This contrasts with
the result that one would obtain if one naively assumed that the thermal radiation
could be described as a fluid with a density of logZ equal to n?/4,T> where
T=T(1—-2Mr~ ')~ V2 is the local temperature. Near the horizon T would get very
large because of a blueshift effect and so logZ would diverge.

For a conformally invariant scalar field B, = — % for DeSitter space and ; for
the Schwarzschild solution. The fact that B, is positive in the latter case may
provide a natural cut off in the path integral when one integrates over background
metrics will all masses M. If the measure on the space of gravitational fields is scale
invariant then the action of the background fields will give an integral of the form

{ exp(—4nM2)M~'dM . (6.14)
0

This converges nicely at large M but has a logarithmic divergence at M =0.
However if one includes a contribution of the thermal radiation the integral is
modified to

{ exp(—4nM2)M ! *B2dM . (6.15)
(1]

This converges if B, is positive. Such a cut off can however be regarded as suggestive
only because it ignores the contributions of high order terms which will be
important near M =0. One might hope that these terms might in turn be represented
by further black hole background metrics.

7. Energy-Momentum Tensor

By functionally differentiating the partition function one obtains the energy
momentum tensor of the thermal radiation

_qy,0l0gZ

7;b=—2(go) ”2—6—9"67,—' . (71)
The energy momentum tensor will be finite even on the event horizon ofa black hole
background metric despite the fact that the blueshifted temperature T diverges
there. This shows that the energy momentum tensor cannot be that of a perfect fluid

with pressure equal to one third the energy density.

One can express the energy momentum tensor in terms of derivatives of the heat
kernel F:

dlogZ = 33{'(0)— p™ '8 (0) - { log(Gnu?)8((0) . (7.2)

The second term on the right of (7.2) will vanish if one assumes that u does not
change under variations of the metric. This will be the case if the measure is defined
on densities of weight 1. The third term can be expressed as the variation of an
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integral quadratic in the curvature tensor and can be evaluated directly. To
calculate the first term one writes

{'O0)=— l f j e F(x, x, z)(go)”zd“xd:] (7.3)
r( ) s=0
Therefore
38'(0)= — [ ! ] j £ 8[F(x, x, t)(gy) " 2d* xdt (7.4)
I(s) s=0
To calculate §F one uses the varied heat equation
(A + %) SF(x, y, 1)+ SAF(x, y,£)=0 (7.5)
with 8[(go(V))'/*F(x, y,0)]=0. The solution is
t
O[(go»)' 2 F(x, y,00]= — [ | F(x,2,t —t')6 AF(z, y,t)go(y)gol2)' *d*zdt’ . (7.6)
0
Therefore
8§ F(x,x,1)(go)' *d*x=—t{8AF(z,2,1)(g,)*d*z . (1.7

Where the operator A4 acts on the first argument of F,

The operator 64 involves 8 and its covariant derivatives in the background
metric. Integrating by parts, one obtains an expression for T in terms of F and its
covariant derivatives. For a conformally invariant scalar field.

dl"’

7:.» = F(s) s( %gachc_ %Fah

+%gabF:+éR¢bF—_112_gabRF)dt

(g0)~'7%. (1.8)

—log(mu?) 222
0 ab
Where indices placed before or after F indicates differentiation with respect to the
first or second arguments respectively and the two arguments are taken at the point
x at which the energy momentum tensor is to be evaluated. In an empty spacetime
the quantity B, is the integral of a pure divergence so B, vanishes.

8. The Trace Anomaly

Naively one would expect T7, the trace of the energy momentum tensor, would be
zero for a zero rest mass field. However this is not the case as can be seen either
directly from (7.8) or by the following simple argument. Consider a scale
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transformation in which the metric is multiplied by a factor k=1+¢. Then
0gab =2ga and

dlogZ
dk
=B,(1 +{p~ ' dp/dk)
=B, 8.1)

j T:(go)112d4x =7

if the measure is defined on densities of weight 1. Thus for the case of a conformally
invariant scalar field

1 ¥ a
= 388007 (R, R =R, R®+ OR]. (8.2)
The trace anomalies for other zero rest mass fields can be calculated in a similar
manner.

These results for the trace anomaly agree with those of a number of other
authors [7-12]. However, they disagree with some calculations by the point
separation method [24] which do not obtain any anomaly. The trace anomaly for
DeSitter completely determines the energy momentum because it must be a
multiple of the metric by the symmetry. In a two dimensional black hole in a box the
trace anomaly also determines the energy momentum tensor and in the four
dimensional case it determines it up to one function of position [25].

9. Higher Order Terms

The path integral over the terms in the action which are quadratic in the
fluctuations about the background fields are usually represented in perturbation
theory by a single closed loop without any vertices. Functionally differentiating
with respect to thc background metric to obtain the energy momentum tensor
corresponds to introducing a vertex coupling the field to the gravitational field. If
one then feeds this energy momentum tensor as a perturbation back into the
Einstein equations for the background field, the change in the logZ would be
described by a diagram containing two closed loops each with a gravitational vertex
and with the two vertices joined by a gravitational propagator. Under a scale
transformation in which the metric was multiplied by a constant factor k, such a
diagram would be multiplied by k™ 2. Another diagram which would have the same
scaling behaviour could be obtained by functionally differentiating logZ with
respect to the background metric at two different points and then connecting these
points by a gravitational propagator. In fact all the higher order terms have scaling
behaviour k™" where n=2. Thus one would expect to make a negligible
contribution to the partition function for black holes of significantly more than the
Planck mass. The higher order terms will however be important near the Planck
mass and will cause the scaling argument in Section 6 to break down. One might
nevertheless hope that just as a black hole background metric corresponds to an
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infinite sequence of higher order terms in a perturbation expansion around flat
space, so the higher order terms in expansion about a black hole background might
in turn be represented by more black holes.

Acknowledgement. 1 am grateful for discussions with a number of colleagues including G. W. Gibbons, A.
S. Lapedes, Y. Manor, R, Penrose, M. J. Perry, and 1. M. Singer.
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15. The path-integral approach to quantum gravity

S. W. HAWKING

15.1 [Introduction

Classical general relativity is a very complete theory. It prescribes not
only the equations which govern the gravitational field but also the
motion of bodies under the influence of this field. However it fails in two
respects to give a fully satisfactory description of the observed universe.
Firstly, it treats the gravitational field in a purely classical manner
whereas all other observed fields seem to be quantized. Second, a number
of theorems (see Hawking and Ellis, 1973) have shown that it leads
inevitably to singularities of spacetime. The singularities are predicted to
occur at the beginning of the present expansion of the universe (the big
bang) and in the collapse of stars to form black holes. At these singulari-
ties, classical general relativity would break down completely, or rather it
would be incomplete because it would not prescribe what came out of a
singularity (in other words, it would not provide boundary conditions for
the field equations at the singular points). For both the above reasons one
would like to develop a quantum theory of gravity. There is no well
defined prescription for deriving such a theory from classical general
relativity. One has to use intuition and general considerations to try to
construct a theory which is complete, consistent and which agrees with
classical general relativity for macroscopic bodies and low curvatures of
spacetime. It has to be admitted that we do not yet have a theory which
satisfies the above three criteria, especially the first and second. However,
some partial results have been obtained which are so compelling that it is
difficult to believe that they will not be part of the final complete picture.
These results relate to the conection between black holes and thermo-
dynamics which has already been described in chapters 6 and 13 by
Carter and Gibbons. In the present article it will be shown how this
relationship between gravitation and thermodynamics appears also when
one quantizes the gravitational field itself.
There are three main approaches to quantizing gravity:
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1 The operator approach

In this one replaces the metric in the classical Einstein equations by a
distribution-valuec operator on some Hilbert space. However this would
not seem to be a very suitable procedure to follow with a theory like
gravity, for which the field equations are non-polynomial. It is difficult
enough to make sense of the product of the field operators at the same
spacetime point let alone a non-polynomial function such as the inverse
metric or the square root of the determinant.

2 The canonical approach

In this one introduces a family of spacelike surfaces and uses them to
construct a Hamiltonian and canonical equal-time commutation rela-
tions. This approach is favoured by a number of authors because it seems
to be applicable to strong gravitational fields and it is supposed to ensure
unitarity. However the split into three spatial dimensions and one time
dimension seems to be contrary to the whole spirit of relativity.
Moreover, it restricts the topology of spacetime to be the product of the
real line with some three-dimensional manifold, whereas one would
expect that quantum gravity would allow all possible topologies of
spacetime including those which are not products. It is precisely these
other topologies that seem to give the most interesting effects. There is
also the problem of the meaning of equal-time commutation relations.
These are well defined for matter fields on a fixed spacetime geometry but
what sense does it make to say that two points are spacelike-separated if
the geometry is quantized and obeying the Uncertainty Principle?
For these reasons I prefer:

3 The path-integral approach

This too has a number of difficulties and unsolved problems but it seems
to offer the best hope. The starting point for this approach is Feynman’s
idea that one can represent the amplitude

(82, ¢2) szlgl’ ¢h Sl),

to go from a state with a metric g, and matter fields ¢, on asurface S;to a
state with a metric g, and matter fields ¢, on asurface S, as asum over all
field configurations g and ¢ which take the given values on the surfaces S,
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/_w

Sy

g.¢

Figure 15.1. The amplitude (g2, #3, S2lg1, @1, S1) to go from a metric g, and matter fields
&1, on a surface S, 10 a metric g; and matter fields ¢, on a surface S, is given by a path
integral over all fields g, ¢ which have the given values on S, and §,.

S,

and S, (figure 15.1). More precisely

(82, 2, Salgs, 1, S0 = [ Dlg, $1exp (11, o)),

where D[g, ¢] is a measure on the space of all field configurations g and
¢, I[g, ¢]is the action of the fields, and the integral is taken over all fields
which have the given values on S, and S..

In the above it has been implicitly assumed either that the surfaces S
and S, and the region between them are compact (a ‘closed’ universe) or
that the gravitational and matter fields die oft in some suitable way at
spatial infinity (the asymptotically flat space). To make the latter more
precise one should join the surfaces S, and S by a timelike tube at large
radius so that the boundary and the region contained within it are
compact, as in the case of a closed universe. It will be seen in the next
section that the surface at infinity plays an essential role because of the
presence of a surface term in the gravitational action.

Not all the components of the metrics g, and g, on the boundary are
physically significant, because one can give the components g*°n, arbi-
trary values by diffeomorphisms or gauge transformations which move
points in the interior, M, but which leave the boundary, aM, fixed. Thus
one need specify only the three-dimensional induced metric & on 3M and
that only up to diffeomorphisms which map the boundary into itself.

In the following sections it will be shown how the path integral
approach can be applied to the quantization of gravity and how it leads to
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the concepts of black hole temperature and intrinsic Qquantum mechanical
entropy.

15.2 The action

The action in general relativity is usually taken to be

TG | R0 'k [ L)', (151)

where R is the curvature scalar, A is the cosmological constant, g is the
determinant of the metric and L,,, is the Lagrangian of the matter fields.
Units are such that c=ha=k=1. G is Newton’s constant and I shall
sometimes use units in which this also has a value of one. Under variations
of the metric which vanish and whose normal derivatives also vanish on
aM, the boundary of a compact region M, this action is stationary if and
only if the metric satisfies the Einstein equations:

Rap —38asR + Agas = 877G T, (15.2)

where T =3(—g) "*(6L../8g.s) is the energy-momentum tensor of
the matter fields. However this action is not an extremum if one allows
variations of the metric which vanish on the boundary but whose normal
derivatives do not vanish there. The reason is that the curvature scalar R
contains terms which are linear in the second derivatives of the metric. By
integration by parts, the variation in these terms can be converted into an
integral over the boundary which involves the normal derivatives of the
variation on the boundary. In order to cancel out this surface integral, and
so obtain an action which is stationary for solutions of the Einstein
equations under all variations of the metric that vanish on the boundary,
one has to add to the action a term of the form (Gibbons and Hawking,
1977a):

éG—J.K(:th)llz &Px+C (15.3)
where X is the trace of the second fundamental form of the boundary, & is
the induced metric on the boundary, the plus or minus signs are chosen
according to whether the boundary is spacelike or timelike, and C is a
term which depends only on the boundary metric 4 and not on the values
of g at the interior points. The necessity for adding the surface term (15.3)
to the action in the path-integral approach can be seen by considering the
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hy$,
89 Timelike
tube
b8,

Figure 15.2. Only the induced metric A need be given on the boundary surface. In the
asymptotically flat case the initial and final surfaces should be joined by a timelike tube at
large radius to obtain a compact region over which to perform the path integral.

S
hy
£

sl
h,
&

Sy
hy

Figure 15.3. The amplitude to go from the metric h, on the surface S, to the metric k3 on
the surface S, should be the sum of the amplitude to go by all metrics h; on the intermediate
surface S». This will be true only if the action contains a surface term.
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situation depicted in figure 15.3, where one considers the transition from
a metric h,, on a surface S, to a metric h; on a surface S; and then to a
metric h; on a later surface S3. One would want the amplitude to go from
the initial to the final state to be obtained by summing over all states on
the intermediate surface S,, i.e.

(h3, Salhy, $1) =Y (ha, Salhy, S1)hs, Slhy, S2). (15.4)
h;

This will be true if and only if
I[g\+g2]=1{g:] +1{g], (15.5)

where g, is the metric between S, and S, g; is the metric between S, and
S5, and [g, + g2) is the metric on the regions between S, and S; obtained
by joining together the two regions. Because the normal derivative of g,
at §; will not in general be equal to that of g, at S, the metric [g; + g,] will
have a §-function in the Ricci tensor of strength 2(K 3, — K2, ), where K,
and K 2, are the second fundamental forms of the surface S, in the metrics
g1 and g, respectively, defined with respect to the future-directed normal.
This means that the relation (15.5) will hold if and only if the action is the
sum of (15.1) and (15.3), i.e.

1 e AY— o172 gt J’ o172 4
I_lénGJ(R 20)(—g) “d'x+ | Ln(—g) '“d°x

+§;15j K&n)'?dx+C (15.6)

The appearance of the term C in the action is somewhat awkward. One
could simply absorb it into the renormalization of the measure D[g, ¢).
However, in the case of asymptotically flat metrics it is natural to treat it
so that the contribution from the timelike tube at large radius is zero when
g is the flat-space metric, %. Then

1
C=—mj K°xh)'"? d&x, (15.7)

where K ° is the second fundamental form of the boundary imbedded in
flat space. This is not a completely satisfactory prescription because a
general boundary metric h cannot be imbedded in flat space. However in
an asymptotically flat situation one can suppose that the boundary will
become asymptotically imbeddable as one goes to larger and larger radii.
Ultimately I suspect that one should do away with all boundary surfaces
and should deal only with closed spacetime manifolds. However, at the
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present state of development it is very convenient to use non-compact,
asymptotically flat metrics and to evaluate the action using a boundary at
large radius.

A metric which is asymptotically flat in the three spatial directions but
not in time can be written in the form

ds?=—(1-2M,"")dr*+ (1 +2M.r ") dr?
+7r%(d6* +sin® 8 d¢>)+O(r ). (15.8)

If the metric satisfies the vacuum Einstein equations (A = 0) near infinity
then M, = M,, but in the path integral one considers all asymptotically flat
metrics, whether or not they satisfy the Einstein equation. In such a
metric it is convenient to choose the boundary M to be the ¢-axis times a
sphere of radius 7. The area of M is

j (—h)'"* &x =4nr} j (1-Mrg' +O(rs?)) dt. (15.9)

The integral of the trace of the second fundamental form of oM is given
by

IK(—-h)”z d3x=5"; J (-h)"*d’x, (15.10)

where 9/dn indicates the derivative when each point of dM is moved out
along the unit normal. Thus

j K(=h)"*d* = j Srro—dnM,—8aM,+O(r3*)dr. (15.11)

For the flat space metric, n, K®=2rg". Thus

1 2 1 -
= j' (K —KX-h)""* & = GI(M, IM)dr. (15.12)

In particular for a solution of the Einstein equation with mass M as
measured from infinity, M, = M, = M and the surface term is

M

-1
e I A+ 003Y). (15.13)

15.3 Complex spacetime

For real Lorentzian metrics g (i.e. metrics withsignature —+ + +) and real
matter fields ¢, the action I[g, ¢} will be real and so the path integral will
oscillate and will not converge. A related difficulty is that to find a field
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configuration which extremizes the action between given initial and final
surfaces, one has to solve a hyperbolic equation with initial and final
boundary values. This is not a well-posed problem: there may not be any
solution or there may be an infinite number, and if there is a solution it
will not depend smoothly on the boundary values.

In ordinary quantum field theory in flat spacetime one deals with this
difficulty by rotating the time axis 90° clockwise in the complex plane, i.e.
one replaces ¢t by —ir. This introduces a factor of —i into the volume
integral for the action I. For example, a scalar field of mass m has a
Lagrangian

L=~1¢.bs8" —im’¢>. (15.14)
Thus the path integral
z = [ Dis)exp (116 (15.15)
becomes
z = [ Dl exp (M), (15.16)

where f = il is called the ‘Euclidean’ action and is greater than or equal
to zero for fields ¢ which are real on the Euclidean space defined by real 7,
x, ¥, z. Thus the integral over all such configurations of the field ¢ will be
exponentially damped and should therefore converge. Moreover the
replacement of ¢ by an imaginary coordinate r has changed the metric n**
from Lorentzian (signature —+++) to Euclidean (signature ++++).
Thus the problem of finding an extremum of the action becomes the
well-posed problem of solving an ¢lliptic equation with given boundary
values.

The idea, then, is to perform all path integrals on the Euclidean section
(7, x,y, z real) and then analytically continue the results anticlockwise in
the complex t-plane back to Lorentzian or Minkowski section (7, x, y, 2
real). As an example consider the quantity

Z[J]=ID[¢]exp-—(%¢A¢+Jd>)dx dy dz dr, (15.17)
where A is the second-order differential operator —(+ m?, O is the
four-dimensional Laplacian and J(x) is a prescribed source field which

dies away at large Euclidean distances. The path integral is taken over all
fields ¢ that die away at large Euclidean distances. One can write Z[J]
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symbolically as
Z[J]=exp (/A7) I Di¢lexp (¢ —-AT'NA(6~-AT'T), (15.18)

where A "'(x,, x;) is the unique inverse or Green’s function for A that
dies away at large Euclidean distances,

A J(x)= j A7 x, x' W (x)dx (15.19)
JATY = ” J()A™ (x, x' W (x")d*x d*x’". (15.20)
The measure D[¢] is invariant under the translation ¢ - ¢ — A~'J. Thus
Z[J]=exp GJAT'N)Z[0]. (15.21)
Then one can define the Euclidean propagator or two-point correlation

function s2los Z

og
Ol (x2) P (x1)|0) = ————
[ (x2) @ (x1)]0) 370 7)o

= A" (xz7x1). (15.22)

One obtains the Feynman propagator by analytically continuing
A~ Y(x3, x1) anticlockwise in the complex t, ~ t,-plane.

It should be pointed out that this use of the Euclidean section has
enabled one to define the vacuum state by the property that the fields ¢
die off at large positive and negative imaginary times 7. The time-ordering
operation usually used in the definition of the Feynman propagator has
been automatically achieved by the direction of the analytic continuation
from Euclidean space, because if Re (t2—1£)>0, (0f¢(x2), ¢(x1)l0) is
holomorphic in the lower half r,—t,-plane, i.e. it is positive-frequency (a
positive-frequency function is one which is holomorphic in the lower half
t-plane and which dies off at large negative imaginary t).

Another use of the Euclidean section that will be important in what
follows is to construct the canonical ensemble for a field ¢. The amplitude
to propagate from a configuration ¢, on a surface at time f, to a
configuration ¢, on a surface at time ¢, is given by the path integral

(@2, il 1)) = I Di{&] exp GI[8)). (15.23)

Using the Schrédinger picture, one can also write this amplitude as

(dalexp (—iH (12— 11))|d1).
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Put 1, —¢t, = —iB, ¢2= ¢ and sum over a complete orthonormal basis of
configurations ¢,. One obtains the partition function

Z =Y exp(—BE.,) (15.24)

of the field ¢ atatemperature T = 8~', where E, is the energy of the state
¢.. However from (15.23) one can also represent Z as a Euclidean path
integral

z = Dlslexp (iflg)) (15.25)

where the integral is taken over all fields ¢ that are real on the Euclidean
section and are periodic in the imaginary time coordinate r with period 8.
As before one can introduce a source J and obtain a Green'’s function by
functionally differentiating Z[J] with respect to J at two different points.
This will represent the two-point correlation function or propagator for
the field ¢, not this time in the vacuum state but in the canonical ensemble
at temperature T =g8"". In the limit that the period B8 tends to infinity,
this thermal propagator tends to the normal vacuum Feynman propa-
gator.

It seems reasonable to apply similar complexification ideas to the
gravitational field, i.e. the metric. For example, supposing one was
considering the amplitude to go from a metric h; on a surface S; to a
metric h, on a surface S,, where the surfaces §, and S, are asymptotically
flat, and are separated by a time interval ¢ at infinity. As explained in
section 15.1, one would join S, and §; by a timelike tube of length ¢ at
large radius. One could then rotate this time interval into the complex
plane by introducing an imaginary time coordinate 7 = it. The induced
metric on the timelike tube would now be positive-definite so that one
would be dealing with a path integral over a region M on whose boundary
the induced metric h was positive-definite everywhere. One could there-
fore take the path integral to be over all positive-definite metrics g which
induced the given positive-definite metric A on aM. With the same choice
of the direction of rotation into the complex plane as in flat-space
Euclidean theory, the factor (—g)'/? which appears in the volume element
becomes —i(g)'’?, so that the Euclidean action, f = —il, becomes

=___1___ _ 1/2 44 _L 0 1/2 43
161rGJ(R 2AXg) " d'x 81rGJ’(K K™ )h) ' “d'x

-J Ln(g)'?d*x. (15.26)
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The problem arising from the fact that the gravitational part of this
Euclidean action is not positive-definite will be discussed in section 15.4.

The state of the system is determined by the choice of boundary
conditions of the metrics that one integrates over. For example, it would
seem reasonable to expect that the vacuum state would correspond to
integrating over all metrics which were asymptotically Euclidean, i.e.
outside some compact set as they approached the flat Euclidean metricon
R*.Inside the compact set the curvature might be large and the topology
might be different from that of R*.

As an example, one can consider the canonical ensemble for the
gravitational fields contained in a spherical box of radius r, at a tempera-
ture T, by performing a path integral over all metrics which would fit
inside a boundary consisting of a timelike tube of radius ry which
was periodically identified in the imaginary time direction with period
B=T""

In complexifying the spacetime manifold one has to treat quantities
which are complex on the real Lorentzian section as independent of their
complex conjugates. For example, a charged scalar field in real Lorent-
zian spacetime may be represented by a complex Tfield ¢ and its complex
conjugate ¢. When going to complex spacetime one has to analytically
continue ¢ as a new field ¢ which is independent of ¢. The same applies
to spinors. In real Lorentzian spacetime one has unprimed spinors A4
which transform under SL(2, C) and primed spinors w4 which transform
under the complex conjugate group SL(2, C). The complex conjugate of
an unprimed spinor is a primed spinor and vice versa. When one goes to
complex spacetime, the primed and unprimed spinors become indepen-
dent of each other and transform under independent groups SL(2, C) and
SL(2, C) respectively. If one analytically continues to a section on which
the metric is positive-definite and restricts the spinors to lie in that
section, the primed and unprimed spinors are still independent but these
groups become SU(2) and STJ(Z) respectively. For example, in a Lorent-
zian metric the Weyl tensor can be represented as

Caassecpp =W¥apcpe apecp +¥apcpéasecp (15.27)

When one complexifies, ¢ a's'c'p is Teplaced by an independent field
Jamcp- In particular one can have a metric in which ¢ 4acp # 0, but
dapcp =0. Such a metric is said to be conformally self-dual and
satisfies

Cabed = *Cabed = 3apesC 4 (15.28)
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The metric is said to be self-dual if

Rabea = *Rapea
which implies
Rab = O- Cabcd = *Cabcd~ (1529)

A complexified spacetime manifold M with a complex self-dual or
conformally self-dual metric g,, may admit a section on which the metric
is real and positive definite (a ‘Euclidean’ section) but it will not admit a
Lorentzian section, i.e. a section on which the metric is real and has a
signature — 4+ 4+,

15.4 The indefiniteness of the gravitational action

The Euclidean action for scalar or Yang-Mills fields is positive-definite.
This means that the path integral over all configurations of such fields that
are real on the Euclidean section converges, and that only those
configurations contribute that die away at large Euclidean distances,
since otherwise the action would be infinite. The action for fermion fields
is not positive-definite. However, one treats them as anticommuting
quantities (Berezin, 1966) so that the path integral over them converges.
On the other hand, the Euclidean gravitational action is not positive-
definite even for real positive-definite metrics. The reason is that
although gravitational waves carry positive energy, gravitational poten-
tial energy is negative because gravity is attractive. Despite this, in
classical general relativity it seems that the total energy or mass, as
measured from infinity, of any asymptotically flat gravitational field is
always non-negative. This is known as the positive energy conjecture (Brill
and Deser, 1968; Geroch, 1973). What seems to happen is that whenever
the gravitational potential energy becomes too large, an event horizon is
formed and the region of high gravitational binding undergoes gravita-
tional collapse, leaving behind a black hole of positive mass. Thus one
might expect that the black holes would play a role in controlling the
indefiniteness of the gravitational action in quantum theory and there are
indications that this is indeed the case.

To see that the action can be made arbitrarily negative, consider a
conformal transformation g., = ’g,s, where (1 is a positive function
which is equal to one on the boundary oM.

R=07R-607°00Q (15.30)
K=0"'K+3072Q..n" (15.31)

174



Chapter 15. The path-integral approach to quantum gravity

where n® is the unit outward normal to the boundary 6M. Thus

Prat— 1 2 ab _ 4y, \1/2 44
I[g 167G '[w (Q°R +60.,0.,¢ 2AQ)g) “dx
___LJ 2y _ Y 1/2 43
oo | QK -KoNm) " s (15.32)

One sees that [ may be made arbitrarily negative by choosing a rapidiy
varying conformal factor Q.

To deal with this problem it seems desirable to split the integration over
all metrics into an integration over conformal factors, followed by an
integration over conformal equivalence classes of metrics. I shall deal
separately with the case in which the cosmological constant A is zero but
the spacetime region has a boundary dM, and the case in which A is
nonzero but the region is compact without boundary.

In the former case, the path integral over the conformal factor (} is
governed by the conformally invariant scalar wave operator, A =
~[J+2R. Let {A,, ¢.} be the eigenvalues and eigenfunctions of A with
Dirichlet boundary conditions, i.e.

Adn = Andn, o =00ndM.

If Ay=0, then Q ', is an eigenfunction with zero eigenvalue for the
metric ga = Q’gas. The nonzero eigenvalues and corresponding eigen-
functions do not have any simple behaviour under conformal trans-
formation. However they will change continuously under a smooth
variation of the conformal factor which remains positive everywhere.
Because the zero eigenvalues are conformally invariant, this shows that
the number of negative eigenvalues (which will be finite) remains
unchanged under a conformal transformation 2 which is positive every-
where.
Let Q=1+y, where y =0 on oM. Then

6
fig1= —mj (yAy +2Ry)(g)'/* d*x + f[g]
== [r-a"RIAG -4 RNE) 7 ax

+

-1
T RAT'R +1[g]

-6 pa- _
I(WGRA R +1]g)

where y=(y —A™'R).

6 J’ 1/2 44
15.33
160G yAy(g)/*d', ( )
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The indefiniteness of the gravitational action

Thus one can write
flg)=1'+1°,

where I is the first and second term on the right of (15.33) and I” is the
third term.

I' depends only on the conformal equivalence class of the metric g,
while I? depends on the conformal factor. One can thus define a quantity
X to be the path integral of exp (~/ %) over all conformal factors in one
conformal equivalence class of metrics.

If the operator A has no negative or zero eigenvalues, in particular if g
is a solution of the Einstein equations, the inverse, A™*, will be well
defined and the metric g4 = (1 + A~ R)?g.s will be a regular metric with
R'=0 everywhere. In this case I' will equal f[g’], which in turn will be
given by a surface integral of K’ on the boundary. It seems plausible to
make the positive action conjecture: any asymptotically Euclidean, posi-
tive-definite metric with R =0 has positive or zero action (Gibbons,
Hawking and Perry, 1978). There is a close connection between this and
the positive energy conjecture in classical Lorentzian general relativity.
This claims that the mass or energy as measured from infinity of any
Lorentzian, asymptotically flat solution of the Einstein equations is
positive or zero if the solution develops from a non-singular initial
surface, the mass being zero if and only if the metric is identically flat.
Although no complete proof exists, the positive energy conjecture has
been proved in a number of restricted cases or under certain assumptions
(Brill, 1959; Brill and Deser, 1968; Geroch, 1973; Jang and Wald, 1977)
and is generally believed. If it held also for classical general relativity in
five dimensions (signature —++++), it would imply the positive action
conjecture, because a four-dimensional asymptotically Euclidean metric
with R =0 could be taken as time-symmetric initial data for a five-
dimensional solution and the mass of such a solution would be equal to
the action of the four-dimensional metric. Page (1978) has obtained some
results which support the positive action conjecture. However he has also
shown that it does not hold for metrics like the Schwarzschild solution
which are asymptotically flat in the spatial directions, but are not in the
Euclidean time direction. The significance of this will be seen later.

Let go be a solution of the field equations. If 7 ! increases under all
perturbations away from g, that are not purely conformal trans-
formations, the integral over conformal classes will tend to converge. If
there is some non-conformal perturbation, 8g, of g, which reduces I,
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then in order to make the path integral converge one will have to inte-
grate over the metrics of the form go+idg. This will introduce a factor i
into Z for each mode of non-conformal perturbations which reduces I’.
This will be discussed in the next section. For metrics which are far from a
solution of the field equation, the operator A may develop zero or
negative eigenvalues. When an eigenvalue passes through zero, the
inverse, A™!, will become undefined and I’ will become infinite. When
there are negative eigenvalues but not zero eigenvalues, A™" and I' will
be well defined, but the conformal factor (} = 1 + A™'R, which transforms
g to the metric g’ with R’ =0, will pass through zero and so g’ will be
singular. This is very similar to what happens with three-dimensional
metrics on time-symmetric initial surfaces (Brill, 1959). If 4 is a three-
dimensional positive-definite metric on the initial surface, one can make a
conformal transformation i = Q%4 to obtain a metric with R =0 which
will satisfy the constraint equations. If the three-dimensional conformally
invariant operator B =-~A+ R/8 has no zero or negative eigenvalues
(which will be the case for metrics h sufficiently near flat space) the
conformal factor €1 needed will be finite and positive everywhere. If,
however, one considers a sequence of metrics & for which one of the
eigenvalues of B passes through zero and becomes negative, the cor-
responding Q will first diverge and then will become finite again but will
pass through zero so that the metric # will be singular, The interpretation
of this is that the metric & contained a region with so much negative
gravitational binding energy that it cut itself off from the rest of the
universe by forming an event horizon. To describe such a situation one
has to use initial surfaces with different topologies.

It seems that something analogous may be happening in the four-
dimensional case. In some sense one could think that metrics g for which
the operator A had negative eigenvalues contained regions which cut
themselves off from the rest of the spacetime because they contained too
much curvature. One could then represent their effect by going to
manifolds with different topologies. Anyway, metrics for which A has
negative eigenvalues are in some sense far from solutions of the field
equations, and we shall see in the next section that one canin fact evaluate
path integrals only over metrics near solutions of the field equations.

The operator A appears in [ 2 with a minus sign. This means that in
order to make the path integral over the conformal factors converge at a
solution of the field equations, and in particular at flat space, one has to
take ¥ to be purely imaginary. The prescription, therefore, for making the
path integral converge is to divide the space of all metrics into conformal
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The indefiniteness of the gravitational action

equivalence classes. In each equivalence class pick the metric g’ for which
R’ =0. Integrate over all metrics g = 0%g’, where Q is of the form 1+i¢.
Then integrate over conformal equivalence classes near solutions of the
field equations, with the non-conformal perturbation being purely
imaginary for modes which reduce / !

The situation is rather similar for compact manifolds with a A-term. In
this case there is no surface term in the action and no requirement that
Q=1 on the boundary. If § = Q%g,

6
HAE “Tons J (PR +60.,0.8°° —2A0%)(g)* d*x. (15.34)

Thus quantum gravity with a A-term on a compact manifold is a sort of
average of A¢* theory over all background metrics. However unlike
ordinary A¢* theory, the kinetic term (VQ2)?, appears in the action with a
minus sign. This means that the integration over the conformal factors has
to be taken in a complex direction just as in the previous case.

One can again divide the space of all the positive-definite metrics g on
the manifold M into conformal equivalence classes. In each equivalence
class the action will have one extremum at the vanishing metric for which
0 =0. In general there will be another extremum at a metric g’ for which
R'=4A, though in some cases the conformal transformation g’ = ng,
where g is a positive-definite metric, may require a complex (). Putting
g=(1+y)’g’, one obtains ’

i AV 6 . .
fg)=——- e j (6y..y.58"" —8y*A -8y A—2y*A)(g")!/* d’x,

87G
(15.35)

where V ={(g')"/* d*x.

If A is negative and one neglects the cubic and quartic terms in y, one
obtains convergence in the path integral by integrating over purely
imaginary y in a similar manner to what was done in the previous case. It
therefore seems reasonable to adopt the prescription for evaluating path
integrals with A-terms that one picks the metric g’ in each conformal
equivalence class for which R'=4A, and one then integrates over con-
formal factors of the form (1= 1+i¢ about g’

If A is positive, the operator —6(]—8A, which acts on the quadratic
terms in £ has at least one negative eigenvalue, £ = constant. In fact it
seems that this is the only negative eigenvalue. Its significance will be
discussed in section 15.10.
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15.5 The stationary-phase approximation

One expects that the dominant contribution to the path integral will come
from metrics and fields which are near a metric go, and fields ¢ which are
an extremum of the action, i.e. a solution of the classical field equations.
Indeed this must be the case if one is to recover classical general relativity
in the limit of macroscopic systems. Neglecting for the moment, questions
of convergence, one can expand the action in a Taylor series about the
background fields go, ¢o,

(g, ¢ =I[go, do]l + L[, #]+higher-order terms,  (15.36)
where
8ab = oab + Batrr & =do+ &,

and L[, #] is quadratic in the perturbations g and . If one ignores the
higher-order terms, the path integral becomes

log Z = ~f{go, 4l +1og | DIg, Blexp (~Lig. 8D (1537)

This is known variously as the stationary-phase;, WKB or one-loop
approximation. One can regzard the first term on the right of (15.37) as the
contribution of the background fields to log Z. This will be discussed in
sections 15.7 and 15.8. The second term on the right of (15.37) is called
the one-loop term and represents the effect of quantum fluctuations
around the background fields. The remainder of this section will be
devoted to describing how one evaluates it. For simplicity I shall consider
only the case in which the background matter fields, ¢,, are zero. The
quadratic term I2[g, &) can then be expressed as I,[#]+ I.[¢] and

log Z = ~Hgo} +10g | D] exp (~Ll6])+log | DIg)exp (~Lilg)
(15.38)

I shall consider first the one-loop term for the matter fields, the second
term on the right of (15.38). One can express [2[¢#] as

nio]=} [ eAd( d'x (15.39)

where A is a differential operator depending.on the background metric
go. In the case of boson fields, which I shall consider first, A is a
second-order differential operator. Let {A,, ¢,} be the eigenvalues and
the corresponding eigenfunctions of A, with ¢, =0 on dM in the case
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The stationary-phase approximation

where there is a boundary surface. The eigenfunctions, ¢,, can be
normalized so that

[ 606 (202 d* =80 (15.40)

One can express an arbitrary field ¢ which vanishes on M as a linear
combination of these eigenfunctions:

& =2 Ynn (15.41)

Similarly one can express the measure on the space of all fields ¢ as

D[¢]=[]n dyn. (15.42)

Where u is a normalization factor with dimensions of mass or (length) ™.
One can then express the one-loop matter term as

Z, = | Dl exp (~Li6)

=1 f # dyn €Xp (=3AaY7)

=M1 @mu’A7")"

=(det 3= 'n2A)) 7" (15.43)
In the case of a complex field ¢ like a charged scalar field, one has to treat

¢ and the analytic continuation ¢ of its complex conjugate as indepen-
dent fields. The quadratic term then has the form

1is.81=1 [ dAd(e) d'x. (15.44)
The operator A will not be self-adjoint if there is a background electro-

magnetic field. One can write § in terms of eigenfunctions of the adjoin\
operator A":

& =3 Juton. (15.45)

The measure will then have the form

D[¢, ]=114" dy, dy.. (15.46)
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Because one integrates over y, and y, independently, one obtains
Zy = (det G 'n 24N (15.47)

To treat fermions in the path integrals one has to regard the spinor ¢
and its independent adjoint ¢ as anticommuting Grassman variables
(Berezin, 1966). For a Grassman variable x one has the following
(formal) rules of integration

Idx=0, dex=1. (15.48)

These suffice to determine all integrals, since x* and higher powers of x
are zero by the anticommuting property. Notice that (15.48) implies that
if y = ax, where a is a real constant, then dy = a 'dx.

One can use these rules to evaluate path integrals over the fermion
fields ¢ and ¢. The operator A in this case is just the ordinary first-order
Dirac operator. If one expands exp (—I;) in a power series, only the term
linear in A will survive because of the anticommuting property. Integra-
tion of this respect to d¢ and d¢ gives

Zy =det Gu72A). (15.49)

Thus the one-loop terms for fermion fields are proportional to the
determinant of their operator while those for bosons are inversely
proportional to determinants.

One can obtain an asymptotic expansion for the number of eigenvalues
N(A) of an operator A with values less than A:

N@Q)~3BoA*+BA+B,+0O(Q ™), (15.50)

where By, B; and B, are the ‘Hamidew' coefficients referred to by
Gibbons in chapter 13. They can be expressed as B, =] ba(go)'/? d*x,
where the b, are scalar polynomials in the metric, the curvature and its
covariant derivatives (Gilkey, 1975). In the case of the scalar wave
operator, A = —{J+£éR + m?, they are

1
bo=———5161r (15.51)
by = ——5((1/6~E)R —m?) (15.52)
167

""'ﬁ?(R““‘RM—R.bR“"H&waR +3(66-1R*

+30m%(1 —6£)R +90m*). (15.53)
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When there is 2 boundary surface 9 M, this introduces extra contributions
into (15.50) including a A /*-term. This would seem an additional reason
for trying to do away with boundary surfaces and working simply with
closed manifolds.

From (15.50) one can see that the determinant of A, the product of its
eigenvalues, is going to diverge badly. In order to obtain a finite answer
one has to regularize the determinant by dividing out by the product of
the eigenvalues corresponding to the first two terms on the right of
(15.50) (and those correspondingtoa A 2_term if it is present). There are
various ways of doing this — dimensional regularization (t’"Hooft and
Veltman, 1972), point splitting (DeWitt, 1975), Pauli-Villars (Zeldovich
and Starobinsky, 1972) and the zeta function technique (Dowker and
Critchley, 1976; Hawking, 1977). The last method seems the most
suitable for regularizing determinants of operators on a curved space
background. It will be discussed further in the next section.

For both fermion and baryon operators the term By is (nV/ 1672,
where V is the volume of the manifold in the background metric, gq, and
n is the number of spin states of the field. If, therefore, there are an equal
number of fermion and boson spin states, the leading divergences in Z
produced by the Bo-terms will cancel between the fermion and boson
determinants without having to regularize. If in addition the B,-terms
either cancel or are zero (which will be the case for zero-rest-mass,
conformally invariant fields), the other main divergence in Z will cancel
between fermions and bosons. Such a situation occurs in theories with
supersymmetry, such as supergravity (Deser and Zumino, 1976;
Freedman, van Nieuwenhuizen and Ferrara, 1976) or extended super-
gravity (Ferrara and van Nieuwenhuizen, 1976). This may be a good
reason for taking these theories seriously, in particular for the coupling of
matter fields to gravity.

Whether or not the divergences arising from B, and B, cancel or are
removed by regularization, the net B, will in general be nonzero, even in
supergravity, if the topology of the spacetime manifold is non-trivial
(Perry, 1978). This means that the expression for Z will contain a finite
number (not necessarily an integer) of uncancelled eigenvalues. Because
the eigenvalues have dimensions (length) ™, in order to obtain a dimen-
sionless result for Z each eigenvalue has to be divided by u2, where u is
the normalization constant or regulator mass. Thus Z will depend on .
For renormalizable theories such as A¢*, quantum electrodynamics or
Yang-Mills in flat spacetime, B, is proportional to the action of the field.
This means that one can absorb the u-dependence into an effective
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coupling constant g(u) which depends on the scale at which it is
measured. If g(u)- 0 as u = 0, i.e. for very short length scales or high
energies, the theory is said to be asymptotically free.

In curved spacetime however, B, involves terms which are quadratic in
the curvature tensor of the background space. Thus unless one supposes
that the gravitational action contains terms quadratic in the curvature
(and this seems to lead to a lot of problems including negative energy,
fourth-order equations and no Newtonian limit (Stelle, 1977, 1978)) one
cannot remove the u-dependence. For this reason gravity is said to be
unrenormalizable because new parameters occur when one regularizes
the theory.

If one tried to regularize the higher-order terms in the Taylor series
about a background metric, one would have to introduce an infinite
sequence of regularization parameters whose values could not be fixed by
the theory. However it will be argued in section 15.9 that the higher-
order terms have no physical meaning and that one ought to consider only
the one-loop quadratic terms. Unlike A¢* or Yang-Milis theory, gravity
has a natural length scale, the Planck mass. It might therefore seem
reasonable to take some multiple of this for the ofte-loop normalization
factor u.

15.6 Zeta function regularization

In order to regularize the determinant of an operator A with eigenvalues
and eigenfunctions {A,, ¢,}, one forms a generalized zeta function from
the eigenvalues

La(s)=% A" (15.54)

From (15.50) it can be seen that { will converge for Res> 2. It can be
analytically extended to a meromorphic function of s with poles only at
s=2 and s = 1, In particular it is regular at s = 0. Formally one has

La(0)=-Y logA,. (15.55)
Thus one can define the regularized value of the determinant of A to be
det A =exp (~4(0)). (15.56)

The zeta function can be related to the kerpel F(x, x’, t) of the heat or
diffusion equation

%§+A,,F=O, (15.57)
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where A, indicates that the operator acts on the first argument of F. With
the initial condition

Fi(x,x',0)=68(x, x"), (15.58)

F represents the diffusion over the manifold M, in a fifth dimension of
parameter time ¢, of a point source of heat placed at x' at 7 = 0. The heat
equation has been much studied by a number of authors including DeWitt
(1963), McKean and Singer (1967) and Gilkey (1975). A good exposition
can be found in Gilkey (1974).

It can be shown that if A is an elliptic operator, the heat kernel
F(x, x', t)is asmooth function of x, x’, and t, for t > 0. As t > 0, there is an
asymptotic expression for F(x, x, t):

a0
Fx,x,0)~ L bat"2, (15.59)
n=Q
where again the b, are the ‘Hamidew’ coefficients and are scalar poly-
nomials in the metric, the curvature and its covariant derivatives of order
2n in derivatives of the metrics.
One can represent F in terms of the eigenfunctions and eigenvalues
of A

F(x,x', 1)=1 ¢u(x)dn(x’) exp (—Ant). (15.60)

Integrating this over the manifold, one obtains
Y(t)= I F(x, x, 1)(g0)"> d*x = ¥ exp (—A.r). (15.61)

The zeta function can be obtained from Y(¢) by an inverse Mellin
transform

1 © -1
c(s)=l,—(s-)}'0 Yy dr. (15.62)

Using the asymptotic expansion for F, one sees that {(s)has apole at s = 2
with residue B, and a pole at s = 1 with residue B,. There would be a pole
at s =0 but it is cancelled by the pole in the gamma function. Thus
{(0)= B,. In a sense the poles at s =2 and s = 1 correspond to removing
the divergences caused by the first two terms in (15.50).

If one knows the eigenvalue explicitly, one can calculate the zeta
function and evaluate its derivative at s = 0. In other cases one can obtain
some information from the asymptotic expansion for the heat kernel. For
example, suppose the background metric is changed by a constant scale
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factor go = kg,, then the eigenvalues, A,, of a zero-rest-mass operator A
will become A, = k2. Thus

La(s)=k>a(s)
and
{2(0)=2log k{a(0)+ {4 (0), (15.63)
therefore
log (det A)=—2¢£(0)log k +log (det A). (15.64)

Because B;, and hence {(0), are not in general zero, one sees that the path
integral is not invariant under conformal transformations of the back-
ground metric, even for conformally invariant operators A. This is known
as a conformal anomaly and arises because in regularizing the deter-
minant one has to introduce a normalization quantity, u, with dimensions
of mass or inverse length. Alternatively, one could say that the measure
D[¢] =[] u dya is not conformally invariant.

Further details of zeta function regularization of matter field deter-
minants will be found in Hawking (1977), Gibbons (1977¢), and Lapedes
(1978).

The zeta function regularization of the one-loop gravitational term
about a vacuum background has been considered by Gibbons, Hawking
and Perry (1978). I shall briefly describe this work and generalize it to

include a A-term.
The quadratic term in the fluctuations g about a background metric, go,

is
L{g) =} | £ Aud (60 d'x, (15.65)
where
g’ =gl +g* (15.66)
and
167 Aabed =38caVa Vs ~48acVa Vo + §(8ac8ba + 8ab8ea)VeV* +3Rasgic
—4Rab8ea + T6R8ab8ed — $RBacBbd —EALabBea +1ARacBb4
+(a <_—->b)+(c<—>d)+(a “b ced) (15.67)

One cannot simply take the one-loop term<to be (det (%w"y.—‘A))“ 2,
because A has a large number of zero eigenvalues corresponding to the
fact that the action is unchanged under an infinitesimal diffeomorphism
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(gauge transformation)

x? o> x® +eft
(15.68)
Bab = Bab + 256(:1;1’:)-

One would like to factor out the gauge freedom by integrating only over
gauge-inequivalent perturbations §. One would then obtain an answer
which depended on the determinant of A on the quotient of all fields g
modulo infinitesimal gauge transformations. The way to do this has been
indicated by Feynman (1972), DeWitt (1967) and Fade’ev and Popov
(1967). One adds a gauge-fixing term to the action

Ir= %j 2%Bapcaf™ (80)"" d'x. (15.69)

The operator B is chosen so that for any sufficiently small perturbation g
which satisfies the appropriate boundary condition there is a unique
transformation, £°, which vanishes on the boundary such that

Bapea(§* +2£€ =0, (15.70)
I shall use the harmonic gauge in the background metric

16WBabcd = ﬁgbdvcvc -%gcdvavb _%gabvcvd
(15.71)
+xgaga0+ (@ b)+(cod)+(aeb, cod).

The operator (A+B) will in general have no zero eigenvalues.
However, det (A + B) contains the eigenvalues of the arbitrarily chosen
operator B. To cancel them out one has to divide by the determinant of B
on the subspace of all § which are pure gauge transformations, i.e. of the
form g* = 2¢“*® for some ¢ which vanishes on the boundary. The
determinant of B on this subspace is equal to the square of the deter-
minant of the operator C on the space of all vector fields which vanish on
the boundary, where

167C,p = ~8ap D~ Ras. (15.72)
Thus one obtains
log Z = —f[go) ~3log det 37 ' % (A + B))+log det 37 'u2C).
(15.73)

The last term is the so-called ghost contribution.
In order to use the zeta function technique it is necessary to express
A+ B as K — [ where K and L each have only a finite number of negative
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eigenvalues. To do this, let

A+B=-F+G, (15.74)
where
= —15(VaV® +2A), (15.75)

which operates on the trace, ¢, of g, = g‘“"go,b
Gabcd = —é(gacgbd + 8ad8bc )veve - %(Cdcab + Cdbac)+ %Agabgcdq (1576)

which operates on the trace-free part, &, of §, 6% =g —1g, .

If A <0, the operator F will have only positive eigenvalues. Therefore
in order to make the one-loop term converge, one has to integrate over
purely imaginary ¢. This corresponds to integrating over conformal
factors of the form 0 = 1 +i&. if A >0, F will have some finite number, p,
of negative eigenvalues. Because a constant function will be an eigen-
function of F with negative eigenvalue (in the case where there is no
boundary), p will be at least one. In order to make the one-loop term
converge, one will have to rotate the contour of integration of the
coeflicient of each eigenfunction, with a negative eigenvalue to lie along
the real axis. This will introduce a factor of i’ into Z.

If the background metric g, is flat, the operator G will be positive-
definite. Thus one will integrate the trace-free perturbations é along the
real axis. This corresponds to integrating over real conformal equivalence
classes. However for non-flat background metrics, G may have some
finite number, g, of negative eigenvalues because of the A and Weyl
tensor terms. Again one will have to rotate the contour of integration for
these modes (this time from real to imaginary) and this will introduce a
factor of i ¥ into Z.

The ghost operator is

Cab = —8ap(VV, +A) (15.77)

If A>0, C will have some finite number, 7, of negative eigenvalues.
Because it is the determinant of C that appearsin Z rather than its square
root, the negative eigenvalues will contribute a factor (~1)".

One has

log Z = —£{go] +3¢¢(0) +3¢6(0)~ £ (0)
+3log Qmud)(¢r(0)+¢a(0)—2¢{c(0). (15.78)

From the asymptotic expansion for the heat kernel one has to evaluate
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the zeta functions at s = 0. From the results of Gibbons and Perry (1979)
one has

abcd+ 763 5
5407

Az) (g0)"? d*x.
(15.79)

53
£+ £0(0)~26c0)= | {5352 CaneaC

From this one can deduce the behaviour of the one-loop term under scale
transformations of the background metric. Let goap = kzg(,a,,, then

log Z =log Z +(1 - k¥)f[go) +3v log k, (15.80)

where vy is the right-hand side of (15.79). Providing flgo) is positive, Z
will be very small for large scales, k. The fact that v is positive will mean
that it is also small for very small scales. Thus quantum gravity may have a
cut-off at short length scales. This will be discussed further in section
15.10.

15.7 The background fields

In this section I shall describe some positive-definite metrics which are
solutions of the Einstein equations in vacuum or with a A-term. In some
cases these are analytic continuations of well-known Lorentzian solu-
tions, though their global structure may be different. In particular the
section through the complexified manifold on which the metric is posi-
tive-definite may not contain the singularities present on the Lorentzian
section. In other cases the positive-definite metrics may occur on mani-
folds which do not have any section on which the metric is real and
Lorentzian. They may nevertheless be of interest as stationary-phase
" points in certain path integrals.

The simplest non-trivial example of a vacuum metric is the Schwarz-
schild solution (Hartle and Hawking, 1976; Gibbons and Hawking,
1977a). This is normally given in the form

-1
ds?= —(1—3’— dt2+(1 —3):1) drl+r2d0%.  (15.81)
Putting 1 = —ir converts this into a positive-definite metric for r >2M.
There is an apparent singularity at r = 2M but this is like the apparent
singularity at the origin of polar coordinates, as can be seen by defining a
new radial coordinate x = 4M (1 —2Mr ')/, Then the metric becomes

dz__x_22 ’2222 2
s—4M d'r+4—m dx“+r°dQ)".
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This will be regular at x = 0, r = 2M, if 7 is regarded as an angular variable
and is identified with period 8#M (I am using units in which the
gravitational constant G =1). The manifold defined by x =0, O0<r<
87M .is called the Euclidean section of the Schwarzschild solution. On it
the metric is positive-definite, asymptotically flat and non-singular (the
curvature singularity at r =0 does not lie on the Euclidean section).

Because the Schwarzschild solution is periodic in imaginary time with
period 8 = 8#M, the boundary surface oM at radius 7o will have topology
$' x 7 and the metric will be a stationary-phase point in the path integral
for the partition function of a canonical ensemble at temperature T =
B~ '=(8wM)'. As shown in section 15.2, the action will come entirely
from the surface term, which gives

f=38M = 4aM>. (15.82)

One can find a similar Euclidean section for the Reissner-Nordstrom
solution with Q>+ P?< M?, where Q is the electric charge and P is the
magnetic monopole charge. In this case the radial coordinate has the
range 7, < r <00. Again the outer horizon, r = r,, is an axis of symmetry in
the r—r-plane and the imaginary time coordinate, 7, is identified with
period B = 2wk ', where « is the surface gravity of the outer horizon. The
electromagnetic field, F,;, will be real on the Euclidean section if Q is
imaginary and P is real. In particular if Q = iP, the field will be self-dual or
anti-self-dual,

Fap = £*F, =}eapeaF ™, (15.83)

where €. i the alternating tensor. If F,, is real on the Euclidean
section, the operators governing the behaviour of charged fields will be
elliptic and so one can evaluate the one-loop terms by the zeta function
method. One can then analytically continue the result back to real Q just
as one analytically continues back from positive-definite metrics to
Lorentzian ones.

Because R =0, the gravitational part of the action is unchanged.
However there is also a contribution from the electromagnetic Lagran-

gian, —(1/87)F.,F*. Thus
[=1B(M -®Q+yP), (15.84)

where ® = Q/r. is the electrostatic potentiatof the horizon and ¢ = P/r,
is the magnetostatic potential.

In a similar manner one can find a Euclidean section for the Kerr metric
provided that the mass M is real and the angular momentum J is
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imaginary. In this case the metric will be periodic in the frame that
co-rotates with the horizon, i.e. the point (7, r, 8, ¢) is identified with
(r+8, 1,6, ¢ +iBQ)where Qis the angular velocity of the horizon (£ will
be imaginary if J is imaginary). As in the electromagnetic case, it seems
best to evaluate the one-loop terms with J imaginary and then analyti-
cally continue to real J. The presence of angular momentum does not
affect the asymptotic metric to leading order to that the action is

[=3BM withB=2m«"",

where « is the surface gravity of the horizon.

Another interesting class of vacuum solutions are the Taub-NUT
metrics (Newman, Unti and Tamburino, 1963; Hawking and Ellis, 1973).
These can be regarded as gravitational dyons with an ordinary ‘electric’
type mass M and a gravitational ‘magnetic’ type mass N. The metric can
be written in the form

2
ds?= - v(dz+4N sinzgd¢) + VT AP+ (P 4+ N2Y(d6% +sin? 6 do?),
(15.85)

where V = 1—(2Mr+N?)/(r*+ N?). This metric is regular on half-axis
8 =0 but it has a singularity at § = = because the sin® (8/2) term in the
metric means that a small loop around the axis does not shrink to zero
length as @ = #. This singularity can be regarded as the analogue of a
Dirac string in electrodynamics, caused by the presence of a magnetic
monopole charge. One can remove this singularity by introducing a new
coordinate

t'=t+4No. (15.86)

The metric then becomes

2
ds?= — V(dr'~4N cos? gdas) + VU dr + (P2 4+ N6 +sin? 8 deb?).
(15.87)

This is regular at § =7 but not at § =0. One can therefore use the
(¢, r, 6, ) coordinates to cover the north pole (6 = 0) and the (¢, r, 6, ¢)
co-ordinates to cover the south pole (8 = 7). Because ¢ is identified with
period 27, (15.86) implies that ¢ and ¢’ have to be identified with period
8#N. Thusiif ¢ is a regular field with r-dependence of the form exp(—iwt),
then w must satisfy

4Nw = an integer. (15.88)
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This is the analogue of the Dirac quantization condition and relates the
‘magnetic’ charge, N, of the Taub-NUT solution to the ‘electric’ charge
or energy, w, of the field y. The process of removing the Dirac string
singularity by introducing coordinates ¢ and ' and periodically identify-
ing, changes the topology of the surfaces of constant r from S*x R' to §3
on which (¢/2N), 8 and ¢ are Euler angle coordinates.

The metric (15.85) also has singularities where V =0 or ©. As in the
Schwarzschild case V =co0 corresponds to an irremovable curvature
singularity but V =0 corresponds to a horizon and can be removed by
periodically identifying the imaginary time coordinate. This identification
is compatible with the one to remove the Dirac string if the two periods
are equal, which occurs if N = +iM. If this is the case, and if M is real, the
metric is real and is positive-definite in the region r > M and the curva-
ture is self-dual or anti-self-dual

Rabcd =z *Rabcd = iéeabdR dcd- (1589)

The apparent singularity at r = M becomes a single point, the origin of
hyperspherical coordinates, as can be seen by introducing new radial and
time variables

x=202M(r- M)\,

(15.90)
-
M
The metric then becomes
s2=—-M~Ji—(d¢:+cos¢9d¢)2
2(r+ M)
"+M 2 x2(7+M) 2 .2 2
+ —— —
YY) dx“+ Y (dg°+sin® 8 do°). (15.91)

Thus the manifold defined by x =0, 0y <47, O0<sb<7, 0s¢Pp<2m7,
with ¢, 6, ¢ interpreted as hyperspherical Euler angles, is topologically
R* and has a non-singular, positive-definite metric. The metric is asymp-
totically flat in the sense that the Riemann tensor decreases as rlasr->
but it is not asymptotically Euclidean, which would require curvature
proportional to r~*. The surfaces of the constant s are topologically S *but
their metric is that of a deformed sphere. The orbits of the 3/a¢ Killing
vector define a Hopf fibration 7; §° » §2, where the S is parametrized by
the coordinates @ and ¢. The induced metric on the $* is that of a
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2-sphere of radius (r*~M?'"?, while the fibres are circles of circum-
ference 87MV '/?. Thus, in a sense the boundary at large radius is ' x §?
but is a twisted product.

It is also possible to combine self-dual Taub~NUT solutions (Hawking,
1977). The reason is that the attraction between the electric type masses
M is balanced by the repulsion between the imaginary magnetic type
masses N. The metric is

ds’=U"'(dr+w - dx)’+ U dx - dx, (15.92)
where
U=1+Y M.
i
and
curl @ =grad U. (15.93)

Here r; denotes the distance from the ith ‘NUT’ in the flat, three-
dimensional metric dx - dx. The curl and grad operations refer to this
3-metric, as does the vector v. Each NUT has N, =iM,.

The vector fields @ will have Dirac string singularities running from
each NUT. If the masses M; are all equal, these string singularities and the
horizon-type singularities at r, =0 can all be removed by identifying =
with period 8 7M. The boundary surface at large radius is then a lens
space (Steenrod, 1951). This is topologically an S* with n points
identified in the fibre S* of the Hopf fibration $° > $?, where n is the
number of NUTs.

The boundary surface cannot be even locally imbedded in flat space so
that one cannot work out the correction term K ° in the action. If one tries
to imbed it as nearly as one can, one obtains the value of 47nM? for the
action, the same as Schwarzschild for n =1 (Davies, 1978). In fact the
presence of a gravitational magnetic mass alters the topology of the space
and prevents it from being asymptotically flat in the usual way. One can,
however, obtain an asymptotically flat space containing an equal number,
n,of NUTs (N =iM)and anti-NUTs (N = —iM). Because the NUTs and
the anti-NUTs attract each other, they have to be held apart by an
electromagnetic field. This solution is in fact one of the Israel-Wilson
metrics (Israel and Wilson, 1972; Hartle and Hawking, 1972). The
gravitational part of the action is 87nM?, so that each NUT and anti-
NUT contributes 47M>.

I now come on to positive-definite metrics which are solutions of the
Einstein equations with a A-term on manifolds which are compact
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without boundary. The simplest example is an S* with the metric induced
by imbedding it as a sphere of radius (3A™")"/? in five-dimensional
Euclidean space. This is the analytic continuation of de Sitter space
(Gibbons and Hawking, 1977b). The metric can be written in terms of a
Killing vector 8/ar:

ds?=(1-3Arydr2+(1=-3Ar) " dr2+ 12 dQ2 (15.94)

There is a horizon-type singularity at r=(3A"")"/2. This is in fact a
2-sphere of area 127 A~ which is the locus of zeros of the Killing vector
3/dr. The action is —37A™".

One can also obtain black hole solutions which are asymptotically
de Sitter instead of asymptotically flat. The simplest of these is the
Schwarzschild—de Sitter (Gibbons and Hawking, 197754). The metric is

ds’=Vdri+ V7'dri+r2d0?, (15.95)
where
V=1-2Mr""-Ar%

If A<(9M?)7', there are two positive values of r for which V =0.
The smaller of these corresponds to the black hele horizon, while the
larger is similar to the ‘cosmological horizon’ in de Sitter space. One can
remove the apparent singularities at each horizon by identifying =
periodically. However, the periodicities required at the two horizons are
different, except in the limiting case A=(0OM?* . In this case, the
manifold is $?xS? with the product metric and the action is —27A™".

One can also obtain a Kerr—de Sitter solution (Gibbons and Hawking,
19776). This will be a positive-definite metric for values of r lying
between the cosmological horizon and the outer black hole horizon, if the
angular momentum is imaginary. Again, one can remove the horizon
singularities by periodic identifications and the periodicities will be
compatible for a particular choice of the parameters (Page, 1978). In this
case one obtains a singularity-free metric on an S* bundle over S2. The
action is —0.9553 QwA™Y).

One can also obtain Taub—de Sitter solutions. These will have a
cosmological horizon in addition to the ordinary Taub~-NUT ones. One
can remove all the horizon and Dirac string singularities simultaneously
in a limiting case which is CP?, complex, projective 2-space, with the
standard Kaehler metric (Gibbons and Pope,.1978). The action is
—$7A"

One can also obtain solutions which are the product of two two-
dimensional spaces of constant curvature (Gibbons, 1977b). The case of
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§? x $? has already been mentioned, and there is also the trivial flat torus
T?x T2. In the other examples the two spaces have genera g; and g;> 1
and the A-term has to be negative. The actionis — (27/A)(g: — 1)(g2—1).

Finally, to complete this catalogue of known positive-definite solutions
on the Einstein equations, one should mention K 3. This is a compact
four-dimensional manifold which can be realized as a quartic surface in
CP?, complex projective 3-space. It can be given a positive-definite
metric whose curvature is seif-dual and which is therefore a solution of
the Einstein equation with A =0 (Yau, 1977). Moreover K3 is, up to
identifications, the only compact manifold to admit a self-dual metric.
The action is 0.

There are two topological invariants of compact four-dimensional
manifolds that can be expressed as integrals of the curvature:

1 abef_c
X=T382 J RascaRosene e “** (g)'* d*x, (15.96)
=567 j RascaR e (g)"? d*x. (15.97)

x is the Euler number of the manifold and is equal to the alternating sum
of the Betti numbers:

X =Bo—Bi+B;-B3+B,. (15.98)

The pth Betti number, B,, is the number of independent closed p-surfaces
that are not boundaries of some p + 1-surface. They are also equal to the
number of independent harmonic p-forms. For a closed manifold, B, =
B,4_, and B, = B, = 1. If the manifold is simply connected, B; = B3 =0, so
X=2.

The Hirzebruch signature, 7, has the following interpretation. The B,
harmonic 2-forms can be divided into B3 self-dual and B3 anti-self-dual
2-forms. Then r = B; — B3. It determines the gravitational contribution
tothe a .al-current anomaly (Eguchi and Freund, 1976; Hawking, :977;
Hawking and Pope, 1978).

S*has y =2 and 7 = 0; CP? has y = 3, r = 1; the $? bundle over S° has
x=4,7=0; K3 has y =24, 7= 16 and the product of two-dimensional
spaces with genera g,, g, has x =4(g, —1)(g2—1), 7=0.

In the non-compact case there are extra surface terms in the formulae
for x and 7. Euclidean space and the self-dual Taub-NUT solution has
X =1, 7=0 and the Schwarzschild solution has y =2, 7 =0,
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15.8 Gravitational thermodynamics

As explained in section 15.3, the partition function
Z =Y exp (—BE.)

for a system at temperature T ="', contained in a spherical box of
radius 7, is given by a path integral over all metrics which fit inside the
boundary, aM, with topology $2x §', where the S$%is a sphere of radius r,
and the S’ has circumference B. By the stationary-phase approximation
described in section 15.5, the dominant contributions will come from
metrics near classical solutions g, with the given boundary conditions.
One such solution is just flat space with the Euclidean time coordinate
identified with period 8. This has topology R>x S'. The action of the
background metric is zero, so it makes no contribution to the logarithm of
the partition function. If one neglects small corrections arising from the
finite size of the box, the one-loop term also can be evaluated exactly as
Z,
(15.99)

This can be interpreted as the partition function of thermal gravitonson a
flat-space background.

The Schwarzschild metric with M = (87 T) "' is another solution which
fits the boundary conditions. It has topology R*X S 2 and action f=
B2/167 = 4wM*. The one-loop term has not been computed, but by the
scaling arguments given in section 15.6 it must have the form

106 (8 .
<5108 (B_o) +F(roB™Y) (15.100)

where B is related to the normalization constant u. If rof”" is much
greater than 1, the box will be much larger than the black hole and one
would expect f(roB8 ") to approach the flat-space value (15.99). Thus f
should have the form

47°ry

f(roﬁ“)=m+ O(raB™). (15.101)

From the partition function one can calculate the expectation value of
the energy
_YE.exp(-BE»)
€xp ( - BE'I T

(E)

d
=—— . 15.102
3B log Z ( )
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Applying this to the contribution (—B82/167) 1o log Z from the action of
the action of the Schwarzschild solution, one obtains (E)= M, as one
might expect. One can also obtain the entropy, which can be defined to be

S=~Y p.logp.,, (15.103)

where p, = Z ' exp (— BE, ) is the probability that the system is in the nth
state. Then

S=B{E)+log Z. (15.104)

Applying this to the contribution from the action of the Schwarzschild
metric, one obtains

S=4xM*=1A, (15.105)

where A is the area of the event horizon.

This is a remarkable result because it shows that, in addition to the
entropy arising from the one-loop term (which can be regarded as the
entropy of thermal gravitons on a Schwarzschild background), black
holes have an intrinsic entropy arising from the action of the stationary-
phase metric. This intrinsic entropy agrees exactly with that assigned to
black holes on the basis of particle-creation calculations on a fixed
background and the use of the first law of black hole mechanics (see
chapters 6 and 13 by Carter and Gibbons). It shows that the idea that
gravity introduces a new level of unpredictability or randomness into
physics is supported not only by semi-classical approximation but by a
treatment in which the gravitational field is quantized.

One reason why classical solutions in gravity have intrinsic entropy
while those in Yang-Mills or A¢* do not is that the actions of these
theories are scale-invariant, unlike the gravitational action. If g¢ is an
asymptotically flat solution with period 8 and action f [go], then k*gyis a
solution with a period kB and action k*f. This means that the action, [,
must be of the form ¢82, where ¢ is a constant which will depend on the
topology of the solution. Then (E)=2cB, B{E)=2cB> while log Z =
-f= —¢B2. Thus S = ¢B>. The reason that the action fis equal to 38(E)
and not B(E), as one would expect for a single state with energy (E), is
that the topology of the Schwarzschild solution is not the same as that of
periodically identified flat space. The fact that the Euler number of the
Schwarzschild solution is 2 implies that the time-translation Killing
vector, 3/d7, must be zero on some set (in fact a 2-sphere). Thus the
surfaces of a constant 7 have two boundaries: one at the spherical box of
radius 7o and the other at the horizon r = 2M. Consider now the region of
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AN \\

Figure 15.4. The 7-r plane of the Schwarzschild solution. The amplitude (r,|r,) to go from
the surface 7, to the surface 7 = , is dominated by the actiomof the shaded portion of the
Schwarzschild solution.

the Schwarzschild solution bounded by the surfaces 7 =7, r=7, and
r = rq (figure 15.4). The amplitude (r,|7,) to go from the surface r, to the
surface 7, will be given by a path integral over all metrics which fit inside
this boundary, with the dominant contribution coming from the sta-
tionary-phase metric - which is just the portion of the Schwarzschild
solution bounded by these surfaces. The action of this stationary-phase
metric will be given by the surface terms because R = 0. The surface terms
from the surfaces r=1r; and 7 =17, will cancel out. There will be a
contribution of M (72—,) from the surface r = ry. However there will
also be a contribution from the ‘corner’ at r = 2M where the two surfaces
=7, and T = 7, meet, because the second fundamental form, K, of the
boundary will have a 8-function behaviour there. By rounding off the
corner slightly one can evaluate this contribution, and it turns out to be
AM (r;—r,). Thus the total action is (E) (12— 71) and {(r2lr1) =exp (—(E)
(t2—71)), as one would expect for a single state with energy E = (E).
However, if one considers the partition function one simply has the
boundary at 7 =r, and so the action equals $8E rather than SE. This
difference, which is equal to 1A, gives the entropy of the black hole.
From this one sees that qualitatively new effects arise from the fact that
the gravitational field can have different topologies. These effects would
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not have been found using the canonical approach, because such metrics
as the Schwarzschild solution would not have been allowed.

The above derivation of the partition function and entropy of a black
hole has been based on the use of the canonical ensemble, in which the
system is in equilibrium with an infinite reservoir of energy at tempera-
ture T. However the canonical ensemble is unstable when black holes
are present because if a hole were to absorb a bit more energy, it would
cool down and would continue to absorb more energy than it emitted.
This pathology is reflected in the fact that (AE) =(EY»—(E) =
(1/Z)(a’Z/a/3’)-(a log Z/oB)* = —1/8m, which is negative. To obtain
sensible results with black holes one has to use the micro-canonical
ensemble, in which a certain amount of energy E is placed in an insulated
box and one considers all possible configurations within that box which
have the given energy. Let N(E)dE be the number of states of the
gravitational field with energies between E and E +dE in a spherical box
of radius ro. The partition function is given by the Laplace transform of
N(E),

Z(ﬁ)=j’:N(E)exp (-BE)dE. (15.106)

Thus, formally, the density of states is given by an inverse Laplace
transform,

N(E)=2—:r—i Lw Z(B) exp (EB) dB. (15.107)

For large 8, the dominant contribution to Z(8) comes from the action
of the Schwarzschild metric, and is of the form exp (— ﬂz/ 167). Thus the
right-hand side of (15.107) would diverge if the integral were taken up
the imaginary B-axis as it is supposed to be. To obtain a finite value for
(15.107) one has to adopt the prescription that the integral be taken along
the real 8-axis. This is very similar to the procedure used to evaluate the
path integral in the stationary-phase approximation, where one rotated
the contour of integration for each quadratic term, so that one would
obtain a convergent Gaussian integral. With this prescription the factor
1/27iin (15.107) would give an imaginary value for the density of states
N(E)if the partition function Z(8) were real. However, as mentioned in
section 5.6, the operator G which governs non-conformal or trace-free
perturbations has one negative eigenvalue in the Schwarzschild metric.
This contributes a factor i to the one-loop term for Z. Thus the partition
function is purely imaginary but the density of space is real. This is what
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one might expect: the partition function is pathological because the
canonical ensemble is not well defined but the density of states is real
and positive because the micro-canonical ensemble is well behaved.

It is not appropriate to go beyond the stationary-phase approximation
in evaluating the integral in (15.107) because the partition function, Z,
has been calculated in this approximation only. If one takes just the
contribution exp (— 82/16#) from the action of the background metric,
one finds that a black hole of mass M has a density of states N(M)=
27 Y2 exp (4M?). Thus the integral in (15.106) does not converge
unless one rotates the contour integration to lie along the imaginary
E-axis. If one includes the one-loop term Z,, the stationary-phase point
in the B integration in (15.107) occurs when

_—dlogZ,

E 3B (15.108)
for the flat background metric, and
_ B dlogZ,
P _—aﬂ (15.109)

for the Schwarzschild background metric. One can interpret these equa-
tions as saying that E is equal to the energy of the thermal graviton and
the black hole, if present. Using the approximate form of Z, one finds that
if the volume, V, of the box satisfies

2
E’<’1'—5(8354.5)V, (15.110)

the dominant contribution to N comes from the flat-space background
metric. Thus in this case the most probable state of the system is just
thermal gravitons and no black hole. If V is less than the inequality
(15.110), there are two stationary-phase points for the Schwarzschild
background metric. The one with a lower value of B gives a contribution
to N which is larger than that of the flat-space background metric. Thus
the most probable state of the system is a black hole in equilibrium with
thermal gravitons. These results confirm earlier derivations based on the
semi-classical approximations (Hawking, 1976; Gibbons and Perry,
1978).

15.9 Beyond one loop

In section 15.5 the action was expanded in a Taylor series around a
background field which was a solution of the classical field equations. The
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Beyond one loop

path integral over the quadratic terms was evaluated but the higher-order
terms were neglected. In renormalizable theories such as quantum elec-
trodynamics, Yang-Mills or A¢* one can evaluate these higher or
‘interaction’ terms with the help of the differential operator A appearing
in the quadratic or ‘free’ part of the action. One can express their effect by
Feynman diagrams with two or more closed loops, where the lines in the
diagram represent the propagator or Green’s function A~ and the
vertices correspond to the interaction terms, three lines meeting at a cubic
term and so on. In these renormalizable theories the undetermined
quantities which arise from regularizing the higher loops turn out to be
related to the undetermined normalization quantity, u, of the single loop.
They can thus all be absorbed into a redefinition of the coupling constant
and any masses which appear in the theory.

The situation in quantum gravity is very different. The single-loop term
about a flat or topologically trivial vacuum metric does not contain the
normalization quantity, . However, about a topologically non-trivial
background one has log Z, proportional to (106/45)x log u, where Z, is
the one-loop term and y is the Euler number. One can express this as an
addition to the action of an effective topological term —k(u )y, where
k(u) is a scale-dependent topological coupling constant. One cannot in
general provide such a topological interpretation of the w-dependence of
the one-loop term about a background metric which is a solution of the
field equations with nonzero matter fields. However one can do it in the
special case where the matter fields are related to the gravitational field by
local supersymmetry or spinor-dependent gauge transformations. These
are the various supergravity and extended supergravity theories
(Freedman, Van Nieuwenhuizen and Ferrara, 1976; Deser and Zumino,
1976).

Two loops in supergravity, and maybe also in pure gravity, do not seem
to introduce any further undetermined quantities. However it seems
likely that, both in supergravity and in pure gravity, further undetermined
quantities will arise at three or more loops, though the calculations
needed to verify this are so enormous that no-one has attempted them.
Even if by some miracle no further undetermined quantities arose from
the regularization of the higher loop, one would still not have a good
procedure for evaluating the path integral, because the perturbation
expansion around a given background field has only a very limited range
of validity in gravity, unlike the case in renormalizable theories such as
Yang-Mills or A¢*. In the latter theory the quadratic or ‘free’ term in the
action { (V¢)? d‘x bounds the interaction term A f ¢* d*x. This means
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Chapter 15. The path-integral approach to quantum gravity

that one can evaluate the expectation value of the interaction term in the
measure D[¢]exp (- (V¢)*d*x) or, in other words, using Feynman
diagrams where the lines correspond to the free propagator. Similarly in
quantum electrodynamics or Yang-Mills theory, the interaction term is
only cubic or quartic and is bounded by the free term. However, in the
gravitational case the Taylor expansion about a background metric
contains interaction terms of all orders in, and quadratic in derivatives of,
the metric perturbations. These interaction terms are not bounded by the
free, quadratic term so their expectation values in the measure given by
the quadratic term are not defined. In other words, it does not make any
sense to represent them by higher-order Feynman diagrams. This should
come as no surprise to those who have worked in classical general
relativity rather than in quantum field theory. We know that one cannot
represent something like a black hole as a perturbation of flat space.

In classical general relativity one can deal with the problem of the
limited range of validity of perturbation theory by using matched asymp-
totic expansions around different background metrics. It would therefore
seem natural to try something similar in quantum gravity. In order to
ensure gauge-invariance it would seem necessary that these background
metrics should be solutions of the classical field equations. As far as we
know, in a given topology and with given boundary conditions there is
only one solution of the field equations or, at the most, a finite-dimen-
sional family. Thus solutions of a given topology could not be dense in the
space of metrics of that topology. However the Einstein action, unlike
that of Yang-Mills theory, does not seem to provide any barrier to
passing from fields of one topology to another.

One way of seeing this is to use Regge calculus (Regge, 1961). Using
this method, one decomposes the spacetime manifold into a simplical
complex. Each 4-simplex is taken to be flat and to be determined by its
edge (i.e. 1-simplex) lengths. However the angles between the faces (i.e.
2-simplices) are in general such that the 4-simplices could not be joined
together in flat four-dimensional space. There is thus a distortion which
can be represented as a §-function in the curvature concentrated on the
faces. The total action is (—1/87)Y A,;8; taken over all 2-simplices,
where A, is the area of the ith 2-simplex and §; is the deficit angle at that
2-simplex, i.e. 8; equals 27 minus the sum of the angles between those
3-simplices which are connected by the given 2-simplex.

A complex in which the action is stationary under small variations of
the edge length can be regarded as a discrete approximation to a smooth
solution of the Einstein equations. However, one can also regard the
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Spacetime foam

Regge calculus as defining the action of a certain class of metrics without
any approximations. This action will remain well defined and finite even if
the edge lengths are chosen so that some of the simplices collapse to
simplices of lower dimension. For example if a, b, ¢ are the edge lengths
of a triangle (a 2-simplex) then they must satisfy the inequalitiesa < b +¢
etc. If a = b + ¢, the 2-simplex collapses to a 1-simplex. In general, the
simplical complex will not remain a manifold if some of the simplices
collapse to lower dimensions. However the action will still be well
defined. One can then blow up some of the simplices to obtain a new
manifold with a different topology. In this way one can pass continuously
from one metric topology to another.

The idea is, therefore, that there can be quantum fluctuations of the
metric not only within each topology but from one topology to another.
This possibility was first pointed out by Wheeler (1963) who suggested
that spacetime might have a ‘foam-like’ structure on the scale of the
Planck length. In the next section I shall attempt to provide a mathe-
matical framework to describe this foam-like structure. The hope is that
by considering metrics of all possible topologies one will find that the
classical solutions are dense in some sense in the space of all metrics. One
could then hope to represent the path integral as a sum of background
and one-loop terms from these solutions. One would hope to be able to
pick out some finite number of solutions which gave the dominant
contributions.

15.10 Spacetime foam

One would like to find which topologies of stationary-phase metrics give
the dominant contribution to the path integral. In order to do this it is
convenient to consider the path integral over all compact metrics which
have a given spacetime volume V. This is not to say that spacetime
actually is compact. One is merely using a convenient normalization
device, like periodic boundary conditions in ordinary quantum theory:
one works with a finite volume in order to have a finite number of states
and then considers the values of various quantities per unit volume in the
limit that the volume is taken to infinity.

In order to consider path integrals over metrics with a given 4-volume
V one introduces into the action a term A V/87, where A is to be regarded
asa Lagrange multiplier (the factor 1/8# is chosen for convenience). This
term has the same form as a cosmological term in the action but the
motivation for it is very different as is its value: observational evidence
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Chapter 15. The path-integral approach to quantum gravity

shows that any cosmological A would have to be so small as to be
practically negligible whereas the value of the Lagrange multiplier will

turn out to be very large, being of the order of one in Planck units.
Let

ziAl= | Dlglexp (- flgl-=VIgl),  (15.111)

where the integral is taken over all metrics on some compact manifold.
One can interpret Z[A] as the ‘partition function’ for what I shall call the

volume canonical ensemble, i.e.
A
exp—(g;v)'cb,.), (15.112)

where the sum is taken over all states |¢, ) of the gravitational field. From
Z[A) one can calculate N(V)dV, the number of the gravitational fields
with 4-volumes between V and V+dV:

ico

N(V)=-1-6—17-§EJ Z[A)exp(AV)dA (15.113)

—ico

Z(A)=5(4,

In (15.113), the contour of integration should be taken to the right of any
singularities in Z[A) on the imaginary axis.

One wants to compare the contributions to N from different topolo-
gies, A convenient measure of the complexity of the topology is the Euler
number y. For simply connected manifolds it seems that xy and the
signature r characterize the manifold up to homotopy and possibly up to
homeomorphisms, though this is unproved. In the non-simply connected
case there is no possible classification: there is no algorithm for deciding
whether two non-simply connected 4-manifolds are homeomorphic or
homotopic. This would seem a good reason to restrict attention to simply
connected manifolds. Another would be that one could always unwrap a
non-simply connected manifold. This might produce a non-compact
manifold, but one would expect that one could then close it off at some
large volume V with only a small change in the action per unit volume.

By the stationary-phase approximation one would expect the
dominant contributions to the path integral Z to come from metrics near
solutions of the Einstein equations with a A-term. From the scaling
behaviour of the action it follows that for such a solution

8rc?

= - -2 = —
A=~8wcVV2 | n

(15.114)
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where ¢ is a constant (either positive or negative) which depends on the
solution and the topology, and where the action I now includes the
A-term. The constant ¢ has a lower bound of —(3)'/? which corresponds
to its value for S*. An upper bound can be obtained from (15.96) and
(15.97) for x and . For solutions of the Einstein equations with a A-term
these take the form

1
x=537 [ Camact=t+2800) 2 d', (15.115)
1
’=WJ’ Capea*C%(g)"? d*x. (15.116)

From (15.115) one sees that there can be a solution only if x is positive.
However this will be the case for simply connected manifolds because
then y =2+ B,, where B, is the second Betti number. Combining
(15.115) and (15.116) one obtains the inequality

2
2x-3|7|>32; . (15.117)

From (15.115) one can see that, for large Euler number, at least one of
the following must be true:

(a) c?is large
(b} J CabeaC % (g)"/? d*x is large.

In the former case ¢ must be positive (i.e. A must be negative) because
there is a lower bound of —(2)"/? on c. In the latter case the Weyl tensor
must be large. As in ordinary general relativity, this will have a con-
verging effect on geodesics similar to that of a positive Ricci tensor.
However, between any two points in space there must be a geodesic of
minimum length which does not contain conjugate points. Therefore, in
order to prevent the Weyl curvature from converging the geodesics too
rapidly, one has to put in a negative Ricci tensor or A-term of the order of
= CascaC*?L?, where L is some typical length scale which will be of the
order of V'/4y~!* the length per unit of topology. One would then
expect the two terms in (15.115) to be of comparable magnitude and ¢ to
be of the order of dx'/%, where d < 3'/*/4.

This is borne out by a number of examples for which I am grateful to
N. Hitchin. For products of two-dimensional manifolds of constant
curvature one has d =1. For algebraic hypersurfaces one has 2'/%/8.
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Hitchin has obtained a whole family of solutions lying between these
limits. In addition, if the solution admits a Kéhler structure one has the
equality

37 +2x =322 (15.118)

One can interpret these results as saying that one has a collection of the
order of y ‘gravitational instantons’ each of which has action of the order
of L2, where L is the typical size and is of the order of V'/*x~'/% One also
has to estimate the dependence of the one-loop curve Z, on A and y. The
dependence on A comes from the scaling behaviour and is of the form

Z, <A77,
where

3 53 abcd . 763 2) 172 4
”’I(Wc“““c toao V)@ d' 5.119)

One can regard y as the number of extra modes from perturbations about
the background metric, over and above those for flat space. From
(15.119) one can see that it is of the same order as x. One can therefore
associate a certain number of extra modes with each ‘instanton’.

From the above it seems reasonable to make the estimate

Z[A] = (AAO-) exp (byA™), (15.120)

where b = 8md? and Ao is related to the normalization constant . Using
(15.120) in (15.113), one can do the contour integral exactly and obtain

8aby\' "2 Vb
VX) 1,_,(—2;*-’) (15.121)
for V=0.

However the qualitative dependence on the parameters is seen more
clearly by evaluating (15.113) approximately by the stationary-phase
method. In fact it is inappropriate to do it more precisely because Z[A]
has been evaluated only in the stationary-phase approximation. The
stationary-phase point occurs for

N(V)= Az(

1/2

2
4 YEC “"/b*’/z") . (15.122)

A

Because the contour should pass to the right of the singularity at A=0,
one should take the positive sign of the square root.
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The stationary-phase value of A is always positive even though Z[A]
was calculated using background metrics which have negative A for large
Euler number. This means that one has to analytically continue Z from
negative to positive A. This analytic continuation is equivalent to multi-
plying the metric by a purely imaginary conformal factor, which was
necessary anyway to make the path integral over conformal factors
converge.

From the stationary-phase approximation ore has

-y
N(V)=Q(A))= (A) exp (bXA;‘ +—V—Af). (15.123)
Ao 8
The dominant contribution to N (V) will come from those topologies for
which dQ/dy = 0. If one assumes y = ay, where a is constant, one finds
that this is satisfied if

—alog (2—0) +bAT =0, (15.124)

If Ao= 1, this will be satisfied by A, = Ao. If Ag<1, A, =A§’®. Equation
(15.122) then implies that y = hV, where the constant of proportionality,
h, depends on A,. In other words the dominant contribution to N(V)
comes from metrics with one gravitational instanton per volume h ™',
What observable effects this foam-like structure of spacetime would
give rise to has yet to be determined, but it might include the gravitational
decay of baryons or muons, caused by their falling into gravitational
instantons or virtual black holes and coming out again as other species of
particles. One would also expect to get non-conservation of the axial-
vector current caused by topologies with non-vanishing signature 7.
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The quantum state of a spatially closed universe can be described by a wave function which is a
functional on the geometries of compact three-manifolds and on the values of the matter fields on
these manifolds. The wave function obeys the Wheeler-DeWitt second-order functional differential
equation. We put forward a proposal for the wave function of the “ground state” or state of
minimum excitation: the ground-state amplitude for a three-geometry is given by a path integral
over all compact positive-definite four-geometries which have the three-geometry as a boundary.
The requirement that the Hamiltonian be Hermitian then defines the boundary conditions for the
Wheeler-DeWitt equation and the spectrum of possible excited states. To illustrate the above, we
calculate the ground and excited states in a simple minisuperspace model in which the scale factor is
the only gravitational degree of freedom, a conformally invariant scalar field is the only matter de-
gree of freedom and A >0. The ground state corresponds to de Sitter space in the classical limit.
There are excited states which represent universes which expand from zero volume, reach a max-
imum size, and then recollapse but which have a finite (though very small) probability of tunneling
through a potential barrier to a de Sitter-type state of continual expansion. The path-integral ap-
proach allows us to handle situations in which the topology of the three-manifold changes. We esti-
mate the probability that the ground state in our minisuperspace model contains more than one con-
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nected component of the spacelike surface.

I. INTRODUCTION

In any attempt to apply quantum mechanics to the
Universe as a whole the specification of the possible
quantum-mechanical states which the Universe can occu-
py is of central importance. This specification determines
the possible dynamical behavior of the Universe. More-
over, if the uniqueness of the present Universe is to find
any explanation in quantum gravity it can only come from
a restriction on the possible states available.

In quantum mechanics the state of a system is specified
by giving its wave function on an appropriate configura-
tion space. The possible wave functions can be construct-
ed from the fundamental quantum-mechanical amplitude
for a complete history of the system which may be regard-
ed as the starting point for quantum theory.! For exam-
ple, in the case of a single particle a history is a path x{1)
and the amplitude for a particular path is proportional to

exp(iS[x(8)]) , (1.1}

where S[x(1)] is the classical action. From this basic am-
plitude, the amplitude for more restricted observations can
be constructed by superposition. In particular, the ampli-
tude that the particle, having been prepared in a certain
way, is located at position x and nowhere else at time ¢ is

#x,0)=N [_8x(tlexpliS{x(0)]) . (1.2)
Here, N is a normalizing factor and the sum is over a class

of paths which intersect x at time ¢ and which are weight-
ed in a way that reflects the preparation of the system.
Y¥lx,t} is the wave function for the state determined by
this preparation. As an example, if the particle were pre-
viously localized at x‘ at time ¢’ one would sum over all
paths which start at x* at ¢’ and end at x at ¢ thereby ob-
taining the propagator {(x,t|x',t'). The oscillatory in-
tegral in Eq. (1.2) is not well defined but can be made so
by rotating the time to imaginary values.

An alternative way of calculating quantum dynamics is
to use the Schridinger equation,

idy/at=Hy . 1.3

This follows from Eq. (1.2) by varying the end conditions
on the path integral. For a particular state specified by a
weighting of paths C, the path integral (1.2) may be
looked upon as providing the boundary conditions for the
solution of Eq. (1.3).

A state of particular interest in any quantum-
mechanical theory is the ground state, or state of
minimum excitation. This is naturally defined by the
path integral, made definite by a rotation to Euclidean
time, over the class of paths which have vanishing action
in the far past. Thus, for the ground state at ¢=0 one
would write

¥o(x,00=N [ sx(rlexpl—I[x(r)]),
where I[x(7)] is the Euclidean action obtained from S by
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28 WAVE FUNCTION OF THE UNIVERSE

sending t— —i7 and adjusting the sign so that it is posi-
tive.

In cases where there is a well-defined time and a corre-
sponding time-independent Hamiltonian, this definition of
ground state coincides with the lowest eigenfunction of
the Hamiltonian. To see this specialize the path-integral
expression for the propagator {x,t|x’t'} to =0 and
x'=0 and insert a complete set of energy eigenstates be-
tween the initial and final state. One has

(x,0[0,6') = 3 ¢, (x), (0)expliE,t’)

= [ sx(nexpliS[x(1)]) , (1.5)

where ¥,{x) are the time-independent energy eigenfunc-
tions. Rotate t'— —i7’ in (1.5) and take the limit as
7'— — . In the sum only the lowest eigenfunction (nor-
malized to 2ero energy) survives. The path integral be-
comes the path integral on the right of (1.4) so that the
equality is demonstrated.

The case of quantum fields is a straightforward general-
ization of quantum particle mechanics. The wave func-
tion is a functional of the field configuration on a space-
like surface of constant time, ¥=¥[¢(X),t]. The func-
tional W gives the amplitude that a particular field distri-
bution ¢(X) occurs on this spacelike surface. The rest of
the formalism is similarly generalized. For example, for
the grournd-state wave functional one has

Wo[¢(3),0]=N [ s¢(x)exp(—I[$(x)]},

where the integral is over all Euclidean field configura-
tions for 7 <0 which match ¢(X) on the surface 7=0 and
leave the action finite at Euclidean infinity.

In the case of quantum gravity new features enter. For
definiteness and simplicity we shall restrict our attention
throughout this paper to spatially closed universes. For
these there is no well-defined intrinsic measure of the lo-
cation of a spacelike surface in the spacetime beyond that
contained in the intrinsic or extrinsic geometry of the sur-
face itself. One therefore labels the wave function by the
three-metric hy writing ¥="¥[A;]. Quantum dyanmics is
supplied by the functional integral

Why)=N [_dg(x)expliS(g) .

Sk is the classical action for gravity including a cosmolog-
ical constant A and the functional integral is over all
four-geometries with a spacelike boundary on which the
induced metric is h;; and which to the past of that surface
satisfy some appropriate condition to define the state. In
particular for the amplitude to go from a three-geometry
hy on an initial spacelike surface to a three-geometry h;j
on a final spacelike surface is

(1.6}

(.7

(hij | hiy)= [ bg expliSelg]), (1.8)

where the sum is over all four-geometries which match A
on the initial surface and 4, on the final surface. Here
one clearly sees that one cannot specify time in these
states. The proper time between the surfaces depends on
the four-geometries in the sum.

2961

As in the mechanics of a particle the functional integral
(1.7) implies a differential equation on the wave function.
This is the Wheeler-DeWitt equation’ which we shall
derive from this point of view in Sec. II. With a simple
choice of factor ordering it is

_82__ 3 172 1/2 —_
=G gy ey~ RO+ 20817 W[y 1 =0,

(1.9)
where G is the metric on superspace,

Gywr=T1h " hhy +hyhy —hyhy) (1.10)

and °R is the scalar curvature of the intrinsic geometry of
the three-surface. The problem of specifying cosmological
states is the same as specifying boundary conditions for
the solution of the Wheeler-DeWitt equation. A natural
first question to ask is what boundary conditions specify
the ground state?

In the quantum mechanics of closed universes we do
not expect to find a notion of ground state as a state of
lowest energy. There is no natural definition of energy for
a closed universe just as there is no independent standard
of time. Indeed in a certain sense the total energy for a
closed universe is always zero—the gravitational energy
canceling the matter energy. It is still reasonable, howev-
er, to expect to be able to define a state of minimum exci-
tation corresponding to the classical notion of a geometry
of high symmetry. This paper contains a proposal for the
definition of such a ground-state wave function for closed
universes. The proposal is to extend to gravity the
Euclidean-functional-integral construction of nonrelativis-
tic quantum mechanics and field theory [Egs. (1.4) and
(1.6)]. Thus, we write for the ground-state wave function

Wolhy)=N [ bgexp(—Ielg)), (1.11)

where Iy is the Euclidean action for gravity including a
cosmological constant A. The Euclidean four-geometries
summed over must have a boundary on which the induced
metric is by, The remaining specification of the class of
geometries which are summed over determiines the ground
state. Our proposal is that the sum should be over com-
pact geometries. This means that the Universe does not
have any boundaries in space or time {at least in the Eu-
clidean regime) (cf. Ref. 3). There is thus no problem of
boundary conditions. One can interpret the functional in-
tegral over all compact four-geometries bounded by 2
given threc-geometry as giving the amplitude for that
three-geometry to arise from a zero three-geometry, i.c., a
single point. In other words, the ground state is the am-
plitude for the Universe to appear from nothing.* In the
following we shall elaborate on this construction and show
in simple models that it indeed supplies reasonable wave
functions for a state of minimum excitation.

The specification of the ground-state wave function is a
constraint on the other states allowed in the theory. They
must be such, for example, as to make the Wheeler-
DeWitt equation Hermitian in an appropriate norm. In
analogy with ordinary quantum mechanics one would ex-
pect to be able to use these constraints to extrapolate the
boundary conditions which determine the excited states of

208



2962

the theory from those fixed for the ground state by Eq.
(1.7). Thus, one can in principle determine all the allowed
cosmological states,

The wave functions which result from this specification
will not vanish on the singular, zero-volume. three-
geometries which correspond to the big-bang singularity.
This is analogous to the behavior of the wave function of
the electron in the hydrogen atom. In a classical treat-
ment, the situation in which the electron is at the proton
is singular, However, in a quantum-mechanical treatment
the wave function in a state of zero angular momentum is
finite and nonzero at the proton. This does not cause any
problems in the case of the hydrogen atom. In the case of
the Universe we would interpret the fact that the wave
function can be finite and nonzero at the zero three-
geometry as allowing the possibility of topological fluc-
tuations of the three-geometry. This will be discussed fur-
ther in Sec. VIII.

After a general discussion of this proposal for the
ground-state wave function we shall implement it in a
minisuperspace model. The geometrical degrees of free-
dom in the model are restricted to spatially homogeneous,
isotropic, closed universes with $° topology, the matter
degrees of freedom to a single, homogeneous, conformally
invariant scalar field and the cosmological constant is as-
sumed to be positive. A semiclassical evaluation of the
functional integral for the ground-state wave function
shows that it indeed does possess characteristics appropri-
ate to a “‘state of minimum excitation.”

Extrapolating the boundary conditions which allow the
ground state to be extracted from the Wheeler-DeWitt
equation, we are able to go further and identify the wave
functions in the minisuperspace models corresponding to
excited states of the matter field. These wave functions
display some interesting features. One has a complete
spectrum of excited states which show that a closed
universe similar to our own and possessed of a cosmologi-
cal constant can escape the big crunch and tunnel through
to an eternal de Sitter expansion. We are able to calculate
the probability for this transition.

In addition to the excited states we make a proposal for
the amplitudes that the ground-state three-geometry con-
sists of disconnected three-spheres thus giving a meaning
to a gravitational state possessing different topologies.

Our conclusion will be that the Euclidean-functional-
integral prescription (1.7) does single out a reasonable can-
didate for the ground-state wave function for cosmology
which when coupled with the Wheeler-DeWitt equation
yields a basis for constructing quantum cosmologies.

II. QUANTUM GRAVITY

In this section we shall review the basic principles and
machinery of quantum gravity with which we shall ex-
plore the wave functions for closed universes. For simpli-
city we shall represent the matter degrees of freedom by a
single scalar field ¢, more realistic cases being straightfor-
ward generalizations. We shall approach this review from
the functional-integral point of view although we shall ar-
rive at many canonical results.® None of these are new
and for different approaches to the same ends the reader is
referred to the standard literature.®
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A. Wave functions

OQur starting point is the quantum-mechanical ampli-
tude for the occurrence of a given spacetime and a given
field history. This is

exp(iS{g,¢1) , 2.1)

where S[g,4] is the total classical action for gravity cou-
pled to a scalar field. We are envisaging here a fixed man-
ifold although there is no real reason that amplitudes for
different manifolds may not be considered provided a rule
is given for their relative phases. Just as the interesting
observations of a particle are not typically its entire histo-
ry but rather observations of position at different times, so
also the interesting quantum-mechanical questions for
gravity correspond to observations of spacetime and field
on different spacelike surfaces. Following the general
rules of quantum mechanics the amplitudes for these
more restricted sets of observations are obtained from (2.1)
by summing over the unobserved quantities.

It is easy to understand what is meant by fixing the
field on a given spacelike surface. What is meant by fix-
ing the four-geometry is less obvious. Consider all four-
geometries in which a given spacelike surface occurs but
whose form is free to vary off the surface. By an ap-
propriate choice of gauge near the surface (e.g., Gaussian
normal coordinates) all these four-geometries can be ex-
pressed so that the only freedom in the four-metric is the
specification of the three-metric h; in the surface. Speci-
fying the three-metric is therefore what we mean by fixing
the four-geometry on a spacelike surface. The situation is
not unlike gauge theories. There a history is specified by
a vector potential A,(x) but by an appropriate gauge
transformation Ag(x) can be made to vanish so that the
field on a surface can be completely specified by the A,(x).

As an example of the quantum-mechanical superposi-
tion principle the amplitude for the three-geometry and
field to be fixed on two spacelike surfaces is

(hij,8" | hip¢) = [ Bg 8pexpliSTg.41),

where the integral is over all four-geometries and field
configurations which match the given values on the two
spacelike surfaces. This is the natural analog of the prop-
agator (x",t’|x",t’) in the quantum mechanics of a sin-
gle particle. We note again that the proper time between
the two surfaces is not specified. Rather it is summed
over in the sense that the separation between the surfaces
depends on the four-geometry being summed over. It is
not that one could not ask for the amplitude to have the
three-geometry and field fixed on two surfaces and the
proper time between them. One could. Such an ampli-
tude, however, would not correspond to fixing observa-
tions on just two surfaces but rather would involve a set of
intermediate observations to determine the time. It would
therefore not be the natural analog of the propagator.
Wave functions ¥ are defined by

Wihy¢)= [ g 8bexpliSle,4]) -

The sum is over a class C of spacetimes with a compact
boundary on which the induced metric is h; and field
configurations which match ¢ on the boundary. The

(2.2

2.3)
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remaining specification of the class C is the specification
of the state.

If the Universe is in a quantum state specified by a
wave function W then that wave function describes the
correlations between observables to be expected in that
state. For example, in the semiclassical wave function
describing a universe like our own, one would expect ¥ to
be large when ¢ is big and the spatial volume is small,
large when ¢ is small and the spatial volume is big, and
small when these quantities are oppositely correlated.
This is the only interpretative structure we shall propose
or need.

B. Wheeler-DeWitt equation

A differential equation for ¥ can be derived by varying
the end conditions on the path integral (2.3) which defines
it. To carry out this derivation first recall that the gravi-
tational action appropriate to keeping the three-geometry
fixed on a boundary is

2¢ 4
Psg=2 [ d’xh'K+ [ d*x(—g)/(R—-24).

(2.4)
The second term is integrated over spacetime and the first
over its boundary. K is the trace of the extrinsic curvature
K, of the boundary three-surface. If its unit normal is n',
K;;=—V;n; in the usual Lorentzian convention. I is the
Planck length (16wG)"/? in the units with fi=c =1 we use
throughout. Introduce coordinates 2o that the boundary is
a constant ¢ surface and write the metric in the standard
341 decomposition:

ds?=—(N*—N,N'\dt*+ 2N;dx'dt + h;ydx‘dx’ . 2.5
The action (2.4) becomes
PSg= [ d*x h'AN[K,KV—K*+°R(h)—2A],  (2.6)
where explicitly
i 1 ahu
Ku=7v‘ l—; 3t +Ngyp 2.7)

and a stroke and R denote the covariant derivative and
scalar curvature constructed from the three-metric hy.
The matter action Sp, can similarly be expressed as a
function of N, Nj, hy;, and the matter field.

The functional integral defining the wave function con-
tains an integral over N. By varying N at the surface we
push it forward or backward in time. Since the wave
function does not depend on time we must have

0= [ 8589 l% ]exp(is[g-ﬂ) . .8

More precisely, the value of the integral (2.3) should be
left unchanged by an infinitesimal translation of the in-
tegration variable N. If the measure is invariant under
translation this leads to (2.8). If it is not, there will be in
addition a divergent contribution to the relation which
must be suitably regulated to zero or cancel divergences
arising from the calculation of the right-hand side of (2.8).
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Classically the field equation H=85/8N =0 is the Ham-
iltonian constraint for general relativity. It is

H=h"YK*~K,KY+R-2A~1’T,,)=0, (2.9

where T,, is the stress-energy tensor of the matter field
projected in the direction normal to the surface. Equation
(2.8) shows how H =0 is enforced as an operator identity
for the wave function. More explicitly one can note that
the Ky; involve only first-time derivatives of the h; and
therefore may be completely expressed in terms of the mo-
menta 7; conjugate to the &;; which follow from the La-
grangian in (2.6):

my=—h'"UKy—hyK) . (2.10

In a similar manner the energy of the matter field can be
expressed in terms of the momentum conjugate to the
field m4 and the field itself. Equation (2.8) thus implies
the operator identity Hmy,hy,my,¢)W=0 with the re-
placements

e S

Bhy 2.1

. 8
» 1T¢=—'l—" .

5¢

These replacements may be viewed as arising directly
from the functional integral, e.g., from the observation
that when the time derivatives in the exponent are written
in differenced form

—i-g?'—u— [ tgdgeiS= [ ogspales. @.12

Alternatively, they are the standard representation of the
canonical commuation relations of hy and .

In translating a classical equation like 85 /8N =0 into
an operator identity there is always the question of factor
ordering. This will not be important for us so making a
convenient choice we obtain

____82 172 3 2 _8_
Gyu T +hV2 3R(D)+2A+ 1T, | —iTo 9

XWlhy,¢]1=0. (2.13)

This is the Wheeler-DeWitt equation which wave func-
tions for closed universes must satisfy. There are also the
other constraints of the classical theory, but the operator
versions of these express the gauge invariance of the wave
function rather than any dynamical information.®

We should emphasize that the ground-state wave func-
tion constructed by a Euclidean functional-integral
prescription [(Eq. (1.11)] will satisfy the Wheeler-DeWitt
equation in the form (2.13). Indeed, this can be demon-
strated explicitly by repeating the steps in the above
demonstration starting with the Euclidean functional in-
tegral.

C. Boundary conditions

The quantity G,y can be viewed as a metric on
superspace—the space of all three-geometries (no connec-
tion with supersymmetry). It has signature
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(—,+,+,+,+,+) and the Wheeler-DeWitt equation is
therefore a “hyperbolic” equation on superspace. It would
be natural, therefore, to expect to impose boundary condi-
tions on two “spacelike surfaces” in superspace. A con-
venient choice for the timelike direction is 2'/? and we
therefore expect to impose boundary conditions at the
upper and lower limits of the range of 4'/%. The upper
limit is infinity. The lower limit is zero because if hy is
positive definite or degenerate, #'/2>0. Positive-definite
metrics are everywhere spacelike surfaces; degenerate
metrics may signal topology change. Summarizing the
remaining functions of k; by the conformal metric
hy=h;/h'” we may write an important boundary condi-
tion on ¥ as

W[hy,h'7$]=0, h'2<0. (2.14)

Because h'/2 has a semidefinite range it is for many
purposes convenient to introduce a representation in
which k'/? is replaced by its canonically conjugate vari-

able —+KI~? which has an infinite range. The advan- .

tages of this representation have been extensively dis-
cussed.” In the case of pure gravity since —+KI~2 and
h'7 are conjugate, we can write for the transformation to
the representation where h; and K are definite

OlhyK]= [”8hVexp [—i-}-l‘zfd’thx]\ll[hu]
2.15)

and inversely,
Uhyl= [ "ok exp {-H‘%I" [ dxnax ]q:[h",,,x] .
2.16)

In each case the functional integrals are over the values of
h'/2 or K at cach point of the spacelike hypersurface and
we have indicated limits of integration.

The condition (2.14) implies through (2.15) that
®[hy K) is analytic in the lower-half K plane. The con-
tour in (2.16) can thus be distorted into the lower-half X
plane. Conversely, if we are given ®[k,;,K] we can recon-
struct the wave function ¥ which satisfies the boundary
condition (2.14) by carrying out the integration in (2.16)
over a contour which lies below any singularities of
&[h;,K]in K. _

In the presence of matter K and h;; remain convenient
labels for the wave functional provided the labels for the
matter-field amplitudes ¢ are chosen so that a multiple of
K is canonically conjugate to A'/2. In cases where the
matter-field action itself involves the scalar curvature this
means that the label z will be the field amplitude rescaled
by some power of k!/2, For example, in the case of a con-
formally invariant scalar field the appropriate label is
¢=0¢h'/%. With this understanding we can write for the
functionals

\l’=\l’[hu,$], ¢=¢[h-lijr$] (PR V)]

and the transformation formulas (2.15) and (2.16) remain
unchanged,

21
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D. Hermiticity

The introduction of wave functions as functional in-
tegrals [Eq. (2.3)] allows the definition of a scalar product
with a simple geometric interpretation in terms of sums
over spacetime histories. Consider a wave function ¥ de-
fined by the integral

W[hy,¢]1=N [_bg 8¢ expliS[g.8)),

over 2 class of four-geometries and fields C, and a second
wave function ¥’ defined by a similar sum over a class C'.
The scalar product

(W, W)= [ 8h 56V [h;,8)¥[hy.$)
has the geometric interpretation of a sum over all histories
(¥, W)=N'N [ 8z 8¢ expliS[g.8]) , (2.20)

where the sum is over histories which lie in class C to the
past of the surface and in the time reversed of class C’ to
its future.

The scalar product (2.19) is not the product that would
be required by canonical theory to define the Hilbert space
of physical states. That would presumably involve in-
tegration over a hypersurface in the space of all three-
geometries rather than over the whole space as in (2.19).
Rather, Eq. (2.19) is a mathematical construction made
natural by the functional-integral formulation of quantum
gravity.

In gravity we expect the field equations to be satisfied
as identities. An extension of the argument leading to Eq.
(2.8) will give

[ 8¢ 86 Hix)expliS[g,4))=0

for any class of geometries summed over and for any in-
termediate spacelike surface on which H(x) is evaluated.
Equation (2.21) can be evaluated for the particular sum
which enters Eq. (2.20). H(x) can be interpreted in the
scalar product as an operator acting on either ¥' or V.
Thus,

(2.18)

(2.19)

2.2

(HV',¥)=(V' ,HV)=0. 2.22)
The Wheeler-DeWitt operator must therefore be Hermi-
tian in the scalar product (2.19).

Since the Wheeler-DeWitt operator is a second-order
functional-differential operator, the requirement of Her-
miticity will essentially be a requirement that certain sur-
face terms on the boundary of the space of three-metrics
vanish and, in particular, at #'/?=0 and h'?=w. Asin
ordinary quantum mechanics these conditions will prove
useful in providing boundary conditions for the solution
of the equation.

III. GROUND-STATE WAVE FUNCTION

In this section, we shall put forward in detail our pro-
posal for the ground-state wave function for closed
cosmologies. The wave function depends on the topology
and the three-metric of the spacelike surface and on the
values of the matter field on the surface. For simplicity
we shall begin by considering only S* topology. Other
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possibilities will be considered in Sec. VIIL

As discussed in the Introduction, the ground-state wave
function is to be constructed as a functional integral of the
form

Wolhy,¢)=N [ 6g 8¢ exp(—1I(g.4]),

where I is the total Euclidean action and the integral is
over an appropriate class of Euclidean four-geometries
with compact boundary on which the induced metric is hy;
and an appropriate class of Euclidean field configurations
which match the value given on the boundary. To com-
plete the definition of the ground-state wave function we
need to give the class of geometries and fields to be
summed over. Our proposal is that the geometries should
be compact and that the fields should be regular on these
geometries. In the case of a positive cosmological con-
stant A any regular Euclidean solution of the field equa-
tions is necessarily compact.® In particular, the solution
of greatest symmetry is the four-sphere of radius 3/A,
whose metric we write as

dst=(o/H)(d6*+sin*8d ;%) ,

(3.1)

(3.2)

where d ;2 is the metric on the three-sphere. H>=a?A/3
and we have introduced the normalization factor
o*=12/247? for later convenience. Thus, it is clear that
compact four-geometries are the only reasonable candi-
dates for the class to be summed over when A > 0.

If A is zero or negative there are noncompact solutions
of the field equations. The solutions of greatest symmetry
are Euclidean space {A =0} with

dsl=0%d6*+6*dQ;?) (3.3)
and Euclidean anti—de Sitter space (A <0) with
ds*=(o/H)d6*+sinh*0dN,?) . (3.4

One might therefore feel that the ground state for A <0
should be defined by a functional integral over geometries
which are asymptotically Euclidean or asymptotically
anti—de Sitter. This is indeed appropriate to defining the
ground state for scattering problems where one is interest-
ed in particles which propagate in from infinity and then
out to infinity again.” However, in the case of cosmology,
one is interested in measurements that are carried out in
the interior of the spacetime, whether or not the interior
points are connected to some infinite regions does not
matter. If one were to use asymptotically Euclidean or
anti—de Sitter four-geometries in the functional integral
that defines the ground state one could not exclude a con-
tribution from four-geometries that consisted of two
disconnected pieces, one of which was compact with the
three-geometry as boundary and the other of which was
asymptotically Euclidean or anti—de Sitter with no interi-
or boundary. Such disconnected geometries would in fact
give the dominant contribution to the ground-state wave
function. Thus, one would effectively be back with the
prescription given above.

The ground-state wave function obtained by summing
over compact four-geometries diverges for large three-
geometries in the cases A <0 and the wave function can-
not be normalized. This is because the A in the action
damps large four-geometries when A >0, but it enhances
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them when A <0. We shell therefore consider only the
case A >0 in this paper and shall regard A=0 as a limit-
ing case of A> 0.

An equivalent way of describing the ground state is to
specify its wave function in the ¢,h;,K representation.
Here too it can be constructed as a functional integral:

@olhyy.K,§)=N [ 8g 66 exp(—I¥[g,4]) .

The sum is over the same class of fields and geometries as
before except that now ¢, h;;, and K are fixed on the boun-
dary rather than ¢ and h;;. The action / K is therefore the
Euclidean action appropriate to holding ¢, 4, and X
fixed on a boundary. It is a sum of the appropriate pure
gravitational action which up to an additive constant is

27Kp 71— __ 2
Pifigl=—1% [, d’xh'2K~ [, dxg AR —2A)
(3.6)

(3.9

and a contribution from the matter. The latter is well il-
lustrated by the action of a single conformally invariant
scalar field, an example which we shall use exclusively in
the rest of this paper. We have

1filg.#1=1 [, d*% g "1(V4)+ {R¢] -

These actions differ from the more familiar ones in which
¢ and hy; are fixed only in having different surface terms.
Indeed, these surface terms are just those required to en-
sure the equivalence of (3.1) and (3.5) as a consequence of
the transformation formulas (2.15) and (2.16). In the case
of the matter action of a conformally invariant scalar field
with @,h;,K fixed the additional surface term convenient-
ly cancels that required in the action when ¢ and A, are
fixed.

It is important to recognize that the functional integral
(3.5) does not yield the wave function at the Lorentzian
value of X but rather at a Euclidean value of X. For the
moment denote the Lorentzian value by K. If the hyper-
surfaces of interest were labeled by a time coordinate ¢ in a
coordinate system with zero shift [N; =0 in Eq. (2.5)] then
the rotation ¢t— it and the use of the traditional conven-
tions K, =—V'n and K=V'n will send K, —» —iK. In
terms of the Euclidean K the transformation formulas
(2.15) and (2.16) can be rewritten to read

(3.7

¢[E}rKy$]= j‘o” Sh’/zexp [—-%I"z f d3x h l/2K]

X¥[hy, 81, (3.8)

l —
Yk, él= -5 fCSKeXp [_;.1 2 f dJXhI/ZK]

X¢[hlj)K)¢] ’ (3-9)
where the contour C runs from —iw to +io. At the
risk of some confusion we shall continue to use K in the
remainder of this paper to denote the Euclidean K despite
having used the same symbol in Secs. I and II for the
Lorentzian quantity.

There is one advantage to constructing the ground-state
wave function from the functional integral (3.5) rather
than (3.1) and it is the following: the integral in Eq. (3.9)
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will always ,gneld a wave function Wy[hy,¢] which van-
ishes for h!/? <0 if the contour C is chosen to the right of
any singularities of ®o[hy,K,$] in K provided ® does not
diverge too strongly in KI The boundary condition (2.14)
is thus automatically enforced. This is a considerable ad-
vantage when the wave function is only evaluated approxi-
mately.

The Euclidean gravitational action [Eq. (3.6)] is not
positive definite. The functional integrals in Egs. (3.1}
and (3.5) therefore require careful definition. One way of
doing this is to break the integration up into an integral
over conformal factors and over geometries in a given
conformal equivalence class. By appropriate choice of the
contour of integration of the conformal factor the integral
can probably be made convergent. If this is the case a
properly convergent functional integral can be construct-

This then is our prescription for the ground state. In
the following sections we shall derive some of its proper-
ties and demonstrate its reasonableness in a simple minisu-
perspace model.

1V. SEMICLASSICAL EXPECTATIONS

An important advantage of a functional-integral
prescription for the ground-state wave function is that it
yields the semiclassical approximation for that wave func-
tion directly. In this section, we shall examine the semi-
classical approximation to the ground-state wave function
defined in Sec. III. For simplicity we shall consider the
case of pure gravity. The extension to include matter is
straightforward.

The semiclassical approximation is obtained by evaluat-
ing the functional integral by the method of steepest des-
cents. If there is only one stationary-phase point the semi-
classical approximation is

\l’o[hu]=NA"/2[hu]exp( —1y[hyD .

Here, I is the Euclidean gravitational action cvaluateld at
Cl

the stationary-phase point, that is, at that solution g, of
the Euclidean field equations

4.1

va=Agpv ’ 4.2)

which induces the metric A, on the closed three-surface
boundary and satisfies the asymptotic conditions dis-
cussed in Sec. III. A~'/? is a combination of determinants
of the wave operators defining the fluctuations about gf;'v
including those contributed by the ghosts. We shall focus
mainly on the exponent. For further information on A in
the case without boundary sec Ref. 10,

If there is more than one stationary-phase point, it is
necessary to consider the contour of integration in the
path integal more carefully in order to decide which gives
the dominant contribution. In general this will be the
stationary-phase point with the lowest value of Rel al-
though it may not be if there are iwo stationary-phase
points which correspond to four-metrics that are confor-
mal to one another. We shall see an example of this in
Sec. VI. The ground-state wave function is real. This
means that if the stationary-phase points have complex
values of the action, there will be equal contributions from
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stationary-phase points with complex-conjugate values of
the action. If there is no four-geometry which is a
stationary-phase point, the wave function will be zero in
the semiclassical approximation.

The semiclassical approximation for ¥, can also be ob-
tained by first evaluating the semiclassical approximation
to ¥y from the functional integral (3.5) and then evaluat-
ing the transformation integral (3.9) by steepest descents.
This will be more convenient to do when the boundary
conditions of fixing Ej and K yield a unique dominant
stationary-phase solution to (4.2) but fixing h; does not.

One can fix the normalization constant N in {4.1) by the
requirement

J 8h Uylhy 1ol hyl=1.

As explained in Sec. II, one can interpret (4.3} geometri-
cally as a path integral over all four-geometries which are
compact on both sides of the three-surface with the metric
hy;. The semiclassical approximation to this path integral
will thus be given by the action of the compact four-
geometry without boundary which is the solution of the
Einstein field equation. In the case of A >0 the solution
with the most negative action is the four-sphere. Thus,

4.3)

N2=exp 4.4

Y

The semiclassical approximation for the wave function
gives one considerable insight into the boundary condi-
tions for the Wheeler-DeWitt equation, which are implied
by the functional-integral prescription for the wave func-
tion. As discussed in Sec. II, these are naturally imposed
on three-geometries of very large volumes and vanishing
volumes.

Consider the limit of small three-volumes first. If the
limiting three-geometry is such that it can be embedded in
flat space then the classical solution to (4.2) when A >0 is
the four-sphere and remains so as the three-geometry
shrinks to zero. The action approaches zero. The value of
the wave function is therefore controlled by the behavior
of the determinants governing the fluctuations away from
the classical solution. These fluctuations are to be com-
puted about a vanishingly small region of a space of con-
stant positive curvature. In this limit one can neglect the
curvature and treat the fluctuations as about a region of
flat space. The determinant can therefore be evaluated by
considering its behavior under a constant conformal re-
scaling of the four-metric and the boundary three-metric.
The change in the determinant under a change of scale is
given by the value of the associated { function at zero ar-
gument.'!

Regular four-geometries contain many hypersurfaces on
which the three-volume vanishes. For example, consider
the four-sphere of radius R embedded in a five-
dimensional flat space. The three-surfaces which are the
intersection of the four-sphere with surfaces of x* equals
constant have a regular three-metric for |x*| <R. The
volume vanishes when |x°} =R at the north and south
poles even though these are perfectly regular points of the
four-geometry. One therefare would not expect the wave
function to vanish at vanishing three-volume. Indeed, the
three-volume will have to vanish somewhere if the topolo-

213



28 WAVE FUNCTION OF THE UNIVERSE

gy of the four-geometry is not that of a product of a
three-surface with the real line or the circle. When the
volume does vanish, the topology of the three-geometry
will change. One cannot calculate the amplitude for such
topology change from the Wheeler-DeWitt equation but
one can do so using the Euclidean functional integral. We
shall estimate the amplitude in some simple cases in Sec.
VIIL

A qualitative discussion of the expected behavior of the
wave function at large three-volumes can be given on the
basis of the semiclassical approximation when A>0 as
follows. The four-sphere has the largest volume of any
real solution to (4.2). As the volume of the three-
geometry becomes large one will reach three-geometries
which no longer fit anywhere in the four-sphere. We then
expect that the stationary-phase geometries become com-
plex. The ground-state wave function will be a real com-
bination of two expressions like (4.1) evaluated at the
complex-conjugate stationary-phase four-geometries. We
thus expect the wave function to oscillate as the volume of
the three-geometry becomes large. If it oscillates without
being strongly damped this corresponds to a universe
which expands without limit.

The above considerations are only qualitative but do
suggest how the behavior of the ground-state wave func-
tion determines the boundary conditions for the Wheeler-
DeWitt equation. In the following we shall make these
considerations concrete in a minisuperspace model.

V. MINISUPERSPACE MODEL

It is particularly straightforward to construct minisu-
perspace models using the functional-integral approach to
quantum gravity. One simply restricts the functional in-
tegral to the restricted degrees of freedom to be quantized.
In this and the following sections, we shall illustrate the
general discussion of those preceding with a particularly
simple minisuperspace model. In it we restrict the cosmo-
logical constant to be positive and the four-geometries to
be spatially homogeneous, isotropic, and closed so that
they are characterized by a single scale factor. An explicit
metric in a useful coordinate system is

ds?=c[ -~ Nt +a¥(1)dQ;?] , (5.1)

where N(1) is the lapse function and o®=/2/24s". For
the matter degrees of freedom, we take a single confor-
mally invariant scalar field which, consistent with the
geometry, is always spatially homogeneous, ¢=¢(1). The
wave function is then a function of only two variables:

V=¥(a,4), dP=DK,3). (5.2)

Models of this general structure have been considered pre-
viously by DeWitt,'? Isham and Nelson,"’ and Blyth and
Isham.

To simplify the subsequent discussion we introduce the
following definitions and rescalings of variables:

$___ X
= (2nd*)'\ g’ 63
A=3)/0% H?*=|A|. 54
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The Lorentzian action keeping X and & fixed on the boun-
daries is

2
et fal ][5 oo
2
a dX 2
- - . 5.5
N dt X (5.5)

From this action the momenta 7, and my conjugate to a
and X can be constructed in the usual way. The Hamil-
tonian constraint then follows by varying the action with
respect to the lapse function and expressing the result in
terms of a, X, and their conjugate momenta. One finds

tl—ml—a?rrat+ o+ x)=0. {5.6)

The Wheeler-DeWitt equation is the operator expres-
sion of this classical constraint. There is the usual
operator-ordering problem in passing from classical to
quantum relations but its particular resolution will not be
central to our subsequent semiclassical considerations. A
class wide enough to remind oneself that the issue exists
can be encompassed by writing

i 18,0

Tq —;P-E 32 |’ (5.7)

although this is certainly not the most general form possi-
ble. In passing from the classical constraint to its quan-
tum operator form there is also the possibility of a
matter-energy renormalization. This will lead to an addi-
tive arbitrary constant in the equation. We thus write for
the quantum version of Eq. (5.6)

1{1 8 [0,1

az
—al 4_ Y 2_
2 | g”? 0a da a’+ha X 26

ax?
XWa,X)=0. (58)

A useful property stemming from the conformal invari-
ance of the scalar field is that this equation separates. If
we assume reasonable behavior for the function ¥ in the
amplitude of the scalar field we can expand in harmonic-
oscillator eigenstates

Wa,X)= 3 cplatu,(X), 5.9)
»

where

1 [~—"—2—+x2 a0 =(n -+ +uy () . (5.10)

2| dx? .
The consequent equation for the ¢, (a) is
1 ‘_Li s +(@*~2Aa*)c, |=(n+ 1 —e€oley .
2 af da da

(5.11)

For small a this equation has solutions of the form

¢y ssconstant, ¢, s=q!"? 5.12

[if p is an integer there may be a log(a) factor]. For large
a the possible behaviors are
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cp~a P2+ Vexp(+ +iHa?) . (5.13)
To construct the solution of Eq. (5.11) which corre-
sponds to the ground state of the minisuperspace model
we turn to our Euclidean functional-integral prescription.
As applied to this minisuperspace model, the prescription
of Sec. III for Wo(ao,Xo) would be to sum exp{—1I[g,¢])
over those Euclidean geometries and field configurations
which are represented in the minisuperspace and which
satisfy the ground-state boundary conditions. The geome-
trical sum would be over compact geometries of the form

ds =0 dr*+a(r)d ;2] 5.14)

for which a(r) matches the prescribed value of 2q on the
hypersurface of interest. The prescription for the matter
field would be to sum over homogeneous fields X(r) which
match the prescribed value X, on the surface and which
are regular on the compact geometry. Explicitly we could
write

Yolao.Xo)= [ 8a 8X exp(—I[a,X]), (5.15)
where, defining dn=dr/a, the action is
2 2
=1 el 2.4, |9X 2
I=% [dn ldﬂ] a+hat+ dﬂ]+x].
(5.16)

A conformal rotation [in this case of a(%)] is necessary to
make the functional integral in (5.15) converge.'®

An alternative way of constructing the ground-state
wave function for the minisuperspace model is to work in
the K representation. Here, introducing

k=0K/9 (5.17)
as a simplifying measure of X, one would have
Pglko,Xo)= [ 8a &Y exp(—I4a,X]) . (5.18)

The sum is over the same class of geometries and fields as
in (5.15) except they must now assume the given value of
k on the bounding three-surface. That is, on the boundary
they must satisfy

1 da
ko= 3a dr ’

The action I* appropriate for holding k fixed on the boun-
dary is

I*=koag®+1 (5.20)
[ef. Eq. (3.6)]). Once ®y(kg,Xo) has been computed, the

ground-state wave function Wy(kg,X,) may be recovered
by carrying out the contour integral

(5.19

1 kag?
Wolao,Xo)=— 5~ fcdke " ®olk,Xo) , (5.21)
where the contour runs from —iew to +ico to the right
of any singularities of ®g(kq,Yo).

From the general point of view there is no difference
between computing Wo(ag,X) directly from (5.15) or via
the K representation from (5.21). In Sec. VI we shall cal-
culate the semiclassical approximation to Wolag,Xs) both
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ways with the aim of advancing arguments that the rules
of Sec. III define a wave function which may reasonably
be considered as the state of minimal excitation and of
displaying the boundary conditions under which Eq. (5.11)
is to be solved.

V1. GROUND-STATE COSMOLOGICAL
WAVE FUNCTION

In this section, we shall evaluate the ground-state wave
function for our minisuperspace model and show that it
PpOssesses properties appropriate to a state of minimum ex-
citation. We shall first evaluate the wave function in the
semiclassical approximation from the steepest-descents
approximation to the defining functional integral as
described in Sec. IV. We shall then solve the Whecler-
DeWitt equation with the boundary conditions implied by
the semiclassical approximation to obtain the precise wave
function.

It is the exponent of the semiclassical approximation
which will be most important in its interpretation. We
shall calculate only this exponent from the extrema of the
action and leave the determination of the prefactor [cf.
Eq. (4.1)] to the solution of the differential equation.
Thus, for example, if there were a single real Euclidean
extremum of least action we would write for the semiclas-
sical approximation to the functional integral in Eq. (5.15)

Wolag,Xo) N e 100X

(6.1)
Here, I(ag,Xo) is the action (5.16) evaluated at the ex-
tremum configurations a(r) and X(7) which satisfy the
ground-state boundary conditions spelled out in Sec. III
and which match the arguments of the wave function on a
fixed-r hypersurface.

A. The matter wave function

A considerable simplification in evaluating the ground-
state wave function arises from the fact that the energy-
momentum tensor of an extremizing conformally invari-
ant field vanishes in the compact geometries summed
over as a consequence of the ground-state boundary condi-
tions. One can see this because the compact four-
geometries of the class we are considering are conformal
to the interior of three-spheres in flat Euclidean space. A
constant scalar field is the only solution of the conformal-
ly invariant wave equation on flat space which is a con-
stant on the boundary three-sphere. The energy-
momentum tensor of this field is zero. This implies that
it is zero in any geometry of the class (5.14) because the
energy-momentum tensor of a conformally invariant field
scales by a power of the conformal factor under a confor-
mal transformation.

More explicitly in the minisuperspace model we can
show that the matter and gravitational functional integrals
in (5.15) may be evaluated separately. The ground-state
boundary conditions imply that geometries in the sum are
conformal to half of a Euclidean Einstein-static universe,
i.e., that the range of 7 is (— 0,0). The boundary condi-
tions at infinite 7 are that X(n) and a(#n) vanish. The
boundary conditions at =0 are that a(0) and X(0) match
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the arguments of the wave function g, and X,;,. Thus, not
only does the action (5.16) sepasate into a sum of a gravi-
tational part and a matter part, but the boundary condi-
tions on the a(n) and X(n) summed over do not depend
on one another. The matter and gravitational integrals
can thus be evaluated separately.

Let us consider the matter integral first. In Eq. (5.16)
the matter action is
dx

2
Iy=1% [dn e +x2] . 6.2)

This is the Euclidean action for the harmonic oscillator.
Evaluation of the matter field integral in (5.15) therefore
gives
_x.2
Wolao.Xo)=e ° “yolaq) . ©6.3)
Here, yy(a) is the wave function for gravity alone given by
Yotag)= [ 8a exp(—Iglal), (6.4)

I being the gravitational part of (5.16). Equivalently we
can write in the K representation

2
Dolko,Xo)=e 0 n¢o(ko)-

where

(6.5)

$olko)= [ 8aexp(—I§{a)) . (6.6)
1£*a) is related to I as in (5.20) and the sum is over a(1)
which satisfy (5.19) on the boundary. Equation (6.3)
shows that as far as the matter field is concerned,
Wolap,Xo] is reasonably interpreted as the ground-state
wave function. The field oscillators are in their state of
minimum excitation—the ground state of the harmonic
oscillator, We now turn to a semiclassical calculation of
the gravitational wave function fy(ag).

B. The semiclassical ground-state
gravitational wave function

The integral in (6.4) is over a(r) which represent
[through (5.14)) compact geometries with three-sphere
boundaries of radius . The integral in (6.6} is over the
same class of geometries except that the three-sphere
boundary must possess the given value of k. The compact
geometry which extremizes the gravitational action in
these cases is a part of the Euclidean four-sphere of radius
1/H with an appropriate three-sphere boundary. In the
case where the three-sphere radius is fixed on the boun-
dary there are two extremizing geometries. For one the
part of the four-sphere bounded by the three-sphere is
greater than a hemisphere and for the other it is less. A
careful analysis must therefore be made of the functional
integral to see which of these extrema contributes to the
semiclassical approximation. We shall give such an
analysis below but first we show that the correct answer is
achieved more directly in the K representation from (6.6)
because there is a single extremizing geometry with a
prescribed value of k on a three-sphere boundary and thus
no ambiguity in constructing the semiclassical approxima-
tion to (6.6).
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For three-sphere hypersurfaces of the four-sphere with
an outward pointing normal, k ranges from approaching
+ o for a surface encompassing a small region about a
pole to approaching — o for the whole four-sphere (see
Fig. 1). More exactly, in the notation of Eq. (3.7)

k= —?cote . 6.7)
The extremum action is constructed through (5.20) with
the integral in (5.16) being ‘taken over that part of the
four-sphere bounded by the three-sphere of given k. It is

IiU0=~ 5z 1_(—;%”]—5], 6.8)
where

k=3«H . {6.9)
The semiclassical approximation to (6.6) is now

Polko) =N exp[ —IE(ky)] . 6.10)

The wave function yglag) in the same approximation
can be constructed by carrying out the contour integral
-_ N Iy k

Yolao)=— 5~ [ dk explkag’ ~Igkk)] (6.11)

by the method of steepest descents. The exponent in the

integrand of Eq. (6.11) is minus the Euclidean action for
pure gravity with a kept fixed instead of k:

Iglay=—ka®+ I k) . 6.12)
Ik
-2 - 0 { 2
T T T T K
1
02
Aoy
_______________ _2
342

FIG. 1. The action 7* for the Euclidean four-sphere of radius
1/H. The Euclidean gravitational action for the part of a four-
sphere bounded by a three-sphere of definite K is plotted here as
a function of x (a dimensionless measure of K [Eq. (6.9)]). The
action is that appropriate for holding X fixed on the boundary.
The shaded regions of the inset figures show schematically the
part of the four-sphere which fills in the three-sphere of given X
used in computing the action. A three-sphere of given X fits in
a four-sphere at only one place. Three-spheres with positive K
(diverging normals} bound less than a2 hemisphere of four-sphere
while those with negative K (converging normals) bound more
than a hemisphere. The action tends to its flat-space value
(zero) as K tends to positive infinity. It tends to the Euclidean
action for all of de Sitter space as X tends to negative infinity.
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To evaluate (6.11) by steepest descents we must find the
extrema of Eq. (6.12). There are two cases depending on
whether Hay is greater or less than unity.

For Hay < 1 the extrema of Ig(k) ooccur at real values of
k which are equal in magnitude and opposite in sign.
They are the values of k at which a three-sphere of radius
agp would fit into the four-sphere of radius 1/H. That is,
they are those values of k for which Eq. (6.7) is satisfied
with ag?=(sinf/H)%. This is not an accident; it is a
consequence of thé Hamilton-Jacobi theory. The value of
I at these extrema is

1
Iy= —Flliu—ﬂzao‘)m] , (6.13)
where the upper sign corresponds to k <0 and the lower
to k>0, ie., to filling in the three-sphere with greater
than a hemisphere of the four-sphere or less than a hemi-
sphere, respectively.

There are complex extrema of Ig but all have actions
whose real part is greater than the real extrema described
above. The steepest-descents approximation to the in-
tegral (6.11) is therefore obtained by distorting the contour
into a steepest-descents path (or sequence of them) passing
through one or the other of the real extrema. The two real
extrema and the corresponding steepest-descents direc-
tions are shown in Fig. 2. One can distort the contour

Imk

Rek

FIG. 2. The integration contour for constructing the semi-
classical ground-state wave function of the minisuperspace
model in the case A >0, Hag < 1. The figure shows schematical-
ly the original integration contour C used in Eq. (6.11) and the
steepest-descents contour into which it can be distorted. The
branch points of the exponent of Eq. (6.11) at «x = =i are located
by crosses. There are two extrema of the exponent which corre-
spond to filling in the three-sphere of given radius a with greater
than & hemisphere of four-sphere or less than a hemisphere. For
Hag < 1 they lie at the equal and opposite real values of K indi-
cated by dots. The contour C can be distorted into a steepest-
descents contour through the extremum with positive K as
shown. It cannot be distorted to pass through the extremum
with negative K in the steepest-descents direction indicated. The
contour integral thus picks out the extremum corresponding to
less than a hemisphere of four-sphere (cf. Fig. 1) as the leading
term in the semiclassical approximation.
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into a steepest-descents path passing through only one of
them—the one with positive k as shown. The functional
integral thus singles out a unique semiclassical approxi-
mation to Yo(ay) which is

‘llo(ao)wN exp[ —I_(ao)], Hao <1, (6.14)

corresponding to filling in the three-sphere with less than
a hemisphere’s worth of four-sphere.
From Eq. (4.4) we recover the normalization factor N:

N=exp(—5H™Y). (6.15)
Thus, for Hag << 1
Yolag)=exp(Ta,2—+HY) . (6.16)

One might have thought that the extremum I, which
corresponds to filling in the three-geometry with more
than a hemisphere, would provide the dominant contribu-
tion to the ground-state wave function as exp(—7_) is
greater than exp(—J_). However, the steepest-descents
contour in the integral (6.7) does not pass through the ex-
tremum coresponding to . This is related to the fact
that the contour of integration of the conformal factor has
to be rotated in the complex plane in order to make the
path integral converge as we shall show below,

For Hay> 1 there are no real extrema because we can-
not fit a three-sphere of radius ap>1/H into a four-
sphere of radius 1/H. There are, however, complex extre-
ma of smallest real action located at
) 12

Hzaoz

k=tiH]1-
3H

6.17)

It is possible to distort the contour in Eq. (6.11) into a
steepest-descents contour passing through both of them as
shown in Fig. 3. The resulting wave function has the
form

(H%ag?—1)72
Yolag)=2c0s | ————— -5 | Hao>1
(6.18)
or for Hag>>1
{-? 3 - {-¢ 3
Yolag)me T g (6.19)

The semiclassical approximation to the ground-state
gravitational wave function yg(a) contained in Egs. (6.16)
and (6.19) may also be obtained directly from the func-
tional integral (6.4) without passing through the k repre-
sentation. We shall now sketch this derivation. We must
consider explicitly the conformal rotation which makes
the gravitational part of the action in (5.16) positive defin-
ite. The gravitational action is

2

da 2, g2
Iglal=1 fd'q,—- an |~ o (6.20)

If one performed the functional integration
Yolag)= [ Ba(n)exp(—TIg[al) (6.21)
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Imk

Rek

FIG. 3. The integration contour for constructing the semi-
classical ground-state wave function of the minisuperspace
model in the case A >0, Hag> 1. The figure shows schematical-
ly the original contour C used in Eq. {6.11) and the steepest-
descents contour into which it can be distorted. The branch
points of the exponent of Eq. (6.11) at x==%i are located by
crosses. There are two complex-conjugate extrema of the ex-
ponent as indicated by dots and the contour C can be distorted
to pass through both along the steepest-descents directions at 45°
to the rea! axis as shown.

over real values of a, one would obtain a divergent result
because the first term in (6.20) is negative definite. One
could make the action infinitely negative by choosing a
rapidly varying a. The solution to this problem seems to
be to integrate the variable a in Eq. (6.21) along a contour
that is parallel to the imaginary axis.'’ For each value of
7, the contour of integration of a will cross the real axis at
some value. Suppose there is some real function a(m)
which maximizes the action. Then if one dis-
torts the contour of integration of a at each value of % so
that it crosses the real axis at &(n), the value of the action
at the solution (%) will give the saddle-point approxima-
tion to the functional integral (6.21), i.e.,

Yolao) =N exp( —Ig[a(n)]) . 6.22)

If there were another real function &(v) which extremized
the action but which did not give its maximum value there
would be a nearby real function 4(7)+8a(n) which has a
greater action. By choosing the contour of integration in
(6.21) to cross the real a axis at &(n)+8a(n), one wonld
get a smaller contribution to the ground-state wave func-
tion. Thus, the dominant contribution comes from the
real function &(n) with the greatest value of the action.

It may be that there is no real a(y) which maximizes
the action. In this case the dominant contribution to the
ground-state wave function will come from complex func-
tions a(n) which extremize the action. These will occur
in complex-conjugate pairs because the wave function is
real.
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In the case of Hagy < 1, we have already seen that there
are two real functions a(n) which extremize the action
and which correspond to less than or more than a hemi-
sphere of the four-sphere. Their actions are /_ and I,
respectively, given by (6.13). In fact, J_ is the maximum
value of the action for real a(7) and therefore gives the
dominant contribution to the ground-state wave function.
Thus, we again recover Egs. (6.14) and (6.16). In the case
of Hay> 1, there is no maximum of the action for real
a(n). In this case the dominant contribution to the
ground-state wave function comes from a pair of
complex-conjugate a(n) which extremize the action.
Thus, we would expect an oscillatory wave function like
that given by Eq. (6.19).

C. Ground-state solution of the Wheeler-DeWitt equation

The ground-state wave function must be a solution of
the Wheeler-DeWitt equation for the minisuperspace
model [Eqgs. (5.8) or (5.11)]. The exp(—X2/2) dependence
of the wave function on the matter field deduced in Sec.
VIA shows that in fact yo(a) must solve Eq. (5.11) with
n=0. There are certainly solutions of this equation which
have the large-a combination of exponentials required of
the semiclassical approximation by Eq. (6.19) as a glance
at Eq. (5.13) shows. In fact the prefactor in these asymp-
totic behaviors shows that the ground-state wave function
will be normalizable in the norm

(Woudo)= [, da a’holalnla)

in which the Wheeler-DeWitt operator is Hermitian.

The Wheeler-DeWitt equation enables us to determine
the prefactor in the semiclassical approximation from the
standard WKB-approximation formulas. With p =0, for
example, this would give when Hag > 1

(6.23)

Yolag)=2(Hao* —a* + €+ 1)

(H%: 17

xcos IH? 4

(6.24)

We could also solve the equation numerically. Figure 4
gives an example when p=0 and €;=—+. There we have
assumed that the wave function vanishes at a=0. The
dotted lines represent graphs of the prefactor in Eq. (6.24)
and show that the semiclassical approximation becomes
rapidly more accurate as Ha increases beyond 1. We shall
return to an interpretation of these facts below.

D. Correspondence with de Sitter space

Having obtained ¥(a), we are now in a position to as-
sess its suitability as the ground-state wave function.
Classically the vacuum geometry with the highest symme-
try, hence minimum excitation, is de Sitter space—the
surface of a Lorentz hyperboloid in a five-dimensional
Lorentz-signatured flat spacetime. The properties of the
wave function contained in Egs. (6.16) and (6.19) are those
one would expect to be semiclassically associated with this
geometry. Sliced into three-spheres de Sitter space con-
tains spheres only with a radius greater than 1/H. Equa-
tion (6.16) shows that the wave function is an exponential-
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FIG. 4. A numerical solution of the Wheeler-DeWitt equa-
tion for the ground-state wave function ¥y{e). A solution of Eq.
(5.11) is shown for H =1 in Planck units, We have assumed for
definiteness p =0, gg= —+, and a vanishing wave function at
the origin. The wave function is damped for Ha <1 correspond-
ing to the absence of spheres of radii smaller than H~! in
Lorentzian de Sitter space. It oscillates for Ha > 1 decaying
only slowly for large a. This reflects the fact that de Sitter space
expands without limit. In fact, the envelope represented by.the
dotted lines is the distribution of three-spheres in Lorentzian de
Sitter space: [Ha(H%a?—1)17]-1,

ly decreasing function with decreasing a for radii below
that radius. Equation (6.24) shows the spheres of radius
Jarger than 1/H are found with an amplitude which varies
only slowly with the radius, This is a property expected
of de Sitter space which expands both to the past and the
future without limit. Indeed, tracing the origin of the two
terms in (6.19) back to extrema with different signs of k
one sees that one of these terms corresponds to the con-
tracting phase of de Sitter space while the other corre-
sponds to the expanding phase. The slow variation in the
amplitude of the ground-state wave function reflects pre-
cisely the distribution of three-spheres in classical de
Sitter space. Lorentzian de Sitter space is conformal to a
finite region of the Einstein static universe

ds*=ca N —dn?+d0y) , (6.25)

where a(f)=(coshHt)/H and dt =ad7. Three-spheres are
cvidently distributed uniformly in % in the Einstein static
universe. The distribution of spheres in @ in Lorentzian
de Sitter space is therefore proportional to

[alH}a2—-1)}/3)"1 (6.26)

This is the envelope of the probability distribution
a?| Y{a)|? for spheres of radius a deduced from the semi-
classical wave function and shown in Fig. 4. The wave
function constructed from the Euclidean prescription of
Sec. III appropriately reflects the properties of the classi-
cal vacuum solution of highest symmetry and is therefore
reasonably calied the ground-state wave function.

VII. EXCITED STATES

Our Universe does not correspond to the ground state
of the simple minisuperspace model. It might be that the
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inclusion of more degrees of freedom in the model would
produce a ground state which resembles our Universe
more closely or it might be that we do not live in the
ground state but in an excited state. Such excited states
are not to be calculated by a simple path-integral prescrip-
tion, but rather by solving the Wheeler-DeWitt equation
with the boundary conditions that are required to main-
tain Hemiticity of the Hamiltonian operator between these
states and the ground state. In this section, we shall con-
struct the excited states for the minisuperspace model dis-
cussed in Sec. V1.

In the minisuperspace model where the spacelike sec-
tions are metric three-spheres all excitations in the gravi-
tational degrees of freedom have been frozen out. We can
study, however, excitations in the matter degrees of free-
dom. These are labeled by the harmonic-oscillator quan-
tum number n as we have already seen [cf. Eq. (5.10)].
The issue then is what solution of Eq. (5.11) for ¢,(a) cor-
responds to this excited state. The equation can be written
in the form of a one-dimensional Schrédinger equation

dc,

P

da

1 d

~ 57 de +V(aey=(n+3+€lcy, (1.1

where

Via)=+(a*~2Aa*). (1.2)
At a=0 Eq. (7.1) will in general have two types of solu-
tions one of which is more convergent than the other {cf.
Eq. (5.12)). The behavior for the ground state which cor-
responds to the functional-integral prescription could be
deduced from an evaluation of the determinant in the
semiclassical approximation as discussed in Sec. IV.
Whatever the result of such an evalution, the solution
must be purely of one type or the other in order to ensure
the Hermiticity of the Hamiltonian constraint. The same
requirement ensures a. similar behavior for the excited-
state solutions. In the following by “regular” solutions we
shall mean those conforming to the boundary conditions
arising from the functional-integral prescription. The ex-
act type will be unimportant to us.

The potential ¥ (a) is a barrier of height 1/(4A). At
large g, the cosmological-constant part of the potential
dominates and one has solutions which are linear com-
binations of the oscillating functions in (5.13). As we
have already seen in the analysis of the ground state, the
two possibilities correspond to a de Sitter contraction and
a de Sitter expansion. With either of these asymptotic
behaviors, a wave packet constructed by superimposing
states of different » to produce a wave function with nar-
row support about some mean value of the scalar field
would show this mean value increasing as one moved
from large to small a.

Since each of the asymptotic behaviors in (5.13) is phys-
ically acceptable there will be solutions of (7.1) for all n.
If, however, A is small and n not too large, there are some
values of n which are more important than others. These
are the values which make the left-hand side of (7.1) at or
close to those values of the energy associated with the
metastable states (resonances) of the Schrodinger Hamil-
tonian on the right-hand side. To make this precise write
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11 4d

T2 g* da

e

7.3
da (1.3)

+Vialc=ec .

This is the zero angular momentum Schrédinger equation
in d=p+1 dimensions for single-particle motion in the
potential ¥{a). Classically, for € <1/(41) there are two
classes of orbits: bound orbits with a maximum value of a
and unbound orbits with a minimum value of a. Quan-
tum mechanically there are no bound states. For discrete
values of € << 1/(4L), however, there are metastable states.
They lie near those values of € which would be bound
states if A=0 and the barrier had infinite height. Since
when A=0 (7.3) is the zero angular momentum
Schrédinger equation for a particle in a “radial”
harmonic-oscillator potential in d=p+1 dimensions,
these values are

en=2N+d/2, N=0,1,2,... .

For nonzero A, if the particle has an energy near one of
these values and much less than 1/(44) it can execute
many oscillations inside the well but eventually it will tun-
nel out.

For the cosmological problem the classical Hamiltonian
corresponding to (7.3) describes the evolution of homo-
geneous, isotropic, spatially closed cosmologies with radia-
tion and a casmological constant. The bound orbits corre-
spond to those solutions for which the radiation density is
sufficiently high that its attractive effect causes an ex-
panding universe to recollapse before the repulsive effect
of the cosmological constant becomes important. By con-
trast the unbound orbits correspond to de Sitter evolutions
in which a collapsing universe never reaches a small
enough volume for the increasing density of radiation to
reverse the effect of the cosmological constant. There are
thus two possible types of classical solutions. Quantum
mechanically the Universe can tunnel between the two.

We can calculate the tunneling probability for small A
by using the usual barrier-penetration formulas from ordi-
nary quantum mechanics. Let P be the probability for
tunneling from inside the barrier to outside per transversal
of the potential inside from minimum to maximum a.
Then

Pme 8, (7.5)

(7.4)

where

— [ 2
B=2 f, 'da[V(a)—€] (7.6)
and g, and a; are the two turning points where V{a)=e.
In the limit of € <<1/(41) the barrier-penetration factor
becomes

7.0

In magnitude this is just the total gravitational action for
the Euclidean four-sphere of radius 1/H which is the ana-
lytic continuation of de Sitter space. This is familiar from
general semiclassical results.'®

Our own Universe corresponds to a highly excited state
of the minisuperspace model. We know that the age of
the Universe is about 10% Planck times. The maximum
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expansion, assuming a radiation dominated model, is
therefore at least of order Gmei=10'%, A wave packet
describing our Universe would therefore have to be super-
positions of states of definite n, with n at least
~Ope i~ 1012, As large as this number is, the dimen-
sionless limit on the inverse cosmological constant is even
larger. In order to have such a large radiation dominated
Universe A must be less than 10~'%, The probability for
our Universe to tunnel quantum mechanicaily at the mo-
ment of its maximum expansion to a de Sitter-type phase
rather than recollapse is P~exp( —10'%). This is a very
small number but of interest if only because it is nonzero.

VIII. TOPOLOGY

In the preceding sections we have considered the ampli-
tudes for three-geometries with S? topology to occur in
the ground state. The functional-integral construction of
the ground-state wave function, however, permits a natur-
al extension to calculate the amplitudes for other topolo-
gies. We shall illustrate this extension in this section with
some simple examples in the semiclassical approximation.

There is no compelling reason for restricting the topolc-
gies of the Euclidean four-geometries which enter in the
sum defining the ground-state wave function. Whatever
one’s view on this question, however, there must be a
ground-state wave function for every topology of a three-
geometry which can be embedded in a four-geometry
which enters the sum. In the general case this will mean
all possible three-topologies—disconnected as well as con-
nected, multiply connected as well as simply connected.
The general ground-state wave function will therefore
have N arguments representing the possibility of N com-
pact disconnected three-geometries. The functional-
integral prescription for the ground-state wave function in
the case of pure gravity would then read

WoloM i, . aM WA )= [ sgexp(—Iglg)),
(8.1)

where the sum is over all compact Euclidean four-
geometries which have N disconnected compact boun-
daries 3M'” on which the induced threc-metrics are ;.
Since there is nothing in the sum which distinguishes one
three-boundary from another the wave function must be
symmetric in its arguments.

The wave function defined by (8.1) obeys a type of
Wheeler-DeWitt equation in each argument but this is no
longer sufficient to determine its form—in particular the
correlations between the three-geometries. The functional
integral is here the primary computational tool.

It is particularly simple to construct the semiclassical
approximations to ground-state wave functions for those
three-geometries with topologies which can be embedded
in a compact Euclidean solution of the field equations.
Consider for example the four-sphere. If the three-
geometry has a single connected component and can be
embedded in the four-sphere, then the extremal geometry
at which the action is evaluated to give the semiclassical
approximation is the smaller part of the four-sphere
bounded by this three-geometry. The semiclassical
ground-state wave function is
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WolhyJmNA=[hy)
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where M is the smaller part of the four-sphere and X is
the trace of the extrinsic curvature of the three-surface
computed with outward-pointing normals. Since there is
a large variety of topologies of three-surfaces which can
be embedded in the four-sphere—spheres, toruses, etc.,—
we can casily compute their associated wave functions.
Of course, these are many interesting three-surfaces which
cannot be so embedded and for which the extremal solu-
tion defining the semiclassical approximation is not part
of the four-sphere. In general one would expect to find
wave functions for arbitrary topologies since any three-
geometry is cobordant to zero and therefore there is some
compact four-manifold which has it as its boundary. The
problem of finding solutions of the field equations on
these four-manifolds which match the given three-
geometry and are compact thus becomes an interesting
one.

Similarly, the semiclassical approximation for wave
functions representing N disconnected three-geometries
are equally easily computed when the geometries can be
embedded in the four-sphere. The extremal geometry de-
fining the semiclassical approximation is then simply the
four-sphere with the N three-geometries cut out of it. The
symmetries of the solution guarantee that as far as the ex-
ponent of the semiclassical approximation is concerned, it
does not matter where the three-geometries are cut out
provided that they do not overlap. To give a specific ex-
ample, we calculate the amplitude for two disconnected
three-spheres of radius @, and a( assuming
ay) <@g <H ™', One possible extremal geometry is two
disconnected portions of a four-gphere attached to the two
three-spheres. This gives a product wave function with no
correlation. Another extremal geometry is the smaller
half of the four-sphere bounded by the spheres of radius
a(y) with the portion interior to a sphere of radius a(,, re-
moved. This gives an additional contribution to the wave
function which expresses the correlation between the
spheres. The correlated part in the semiclassical approxi-
mation is

Wolag, @) =NA~Haq),a)

-l_ _(I_Hzamz)sn
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While the exponent is simple, the calculation of the deter-
minant is now more complicated—it does not factor.

Equation (8.3) shows that the amplitude to have two
correlated three-spheres of radius a3 <@ <H ™! is
smaller than the amplitude to have a single three-sphere of
radius a(;). In this crude sense topological complexity is
suppressed. The amplitude for the Universe to bifurcate
is of the order exp[ —~ 1/(3H?2)]—a very large factor.
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IX. CONCLUSIONS

The ground-state wave function for closed universes
constructed by the Euclidean functional-integral prescrip-
tion put forward in this paper can be said to represent a
state of minimal excitation for these universes for two
reasons. First, it is the natural generalization to gravity of
the Buclidean functional integral for the ground-state
wave function of flat-spacetime field theories. Second,
when the prescription is applied to simple minisuperspace
models, it yields a semiclassical wave function which cor-
responds to the classical solution of Einstein’s equations
of highest spacetime symmetry and lowest matter excita-
tion.

The advantages of the Euclidean function-integral
prescription are many but perhaps three may be singled
out. First it is a complete prescription for the wave func-
tion. It implies not only the Wheeler-DeWitt equation but
also the boundary conditions which determine the
ground-state solution. The requirement of Hermiticity of
the Wheeler-DeWitt operator extends these boundary con-
ditions to the excited states as well.

A second advantage of this prescription for the
ground-state wave function is common to all functional-
integral formulations of quantum amplitudes. They per-
mit the direct and explicit calculation of the semiclassical
approximation. At the current stage of the development
of quantum gravity where qualitative understanding is
more important than precise numerical results, this is an
important advantage. It is well illustrated by our minisu-
perspace model in which we were able to calculate semi-
classically the probability of tunneling between a universe
dooqned to end in a big crunch and an eternal de Sitter ex-

on.

A final advantage of the Euclidean functional-integral
prescription for the ground-state wave function is that it
naturally generalizes to permit the calculation of ampli-
tudes not usually considered in the canonical theory. In
particular, we have been able to provide a functional-
integral prescription for amplitudes for the occurrence of
three-geometries with multiply connected and disconnect-
ed topologies in the ground state. In the semiclassical ap-
proximation we have been able to evaluate simple exam-
ples of such amplitudes.

The Euclidean functional-integral prescription sheds
light on one of the fundamental problems of cosmology:
the singularity. In the classical theory the singularity is a
place where the field equations, and hence predictability,
break down. The situation is improved in the quantum
theory. An analogous improvement occurs in the problem
of an electron orbiting a proton. In the classical theory
there is a singularity and a breakdown of predictability
when the electron is at the same position as the proton.
However, in the quantum theory there is no singularity or
breakdown. In an s-wave state, the amplitude for the elec-
tron to coincide with the proton is finite and nonzero, but
the electron just carries on to the other side. Similarly, the
amplitude for a zero-volume three-sphere in our minisu-
perspace model is finite and nonzero. One might interpret
this as implying that the universe could continue through
the singularity to another expansion period, although the
classical concept of time would break down so that one
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28 WAVE FUNCTION OF THE UNIVERSE

could not say that the expansion happened after the con-
traction.

The ground-state wave function in the simple minisu-
perspace model that we have considered with a conformal-
ly invariant field does not correspond to the quantum
state of the Universe that we live in because the matter
wave function does not oscillate. However, it seems that
this may be a consequence of using only zero rest mass
fields and that the ground-state wave function for a
universe with a massive scalar field would be much more
complicated and might provide a model of quantum state
of the observed Universe. If this were the case, one would
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have solved the problem of the initial boundary conditions
of the Universe: the boundary conditions are that it has
no boundary.?
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14

Quantum cosmology

S. W. HAWKING

14.1 Introduction

A few years ago I received a reprint request from an Institute of Quantum
Oceanography somewhere in the Soviet Far East. I thought: What could be
more ridiculous? Oceanography is a subject that is pre-eminently classical
because it describes the behaviour of very large systems. Moreover,
occanography is based on the Navier—Stokes equation, which is a classical
effective theory describing how large numbers of particles interact according
to a more basic theory, quantum electrodynamics. Presumably, any
quantum effects would have to be calculated in the underlying theory.

Why is quantum cosmology any less ridiculous than quantum
oceanography? After all, the universe is an even bigger and more classical
system than the oceans. Further, general relativity, which we use to describe
the universe, may be only a low energy effective theory which approximates
some more basic theory, such as string theory.

The answer to the first objection is that the spacetime structure of the
universe is certainly classical today, to a very good approximation.
However, there are problems with a large or infinite universe, as Newton
realised. One would expect the gravitational attraction between all the
different bodies in the universe to cause them to accelerate towards each
other. Newton argued that this would indeed happen in a large but finite
universe. However, he claimed that in an infinite universe the bodies would
not all come together because there would not be a central point for them to
fall to. This is a fallacious argument because in an infinite universe any point
can be regarded as the centre. A correct treatment shows that an infinite
universe can not remain in a stationary state if gravity is attractive. Yet so
firmly held was the belief in an unchanging universe that when Einstein first
proposed general relativity he added a cosmological constant in order to
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obtain a static solution for the universe, thus missing a golden opportunity
to predict that the universe should be expanding or contracting. I shall
discuss later why it should be that we observe it to be expanding and not
contracting.

If one traces the expansion back in time, one finds that all the galaxies
would have been on top of each other about 15 thousand million years ago.
At first it was thought that there was an earlier contracting phase and that
the particles in the universe would come very close to each other but would
miss each other. The universe would reach a high but finite density and
would then re-expand (Lifshitz and Khalatnikov, 1963). However, a series of
theorems (Hawking and Penrose, 1970; Hawking and Ellis, 1973) showed
that if classical general relativity were correct, there would inevitably be a
singularity at which all physical laws would break down. Thus classical
cosmology predicts its own-downfall. In order to determine how the classical
evolution of the universe began one has to appeal to quantum cosmology
and study the early quantum era.

But what about the second objection? Is general relativity the
fundamental underlying theory of gravity or is it just a low energy
approximation to some more basic theory? The fact that pure general
relativity is not finite at two loops (Goroff and Sagnotti, 1985) suggests it is
not the ultimate theory. It is an open question whether supergravity, the
supersymmetric extention of general relativity, is finite at three loops and
beyond but no-one is prepared to do the calculation. Recently, however,
people have begun to consider seriously the possibility that general relativity
may be just a low energy approximation to some theory such as
superstrings, although the evidence that superstrings are finite is not, at the
moment, any better than that for supergravity.

Even if general relativity is only a low energy effective theory it may yet be
sufficient to answer the key question in cosmology: Why did the classical
evolution phase of the universe start off the way it did? An indication that
this is indeed the case is provided by the fact that many of the features of the
universe that we observe can be explained by supposing that there was a
phase of exponential ‘inflationary’ expansion in the early universe. This is
described in more detail in the articles by Linde, and Blau and Guth
(Chapters 13, 12, this volume). In order not to generate fluctuations in the
microwave background bigger than the observational upper limit of 104,
the energy density in the inflationary era cannot have been greater than
about 107 '%m} (Rubakov et al., 1982; Hawking, 1984a). This would put the
inflationary era well inside the regime in which general relativity should be a
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good approximation. It would also be well inside the region in which any
possible extra dimensions were compactified. Thus it might be reasonable to
hope that the saddle point or semi-classical approximation to the quantum
mechanical path integral [or general relativity in four dimensions would give
a reasonable indication of how the universe began. In what follows I shall
assume that the lowest-order term in the action for a spacetime metric is the
Einstein one, as it must be for agreement with ordinary, low energy,
observations. However, I shall bear in mind the possibilities of higher-order
terms and extra dimensions.

14.2 The quantum state of the universe
I shall use the Euclidean path integral approach. The basic assumption of
this is that the ‘probability’ in some sense of a positive definite spacetime
metric g,, and matter fields ¢ on a manifold M is proportional to exp( -0
where [ is the Euclidean action. In general relativity

I= -—L R(g)”2 d‘x+§r- I K(h)'/2d4~'x —JLm[¢](g)"’ dix,
M

where h and K are respectively the determinant of the first fundamental form
and the trace of the second fundamental form of the boundary oM of M. In
string theory the action I of a metric gy, antisymmetric tensor field B, and
dilaton field ¢ is given by the log of the path integral of the string action
over all maps of string world sheets into the given space. For most fields the
path integral will not be conformally invariant. This will mean that the path
integral diverges and I will be infinite. Such fields will be suppressed by an
infinite factor. However, the path integral over maps into certain
background fields will be conformally invariant. The action for these fields
will be that of general relativity plus higher-order terms.

The probability of an observable O having the value A can be found by
summing the projection operator IT, over the basic probability over all
Euclidean metrics and fields belonging to some class C.

Pold)= f 8[g,.] d[HIIL, exp(~I),

where I1,=1 il the value of O is A and zero otherwise. From such
probabilities and the conditional probability, the probability of 4 given B,
P(A, B)

P(B) ’
where P(A4, B) is the joint probability of A and B, one can calculate the
outcome of all allowable measurements.

P(A|B)=
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The choice of the class C of metrics and fields on which one considers the
probability measure exp( —I) determines the quantum state of the universe.
C is usually specified by the asymptotic behaviour of the metric and matter
fields, just as the state of the universe in classical general relativity can be
specified by the asymptotic behaviour of these fields. For instance, one could
demand that C consist of all metrics that approach the metric of Euclidean
flat space outside some compact region and all matter fields that go to zero
atinfinity. The quantum state so defined is the vacuum state used in S matrix
calculations. In these one considers incoming and outgoing states that difler
from Euclidean flat space and zero matter fields at infinity in certain ways.
The path integral over all such fields gives the amplitude to go from the
initial to the final state.

In these S matrix calculations one considers only measurements at infinity
and does not ask questions about what happens in the middle of the
spacetime. However, this is not much help for cosmology: it is unlikely that
the universe is asymptotically flat, and, even if it were, we are not really
interested in what happens at infinity but in events in some finite region
surrounding us. Suppose we took the class C of metrics and matter fields
that defines the quantum state of the universe to be the class described above
of asymptotically Euclidean metrics and fields. Then the path integral to
calculate the probability of a value of an observable O would receive
contributions from two kinds of metrics. There would be connected
asymptotically Euclidean metrics and there would be a disconnected metric
which consisted of a compact component that contained the observable O
and a separate asymptotically Euclidean component. One can not exclude
disconnected metrics from the class C because any disconnected metric can
be approximated arbitrarily closely by a connected metric in which the
different components are joined by thin tubes with negligible action. It turns
out that for observables that depend only on a compact region the dominant
contribution to the path integral comes from the compact regions of
disconnected metrics. Thus, as far as cosmology is concerned, the
probabilities of observables would be almost the same if one took the class C
to consist of compact metrics and matter fields that are regular on them.

In fact, this seems a much more natural choice for the class C that defines
the quantum state of the universe. It does not refer to any unobserved
asymptotic region and it does not involve any boundary or edge to
spacetime at infinity or a singularity where one would have to appeal to
some outside agency to set the boundary conditions. It would mean that
spacetime would be completely sclf contained and would be determined
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completely by the laws of physics: there would not be any points where the
laws broke down and there would not be any edge of spacetime at which
unpredictable influences could enter the universe. This choice of boundary
conditions for the class C can be paraphrased as: ‘The boundary condition
of the universe is that it has no boundary’ (Hawking, 1982; Hartle and
Hawking, 1983; Hawking, 1984b).

This choice of the quantum state of the universe is very analogous to the
vacuum state in string theory which is defined by all maps of closed string
world sheets without boundary into Euclidean flat space. More generally,
one can define a ‘ground’ state of no string excitations about any set of
background fields that satisfy certain conditions by all maps of closed string
world sheets into the background. Thus one can regard the ‘no boundary’
quantum state for the universe as a ‘ground’ state (Hartle and Hawking,
1983). 1t is, however, different from other ground states. In other quantum
theories non-trivial field configurations have positive energy. They therefore
cannot appear in the zero energy ground state except as quantum
fluctuations. In the case of gravity it is also true that any asymptotically flat
metric has positive energy, except flat space, which has zero energy.
However, in a closed, non-asymptotically flat universe there is no infinity at
which to define the energy of the field configuration. In a sense the total
energy of a closed universe is zero: the positive energy of the matter fields
and gravitational waves is exactly balanced by the negative potential energy
which arises because gravity is attractive. It is this negative potential energy
that allows non-trivial gravitational fields to appear in the ‘ground’ state of
the universe.

Unfortunately, this negative energy also causes the Euclidean action I’ for
general relativity to be unbounded below (Gibbons et al., 1978), thus
causing exp(—I) not to be a good probability measure on the space C of field
configurations. In certain cases it may be possible to deal with this difficulty
by rotating the contour of integration of the conformal factor in the path
integral from real values to be parallel to the imaginary axis. However, there
does not seem to be a general prescription that will guarantee that the path
integral converges. This difficulty might be overcome in string theory where
the string action is positive in Euclidean backgrounds. It may be, however,
that the difficulty in making the path integral converge is fundamental to the
fact that the ‘ground’ state of the universe seems to be highly non-trivial. In
any event it would seem reasonable to expect that the main contribution to
the path integral would come from fields that are near stationary points of
the action [, that is, near solutions of the field equations.
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It should be emphasised that the ‘no boundary’ condition on the metrics
in the class C that defines the quantum state of the universe is just a
proposal: it cannot be proved from something else. It is quite possible that
the universe is in some different quantum state though it would be difficult to
think of one that was defined in a natural manner. The ‘no boundary’
proposal does have the great advantage, however, that it provides a definite
basis on which to calculate the probabilities of observable quantities and
compare them with what we see. This basis seems to be lacking in many
other approaches to quantum cosmology in which the assumptions on the
quantum state of the universe are not clearly stated. For instance, Vilenkin
(1986) defines the quantum state in a toy minisuperspace model by requiring
that a certain current on minisuperspace be ingoing at one point of the
boundary of minisuperspace (corresponding to ‘creation from nothing’) and
outgoing elsewhere on the boundary (annihilation into nothing?). However,
he does not seem to have a general prescription that would define the
quantum state except in simple minisuperspace cases. Moreover, his state is
not CPT invariant, which is a property that one might think the quantum
state of the universe should have. Similarly, Linde (1985; Chapter 13, this
volume) does not give a definition of the quantum state of the universe. He
also suggests that the Wick rotation for the Euclidean action of the
gravitational field should be in the opposite direction to that for other fields.
This would be equivalent to changing the sign of the gravitational constant
and making gravity repulsive instead of attractive.

14.3 The density matrix

One thinks of a quantum system as being described by its state at one time.
In the case of cosmology, ‘at one time’ can be interpreted as on a spacelike
surface S. Onc can therefore ask for the probability that the metric and
matter fields have given values on a d — 1 surface S. In fact, it is meaningful to
ask questions only about the d — 1 metric I1;j induced on § by the d metricg,,,
on M because the components n"g,, of g,,, that lic out of S can be given any
values by a diffeomorphism of M that leaves S fixed. Thus the probability
that the surface S has the induced metric h;; and matter fields ¢, is

P(hij, $o)= J; d[guv] d[¢o] exp(— Dn(h.,,%b

where I, , is the projection operator which has value 1 if the induced
metric and matter fields on S have the given values and is zero otherwise.
One can cut the manifold M at the surface S to obtain a new manifold M
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bounded by two copies $ and § of S. One can then define p(hy;, do; hij, $5) to
be the path integral over all metrics and matter fields on M which-agree with
the given values i, ¢o on S'and hj;, ¢}, on S. The quantity p can be regarded
as a density matrix describing the quantum state of the universe as seen from
a single spacelike surface for the following reasons:

(i) The diagonal elements of p, that is, when h;;=h}; and ¢, = o5, give the
probability of finding a surface S with the metric h; and matter
fields ¢,.

(i) If § divides M into two parts, the manifold M will consist of two
disconnected parts, M , and M _. The path integral for p will factorise:

plhy, dos iy o =Y.y, $o)¥ - (h;p $o)s

where the wave functions ¥, and ¥_ are given by the path integral
over all metrics and matter fields on M, and M _ respectively which
have the given values on S and S’. If the matter fields ¢ are CP invariant,
¥, =¥ _ and both are real (Hawking, 1985). ¥ is known as ‘The Wave
Function Of The Universe’. A density matrix which factorises can be
interpreted as corresponding to a pure quantum state.

(iii) If the surface S does not divide M into two parts, the manifold M will be
connected. In this case the path integral for p will not factorise into the
product of two wave functions. This means that p will correspond to the
density matrix of a mixed quantum state, rather than a pure state for
which the density matrix would factorjse (Page, 1986; Hawking, 1987).

One can think of the density matrices which do not factorise in the
following way : Imagine a set of surfaces 7; which, together with §, divide the
spacetime manifold M into two parts. One can take the disjoint union of the

T;and S as the surface which is used to define p (there is no reason why this

surface has to be connected). In this case the manifold M will be

disconnected and the path integral for p will factorise into the product of two
wave functions which will depend on the metrics and matter fields on two
sets of surfaces, S, T; and §', T}. The quantity p will therefore be the density
matrix for a pure quantum state. However, an observer will be able to
measure the metric and matter fields only on one connected component of
the surface (say, S) and will not know anything about their values on the
other components, 7;, or even if any other components are required to divide
the spacetime manifold into two parts. The observer will therefore have to
sum over all possible metrics and matter fields on the surfaces 7;. This
summation or trace over the fields on the 7; will reduce p to a density matrix
corresponding to a mixed state in the fields on the remaining surfaces § and
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§'. It is like when you have a system consisting of two parts A and B.
Suppose the system is in a pure quantum state but that you can observe only
part A. Then, as you have no knowledge about B, you have to sum over all
possibilities for B, with equal weight. This reduces the density matrix for the
system from a pure state to a mixed state.

The summation over all fields on the surfaces T; is equivalent to joining
the surfaces T; to T} and doing the path integral over all metrics and matter
fields on a manifold M whose only boundaries are the surfaces § and 3.
There is an overcounting because, as well as summing over all metrics and
matter fields, one is summing over all positions of the surfaces T; in M.
However, the path integral over these extra degrees of freedom can be
factored out by introducing ghosts. The reduced path integral is then the
same as that for the density matrix p for a single pair of surfaces S and §'.
Thus one can see that the reason that the density matrix for S corresponds to
a mixed state is that one is observing the state of the universe on a single
spacelike surface and ignoring the possibility that spacetime may be not
simply connected and so require other surfaces T; as well as S to divide M
into two parts.

14.4 The Wheeler-DeWitt equation

In a neighbourhood of the boundary surface § of the manifold M, one can
write the metric g,,, in the (d —1)+ 1 form:

ds?=(N?+N'N) de* + 2N dx' dt + h;; dx' dx/,
where S is the surface t=0. The Euclidean action can then be written in the
Hamiltonian form:

I~= —Jdtdd—IX(nU’iu"‘"¢¢—NHO—N'H‘)’

where 7'/ = — (h'/2/16n)(K" — h'K) is the Euclidean momentum conjugate
to hy;, K, is the second fundamental form of §,

1 _
Ho= 167G ym'/n b2 4~ R+ T
H'= 29,4+ T"

GU“ = %h - l,z(hl'khﬂ + huhﬂl —h‘jhkl)'

As was stated above, the components of g,,, that lie out of the surface S'can
be given any values by a diffecomorphism of M that leaves § fixed. This
means that the variational derivative of the path integral for p with respect
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to N and N, on § must be zero:

;1,\; Jd[ uv] d[¢0] 6N exp( i) Hlp 0

;ﬁ, fd[g,.v]d[qbol P Thi —-N)=Hp=0,

where the operators H and A, are obtained from the corresponding classical
expressions by replacing the Euclidean momentum =" by — /5h,; and =, by
—d/d¢.

The first equation is called the momentum constraint. It is a first-order
equation for p on superspace, the space W of all metrics h;; and matter fields
¢ on a surface S. It implies that p is the same for metrics and matter fields
which can be obtained from each other by coordinate transformations in S.
The second equation is called the Wheeler-DeWitt equation. It holds at
each point of superspace, except where ;;=h;, and ¢, = ¢,. When this is
true, the separation between § and §' in the metric g, on the manifold M
may be zero. In this case, it is no longer true that the variation of p with
respect to N is zero. There is an infinite dimensional delta function on the
right-hand side of the Wheeler-DeWitt equation. Thus, the Wheeler—
DeWitt equation is like the equation for the propagator, G(x,x')=
(P(x)p(x)):

(- O+ m?)G(x,x")=6(x, x').

As the point x tends towards x', the propagator diverges like 24, where r
is the distance between x and x’. Thus G(x, x') will be infinite. Similarly,
p(hy;, bos by, do), the diagonal elements of the density matrix, will be infinite.
This infinity arises from Euclidean geometries of the form § x S*, where the
S! is of very short radius. However, we are interested really only in the
probabilities for Lorentzian geometries, because we live in a Lorentzian
universe, not a Euclidean one. One can recognise the part of the density
matrix p that corresponds to Lorentzian geometries by the fact that it will
oscillate rapidly as a function of the scale factor of the metrics h; and hj,
(Hawking, 1984b). One therefore wants to subtract out the infinite,
Euclidean, component and leave a finite, Lorentzian, component. One way
of doing this is to consider only spacetime manifolds M which the surface §
divides into two parts. The density matrix from such geometries will be of
the factorised form:

phyy, dos hijy do)="F(hyy, do)¥ (i), $0),
where the wave function ‘¥ obeys the Wheeler-DeWitt equation with no
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delta function on the right-hand side. This part of the density matrix will
therefore remain finite when h;;=hj; and ¢o=¢o. In a supersymmetric
theory, such as supergravity or superstrings, the infinity at the diagonal in
the density matrix would probably be cancelled by the [ermions.

14.5 Minisuperspace

The Wheeler-DeWitt equation can be regarded as a second-order
differential equation for p or ¥ on superspace, the infinite-dimensional
space of all metrics and matter fields on S. It is hard to solve such an
equation. Instead, progress has been made by using [inite dimensional
approximations to superspace, called minisuperspaces, first introduced by
Misner (1970). In other words, one reduces the infinite number of degrees of
freedom of the gravitational and matter [iclds and of the gauge to a finite
number and solves the Wheeler—DeWitt equation on a finite-dimensional
space.

14.5.1 de Sitter model

The simplest example is a homogeneous isotropic four-dimensional universe
with a cosmological constant and metric

ds?=0?[N2dt* +a?dQ3].

o | [da ] ,
1——~2‘Jd[N(l|:Tv—§-|:'a?] +1—-4a ],

where 6?=4mm?,a is the radius of the 3-sphere space-like surfaces and
A=40*A. One can choose N =a. The first two terms in the Euclidean action
are negative definite. This means that the path integral over a does not
converge. However, one can make the path integral converge by taking a to
be imaginary. This corresponds to integrating the conformal factor over a
contour parallel to the imaginary axis (Gibbons et al., 1978).

With a imaginary, the action is the same as that of the anharmonic
oscillator. The density matrix p(a,a’) is given by a path integral over all
values of @ on a manifold M bounded by surfaces with radii a and a’. There
are two kinds of such manifold: ones that have two disconnected
components, which correspond to spacetimes that are Jivided in two by S,
and connected ones, which correspond to non-simply connected spacetimes
that S does not divide.

Consider first the case in which § divides M in two. The density matrix
from these geometries that § divides into two is the product of wave

The action is
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functions:
pla,a')=¥(@a)¥(a),

where the wave function ¥ is given by a path integral over compact 4-
geometries bounded by a 3-sphere of radius a or a’. One would expect this
path integral to be approximately A exp(— B), where B is the action of a
solution of the classical Euclidean field equations with the given boundary
conditions and the prefactor A is given by a path integral over small
fluctuations about the solution of the classical field equations. The compact
homogeneous isotropic solution of the Euclidean field equations is a 4-
sphere of radius 1~'/2, A 3-sphere of radius a<A~!/2 can fit into such a 4-
sphere in two positions: it can bound more or less than half the 4-sphere.
The action B of both these solutions of the classical equations is negative,
with the action of more than half the 4-sphere being the more negative, One
might therefore expect that this solution would provide the dominant
contribution to the path integral. However, if one takes the scale factora to
be imaginary, in order to make the path integral converge, and then
analytically continues back to real a, one finds that the dominant
contribution comes from the solution that corresponds to less than half the
4-sphere, rather than the other solution which corresponds to more than
half the 4-sphere, as one might have expected. This conclusion also follows
from an analysis of the path integral in the K representation (Hartle and
Hawking, 1983).

In terms of the gauge choice N =a, used above, the path integral is overa
with a the given value at t=0 and a=0 at t= £ oc. This path integral is the
same as that for the propagator for the anharmonic oscillator fromia at t=0
to 0 at t=oz. But this gives the ground state wave function. Thus

W¥(a) oc Re(Aolia)),
where A4,(x) is the ground state wave function of the anharmonic oscillator.

For small x, Ay(x) behaves like exp(—4x?). Thus ¥(a) behaves
exponentially like exp(4x2). This agrees with the estimates from the action of
less than half the 4-sphere, as above. However, for a>A~1/3, there is no
Euclidean solution of the classical field equations for a compact
homogeneous isotropic 4-space bounded by a 3-sphere of radius a. Instead
there are complex metrics which are solutions of the field equations with the
required properties. Near the 3-sphere of radius @, one can take a section
through the complexified spacetime manifold on which the metric is real and
Lorentzian. This is reflected in the fact that A,(i a) will oscillate fora>21"1/2:
exponential wave functions correspond to Euclidean 4-geometries and
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oscillating wave functions correspond to Lorentzian 4-geometries
(Hawking, 1984b).

For large a, ¥(a) behaves like a ™! cos(4!/%a’). One can interpret this by
writing the wave function in the WKB form: C(exp(i S) + exp(—iS)), where
S is a rapidly varying phase factor and C is a slowly varying amplitude. The
wave function will satisfy the Wheeler—-DeWitt equation to leading order if
the phase factor S obeys the classical Hamilton-Jacobi equation. Thus, an
oscillating wave function will correspond in the classical limit to an (n— {)-
dimensional family of solutions of the classical Lorentzian field equations,
where n is the dimension of the minisuperspace.

In the example above, n= 1. The oscillating part of the wave function
corresponds to the classical de Sitter solution which collapses from infinite
radius to a minimum radius a =4~ !/2 and then expands again exponentially
to infinite radius. The classical Lorentzian solution does not go below a
radius of A7'2, so one can interpret the exponentially damped wave
function below that radius as corresponding to a Euclidean geometry in the
classically forbidden region. Note that, for this explanation to make sense,
the wave function has to decrease with decreasing a, and not increase as
authors such as Linde and Vilenkin have argued on the analogy of
tunnelling ‘from nothing’. Anyway, if one believes that the quantum state of
the universe is determined by a path integral over compact geometries, one
has no freedom of choice of the solution of the Wheeler-DeWitt equation: it
has to be the one that increases exponentially with increasing a.

Another feature of the wave function that is worth remarking on is that it
is real. This means that, in the oscillating region, the WKB ansatz is
C(exp(iS) +exp(—iS)). One can regard the first term as representing an
expanding universe and the second a contracting universe. More generally,
if the wave function represents some history of the universe, it also
represents the CPT image of that history (Hawking, 1985). This should be
contrasted with the approach of Vilenkin and others, who try to choose a
solution of the Wheeler-DeWitt equation which corresponds only to
expanding universes. The fallacy of this attempt is that the direction of the
time coordinate has no intrinsic meaning: it can be changed by a coordinate
transformation. The physically meaningful question is: how does the
entropy or degree of disorder behave during the histories of the universe that
are described by the wave function? The minisuperspace models considered
here are too simple to answer this but it will be discussed for models with the
full number of degrees of freedom in Section 14.7.

The contribution to the density matrix from geometries that S does not
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divide into two parts is given by a path integral with a fixed at the given
values at t=0and t=t, for some Euclidean time interval ¢,. But this is equal
to the real part of the propagator K(ia,0; id’,t;) for the anharmonic
oscillator from ia at t=0to ia’ at t=¢,.

K(ia,0;ia',t,)=) A,(ia)A,(ia") exp(—E,t,),

where A4,(x) are the wave functions of the excited states of the anharmonic
oscillator and E, are the energy levels. To obtain the density matrix one has
to integrate over all values of ¢, because the two surfaces can have any time
separation:

p(a,a’)= ReJ K(i a,0; ial’ tl)dtl =Rez An(l aLA,.(la )‘
[ " -

One can interpret this as saying that the universe is in the state specified by
the wave function Re(A4,(ia)) with the relative probability (E,)~!. Note that
the universe need not be ‘on shell’ in the sense that the Wheeler-DeWitt
operator acting on 4, is not 0, but E,. This term in the Wheeler-DeWitt
equation acts as if the universe contained a certain amount of negative
energy radiation. It will cause the classical solution corresponding to A, by
the WKB approximation to bounce at a larger radius than ™ '/2, Thus, the
effect of the universe being in a mixed quantum state might be observable.
However, at large values of a, the effect of the negative energy radiation
would be very small and the universe would expand exponentially, like the
de Sitter solution.

14.5.2 The massive scalar field model

The de Sitter model was interesting because it showed that the ‘no
boundary’ proposal for the quantum state of the universe leads to inflation if
there is some process which gives rise to an effective cosmological constant
in the early universe, However, the universe is not expanding exponentially
at the present time, so there has to be some way in which the cosmological
‘constant’ can reduce to zero at late times. One mechanism, and possibly the
only one, for generating such a decaying effective cosmological constant is a
scalar field with a potential which has a minimum at zero and which is
exponentially bounded. I shall consider the simplest example, a massive
scalar field.

The action of a homogeneous isotropic universe of radius a with a massive
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scalar ficld ¢ that is constant on the surfaces of homogeneity is

Aol [T o]

Unfortunately, in this case, there does not seem to be any simple
prescription for making the Euclidean action positive definite. Taking a
imaginary leaves the kinetic term for ¢ negative, while taking ¢ imaginary
would cure this problem but would make the mass term negative. One
could, however, make the action positive in this manner if the potential was
pure ¢*. On physical grounds, one would not expect that there would be a
qualitative difference between the behaviour of a universe in which the scalar
potential was 2 and one in which it was ¢*.

In the case that the surface S divides the spacetime into two parts, the
wave function will obey the Wheeler-DeWitt equation

7 2
%[al—p E%a”éa—— ;:76%2— at+ a“m’d){l‘{’[a, ¢1=0,
where p reflects some of the uncertainty in the factor ordering of the
operators in the Wheeler-DeWitt equation. It is thought that the value of p
does not have much effect, so it is usual to take p= 1, because this simplifies

the equation. One can introduce new coordinates:
x=asinh ¢, y=acoshd.
In these coordinates, the Wheeler—DeWitt equation becomes

0 9
I:b? —5;5 + V:I‘P(x, y)=0,
where V=(y? —x2)[ — L+ (y2 —~x?)m?(arctanh x/y)?].

For small values of a, one can expect that ¥ is approximately 4 exp(— B),
where B is the action of a solution of the Euclidean field equations. If ¢ » 1
and a< 1/m¢, the value of ¢ will not vary much over the solution and the
m2¢? term in the action will act as an effective cosmological constant. One
would therefore expect B to be the action of the smaller part of a 4-sphere of
radius 1/m¢, bounded by a 3-sphere of radius a. From the de Sitter model,
one would expect the wave [unction to oscillate for a> 1/m¢ and the phase
factor S to be 4m¢a*, the analytic continuation of B. Such a wave function is
a solution to the Wheeler—DeWitt equation to leading order.

One can interpret the oscillating part of the wave function as
corresponding to a complex compact metric which is a solution of the field
equations and which is bounded by the surface S. In a neighbourhood of §
one can take a scction through the complexificd spacetime manifold on
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which the metric is nearly real and Lorentzian, This solution will have a
minimum radius of order 1/m¢ and will expand exponentially with ¢ slowly
decreasing. It will be a quantum realisation of the ‘chaotic inflation’ model
proposed by Linde (1983).

After an exponential expansion of the universe by a factor of order
exp(3¢?), the scalar field will start to oscillate with frequency m. The energy
momentum tensor of the scalar {ield will change from that of an effective
cosmological constant to that ol pressure-free matter. The universe will
change from an exponential expansion to a matter-dominated one. In a
model with other matter fields, one would expect the energy in the massive
scalar field oscillations to be converted into zero rest mass particles. The
universe would then expand as a radiation-dominated model.

The universe would expand to a maximum radius and then recollapse.
One would expect that if such complex, almost Lorentzian, geometries
contributed to the wave function in their expanding phase, they would also
contribute in their contracting phase. However, although a few solutions
will bounce at small radius and expand again (Hawking, 1984b; Page,
1985a, b), most solutions will collapse to a singularity. They will give an
oscillating contribution to the wave function, even in the region a < 1/m¢ of
superspace where the dominant contribution is exponential. It will also
mean that the boundary condition for the Wheeler-DeWitt equation on the
light cone x= + yis not exactly ¥ = 1, as was assumed in some earlier papers
(Hawking and Wu, 1985; Moss and Wright, 1983).

The density matrix from geometries that S does not divide into two parts
has not been calculated yet. By analogy with the de Sitter model, one might
expect that the part which corresponds to Lorentzian geometries would
behave like solutions with a massive scalar field and negative energy
radiation. One would not expect the negative energy to prevent collapse toa
singularity.

To summarise, in this model, the universe begins its expansion from a
non-singular state. It expands in an inflationary manner, goes over to a
matter or radiation-dominated expansion, reaches a maximum radius and
recollapses to a singularity. This will be discussed further in Sections 14.7
and 14.8.

14.6 Beyond minisuperspace

The minisuperspace models were useful because they showed that the ‘no
boundary’ proposal for the quantum state of the universe can lead to a
universe like the one that we observe, at least in its large scale features.
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However, ultimatcly one would like to know the density matrix or wave
function on the whole of superspace, not just a finite-dimensional subspace.
This is a bit of a tall order but one can use a ‘midisuperspace’ approximation
in which one takes the action to all orders in a finite number of degrees of
freedom and to second order in the remaining degrees of freedom.

A treatment of the massive scalar field model on these lines has been given
by Halliwell and Hawking (1985). The two degrees of freedom of the model
described above are treated exactly, and the rest as perturbations on the
background determined by the two-dimensional minisuperspace model. As
in the model above, the oscillating part of the background wave function
corresponds by the WKB approximation to a universe which starts at a
minimum radius, expands in an inflationary and then a matter-dominated
manner, reachcs a maximum radius and recollapses to a singularity.

From the ‘no boundary’ condition the behaviour of the perturbations is
determined by a path integral of the perturbation modes over the compact
geometries represented by the background wave function. In the case of
Euclidean geometries that are part of a 4-sphere or of complex geometries
that are near such a Euclidean geometry, one can use an adiabatic
approximation to show that the perturbation modes are in their ground
state, with the minimum excitation compatible -with the uncertainty
principle. This means that the Lorentzian geometries that correspond to the
oscillating part of the wave function start off at the minimum radius with all
the perturbation modes in the ground state. As the universe inflates, the
adiabatic approximation remains good and the perturbation modes remain
in their ground states until their wavelength becomes longer than the
horizon size or, in other words, their frequency is red shifted to less than the
expansion time scale. After this, the wave functions of the perturbation
modes {reeze and do not relax adiabatically to remain in the ground state as
the frequency of the modes changes.

The perturbation modes remain frozen until the wavelength of the modes
becomes less than the horizon size again during the matter- or radiation-
dominated expansion. Because they have not been able to relax
adiabatically, they will then be in a highly excited state. After this, they will
evolve like classical perturbations of a Friedmann universe. They will have a
‘scale free’ spectrum, that is, their rms amplitude at the time the wavelength
equals the horizon size will be independent of the wavelength. The
amplitude will be roughly 10(m/m,), wherc m is the mass of the scalar field.
Thus they would have the right amplitude of about 10™* to account for
galaxy formation if m is about 10'* GeV.
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In order to generate sufficient inflation, the initial value of the scalar field
¢ has to be greater than about 8. However, with m=10"3m,, the energy
density of the scalar field will still be a lot less than the Planck density. Thus
it may be reasonable in quantum cosmology to ignore higher-order terms
and extra dimensions.

In the recollapse phase the perturbations will continue to grow classically.
They will not return to their ground state when the universe becomes small
again, as I suggested (Hawking, 1985). The reason is that when they start
expanding, the background compact geometry bounded by the surface S is
near to the Euclidean geometry of half a 4-sphere. On such a background the
adiabatic approximation will hold for the perturbation modes, so they will
be in their ground state. However, when the universe recollapses, the
background geometry will be near a Lorentzian solution which expands and
recontracts. The adiabatic approximation will not hold on such a
background. Thus the perturbation modes will not be in their ground state
when the universe recollapses, but will be highly excited.

14.7 The direction of time

The quantum state defined by the ‘no boundary’ proposal is CPT invariant
(Hawking, 1985), though this is not true of other quantum states, such as
that proposed by Vilenkin (1986). Yet the observed universe shows a
pronounced asymmetry between the future and the past. We remember
events in the past but we have to predict events in the future. Imagine a tall
building which is destroyed by an explosion and collapses to a pile of rubble
and dust. If one took a film of this and ran it backwards, one would see the
rubble and dust gather themselves together and jump back into their places
in the building. One would easily recognise that the film was being shown
backwards because this kind of behaviour is never observed: we do not see
tower blocks jumping up. Yet it is not forbidden by the laws of physics.
These are CPT invariant. In fact, the laws that are important for the
structure of buildings are invariant under C and P separately. Thus, they
must beinvariant under T alone. In other words, if a building can collapse, it
can also resurrect itself.

The explanation that is usually given as to why we do not see buildings
jumping up is that the second law of thermodynamics says that entropy or
disorder must always increase with time, and that an erect building is in a
much more ordered state than a pile of rubble and dust. However, this law
has a rather different status from other laws, such as Newton’s law of
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gravity, First, it is not an absolute law that is always obeyed: rather it is a
statistical law that says what will probably happen. Second, it is not a local
law like other laws of physics: it is a statement about boundary conditions.
It says that if a system starts ofl in a state of high order, it is likely to be found
in a disordered state at a later time, simply because there are many more
disordered states than ordered ones.

The reason that entropy and disorder increase with time and buildings fall
down rather than jump up is that the universe seems to have started outina
state of high order in the past. On the other hand, if, for some reason, the
universe obeyed the boundary condition that it was in a state of high order
at late times, then at carlier times it would be likely to be in a disordered state
and disorder would decrease with time. However, human beings are
governed by the sccond law and the boundary conditions, just like
everything else in the universe. Our subjective sense of the direction of time
is determined by the direction in which disorder increases because to record
information in our memories requires the expenditure of {ree energy and
increases the entropy and disorder of the universe. Thus, il disorder
decreased with time, our subjective sense of time would also be reversed and
we would still say that entropy and disorder increased with time. The second
law is almost a tautology: entropy and disorder increase with time because
we measure time in the direction in which disorder increases.

However, there remains the question of why should the universe have
been in a state of high order at one end of time? Why was it not in a state of
complete disorder or thermal equilibrium at all times? After all, that might
seem more probable as there are many more disorder states than order ones.
And why does the direction of time in which disorder increases coincide with
that in which the universe expands? Put it another way: why do we say that
the universe is expanding, and not contracting?

These questions can be answered only by some assumption on the
boundary conditions of the universe or, equivalently, on the class of
spacetime geometries in the path integral. As we have seen, the ‘no
boundary’ condition implies that the universe would have started off in a
smooth and ordered state with all the inhomogeneous perturbations in their
ground state of minimum excitation. As the universe expanded, the
perturbations would have grown and the universe would have become more
inhomogeneous and disordered. This would answer the questions above.

But what would happen if the universe, or some region of it, stopped
expanding and began to collapse? At first I thought (Hawking, 1985) that
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entropy and disorder would have to decrease in the contracting phase so
that the universe would get back to a smooth state when it was small again.
This was because I thought that at small values of the radius a, the wave
function would be given just by a path integral over small Euclidean
geometries. This would imply W =1 on the light cone x= 1 y in the model
described above and that the adiabatic approximation would hold for the
perturbation modes, which would therefore be in their ground state.
However, Page (19855) pointed out that there would also be a contribution to
the wave function from compact, complex, almost Lorentzian geometries
that represented universes that started at a minimum radius, expanded to a
maximum and recollapsed, as described above. This was supported by work
by Laflamme (1987), who investigated a minisuperspace model in which the
surfaces § had topology S* x §2. He also found almost Lorentzian solutions
which started in a non-singular manner but recollapsed to a singularity. The
adiabatic approximation for the perturbation modes would not hold in the
recollapse. Thus they would not return to their ground states, but would get
even more excited as the collapse continued. The universe would get more
and more inhomogeneous and disorder would continue to increase with
time.

There remains the question of why we observe that the direction of time in
which disorder increases is also the direction in which the universe is
expanding. Because the ‘no boundary’ quantum state is CPT invariant,
there will also be histories of the universe that are the CPT reverses of that
described above. However, intelligent beings in these histories would have
the opposite subjective sense of time. They would therefore describe the
universe in the same way as above: it would start in a smooth state, expand
and collapse to a very inhomogeneous state. The question therefore
becomes: why do we live in the expanding phase? If we lived in the
contracting phase, we would observe entropy to increase in the opposite
direction of time to that in which the universe was expanding. To answer
this, I think one has to appeal to the weak anthropic principle. The
probability is that the universe will not recollapse for a very long time
(Hawking and Page, 1986). By that time, the stars would all have burnt out
and the baryons would have decayed. The conditions would therefore not be
suitable for the existence of beings like us. It is only in the expanding phase
that intelligent beings can exist to ask the question: why is entropy
increasing in the same direction of time as that in which the universe is
expanding?
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14.8 The origin and fate of the universe
Docs the universe have a beginning and/or end?

If the ‘no boundary’ proposal for the quantum state is correct, spacetime is
compact. On a compact space, any time coordinate will have a minimum
and a maximum. Thus, in this sense, the universe will have a beginning and
an end.

Will the beginning and end be singularities?

Here one must distinguish between two different questions: whether there
are singularities in the geometries over which the path integral is taken, and
whether there are singularities in the Lorentzian geometries that correspond
to the density matrix by the WKB approximation. A singularity cannot
really be regarded as belonging to spacetime because the laws of physics
would not hold there. Thus, the requirement of the ‘no boundary’ proposal
that the path integral is over compact geometries only rules out the existence
of any singularities in this sense. Of course, one will have to allow compact
metrics that are not smooth in the path integral, just as in the integral over
particle histories one has to allow particle paths that are not smooth but
satisfy a Holder continuity condition. However, one can approximate such
paths by smooth paths. Similarly, in the path integral for the universe, it
must be possible to approximate the non-smooth metrics in a suitable
topology by sequences of smooth metrics because otherwise one could not
define the action of such metrics. Thus, in this sense, the geometries in the
path integral are non-singular.

On the other hand, the Lorentzian geometries that correspond to the
density matrix by the WK B approximation can and do have singularities. In
the minisuperspace model described above, the Lorentzian geometries
began at a non-singular minimum radius or ‘bounce’ and evolve to a
singularity in general, in the direction of time defined by entropy increase. I
would conjecture that this is a general feature: osciliating wave functions
and Lorentzian geometries arise only when one has a massive scalar field
which gives rise to an effective cosmological constant and Euclidean
solutions which are like the 4-sphere. The Lorentzian solutions will be the
analytic continuation of the Euclidean solutions. They will start in a smooth
non-singular state at a minimum radius equal to the radius of the 4-sphere
and will expand and become more irregular. When and if they collapse, it
will be to a singularity. :

One could say that the universe was ‘created from nothing’ at the
minimum radius (Vilenkin, 1982), However, the use of the word ‘create’
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would seem to imply that there was some concept of time in which the
universe did not exist before a certain instant and then came into being. But
time is defined only within the universe; and does not exist outside it, as was
pointed out by Saint Augustine (400): ‘What did God do before He made
Heaven and Earth? 1 do not answer as one did merrily: He was preparing
Hell for those that ask such questions. For at no time had God not made
anything because time itself was made by God.’

The modern view is very similar. In general relativity, time is just a
coordinate that labels events in the universe. It does not have any meaning
outside the spacetime manifold. To ask what happened before the universe
began is like asking for a point on the Earth at 91° north latitude; it just is
not defined. Instead of talking about the universe being created, and maybe
coming to an end, one should just say: The universe is.
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It is assumed that the Universe is in the quantum state defined by a path integral over compact
four-metrics. This can be regarded as a boundary condition for the wave function of the Universe
on superspace, the space of all three-metrics and matter field configurations on a three-surface. We
extend previous work on finite-dimensional approximations to superspace to the full infinite-
dimensional space. We treat the two homogeneous and isotropic degrees of freedom exactly and the
others to second order. We justify this approximation by showing that the inhomogeneous or aniso-
tropic modes start off in their ground state. We derive time-dependent Schrddinger equations for
cach mode. The modes remain in their ground state until their wavelength exceeds the horizon size
in the period of exponential expansion. The ground-state fluctuations are then amplified by the sub-
sequent expansion and the modes reenter the horizon in the matter- or radiation-dominated era in a
highly excited state. We obtain a scale-free spectrum of density perturbations which could account
for the origin of galaxies and all other structure in the Universe. The fluctuations would be compa-
tible with observations of the microwave background if the mass of the scalar field that drives the

15 APRIL 1985

inflation is 10" GeV or less.

I. INTRODUCTION

Observations of the microwave background indicate
that the Universe is very close to homogencity and isotro-
Py on a large scale. Yet we know that the early Universe
cannot have been completely homogeneous and isotropic
because in that case galaxies and stars would not have
formed. In the standard hot big-bang model the density
perturbations required to produce these structures have to
be assumed as initial conditions. However, in the infla-
tionary model of the Universe! ~* it was possible to show
that the ground-state fluctuations of the scalar field that
causes the exponential expansion would lead to a spec-
trum of density perturbations that was almost scale
frec>~7 In the simplest grand-unified-theory (GUT) in-
flationary model the amplitude of the density perturba-
tions was too large but an amplitude that was consistent
with observation could be obtained in other models with a
different potential for the scalar field.® Similarly,
ground-state fluctuations of the gravitational-wave modes
would lead to a spectrum of long-wavelength gravitational
waves that would be consistent with observation provided
that the Hubble constant H in the inflationary period was
not more than about 10~* of the Planck mass.’

One cannot regard these results as a completely satis-
factory explanation of the origin of structure in the
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Universe because the inflationary model does not make
any assumption about the initial or boundary conditions
of the Universe. In particular, it does not guarantee that
there should be a period of exponential expansion in
which the scalar field and the gravitational-wave modes
would be in the ground state. In the absence of some as-
sumption about the boundary conditions of the Universe,
any present state would be possible: one could pick an ar-
bitrary state for the Universe at the present time and
evolve it backward in time to see what initial conditions it
arose from. It has recently been proposed'®~'? that the
boundary conditions of the Universe are that it has no
boundary. In other words, the quantum state of the
Universe is defined by a path integral over compact four-
metrics without boundary. The quantum state can be
described by a wave fynction ¥ which is a function on the
infinite-dimensional Space W called superspace which
consists of all three-metrics h; and matter field configu-
rations ¥ on a three-surface S. Because the wave func-
tion does not depend on time explicitly, it obeys a system
of zero-energy Schradinger equations, one for each choice
of the shift N; and the lapse N on S. The Schrodinger
equations can be decomposed into the momentum con-
straints, which imply that the wave function is the same
at all points of W that are related by coordinate transfor-
mations, and the Wheeler-DeWitt equations, which can be
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regarded as a system of second-order differential equa-
tions for ¥ on W. The requirement that the wave func-
tion be given by a path integral over compact four-metrics
then becomes a set of boundary conditions for the
Wheeler-DeWitt equations which determines a unique
solution for V.

It is difficult to solve differential equations on an
infinite-dimensional manifold. Attention has therefore
been concentrated on finite-dimensional approximations
to W, called “minisuperspaces.” In other words, one re-
stricts the number of gravitational and matter degrees of
freedom to a finite number and then solves the Wheeler-
DeWitt equations on a finite-dimensional manifold with
boundary conditions that reflect the fact that the wave
function is given by a path integral over compact four-
metrics. In particular,'””~'* it has been shown that in the
case of a homogeneous isotropic closed universe of radius
a with a massive scalar field ¢ the wave function corre-
sponds in the classical limit to a family of classical solu-
tions which have a long period of exponential or *“infla-
tionary” - expansion and then go over to a matter-
dominated expansion, reach a maximum radius, and then
collapse in a time-symmetric manner. This model would
be in agreement with observation but, because it is so re-
stricted, the only prediction it can make is that the ob-
served value of the density parameter 2 should be exactly
one.'” The aim of this paper is to extend this minisuper-
space model to the full number of degrees of freedom of
the gravitational and scalar fields. We treat the 2 degrees
of freedom of the minisuperspace model exactly and we
expand the other inhomogeneous and anisotropic degrees
of freedom to second order in the Hamiltonian. In the re-
gion of W in which W oscillates rapidly, one can use the
WKB approximation to relate the wave function to a fam-
ily of classical solutions and so introduce a concept of
time. As in the minisuperspace case, the family includes
solutions with a long period of exponential expansion. We
show that the gravitational-wave and density-perturbation
modes obey decoupled time-dependent Schrddinger equa-
tions with respect to the time parameter of the classical
solution. The boundary conditions imply that these
modes start off in the ground state. While they remain
within the horizon of the exponentially expanding phase,
they can relax adiabatically and so they remain in the
ground state. However, when they expand outside the
horizon of the inflationary period, they become *‘frozen™
until they reenter the horizon in the matter-dominated
era. They then give rise to gravitational waves and a
scale-free spectrum of density perturbations. These would
be consistent with the observations of the microwave
background and could be large enough to explain the ori-
gins of galaxies if the mass of the scalar field were about
10~ of the Planck mass. Thus the proposal that the
quantum state of the Universe is defined by a path in-
tegral over compact four-metrics seems to be able to ac-
count for the origin of structure in the Universe: it arises,
not from arbitrary initial conditions, but from the
ground-state fluctuations that have to be present by the
Heisenberg uncertainty principle.

In Sec. II we review the Hamiltonian formalism of clas-
sical general relativity, and in Sec. II1 we show how this

J. J. HALLIWELL AND S. W. HAWKING 3

leads to the canonical treatment of the quantum theory.
In Sec. IV we summarize earlier work!’ on a homogene-
ous isotropic minisuperspace model with a massive scalar
field. We extend this to all the matter and gravitational
degrees of freedom in Sec. V, treating the inhomogeneous
modes to second order in the Hamiltonian. In Sec. VI we
decompose the wave function into a background term
which obeys an equation similar to that of the unper-
turbed minisuperspace model, and perturbation terms
which obey time-dependent Schrodinger equations. We
use the path-integral expression for the wave function in
Sec. VII to show that the perturbation wave functions
start out in their ground states. Their subsequent evolu-
tion is described in Sec. VIII. In Sec. IX we calculate the
anisotropy that these perturbations would produce in the
microwave background and compare with observation. In
Sec. X we summarize the paper and conclude that the
proposed quantum state could account not only for the
large-scale homogeneity and isotropy=-but also for the
structure on smaller scales.

II. CANONICAL FORMULATION
OF GENERAL RELATIVITY

We consider a compact three-surface S which divides
the four-manifold M into two parts. In a neighborhood
of S one can introduce a coordinate ¢ such that S is the
surface t=0 and coordinates x' (i=1,2,3), The metric
takes the form

ds?= —(N2—N;N')dt?4-2N;dx"dt +hydx‘dx’ . @.n

N is called the lapse function. It measure the proper-time
separation of surfaces of constant 7. N, is called the shift
vector. It measures the deviation of the lines of constant
x! from the normal to the surface S. The action is

I= [(Ly+Lp)d’xdt, 2.2)
where
mp? ikl 1723
L=~ NG™KKu+h'°R), @3
1 ah
K,I=IN— —‘—atj +2Ngpt 24
is the second fundamenta} form of S, and
GM= L\ Ay ik _2n UMy 2.5
In the case of a massive scalar field ¢
2
—inpin|y-2|3® | _, N 30 30
La=$Nk'2 (N7 S l 257 3 o
_ |y NN J2®3® an2|
Nt | ax'ox/
2.6)

In the Hamiltonian treatment of general relativity one
regards the components h; of the three-metric and the
field ¢ as the canonical coordinates. The canonically
conjugate momenta are
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aL hl/z 2
=2t o TP (gu_pigy Q.7
dhk, 167
To=—m =N-11' (o232 | 2.38)
ox
The Hamiltonian is
H= [ (mhy+me®—Ly—Ly)d’x
= [ (NHo+NH"'x 2.9)
where
Mpz
Ho=16mmp G yyn'ir¥ — ——h'/2IR
167
2
Ly | 7ol 8RIP  ag
++h o ¥h i T . (210)
FL
Hl=_2ﬂ””+h”3x—/"°' (2.1”
and
Giya=1h =" huhy+hyhp—hyhy) . 2.12)

The quantities N and N, .are regarded as Lagrange mul-
tipliers. Thus the solution obeys the momentum con-
straint

H'=0 (2.13)
and the Hamiltonian constraint
Ho=0. 2.14)

For given fields N and N’ on S the equations of motion

_9H ., OH

hy=ogi T 3hy,
2.15)

ooOH . _ 3H

Tome' Y 80

III. QUANTIZATION

The quantum state of the Universe can be described by
a wave function ¥ which is a function on the infinite-
dimensional manifold W of all three-metrics h; and
matter fields ® on S. A tangent vector to W is a pair of
fields (y(,p) on S where y;; can be regarded as a small
change of the metric A; and u can be regarded as a small
change of ®. For eaclli choice of N>0 on S there is a
natural metric I'(N) on W:"

m,’

2_ -1 Y 1 2|43
ds’= [N 2 S+ 3h it jdx . )

The wave function ¥ does not depend explicitly on the
time ¢ because ¢ is just a coordinate which can be given
arbitrary values by different choices of the undetermined
multipliers N and N,. This means that ¥ cbeys the zero-

energy Schrédinger equation:

1779

HY=0. (3.2)

The Hamiltonian operator H is the classical Hamiltonian
with the usual substitutions:
3.3)

i x)— — , Talx)—>—

; b i b
Sh,,(x) 8¢(x) '

Because N and N, are regarded as independent Lagrange
multipliers, the Schrodinger equation can be decomposed
into two parts. There is the momentum constraint

H_v= [ NH'dx ¥

2 dx ¥

= fhl/lN’

8hlj(X) ax/ 8P(x)

5 ’_0_325
11

=0. (3.4)

This implies that ¥ is the same on three-metrics and
matter field configurations that arg related by coordinate
transformations in S. The other part of the Schrddinger
equation,  corresponding to  H|¥=0, where
H = [ NHod’x is called the Wheeler-DeWitt equation.
There is one Wheeler-DeWitt equation for each choice of
N on S. One can regard them as a system of second-order
partial differential equations for % on W. There is some
ambiguity in the choice of operator ordering in these
equations but this will not affect the results of this paper.
We shall assume that H| has the form'®

(— TV +ER+VW=0,

where V2 is the Laplacian in the metric [(N). R is the
curvature scalar of this metric and the potential ¥ is

(3.5)

d, (3.6)

2
m
v=[hN [—-16:,+3R +e+U

where U =T%®— 1742 The constant € can be regarded as
a renormalization of the cosmological constant A. We
shall assume that the renormalized A is zero. We shall
also assume that the coefficient £ of the scalar curvature
R of W is zero.

Any wave function ¥ which satisfies the momentum
constraint and the Wheeler-DeWitt equation for each
choice of N and N; on § describes a possible quantum
state of the Universe. We shall be concerned with the par-
ticular solution which represents the quantum state de-
fined by a path integral over compact four-metrics
without boundary. In this case'!~"?

V= [ dig,.Jd[®lexpl —1(g,n, @)1,

where 7 is the Euclidean action obtained by setting N neg-
ative imaginary and the path integral is taken over all
compact four-metrics g,, and matter fields ® which are
bounded by S on which the three-metric is Ay and the
matter field is ®. One can regard (3.7) as a boundary con-
dition on the Wheeler-DeWitt equations. It implies that
V¥ tends to a constant, which can be normalized to one, as
hy; goes to zero.

3.9

246



1780

IV. UNPERTURBED FRIEDMANN MODEL

References 12--14 considered the minisuperspace model
which consisted of a Friedmann model with metric

ds?=0*(~Ndt*+a%d 0y,

where dfl;? is the metric of the unit three-sphere. The
normalization factor o*=2/37m;* has been included for
convenience. The model contains a scalar field
(21270)~'¢ with mass o~'m which is constant on sur-
faces of constant #. One can easily generalize this to the
case of a scalar field with a potential ¥(¢). Such general-
izations include models with higher-derivative quantum
corrections.'® The action is

1[51

“.n

2
L

al

N? | dr

2
_1ljée 242 4
N’ldt +m¢]. 4.2)

I=-% j'dzNa’[

The classical Hamiltonian is
H=1N(-a"'r2+a rl~a+a’m%?), @43)
where
3
7= 248 ad¢ .4

Ndi’ ™" Nar -

The classical Hamiltonian constraint is H=0. The classi-
cal field equations are

d |1d¢| 3dadd .o 2,
N iN @ |t @ a TN me=0, @.5)
2

d|1da 20242 a8

N | ar |[=Nam*e =22 |25 | 4.6)
The Wheeler-DeWitt equation is

3 2

INe-3 | _ & oy iwaé)= :

INe 3 a¢’+ (a,$)=0, 4.7
where

¥V =4(em3gt—ea) (4.8)

and a=Ina. One can regard Eq. (4.7) as a hyperbolic
equation for ¥ in the flat space with coordinates (a,$)
with a_as the time coordinate. The boundary condition
that gives the quantum state defined by a path integral
over compact four-metrics is ¥—1 as a— — . If one
integrates Eq. (4.7) with this boundary condition, one
finds that the wave function starts oscillating in the re-
gion V>0, |¢| > 1 (this has been confirmed numerical-
ly'). One can interpret the oscillatory component of the
wave function by the WKB approximation:

V=Re(Ce"), “.9)

where C is a slowly varying amplitude and S is a rapidly
varying phase. One chooses S to satisfy the classical
Hamilton-Jacobi equation:

H(mg,my,a,¢)=0, 4.10)
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where
as a9

Tg="") 1r¢=—a;- .

One can write (4.10) in the form

4.11)

353S -
H ™ guagr +¢ =0
where f® is the inverse to the metric I'(1):
Seb=e3diag(—1,1) . 4.13)

The wave function (4.9) will then satisfy the Wheeler-
DeWitt equation if

4.12)

vic +2if“$g% +iCV’s =0, 4.14)
where V2 is the Laplacian in the metric f,;. One can ig-
nore the first term in Eq. (4.14) and can integrate the
equation along the trajectories of the vector field
X%=dq°/dt =£%35 /3¢" and so determine the amplitude
C. These trajectories correspond to classical solutions of
the field equations. They are parametrized by the coordi-
nate time ¢ of the classical solutions.

The solutions that correspond to the oscillating part of
the wave function of the minisuperspace model start out
at V=0, |¢| > 1 with da/dt =d¢$/dt =0. They expand
exponentially with

S=—1e%m |¢|(1—-m~2e~%¢-2)

~=~1e3%m (4|, 4.15)
da _ dl¢| _ 1
el 61, a =—3m. (4.16)

After a time of order 3m ~'( |, | —1), where ¢, is the in-
itial value of ¢, the field ¢ starts to oscillate with frequen-
¢y m. The solution then becomes matter dominated and
expands with e proportional to 123, If there were other
fields present, the massive scalar particles would decay
into light particles and then the solution would expand
with e® proportional to ¢'/2, Eventuslly the solution
would reach a maximum radius of order exp(9¢,2/2) or
exp(9¢;%) depending on whether it is radiation or matter
dominated for most of the expansion. The solution would
then recollapse in a similar manner.

V. THE PERTURBED FRIEDMANN MODEL

We assume that the metric is of the form (2.1) except
the right hand side has been multiplied by a normalization
factor ¢*. The three-metric hy has the form

hy=a(Qy +ey), 5.0

where f);; is the metric on the unit three-sphere and ¢;; is
a perturbation on this metric and may be expanded in har-
monics:
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ey= 3 [6"0um TRy Qi +6"bum Py Vi +2' 20 (S iw +2' e oim (5 )i +2 P (G + 2401 (G ) ] -

alm

The COCETiCIEnts @ygmsBuimsCim:Coimsdim dem are func-
tions of the time coordinate ¢ but not the three spatial
coordinates x'.

The Q(x’) are the standard scalar harmonics on the
threc-sphere. The P;(x') are given by (suppressing all but
the i,/ indices)

Py= n 1 Qw+ +0,0 . {5.3)
They are tracelms, P/=0. The S, are defined by
Sy=Si1;+S;1:» 64

where S; are the transverse vector harmonics, S;!'=0.
The G‘, are the transverse traceless tensor harmonics
G/ GU =0, Further details about the harmonics and
their normalization can be found in Appendix A.

The lapse, shift, and the scalar field ®(x',¢) can be ex-
panded in terms of harmonics:

N=N, ll+6-'/2 S, ZatmQin (5.5)

ndm

Ni=e® 3 [67 ki (P 422 (S))m] . (5.6)

nim

l'zl—,i—-¢(t)+ S fum Qi J , (5.7

where P;=[1/(n? —1)]Q ;. Hereafter, the labels a, I, m,
o, and e will be denoted simply by n. One can then ex-

pand the action to all orders in terms of the “background”
quantities a,¢,N, but only to second order in the “pertur-

1781

(5.2

(
One can define conjugate momenta in the usual
manner. They are

Tq=—Ny~'e*a +quadratic terms , (5.9
¢ =Ny~ 'e3%¢ + quadratic terms , (5.10)
ma,=—No~'e¥[d, +dla, —g,)++e~k,] , (5.11)
m, =No~le* :"2 (bu+4dby—te=k,),  (5.12)
7, =No~'e*(n*—4)(¢, +4dc, —e~%,) (5.13)
wq,=No~'e**(d, +4dd,) , (5.14)
my =No~'e*[f, +4(3a, —g,)] . (5.15)

The quadratic terms in Eqs. (5.9) and (5.10) are given in
Appendix B. The Hamiltonian can then be expressed in
terms of these momenta and the other quantities:

H=No H|o+ 2H'|'1+ Eg,,H'l"
) P

+ 3 (kSH™  +j,'H" ) . (5.16)
n

The subscripts 0,1,2 on the H| and H_ denote the orders
of the quantities in the perturbations and S and ¥ denote
the scalar and vector parts of the shift part of the Hamil-
tonian. H o is the Hamiltonian of the unperturbed model
with N=1:

bations” dp,by.Codn.fn:8nsKnsJn: Hpo=te ¥ —ml+ml+emigi—et®) . (5.17)
1=Isa,$,Ng)+ ?I" ’ -8 The second-order Hamiltonian is given by
where I is the action of the unperturbed model (4.2) and Hp;=3 H)= Z(SHTF"VHTH'THT!) ’
I, is quadratic in the perturbations and is given in Appen- " ”
dix B. \ where
St —ie-la} |1, 2, 10nt—4) 6(n2—4)
Hla=1e [ 1ot ) O }”""l‘ iy o [
(ni-1)
—m + ni—a) 1r,,_2+1r,_2+2a,,1r,.1r¢+8b,,1r,_1r,,—6a,,1r,.1r¢
(n’~7 -~
—e [ 3~ $a, 4 L ’:"2 b =8 24 2 d)ayb, —(n2- 1Y, J
+ e®m¥f,2+6a,f,p)+emip? [%a,z 6‘" ‘4’ ” (5.18)
YHYy=1e 2 |(n?—4)c, (107,  + 6my") + (nz_”1r¢._z+8c,.1r,.1r,,+(n2—4)0,,2(2e“'—6e°"m2¢2)] , (5.19)
(5.20)

THYy=1e

The first-order Hamiltonians are

~3{d, 10wy’ + 6wy )+ 74 P+ 8d, my ma+d, (0P + e —6%m?$?]
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Hy = te=%( —ay (5 + 30)+ Umgly, — gy, )+ m e (2 yb+ 30,87 )~ S (n2~D)bu +(n?+ 3)as]) . (52D
The shift parts of the Hamiltonian are

a,.+( 14)) }ar.,+3f,,1r.], (5.22)

H" | =e~%[m, +4(n’—4)c,m,] . 5.23)

SH | =7e~

"7.' +1l'.. +

The classical field equations are given in Appendix B.
Because the Lagrange multipliers No,gs,Ky.Jjy ar¢ independent, the zero energy Schrodinger equation

H¥=0 (5.24)

can be decomposed as before into momentum constraints and Wheeler-DeWitt equations. As the momentum constraints
are linear in the momenta, there is no ambiguity in the operator ordering. One therefore has

Spyn —_ 1,3 _8__ 4(’! —4) _____ -
HY W — e | o5 [a,, el e 3f,.a¢ v=0, (5.25)
VHII ] —-a 3 2 9
"\ W=e -ac—+4(n —-4)0,,5' ¥v=0. (5.26)
L]

The first-order Hamiltonians H, give a series of finite dimensional second-order differential equauons, one for each
n. In the order of approx:manon that we are using, the ambiguity in the operator ordering will consist of the possible
addition of terms linear in 3/8c. The effect of such terms can be compensated for by mnltIplymg the wave function by
powers of ¢® This will not affect the relative probabilities of different observations at a given value of a. We shall
therefore ignore such ambiguities and terms:

- o 2,6a 7_2 2 2,1 -
S [aa= a¢’] [af.a¢ Ba,0a | T 12t 30,81 e VU n = 4by+ (07 3 )a, ] | W0
(5.27)
Finally, one has an infinite-dimensional second-order differential equation
’H|o+ S CHY+"HY}, +THY,) |¥=0, (5.28)
where H |o is the operator in the Wheeler-DeWitt equation of the unperturbed Friedmann minisuperspace model:

? 3

H|o=%e &7-8752-4-‘ m2¢2—¢‘“] (5.29)
and
le=ta|_l1g2, 10> —8), 2| @ | o 6 —4)
Hla=ie l_[’“"z+ (n?=1) b"z]aaz— T 6¢’
2 (-1 ¥ 9 a2 9 a2

+ 3a,’  (n—4) 3b,2  df,} — 2. da,da —8b ab,3a +6a, YY)

—ee [Hn2- 310,14 =D L0 T, ’+%(n’—4)a,.b.—-(n’—l)f.’]

F eom [+ 6af )+ em’¢? | Fa, - L= 6"‘ ""’ ” (530
vyt —le-ta| _(n2_ ,_Eﬁj’___l__g__ & —4)e, A2e'"—6e%m¢?)
HYy=7e l (n?-4)c, loam2 +63¢’ "8 3 u'ac 30 +(n2—4),2e e%m4°)

(5.31)
TN 1,=3a 2 3’ 32 a2
H=7e [-—d. lo——- +6357 |"3a7 —8dy oo e 2[(n’+l)e“'—6e“"m’¢’l]- (532
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3 ORIGIN OF STRUCTURE IN THE UNIVERSE

We shall call Eq. (5.28) the master equation. It is not
hyperbolic because, as well as the positive second deriva-
tives 9%/9a? in H |o, there are the positive second deriva-
tives 32/3a,? in each H,. However, one can use the
momentum constraint (5.25) to substitute for the partial
derivatives with respect to a, and then solve the resultant
differential equation on a, =0. Similarly, one can use the
momentum constraint (5.26) to substitute for the partial
derivatives with respect to ¢, and then solve on ¢, =0.
One thus obtains a modified equation which is hyperbolic
for small f,. If one knows the wave function on
a, =0=¢,, one can use the momentum constraints to cal-
culate the wave function at other values of a, and c,.

V1. THE WAVE FUNCTION

Because the perturbation modes are not coupled to each
other, the wave function can be expressed as a sum of
terms of the form

V=Re \l’o(a,¢) H \Il""(a,qb,a,, :bn »Cn !dn rfn )
n

=Re(CeY), (6.1)

where S is a rapidly varying function of a and ¢ and Cis
a slowly varying function of all the variables. If one sub-
stitutes (6.1) into the master equation and divides by ¥,
one obtains

sz‘[’o V;z\l’(" 2 (V2‘P(.))'(VI\I’("))
- 2‘[’0 < 2yin eyl 2yt ahylm)
(Va¥o) [ Va¥®
- (A s gim

Y
+3 eV h)=0, (62

where V,? is the Laplacian in the minisuperspace metric
S =ediag(~1,1) and the dot product is with respect to
this metric.

An individual perturbation mode does not contribute a
significant fraction of the sums in the third and fourth
terms in Eq. (6.2). Thus these terms can be replaced by

(V¥) _ (T¥™) v |
Ty ? L) +3 p
(Vz\l""’) 1] v:‘l’(.) :
g—i(v,S)g; T3 % el I

In order that the ansatz (6.1) be valid, the terms in (6.2)
that depend on a,,b,,c,,dy.fs have to cancel out. This
implies

v H%,¥
( 2 ) ‘(Vz‘l’(.))+ %sz\p")t __'?_\p(n) . 6.4
v 7
(—$V24e 2V + 70 =0, {6.5)

where
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Vz\l’( n)
J=> —.
? \p(a)

In regions in which the phase S is a rapidly varying
function of & and ¢, one can neglect the second term in
(6.4) in comparison with the first term. One can also re-
pléce the m, and 7, which appear in H, by 35 /8a and
35 /3¢, respectively. The vector X°=f°3S /8¢® obtained
by raising the covector V,S by the inverse minisuperspace
metric f® can be regarded as 9/3¢ where ¢ is the time pa-
rameter of the classical Friedmann metric that corre-
sponds to ¥ by the WKB approximation. One then ob-
tains a time dependent Schrodinger equation for each
mode along a trajectory of the vector field X*:

. aq,(n)
o
Equation (6.5) can be interpreted as the Wheeler-
DeWitt equation for a two-dimensional minisuperspace
model with an extra term +J-J arising from the perturba-
tions. In order to make J finite, on® will have to make
subtractions. Subtracting out the ground-state energies of
the H; corresponds to a renormalization of the cosmo-
logical constant A. There is a second subtraction which
corresponds to a renormalization of the Planck mass m,
and a third one which corresponds to a curvature-squared
counterterm. The effect of such higher-derivative terms
in the action has been considered elsewhere.'®
One can write V'™ as

\l/"')=s\l""’(a,¢,a,,.b,,j,, )V\l,(u)(a'¢'c. )T‘I’("’(a,¢,d,. ) ,
6.7

where S¥™, YW and TP gbey independent
Schrodinger equations with SH,, YHY;, and TH,
respectively.

VII. THE BOUNDARY CONDITIONS

=H%H¥". (6.6)

We want to find the solution of the master equation
that corresponds to

YAy, @)= [ dlg,,ld[®lexp(~D),

where the integral is taken over all compact four-metrics
and matter fields which are bounded by the three-surface
S. If one takes the scale parameter & to be very negative
but keeps the other parameters fixed, the Euclidean action
T tends to zero like ¢?2. Thus one would expect ¥ to tend
to one as « tends to minus infinity.

One can estimate the form of the scalar, vector, and
tensor parts SY™, Ypim Tyla) of the perturbation W™
from the path integral (7.1) One takes the four-metric g,
and the scalar field @ to be of the background form

ds*=c¥ — Nt 420,

and §(¢), respectively, plus a small perturbation described
by the variables (a,,b,,f,), ¢\, and d, as functions of ¢.
In order for the background four-metric to be compact, it
has to be Euclidean when a= — w0, i.c., N has to be pure-
ly negative imaginary at @ = — oo, which we shall take to
be t=0. In regions in which the metric is Lorentzian, N

(7.1)

(7.2)
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will be real and positive. In order to allow a smooth tran-
sition from Euclidean to Lorentzian, we shall take N to be
of the form —i e'® where =0 at t=0. In order that the
four-metric and the scalar field be regular at

t =0,4,,b,,Cx,dy,f, have to vanish there.
)

d | e%d
p_(_2
> [ dt | iNdt

The last term in (7.4) vanishes if the background metric
satisfies the background field equations. The action is ex-
tremized when d,, satisfies the equation

’pd, =0 . 1.5

For a d,, that satisfies (7.5), the action is just the boundary
term

- zu!v oe"(d,,ci,,+4a'd.’).

The path integral over d, will be

(7.6)

J didJexp(—TT,)=(det™ D) 2exp(~TT ). (2.7)

One now has to integrate (7.7) over different background
metrics to obtain the wave function W, One expects
the dominant contribution to come from background
metrics that are near a solution of the classical back-
ground field equations. For such metrics one can employ
the adiabatic approximation in which one regards a to be
a slowly varying function of 1. Then the solution of (7.5)
which obeys the boundary condition d, =0 at t=0is
d,=A(e*"—e~"), (7.8)
where v=¢ ~%n?—1}!"? and 7= f iNydt. This approxi-
mation will be valid for background fields which are near
a solution of the background field equations and for
which
-3

N, (1.9

<w«ne %,

For a regular Euclidean metric, |a@/Nq | =e ™~ near t=0.
If the metric is a Euclidean solution of the background
field equations, then |a/Ng| <e™®. Thus the adiabatic
approximation should hold for large values of n into the
region in which the solution of the background field equa-
tions becomes Lorentzian and the WKB approximation
can be used. The wave function 79* will then be

d a
No; ICMN—:

12
— I+uv.,e¢(n2—1) I +4iNge® { +ie~_Imip2_ 3¢

J. J. HALLIWELL AND S. W. HAWKING 31

The tensor perturbations d, have the Euclidean action

T,=1% [ dtd,”Dd, +boundary term , 13
where
3d? d | a
UNG?  2iNg?  iNodt {avo ” - 04
H
T\l""'=Bexpl- ‘%n e"'ooth(vr)+~.—2—de"' d,.’] .
lNo
(1.10)

In the Euclidean region, 7 will be real and positive. For
large values of n, coth(vr)es1. In the Lorentzian region
where the WKB approximation applies, 7 will be complex
but it will still have a positive reat part and coth(vr) will
still be approximately 1 for large n. Thus

3a (.11

The normalization constant B can be chosen to be 1.
Thus, apart from a phase factor, the gravitational-wave
modes enter the WKB region in their ground state.

We now consider the vector part "¥™ of the wave
function. This is pure gauge as the quantities ¢, can be
given any value by gauge transformations parametrized by
the j,. The freedom to make gauge transformations is re-
flected quantum mechanically in the constraint

Ty "= Bexp [— is—d.’-%n e"’d,’] .

e |2y an?—a), - |w=o. (1.12)
'n da
One can integrate (7.12) to give
Via,{c )=V [a—23, (n—4), 20|, (1.13)
N

where the dependence on the other variables has been
suppressed. One can also replace 9¥/da by i(3S/da)¥.
One can then solve for "¥'*);

"y'®=exp lzi(nz—-t)c.'-ai ] . (1.14)
- da
The scalar perturbation modes a,, b,, and f, involve a
combination of the behavior of the tensor and vector per-
turbations. The scalar part of the action is given in Ap-
pendix B. The action is extremized by solutions of the
classical equations

+Hn2— 4N %a, +b,)+ 334 f, ~Noim?4f, )

N,

=N°1[3e3¢m’¢’—%(n’+2)e']g.+e’“dg'.-%NO% [ﬁﬂ—"l 1.15)

k
[
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d | b u d | uk
Nogr e""N—:)' —+(ni—1)Ng%e%a, +b,)=1(n —1)No%%, + —NOI [ez"ﬁ"; ] , (7.16)
0 ; e 1’; +3e¥d 4, + Noimie +(n2=1)e?]f, =e % — 2Ny m 248, + g, —e ~%$k,) . (7.17)
0
There is a three-parameter family of solutions to (7.15)—(7.17) which obey the boundary condition a,=b, =/, =0 at
t=0. There are howcver, two constraint equations:
. (ni= e ¢
d b +3fpd=ag,———k,, (7.18)
" =) frb=dg,— T
3a,—d 24+ 61+ 24 fo—ddn) +No'mU2fnd+3a,8) — ENo?e ~2[(n2— )b, +(n?+ +)a, ]
=dde~%,+2g,(—di+4) . (7.19)

These correspond to the two gauge degrees of freedom parametrized by k, and g,, respectively. The Euclidean action

for a solution to Egs. (7.15)—(7.19) is

1 . (nf—4)
s‘i:‘= 2iN0 e —anan+( l)b b +fufn +a
- (n*—4)
— te~k, a,.+(n2_” w ]

where the background field equations have been used.

4n2-4)

_f__bnz +3¢;anfn +gn(dan :¢fn)
(n‘—1)

+

(7.20

In many ways the simplest gauge to work in is that with g, =k, =0. However, this gauge does not allow one to find a
compact four-metric which is bounded by a three-surface with arbitrary values of a,, b,, and f,, and which is a solution
of the Eqs. (7.15)—(7.17) and the constraint equations. Instead, we shall use the gauge a,=b, =0 and shall solve the

constraint Eqs. (7.18) and (7.19) to find g, and k,:

(n "'”a¢fn +¢fu +N02m2¢f

= » 7.21
" (n—4)a’+34? 72D
+No?m?, 3fnd(—d’+¢?
k= 3(n?— 1)e 0GB fu+Nm¥fud ~3fof(—d > +4 ) 1.22)
(n?—4)a 24342
With these substituted, (7.17) becomes a second-order equation for f,,
No% e"'{,—" +Nol{me 4 (n2—1)e®1f, =e*( —2Notm*¢g, +d £, —e ~%¢k,) . {7.23)
o
For large n we can again use the adiabatic approxima- I;tatts, apart possibly from the modes at low n. The vec-

tion to estimate the solution of (7.23) when |¢| > I:

fo=Asinh(vr) 724
where v =¢~%(n2—1). Thus for these modes
S9'"(a,8,0,0,f,)=exp | — neef,2— -.—¢g, A

(7.25)

This is of the ground-state form apart from a small phase
factor. The value of ¥ at nonzero values of a, and b,
can be found by integrating the constraint equations (5. 25)
and (5.27).

The tensor and scalar modes start off in their ground

tor modes are pure gauge and can be neglected. Thus the
total energy

H(ﬂ)\y(n)
E=3—w
“ \l,(u)

of the perturbations will be small when the ground-state
energm are subtracted. But E =i(V,S)J where

=3, VW™ /W™ Thus J is small. This means that
the wave function W, will obey the Wheeler-DeWitt equa-
tion of the unperturbed minisuperspace model and the
phase factor S will be approximately —ilnW,. However
the homogencous scalar field mode ¢ will not start out in
its ground state. There arc two reasons for this: first,
regularity at t=0 requires a,=b,=c,=d,=f,=0, but
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does not require ¢ =0, Second, the classical field equation
for ¢ is of the form of a damped harmonic oscillator with
a constant frequency m rather than a decreasing frequen-
cy e~%n. This means that the adiabatic approximation is
not valid at small ¢ and that the solution of the classical
field equation is ¢ approximately constant. The action of
such solutions is small, so large values of |¢| are not
damped as they are for the other variables. Thus the
WKB trajectories which start out from large values of
| #| have high probability. They will correspond to clas-
sical solutions which have a long inflationary period and
then go over to a matter-dominated expansion. In a real-
istic model which included other fields of low rest mass,
the matter energy in the oscillations of the massive scalar
field would decay into light particles with a thermal spec-
trum. The model would then expand as a radiation-
dominated universe,

VIII. GROWTH OF PERTURBATIONS
The tensor modes will obey the Schrodinger equation

I =TH", Ty

Y 8.1

i

2 2
e~ e8]

3 o8 B
ad,? M"iaa ad,

+d,.’[(n1+1)e‘“_6e°“m’¢2]]. (8.2)

One can write

T\ll‘"’=exp(-2a)exp[—2lg—jd"2 Ty, 8.3)
then

ar\l'(o") 1 la az

. .- __9 2 n2__1)o4a |Tyim

o T g A et

8.4)

The WKB approximation to the background Wheeler-
DeWitt equation has been used in deriving (8.4). Then
{8.4) has the form of the Schrddinger equation for an os-
cillator with a time-dependent fre:;pency v=(n?
—1)"%¢ -, Initially the wave function ‘W§" will be in
the ground state (apart from a normalization factor) and
the frequency v will be large compared to . In this case
one can use the adiabatic approximation to show that
TY{™ remains in the ground state

T¥" expl—+ne®%d,?) . (8.5)

The adiabatic approximation will break down when
vaed, i.c., the wave length of the gravitational mode be-
comes equal to the horizon scale in the inflationary

period. The wave function 75" will then freeze

T s expl—+ne’®d,?) @.6)
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where o, is the value of a at which the mode goes outside
the horizon. The wave function “W{¥ will remain of the
form (8.6) unmtil the mode reenters the horizon in the
matter- or radiation-dominated era at the much greater
value a, of a. One can then apply the adiabatic approxi-
mation again to (8.4) but 7" will no longer be in the
ground state; it will be a superposition of a number of
highly excited states. This is the phenomenon of the am-
plification of the ground-state fluctuations in the
gravitational-wave modes that was discussed in Refs. 9,
17, and 18.

The behavior of the scalar modes is rather similar but
their description is more complicated because of the gauge
degrees of freedom. In the previous section we evaluated
the wave function ¥'™ on a, =b, =0 by the path-integral
prescription. The ground-state form (in f,, ) that we found
will be valid until the adiabatic approximation breaks
down, i.e., until the wavelength of the mode exceeds the
horizon distance during the inflationary period. In order
to discuss the subsequent behavior of the wave function.
It is convenient to use the first-order Hamiltonian con-
straint (5.27) to evaluate SY'® on g,5£0,b, =f, =0. One
finds that

Sy*Na,¢,a,,0,0)=B exp[iCa, * Wi (a,8,6,) . (8.7)

The normalization and phase factors B and C depend on
a and ¢ but not a,:

-1 2
85 8S | _1,2_g)pta
aa ] [ [aa ’ Y (" 4)8 ] . (8-8)

At the time the wavelength of the mode equals the hor-
izon distance during the inflationary period, the wave

function SW§" has the form
‘2ek‘a,,2) ,

1
C==2

S =exp(— 11y, (8.9)

where y, is the value of y =(3S/2a)[3S/84])~" when the
mode leaves the horizon, y, =34,. More generally, in the
case of a scalar field with a potential V(g),
y =6V (dV/3¢)~".

One can obtain a Schridinger equation for S¥¢" by put-
ting by =f,=0 in the scalar Hamiltonian *H%; and sub-
stituting for 3/9b, and 3/3f, from the momentum con-
straint (5.25) and the first-order Hamiltonian constraint
(5.27), respectively. This gives

as\y(n) 2
i at° =te3a —y2a22+e“’(n2—4)
n
1 as |~
X 7__%2«1151 Jauzls%u)'

(8.10)

where terms of order 1/n? have been neglected. The term
e*[3S/3a]~? will be small compared to 1/y® except
near the time of maximum radius of the background solu-
tion. The Schrédinger equation for SW{'(a,) is very simi-
Iar to the equation for TW{"(d, ), (8.4), except that the ki-
netic term is multiplied by a factor y? and the potential
term is divided by a factor y%. One would therefore ex-
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pect that for wavelengths within the horizon. Spy" would
have the ground-state form exp( — -ny 2e a,’) and this
is borne out by (8.9). On the other hand, when the wave-
length becomes larger than thc honzon, the Schridinger
equation (8.10) indicates that TW{" will freeze in the form
(8.9) until the mode reenters the horizon in the matter-
dominated era. Even if the equation of state of the
Universe changes to radiation dominated during the
period that the wavelength of the mode is gmter than the
horizon size, it will still be true that WL is frozen in the
form (8.9). The ground-state ﬂuctuatlons in the scalar
modes will therefore be amplified in a similar manner to
the tensor modes. At the time of reentry of the horizon
the rms fluctuation in the scalar modes, in the gauge in
which b, =f, =0, will be greater by the factor y, than
the rms fluctuation in the tensor modes of the same wave-
length.

IX. COMPARISON WITH OBSERVATION

From a knowledge of W and SW{" one can calculate
the relative probabilities of observing different values of
d, and a, at a given point on a trajectory of the vector
field X/, i.e., at a given value of @ and ¢ in a background
metric which is a solution of the classical field equations.
In fact, the dependence on ¢ will be unimportant and we
shall neglect it. One can then calculate the probabilities
of observing different amounts of anisotropy in the mi-
crowave background and can compare these predictions
with the upper limits set by observation.

The tensor and scalar perturbation modes will be in
highly excited states at large values of a. This means that
we can treat their development as an ensemble evolving
according to the classical equations of motlon wu.h lmtml
distributions in d, and @, proportional to | T¥{"|? an
|s\l""’|z respectively. The initial distributions in d, a.nd
dy will be proportional to |T¥("my TW'| and
{56 m,, SWg™ |, respectively. In fact, at the time that the
modes reenter the horizon, the distributions will be con-
centrated at d, =d, =0.

The surfaces with b, =f, =0 will be surfaces of con-
stant energy density in the classical solution during the in-
flationary period. By local conservation of energy, they
will remain surfaces of constant energy density in the era
after the inflationary period when the energy is dominated
by the coherent oscillations of the homogeneous back-
ground scalar field ¢. If the scalar particles decay into
light particles and heat up the Universe, the surfaces with
b, =f, =0 will be surfaces of constant temperature. The
surface of last scattering of the microwave background
will be such a surface with temperature T,. The mi-
crowave radiation can be considered to have propagated
freely to us from this surface. Thus the observed tem-
perature will be

T,
14z

where z is the red-shift of the surface of last scattering.
Variations in the observed temperature will arise from
variations in z in different directions of observation.

To= , 9.1
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These are given by
(9.2)

evaluated at the surface of last scattering where #,, is the
unit normal to the surfaces of constant ¢ in the gauge
8a=ky=j,=0 and b,=f,=0 on the surface of -last
scattering and I* is the parallel propagated tangent vector
to the null geodesic from the observer normalized by
{#n, =1 at the present time. One can calculate the evolu-
tion of 1#n, down the past light cone of the observer:

d v
T =n

where A is the affine parameter on the null geodesic. The
only nonzero components of n,;, are

l+z=1¥n,

5.3)

n;y =82a dﬂu+ 2 (d,. +da. )%ﬂuQ
n

+ 3 (by+6b, Py + 3 ¢dy +dd, )Gy
L] LJ

9.4)

In the gauge that we are using, the dominant anisotro-
pic terms in (9.4) on the scale of the horizon, will be those
involving da, and ad,. These will give temperature an-
isotropies of the form

{AT/TP)={a,?) or ={(d,?). 9.5)

The number of modes that contribute to amsotropm on
the scale of the horizon is of the order of n°. From the
results of the last section

(a,2)=p,nle 2>, (9.6)
(d2)=n"le" ¥ 9.7

The dominant contribution comes from the scalar modes
which give

(AT/TP) =y n%e 2% . 9.8)

But ne “*=d,, the value of thé Hubble constant at the
time that the present horizon size left the horizon during
the inflationary period. The observational upper limit of
about 102 on ((AT/T)?) nstncts this Hubble constant
to be less than about X 10~°m, (Ref. 8) which in turn
restricts the mass of the scalar field to be less than 10'
GeV.

X. CONCLUSION AND SUMMARY

We started from the proposal that the quantum state of
the Universe is defined by a path integral over compact
four-metrics. This can be regarded as a boundary condi-
tion for the Wheeler-DeWitt equation for the wave func-
tion of the Universe on the infinite-dimensional manifold,
superspace, the space of all three-metrics and matter field
configurations on a three-surface S. Previous papers had
considered finite-dimensional approximations to super-
space and had shown that the boundary condition led to a
wave function which could be interpreted as correspond-
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ing to a family of classical solutions which were homo-
geneous and isotropic and which had a period of exponen-
tial or inflationary expansion. In the present paper we ex-’
tended this work to the full superspace without restric-
tions. We treated the two basic homogeneous and isotro-
pic degrees of freedom exactly and the other degrees of
freedom to second order. We justified this approximation
by showing that the inhomogeneous or anisotropic modes
started out in their ground states.

We derived time-dependent Schridinger equations for
each mode. We showed that they remained in the ground
state until their wavelength exceeded the horizon size dur-
ing the inflationary period. In the subsequent expansion
the ground-state fluctuations got frozen until the wave-
length reentered the horizon during the radiation- or
matter-dominated era. This part of the calculation is
similar to earlier work on the develo Pment of gravitation-
al waves’ and density perturbations™® in the inflationary
Universe but it has the advantage that the assumptions of
a period of exponential expansion and of an initial ground
state for the perturbations are justified. The perturbations
would be oompaﬁble with the upper limits set by observa-
tions of the microwave background if the scalar field that
drives the inflation has a mass of 10" GeV or less.

In Sec. VIII we calculated the scalar perturbations in a
gauge in which the surfaces of constant time are surfaces
of constant density. There are thus no density fluctua-
tions in this gauge. However, one can make a transforma-
tion to a gauge in which a,=b,=0. In this gauge the
density fluctuation at the time that the wavelength comes
within the horizon is

{(Bp/p1) myP= ol ;2. (10.1)

d, Pt

Because y and d, depend only logarithmically on the
wavelength of the perturbations, this gives an almost
scale-free spectrum of density fluctuations. These fluc-
tuations can evolve according to the classical field equa-
tions to give rise to the formation of galaxies and all the
other structure that we observe in the Universe. Thus all
the complexities of the present state of the Universe have
their origin in the ground-state fluctuations in the inho-
mogeneous modes and so arise from the Heisenberg un-
certainty principle.

APPENDIX A: HARMONICS ON THE THREE-SPHERE

In this appendix we describe the properties of the sca-
lar, vector, and tensor harmonics on the three-sphere S°.
The metric on §3 is Q) and so the line clement is

= Qudx'dx’
=dX*+sin™X(d6*+sin’8d¢?) . (AD

A vertical bar will denote covariant differentiation with
respect to the metric Q. Indices i,j,k are raised and
lowered using 1.

Scalar harmonics

The scalar spherical harmonics Qj,(X,0,¢) arc scalar
cigenfunctions of the Laplacian operator on S Thus,

1. J. HALLIWELL AND S. W. HAWKING k)

they satisfy the eigenvalue equation
Q" 1 _1)Q™, n=1,23,.... (A2)

The most general solution to (A2), for given n, is a sum of
solutions

=—(}l

=1 I
oM X,6,4)=3F 3T ARQOR(X,0.4), (A3)

{mOm=—|
where Aj, are a set of arbitrary constants. The Qj, are
given explicitly by

Oim(X,0,8)=IT}(X)Y,,(6,8) , (A4)

where Y,(6,4) are the usual harmonics on the two-
sphere, S%, and MNf(X) are the Fock harmonics.'*?® The
spherical harmomcs Qp, constitute a complete orthogonal
set for the expansion of any scalar field on 5°.

Vector harmonics

The transverse vector harmonics (S;)}, (X,6,4) m vec-
tor eigenfunctions of the Laplacian operator on S which
are transverse. That is, they satisfy the eigenvalue equa-
tion

S k=~ (12—, n=2,34,... (A3)
and the transverse condition
S;")“=0 . (A6)

The most general solution to (AS5) and (A6) is a sum of
solutions
-1 I
S5MX68)=3 3 BR(S).(X.0.4), (A7)
imimem-{
where B, are a set of arbitrary constants. Explicit ex-
pressions for the (S;)7, are given in Ref. 20 where it is
also explained how they are classified as odd (o) or even
(e) using a parity transformation. We thus have two
linearly independent transverse vectoi” harmonics S; and
S! (n,I,m suppressed).
Using the scalar harmonics Qf, we may construct a
third vector harmonics (P;)},. defined by (nlm

suppressed)
1
Pi=-—5——Q, n=2,34,.... (A8
] (n’—I)Q' n=23 )
It may be shown to satisfy
Pii't=—(n?~31P, and Pl=~Q. (A9)

The three vector harmonics S7, Sf, and P; constitute a
complete onhogonal set for the expansion of any vector
field on S°.

Tensor harmonics

The  transverse  traceless tensor  harmonics
(Gy Vi (X, 0 ¢) are tensor eigenfunctions of the Laplacian
operator on S? which are transverse and traceless. That
is, they satlsfy the cigenvalue equation

G k= — (123G, n=3,4,5, (A10)
i} if
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and the transverse and traceless conditions
Gl(jn)“:o' G‘(n)i=o ]

The most general solution to (A11) and (A12) is a sum of
solutions

(All)

(X 6 ¢)— 2 Cim(Gyj)im{X,6,8) (A12)

Im2mm—]

where Cj, are a set of arbitrary constants. As in the vec-
tor case they may be classified as odd or even. Explicit
expressions for ( G}})}, and (G}, are given in Ref. 20.

Using the transverse vector harmonics (S57)}, and
(S, )iw» We may construct traceless tensor harmonics
(S;})in and (S})}, defined, both for odd and even, by
(a,l,m suppressed)

Sy=511;+S;1 (A13)

and thus S;'=0 since S, is transverse. In addition, the Sy
may be shown to satisfy

Syl=—(n?-4)s; , (A14)
S;19=0, (A15)
Sy 'k=—(n?-6)5; . (A16)

Using the scalar harmonics Qj;,, we may construct two
tensors ( Q;; ), and (Py)f, defined by (n,/,m suppressed)

Qy=104Q, n=123 (A17)
and
p,,:-(—’—'—zl—l)-gw.;.-;-ﬂug, n=234. (A18)

The Py are traceless, Pfi=
shown to satisfy

0, and in addition, may be

Pyli=—3(n?—4)p,, (A19)
Py !*=—(n?=7P, (A20)
Pyli=3(n?-4)Q . (A21)

The six tensor harmonics Qy, Py, S,,, S,j, G[j; and G,,
constitute a complete orthogonal set for the cxpanston of
any symmetric second-rank tensor field on §°.

Orthogonality and normalization

The normalization of the scalar, vector, and tensor har-
monics is fixed by the orthogonality relations. We de-notj

{n -7 (n —4)
+— 3 1)

L,"={e°1v°’ (n2—$)a,?
+x,.[%(nz-4)b,,+%(n’+%)a,.]+Nl2

lL_-z (n*—4) - ,
2N { a,,+( __”b +(n?

1789

the integration measure on S° by du. Thus

dp=d’x(detQ)))!* =sin’X sin6dX d6d¢ . (A22)
The Qf, are normalized so that

S dn Qi Of e =8 8B (A23)
This implies

J dutP i (PO = —5 5 8" 5-Smm: (A24)
and

0 2 — (]
[ dute, );‘,,.(P");",,.‘=—§%"—z—::5"" Sy . (A25)
n —

The (S, Vi, both odd and even, are normalized so that

S dp(S (S e =8 BB - (A26)
This implies
J dniSy i (S =2(n*— 4)6™ By B (A2D)

Finally, the (Gy )}, both odd and even, are normalized so
that

J Ap(Gy ) (GU)fp =8 BB - (A28)

The information given in this appendix about the spher-
ical harmonics is all that is needed to perform the deriva-
tions presented in the main text. Further details may be
found in Refs. 19 and 20.

APPENDIX B: ACTION AND FIELD EQUATIONS
The action (5.8) is

I=Iyla,$,No)+ zln P (B1)
n
where I is the action of the \mperturbed model (4.2):
Io—*‘fd'Noe —g—2e —Q—--i-m
(B2)

I, is quadratic in the perturbations and may be written
L= [duL}+LY), (B3)

where

—b,2—2n? —4)0,, —(n? +l)d +5 2(n? —4)a,b,

————k 2 -4
TrE +(n?=4)j, ”

— 4, 4-d?
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gy . . .
+d —20,,0',,-4—8:"2 ‘1‘; b,,b,,+s<n2-4)c,,c,.+sd,.d,.]
s
2_
+a? 2a,,2+6: ;b +6(n? 4)c,,2+6d,,’]+g,,[2¢ia',.+a'z(3a,.—g,.)]
-“[ [ 1410 _:;b+ ag,,] 2(n2_4)é,,j,,” (B4)

and

Lp=7Noe {#(f'.usa,f,&)m2<f,’+6a,f.¢>—e-’“<n’—l>fu‘
1]

3 [ 42 4(n?~4) 2 4%
+3 }%‘"’2‘”2} [anz_—(:n_z_l_)bnz—4(n2'—4)cn —4d,’ + oy
. ) . .
— 8 [2m3f b+ 3m a,,¢1+2f"4: +3 ;]"’, ]—zj;v—,k,,f,,‘ﬁ]. (B5)
0

The full expressions for 7, and 4 are

1r=—

—d+ E l —a,dy + 4(("2 —14)) boby +4(n2~4)c,é, +4d,d, ]

6(n—4)

—3a,2+ 1) by2+6(n%—4)c,+6d,?

+d3

+ 3 galdn+al3a,—gy )+ 5 %,] |, (B6)

- 3 1—
3a,fy+¢ [%a.z_i(("z___:_;l

a [,
ﬂ,=;v—o l¢+ o b,,2—4(u1—4)c,,’—4d." ]

+ El‘ﬁ.‘nz_gn(jn +3a,,$)—e %nfn] ] . (B7)

The classical field equations may be obtained from the action (Bl) by varying with respect to each of the fields in turn.
Variation with respect to a and ¢ gives two field equations, similar to those obtained in Sec. IV, but modified by terms
quadratic in the perturbations:

N :: 1;0 —d;ﬁ +3 dd‘: -;?—+Nozmz¢=quadmtic terms , (B8)
Noj‘ -If;— +3¢2=Nyle~2— $(—d > +¢ >~ Ny’ ~2+ No?m*¢?) =quadratic terms . (B9)
Variation with respect to the perturbations a,, b,, ¢y, d,, and f, leads to five field equations:

NO% e’“;;;- +3(n?—4)Ny%e%a, +b,)+3€3%$ f, ~ No*m?pf, ) =No[3e¥*m?*¢2— 1(n?+2)e%)g,
+e"'dg',,—%N°% [eu;—:] , (B10)

Noi e“—&i— —%(nz_xwoze“(a.+b,.)=%(n=—1)1voze"g,.+%1voi le“k—" , B11)

dt|” N dr |° N
d el |_d l,z«lﬂ. ] , (B12)
di No | dt Ny
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d,

No% 03"7\,—— +(n*—1)Nog%%, =0, (B13)
0

N";: k{/o +3e%¢d, +Nol[m?e* +(n?— Ne®)f, =e**(—2No'm*g, + $ 5, —€ ~¢ks) . (B14)

In obtaining (B10)—(B14), the field equations (B8) and (B9) have been used and terms cubic in the perturbations have

been dropped.

Variation with respect to the Lagrange multipliers k,, j,, 8., and N leads to a set of constraints. Variation with

respect to k, and j, leads to the momentum constraints:
(n?

—4) e
+ b, +3f =0 — ——k, , (B15)
Ot iy ==
Ca=e"%, (B16)
Variation with respect to g, gives the linear Hamiltonian constraint:
Ja,(—G +62)+ 28 [y —ddy )+ No'mU2f ¢ +3a,62) — FNo%e ~2[(n?~ )b, +(n?+ 1 )a, ]
=}de %, +28,0-d+4%. (B1D
Finally, variation with respect to N, yields the Hamiltonian constraint, which we write as
Tedo{— +—¢—1——e‘1"+m $? | =quadratic terms . (B18)
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The usual proof of the CPT theorem does not apply to theories which include the gravitational
field. Nevertheless, it is shown that CPT invariance still holds in these cases provided that, as has
recently been proposed, the quantum state of the Universe is defined by a path integral over metrics
that are compact without boundary. The observed asymmetry or arrow of time defined by the direc-
tion of time in which entropy increases is shown to be related to the cosmological arrow of time de-
fined by the direction of time in which the Universe is expanding. It arises because in the proposed
quantum state the Universe would have been smooth and homogeneous when it was small but irreg-
ular and inhomogeneous when it was large. The thermodynamic arrow would reverse during a con-
tracting phase of the Universe or inside black holes. Possible observational tests of this prediction

are discussed.

I. INTRODUCTION

Physics is time symmetric. More accurately, it can be
shown! that any quantum field theory that has (a) Lorentz
invariance, (b) pasitive energy, and (c) local causality, i.e.,
¢(x) and ¢(y) commute (or anticommute) if x and y are
spacelike separated, is invariant under CPT where C
means interchange particles with antiparticles, P means
replace left hand by right hand, and T means reverse the
direction of motion of all particles. In most situations,
the effect of any C or P noninvariance can be neglected,
so that the interactions ought to be invariant under T
alone.

In fact, if one takes the gravitational field into account,
the Universe that we live in does not satisfy any of the
three conditions listed above. The Universe is not Lorentz
invariant because spacetime is not flat, or even asymptoti-
cally flat. The energy density is not positive definite be-
cause gravitational potential energy is negative, In a cer-
tain sense the total energy of the Universe is zero because
the positive energy of the matter is exactly compensated
by the negative gravitational potential energy. Finally,
the concept of local causality ceases to be well defined if
the spacetime metric itself is quantized because one can-
not tell if x and y are spacelike separated. Nevertheless, I
shall show in Sec. III of this paper that the universe is in-
variant under CPT if, as has been recently proposed,®™ it
is in the quantum state defined by a path integral over
compact four-metrics without boundary. This is a non-
trivial result because an arbitrary quantum state for the
Universe is not, in general, invariant under CPT.

The Universe that we live in certainly does not appear
time symmetric, as anyone who has watched a movie be-
ing shown backward can testify: one sees events that are
never witnessed in ordinary life, like pieces of a cup gath-
ering themselves together off the floor and jumping back
onto a table. One can distinguish a number of different
“arrows of time” that express the time asymmetry of the
Universe. (1) The thermodynamic arrow: the direction of

time in which entropy increases. (2) The electrodynamic
arrow: the fact that one uses retarded solutions of the
field equations rather than advanced ones. (3) The
psychological arrow: the fact that we remember events in
the past but not in the future. (4) The cosmological ar-
row: the direction in time in which the universe is ex-
panding.

1 shall take the point of view that the first arrow im-
plies the second and third. In the case of the psychologi-
cal arrow this follows because human beings (or comput-
ers, which are easier to talk about) are governed by the
thermodynamic arrow, like everything else in the
Universe. In the case of electrodynamics, one can express
the vector potential A, (x) as a sum of a contribution
from sources in the past of x plus a surface integral at
past infinity. One can also express A,(x) as a sum of a
contribution from sources in the future of x plus a sucface
integral at future infinity. The boundary conditions that
give rise to the thermodynamic arrow imply that there is
no incoming radiation in the past. Thus the surface in-
tegral in the past is zero and the electromagnetic field can
be expressed as an integral over sources in the past. On
the other hand, the boundary conditions that give rise to
the thermodynamic arrow do not prevent the possibility
of outgoing radiation in the future. This means that the
surface integral in the future is strongly correlated with
the contribution from sources in the future. It therefore
cannot be neglected.

The accepted explanation for the thermodynamic arrow
of time is that for some reason the Universe started out in
a state of high order or low entropy. Such states occupy
only a very small fraction of the volume of phase space
accessible to the Universe. As the Universe evalves in
time it will tend to move around phase space ergodically.
At a later time therefore there is a high probability that
the Universe will be found in a state of disorder or higher
entropy because such states occupy most of phase space.
Consider, for example, a system consisting of a number N
of gas molecules in a rectangular box which is divided

©1983 The American Physical Society

259



2490

into two by a partition with a small hole in it. Suppose
that at some initial time, say 10 o’clock, all the molecules
are in the left-hand side of the box. Such configurations
occupy only one part in 2% of the available 6N-
dimensional phase space. As time goes on, the system
will move around phase space on a constant-energy sur-
face. At a later time there will be a high probability of
finding the system in a more disordered state with mole-
cules in both halves of the box. Thus entropy will in-
crease with time. Of course, if one waits long enough, one
will eventually see all the molecules returning to one half
of the box. However, for macroscopic values of N, the
time taken is likely to be much longer than the age of the
Universe.

Suppose, on the other hand, that the Universe satisfied
a final condition that was in a state of high order. In that
case it would be likely to be in a more disordered state at
earlier times and entropy would decrease with time. How-
ever, as remarked above, the psychological arrow is deter-
mined by the thermodynamic arrow. Thus, if the thermo-
dynamic arrow were reversed, the psychological arrow
would be reversed as well: we would define time to run in
the other direction and we would still say that entropy in-
creased with time. However, the cosmological arrow pro-
vides an independent definition of the direction of time
with which we can compare the thermodynamic, psycho-
logical, and electrodynamic arrows. In the early 1960s
Hogarth® and Hoyle and Narlikar® tried to connect the
clectrodynamic and cosmological arrows using the
Wheeler-Feynman’ direct-particle-interaction formulation
of electrodynamics. At a summer school held® at Cornell
in 1963 their work was criticized by a Mr. X (generally
assumed to be Richard Feynman) on the grounds that
they had implicitly assumed the thermodynamic arrow.
They also got the “wrong” answer in that they predicted
retarded potentials in a steady-state universe but advanced
ones in an evolutionary universe without continual
creation of matter. It is now generally accepted that we
live in an evolutionary universe.

Another proposal to explain the thermodynamic arrow
of time has been put forward by Penrose.’ It is based on
the prediction of classical general relativity'® that there
will be spacetime singularities both in the past, at the big
bang, and in the future at the big crunch, if the whole
universe recollapses, or in black holes if only local regions
collapse. Penrose’s proposal is that the Weyl tensor
should be zero at singularities in the past. This would
mean that the Universe would have to start off in a
smooth and uniform state of high order. However, the
Weyl tensor would not, in general, be zero at singularities
in the future which could be irregular and disordered.

There are several objections which can be raised to
Penrose’s proposal. First, it is rather ad hoc. Why
should the Weyl tensor be zero on past singularities but
not on future ones? In effect, one is putting in the ther-
modynamic arrow by hand. Second, it is based on the
prediction of singularities in classical general relativity.
However, it is generally believed that the gravitational
field has to be quantized in order to be consistent with
other field theories which are quantized. It is not clear
whether singularities occur in quantum gravity or how to

S. W. HAWKING 32

impose Penrose’s boundary condition at them, if they do.
Finally, Penrose’s proposal does not explain why the
cosmological and thermodynamic arrows should agree.
With Penrose’s boundary condition the thermodynamic
arrow would agree with the cosmological arrow during
the expanding phase of the Universe but it would disagree
if the Universe were to start recollapsing.

The CPT invariance of the quantum state of the
Universe defined by a path integral over compact metrics
implies that if there is a certain probability of the
Universe expanding, there must be an equal probability of
it contracting. In order for the thermodynamic and
cosmological arrows to agree in both the expanding and
contracting phases, one requires boundary conditions
which imply that the Universe is in a smooth state of high
order when it is small but that it may be in an inhomo-
geneous disordered state when it is large. In Sec. IV it
will be shown that the results of Ref. 11 imply that this is
indeed the case for the quantum state defined by a path
integral over compact metrics. This means that during
the expansion phase the Universe starts out in a smooth
state of high order but that, as it expands, it becomes
more inhomogeneous and disordered. Thus the thermo-
dynamic and cosmological arrows agree. However, when
the Universe starts to recollapse, it has to get back to a
smooth state when it is small. This means that disorder
will decrease with time during the contracting phase and
the thermodynamic arrow will be reversed. It will thus
still agree with the cosmological arrow.

It should be emphasized that this reversal of the ther-
modynamic arrow of time is not caused by the gravita-
tional fields or quantum effects at the point of maximum
expansion of the Universe. Rather it is a result of the
boundary condition that the Universe should be in a state
of high order when it is small and it would occur in any
theory which had this boundary condition as has been
pointed out by a number of authors.'*!3 The only way
that quantum gravity comes into the question of the ar-
row of time is that it provides a natural justification for
the boundary condition.

One might ask what would happen to an observer (or
computer) who survived from the expanding phase to the
contracting one. One might think that one was free to en-
close the observer or computer in a container that was so
well insulated that he would be unaffected by the reversal
of the thermodynamic arrow outside. If he were then to
open a little window in his spaceship, he would see time
going backward outside. The answer to this apparent
paradox is that the observer’s thermodynamic arrow, and
hence his psychological arrow, would reverse at around
the time of maximum expansion of the Universe, not be-
cause of effects that propagated into the spacecraft
through the walls, but because of the boundary condition
that the spacecraft be in a state of low entropy at late
times when the Universe is small again. The contents of
the memory of the observer or computer would increase
during the expansion phase as the observer recorded ob-
servations but it would decrease during the contracting
phase because the psychological arrow would be reversed
and the observer would remember events in his future
rather than his past.
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The prediction that the thermodynamic arrow would
reverse if the Universe started to recontract may not have
much practical importance because the Universe is not go-
ing to recollapse for a long time, if it ever does. However,
we are fairly confident that localized regions of the
Universe will collapse to form black hales. If one was in
such a region, it would seem just like the whole Universe
was collapsing around one. One might therefore expect
that the region would become smooth and ordered, just
like the whole Universe would if it recollapsed. Thus one
would predict that the thermodynamic arrow of time
should be reversed inside black holes. One would expect
this reversal to occur only after one has fallen through the
event horizon, so one would not be able to tell anyone out-
side about it. This and other consequences of the point of
view adopted in this paper will be considered further in
Sec. V. Section II will be a brief review of the canonical
formulation of quantum gravity. In Sec. III it will be
shown that the quantum state of the Universe defined by
a path integral over compact metrics is invariant under
CPT. Despite this invariance it will be shown in Sec. IV
that the results of Ref. 11 imply that there is a thermo-
dynamic arrow because the inhomogeneities in the
Universe are small when the Universe is small but that
they grow as the Universe expands.

II. CANONICAL QUANTUM GRAVITY

In the canonical approach the quantum state of the
Universe is represented by a wave function W(h,;,d)
which is a function of the three-metric hj; and the matter
field configuration ¢ on a three-surface S. The interpre-
tation of the wave function is that |W(hy,és}| 2 is the
(unnormalized) probability of finding a three-surface §
with three-metric hy and matter field configuration ¢,
The wave function is not an explicit function of time be-
cause there is no invariant definition of time in a curved
space which is not asymptotically flat. In fact, the posi-
tion in time of the surface S is determined implicitly by
the three-metric h;;. This means that W(h;;,¢o) obeys the
zero-encrgy Schrédinger equation:

HW(h;,$0)=0 . @.1)

This equation can be decomposed into two parts: the
momentum constraint and the Wheeler-DeWitt equation.
The momentum constraint is

35,_:_{ =87TH .
(] 1

It implies that the wave function is the same on three-

metrics hy; and matter field configurations ¢, that are re-

lated by a coordinate transformation. The Wheeler-

DeWitt equation is

Q.2

+hm(—’R+161rTm)J\l'=0, 2.3)

8
-G,

M ShyShy
J

i i my 2K
0(h,,,l(,,-,¢o)=fo d[hm]expl——]’ggfl(ghmd’x
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where
Gljkl = TIh —1/2(,,”‘,./’ +hilh[k —huhu) .

It can be regarded as a second-order wave equation for ¥
on the infinite-dimensional space called superspace which
is the space of all three-metrics h; and matter field con-
figurations ¢,.

Any solution of Eqs. (2.2) and (2.3) represents a possible
quantum state of the Universe. However, it seems reason-
able to suppose that the Universe is not just in some arbi-
trary state but that its state is picked out or preferred in
some way. As explained in Ref. 4, the most natural
choice of quantum state is that for which the wave func-
tion is given by a path integral over compact metrics:

Whysdo)= [ dlgu (4 )exp( ~ T8, .

where 7 is the Buclidean action and the path integral is
taken over four-metrics g,, and matter field configura-
tions ¢ on compact four-manifolds which are bounded by
the three-surface S with the induced three-metric 4, and
matter field configuration ¢¢. The contour of integration
in the space of all four-metrics has to be deformed from
Buclidean (i.e., positive definite) metrics to com?lex
metrics in order to make the path integral converge.'*!?
The proposal that the quantum state is given by (2.4)
seems to give predictions that are in agreement with obser-
vation. 41116

2.4)

III. THE CPT THEOREM

The precise statement of CPT invariance in flat space-
time is that the vacuum expectation values of bosonic
quantum field operators ¢(x) satisfy

(¢(X|)¢(Iz) M ¢(X,|))
=[((—x )l —x) - gl =x, N1* . (B.D

In the case of fermion fields there is a factor of (—1)F+/
where F is the fermion number and J is the number of un-
dotted spinor indices. In the case of asymptotically flat
spacetime one can formulate and prove CPT invariance
in a similar way in terms of the vacuum expectation
values of field operators at infinity.!” However, although
asymptotic flatness may be a reasonable approximation
for local systems, one does not expect it to apply to the
whole Universe. One therefore does not have any flat or
asymptotically flat region in which one can define the TP
operation x— —x. All that one has is a wave function
W(h,;, o) which is not an explicit function of time. How-
ever, one can introduce a concept of time by replacing the
dependence of ¥ on h'72, the square root of the deter-
minant of the three-metric ky, by its conjugate momen-
tum, the trace of the second fundamental form of S. One
defines the Laplace transform

W(hy,do) » 3.2)
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where i;ll is the three-metric defined up to a conformal
factor and K is the trace of the Euclidean second funda-
mental form. The Laplace transform @ is holomorphic
for Re(Kz)>0. This means that one can analytically con-
tinue @ in K to Lorentzian values K =iKg of the trace
of the second fundamental form. Then | ®(h;,K.,4,) |2
is proportional to the probability of finding a three-
surface § with the conformal three-metric hy;, the rate of
expansion K; and the matter field configuration ¢,.

Consider first the case in which one has only fields like
the gravitational field and real scalar fields which are in-
variant under C and P. The Euclidean action [ is real for
Euclidean (i.c., positive definite) four-metrics g, and real
scalar fields ¢. The contour of integration in the path in-
tegral (2.4) has to be deformed from Euclidean to complex
metrics in order to make the integral converge. However,
there will be an_equal contribution from metrics with a
complex action [ and from metrics with the complex con-
jugate action (I)*. Thus the wave function W(h;,é¢) will
be real. This implies that

Dy, Kg,¢0) =" (hy,KE,60) 3.3
for complex Kg. In particular, this implies
®(hy, Ky ,90)=* Uy, —Ky . 40) (3.4)

for real K;. Equation (3.4) is the statement of T invari-
ance for the quantum state of the Universe. It implies
that the probability of finding a contracting three-surface
is the same as that of finding an expanding one, i.c., if the
wave function represents an expanding phase of the
Universe, then it will also represent a contracting one.

Consider now a situation in which one has charged
fields, for example, a complex scalar field ¢. The wave
function ¥ will now be a functional of the three-metric
hy; and the complex field configuration ¢p on S. In the
Euclidean path integral (2.4) for ¥ one has_to integrate
over independent field configurations ¢ and ¢ on the Eu-
clidean background g,, where =4, and =¢g on S.
The Buclidean action I{g,,.4,¢] is no longer necessarily
real but

T[guw¢v$]=7.[8pw$9¢] . (3.5)
This implies
Ohy,Kp,$) =" (hy,—K;,4°) . (3.6)

Equation (3.6} is a statement of the invariance of the
quantum state of the universe under CT.

Finally one can consider fields, such as chiral fermions,
which are not invariant under P. To deal with fermions
one should introduce a triad of covectors e¢f on S and
should regard the wave function ¥ as a functional of the
e/ and the fermion field y; on S. The path integral repre-
sentation of the wave function is then

Ve, po)= [ dlegld [Wld[Flexp(—I{ef. o8], (D)

where on S, =1 and =;,. The oriented triad ef on S
defines a directed unit normal e to S. The path integral
(3.7) is taken over all compact {’:)ur-geomcttia which are
bounded by S and for which eg points inward.
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The Euclidean action will obey
Tlep. 0 d) =T *[—e5.959),

where $C=Cy* is the charge conjugate field and C is the
charge conjugation matrix. This implies

W(ef P)=W*(—ef,¥C) .

One can regard (3.9) as the expression of the CPT invari-
ance of the quantum state of the Universe because chang-
ing the sign of the triad e not only reverses the spatial
directions, and so carries out the operation P, but it also
reverses the direction of the orientated normal to S, ej.
Alternatively, one can consider the Laplace transform ¢

et K, , ) =D(—&7,— K., ¥, (3.10)

where €7 is the triad in S defined up to a positive multi-
plicative factor.

It is clear that this proof of the CPT invariance of the
quantum state defined by a path integral over compact
metrics would apply equally well if there were higher
derivative terms in the gravitational action. In the case of
an action containing quadratic terms in the curvature, the
wave function ¥ could be taken to be a function of the
three-metric h;;, the second fundamental form K¥, and
the matter field configuration ¢,. For fields that are in-
variant under C and P, the wave function \ll(h,,,KE.cﬁo)
would be real for real Euclidean values of the second fun-
damental form K#. This implies that

W(hy,K7,90)=¥*(hy, —K{.$0) . G

One can regard (3.11) as an expression of the T invariance
of the quantum state. The extension to fields that are not
invariant under C and P is straightforward. One can also
apply similar arguments to the corresponding quantum
state in Kaluza-Klein theories.

(3.8)

3.9)

IV. THE INCREASE OF DISORDER

In Ref. 11 it was argued that the wave function
W(h;;,40) can be approximated by a sum of terms of the
form

Wola,d) [T Va(a,8,08,bx,Cndns fn) - @.1)
n

The wave function ¥, describes a homogeneous isotropic

closed Universe of radius e® containing a homogeneous

massive scalar field ¢. The quantities a,,b,,...,f, arc

the coefficients of harmonics of order n which describe

perturbations from homogeneity and isotropy.

One can substitute (4.1) into the Wheeler-DeWitt equa-
tion and keep terms to all orders in the “background”
quantities @ and ¢ but only to second order in the “pertur-
bations” a,,b,, .. .,f,. One obtains a second-order wave
equation for W, on the two-dimensional “minisuperspace”
parametrized by the coordinates a and ¢. The path in-
tegral (2.4) for the wave function implies that ¥y— 1 as
a— — . One can integrate the wave equation with this
boundary condition.!® One finds that ¥, starts to oscillate
rapidly. This allows one to apply the WKB approxima-
tion
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Wo=Re(Ce®) . 4.2

The trajectories of VS in the (a,4) plane correspond to
solutions of the classical field equations for a homogene-
ous isotropic Universe with a homogeneous massive scalar
field. The trajectories corresponding to W, start out at
large values of |¢|. They have a period of exponential
expansion in which |¢| decreases followed by a period of
matter dominated expansion in which ¢ oscillates around
zero with decreasing amplitude. They reach a point of
maximum expansion and then recontract in a time sym-
metric manner.

The perturbation wave functions ¥, can be further
decomposed as follows:

W, =, (0,8,0,,0,.1) Wala,d,c,) W, la,6,d,) .
%))

The wave function W, describes gravitational wave per-
turbations parametrized by the coefficients d, of the
transverse traceless harmonics on the three-sphere. The
wave function "W, describes the effect of gauge transfor-
mations which correspond to coordinate transformations
on the three-sphere parametrized by the coefficients cg of
the vector harmonics. The wave function M
parametrized by the coefficients a,, 5,, and f, of the sca-
lar harmonics describe two gauge degrees of freedom and
one physical degree of freedom of density perturbations.
In situations in which the WKB approximation can be ap-
plied to the background wave function W, the perturba-
tion wave functions obey decoupled Schrddinger equations
of the form

Ay, o T

i FYSi HY, ,
where t is the time parameter of the solution of the classi-
cal ficld equations that corresponds to ¥, via the WKB
approximation.

One can ecvaluate the perturbation wave functions
directly from the path integral expression (2.4) for the
wave function. Consider, for example, the gravitational
wave perturbations, One can regard them as quantum
fields parametrized by d, propagating on a homogeneous
isotropic background metric of the form

ds?= ~N(1)de? +e%40,? | “4.5)

where d()4? is the metric on the unit three-sphere, if the
lapse function N is real everywhere, the metric (4.5) has &
Lorentzian signature and cannot be compact and non-
singular. However, I shall consider complex background
fields (N (t),a'(t),¢$'(2)) such that at some value t=15, N
is negative imaginary. The metric then has a Euclidean
signature at t=t, and will be regular and compact if
a'=—w, da’'/dt=iNe~%, and d, =0. The argument of
N will vary continuously with . When N becomes real,
the metric will become Lorentzian. One can express the
perturbation wave functions as path integrals on these
backgrounds, e.g.,

Wylad.dy)= [ dld Jexpl —T(e' 6,4, 1) ,
where the path integral is taken over all gravitational
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wave perturbations d, on all regular compact background
fields described by a'(f) and ¢°(¢).

The path integral over d, in a given background field is
Gaussian and therefore can be evaluated as

(detA)~2exp(—T9(d, ) , @.n
where A is a differential operator and

e |..d,  ,da .2

2N |% d:d"+4 at dy (4.8)

is the action of a solution of the classical field equations
for a perturbation d, on the given background with
d,=0 at t=t, and d, =d, at the location t=¢, of the
three-surface S.

One expects the dominant contribution to the path in-
tegral (4.6) to come from backgrounds which are close to
solutions of the classical background equations. These
solutions will be Euclidean (N imaginary) at t=¢, and
they will become Lorentzian in those regions of the (a,$)
plane in which ¥, oscillates and the WKB approximation
can be applied. In such a background the classical field
equation for d, is

4

dt
In the region of the (a',¢’) plane in which the WKB ap-
proximation can be applied and N is real, one can regard
Eq. (4.9) as a harmonic oscillator equation for the variable
x=exp(3/2a')d, with the time-dependent frequency
v=exp(—a’'ln?—1)'72, If @’ were independent of ¢, the

solution of (4.9) that obeys the above boundary conditions
is

.

Ll B INPRSTORP IR O
| HiNeE oD g =0, 49

sinvr
dy=d,———
N " sinw' ? (4.10)

¢
where 7= f‘oN dt.

Of course a’ will vary with ¢ but (4.10) will still be a
good approximation provided that the adiabatic approxi-
mation holds, i.e., |d’/N |, the rate of change of o', is
small compared to the frequency v. In the Euclidean re-
gion near t=1,, this will be true because |d'/N| <e ™%
In the Lorentzian region it will be true for perturbation
modes whose wavelength v—! is small compared to the
horizon distance N /a’. For such modes

4

) 4.11)

d, =Nvd,cotvr .

For ¢, in the region in which the WKB approximation
can be applied and for » >> 1, the imaginary part of vr),
which arises from the Buclidean region near ¢=t,, will be
less than —i. This means that the real part of the Eu-
clidean action (4.8) will be 3+ve**d,>=tvx2 The imagi-
nary part of the Euclidean action will be small. It will
give rise to a phase factor in "W, which can be removed
by a canonical transformation of variables. Thus the per-
turbation wave function will have the ground-state form
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"y, (d,)=B exp[ — 3 vexp(3a)d,?)

=Be~"'11, (4.12)

The vector perturbation wave function "W, (c,}) describes
a gauge degree of freedom and does not have any physical
significance. The scalar perturbation, which is a function
SY,(a,,b,.f,) describes two gauge degrees of freedom
and one physical degree of freedom. A similar analysis
and use of the adiabatic approximation shows that this
physical degree of freedom is in its ground state when the
wavelength of the perturbation is less than the horizon
size during the period of exponential expansion. Thus at
early times in the exponential expansion, i.e., when the
Universe is small, the physical perturbation modes of the
Universe have their minimum excitation. The Universe is
in a state that is as ordered and homogeneous as it can be
consistent with the uncertainty principle. This ordered
state is not only an initial state for the expansion phase of
the Universe but it is also a final state for the contracting
phase because the WKB trajectories for ¥, return to the
same region of the (a,¢) plane and the perturbation wave
functions depend only on the position in this plane.

On the other hand, the perturbation modes are not in
their ground state when the Universe is large because in
this case the adiabatic approximation breaks down when
the wavelength of the perturbation becomes greater than
the horizon size during the ‘period of exponential expan-
sion. Detailed calculations'' show that when the scalar
perturbation modes reenter the horizon during the
matter-dominated era, they are in a highly excited state
and give rise to a scale-free spectrum of density fluctua-
tions 8p/p. These density inhomogeneities provide the
initial conditions necessary for the formation of galaxies
and other structures in the Universe. The perturbation
wave functions are still in a very special state because
their phase factors have to be such that when they are
evolved according to the Schrodinger equation, they will
return to their ground-state form when the Universe
recontracts. However, this special nature of the perturba-
tion wave functions would not be noticed by an observer
who makes the usual coarse-grained measurements. All
he would notice was that during the expansion the
Universe had evolved from a homogencous, ordered state
to an inhomogeneous, disordered state. Thus he would
say that the thermodynamic arrow pointed in the direc-
tion of time in which the Universe was expanding. On
the other hand, an observer in the contracting phase
would feel that the Universe was evolving from a state of
disorder to one of order. He would therefore ascribe the
opposite direction to the thermodynamic arrow and would
also find that it agreed with the cosmological arrow.

The connection between the thermodynamic and
cosmological arrows should hold in models that are more
general than the one considered in Ref. 11 because it de-
pends only on the fact that the adiabatic approximation
should hold for small perturbations on “small” three-
geometries but not for perturbations on “large” three-
geometries. Thus one might expect that it would also
hold in models that allowed for the formation of black
holes as a result of the gravitational collapse of density
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fluctuations produced during the expansion. This would
mean that the thermodynamic arrow would reverse inside
a black hole. This is currently under investigation.

V. CONSEQUENCES

Are there any observable consequences of the prediction
that the thermodynamic arrow should reverse in a recon-
tracting phase of the Universe or inside a black hole? Of
course, one could wait until the Universe recollapsed or
one could jump into a black hole. However, the probabili-
ty distribution of the density parameter Q=p/p. seems
to be concentrated at {0=1 (Ref. 16). Thus one would
have to wait a very long time for the collapse of the
Universe. On the other hand, if one jumped into a black
hole, one would not be able to tell anyone outside. Fur-
thermore, if the thermodynamic arrow did reverse, one
would not remember it because it would now be in one’s
future rather than in the past.

In principle it is possible to determine from the present
positions and velocities of clusters of galaxies that they
developed from an initial configuration with very low
peculiar velocities. In a similar way it should therefore be
possible to calculate whether they will evolve to a state
with low peculiar velocities at some time in the future.
The difficulty is that on the basis of the inflationary
model, one would expect the value of {) for the presently
observed Universe to be equal to one to one part in 10,
Thus one would expect the Universe to expand by a fur-
ther factor of at least 10* before it began to recontract. In
this extra expansion other clusters of galaxies which we
have not yet observed would appear over the horizon and
their gravitational fields could have a significant effect on
the behavior of clusters near us. Thus it would seem very
difficult to make an experimental test of the prediction
that the thermodynamic arrow would reverse if the
Universe began to recontract.

A better bet would seem to be to study the inflow of
matter into a black hole. At least in principle this is a sit-
uation that we ought to be able to observe with some ac-
curacy. However, on the basis of classical general relativi-
ty, one might expect the boundary of the region of high
spacetime curvature not to be spacelike, as it is in the
Schwarzschild solution, but to be null, like the Cauchy
horizon in the Reissner-Nordstrdm or Kerr solutions. If
this were the case, the behavior of the matter and metric
on the brink of the quantum era would depend on the en-
tire future history of infall into the black hole. Merely to
observe the infall for a limited period of time would be in-
sufficient to determine whether or not the thermodynamic
arrow of time reversed near the region of high curvature.
Clearly more work has to be done on the classical and
quantum aspects of gravitational collapse.

One might think that the CPT theorem implied that all
the baryons in the Universe would have to decay into lep-
tons before the Universe began to recollapse and that the
leptons would be reassembled into antibaryons in the col-
lapsing phase. If this were the case, one could disprove
the proposed “no boundary™ condition for the Universe if
one could show that the observed value of @ was such
that the Universe should begin to recollapse before all the
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baryons had decayed. However, what the CPT theorem
implies is just that the probability of finding an expanding
three-surface with a matter configuration of baryons is
the same as that of finding a contracting three-surface
with a matter configuration of antibaryons. This require-
ment is no restriction at all because the two three-surfaces
can merely be the same three-surface viewed with dif-
ferent orientation of time: reversing the orientation of
time and space interchanges the labels, baryons, and anti-
baryons. Thus the CPT invariance of the quantum state
of the Universe does not imply any limit on the lifetime of
the proton. In any case, we certainly do not observe
baryons changing into antibaryons as they fall into a
black hole.

To sum up, the proposal that spacetime is compact
without boundary implies that the quantum state of the
Universe is invariant under CPT. Despite this, one would
observe an increase in (coarse-grained) entropy during an
expansion phase of the Universe. However, it seems diffi-
cult to test the prediction that entropy should decrease
during a contracting phase of the Universe or inside a
black hole.

Note added in proof. Since this paper was submitted for
publication a paper by Don Page has appeared {following
paper, Phys. Rev. D 32, 2496 (1985)]. In it he questions
my conclusion that the thermodynamic arrow of time
would reverse in a contracting phase of the universe or in
a black hole. My conclusion was based on the fact that
the wave function ¥ went exactly into 1 as one goes to
a=— oo on a null geodesic in the a,¢ plane. This would
imply that ¥ was not oscillating at large negative @ and
therefore that all the classical Lorentzian contracting
solutions would have to bounce at a small radius. At the

2495

bounce one could apply an analysis similar to that in Ref.
11 to show that all the inhomogeneous modes were in
their ground state. This would mean that the inhomo-
geneity would decrease in the collapsing phase and there-
fore that the thermodynamic arrow of time would be re-
versed.

Page has pointed out however that even at large nega-
tive a, there might be a small oscillating component in the
wave function, This would arise from complex stationary
points in the path integral over compact metrics that were
near to the Lorentzian metric which started with an infla-
tionary expaumsion, reached a maximum radius and then
recollapsed to zero radius without boundary. Although
the amplitude of this oscillating component would be
small, its frequency would be very high. It would there-
fore correspond 1o an appreciable probabilit{ flux of clas-
sical solutions in the WKB approximation.'® One would
not expect the inhomogeneous perturbations about such
solutions to be in their ground state when the solution
recollapsed because the adiabatic approximation used in
Ref. 11 would break down. There is thus no reason for
the thermodynamic arrow of time to reverse in these solu-
tions. Similarly one would not expect it to reverse inside
black holes.

I think that Page may well be right in his suggestion.
In that case the two main results of this paper that are
correct are, first, that the wave function is invariant under
CPT, though this does not imply that the individual clas-
sical solutions that correspond to the wave function via
the WKB approximation are invariant under CPT,
second, that the classical solutions, which start out with
an inflationary period, will have a well-defined thermo-
dynamic arrow of time.
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THE NO-BOUNDARY PROPOSAL AND THE ARROW OF TIME

S. W. HAWKING

Department of Applied Mathematics and Theoretical Physics
University of Cambridge, U.K.

When [ began research nearly 30 years ago, my supervisor, Dennis Sciama, set me
to work on the arrow of time in cosmology. I remember going to the university
library in Cambridge to look for a book called The Direction of Time by the
German philosopher, Reichenbach [Reichenbach, 1956]. However, I found the book
had been taken out by the author, J. B. Priestly, who was writing a play about
time, called T%me and the Conways. Thinking that this book would answer all
my questions, I filled in a form to force Priestly to return the book to the library,
so I could consult it. However, when I eventually got hold of the book I was very
disappointed. It was rather obscure, and the logic seemed to be circular. It laid
great stress on causation, in distinguishing the forward direction of time from the
backward direction. But in physics, we believe there are laws that determine the
evolution of the universe uniquely. Suppose state A evolved into state B. Then
one could say that A caused B. But one could equally well look at it in the other
direction of time, and say that B caused A. So causality does not define a direction
of time.

My supervisor suggested I look at a paper by a Canadian, called Hogarth
[Hogarth, 1962]. This applied to cosmology, a direct action formulation of electro-
dynamics, [t claimed to derive a connection between the expansion of the universe
and the electromagnetic arrow of time. That is, whether one got retarded or ad-
vanced solutions of Maxwell’s equations. The paper said that one would obtain
retarded solutions in a steady state universe, but advanced solutions in a big bang
universe. This was seized on by Hoyle and Narlikar [Hoyle and Narlikar, 1964]
as further evidence, if any were needed, that the steady state theory was correct.
However, now that no one except Hoyle believes that the universe is in a steady
state, one must conclude that the basic premise of the paper was incorrect.

Shortly after this, there was a meeting on the direction of time at Cornell
in 1964 [Gold, 1967]. Among the participants there was a Mr. X, who felt the
proceedings were so worthless that he didn’t want his name associated with them.
It was an open secret that Mr. X was Feynman.

Mr. X said that the electromagnetic arrow of time didn’t come from an action at
a distance formulation of electrodynamics, but from ordinary statistical mechanics.
Guided by his comments, I came to the following understanding of the arrow of
time. The important point is that the trajectories of a system should have the
boundary condition that they are in a small region of phase space at a certain
time. In general, the evolution equations of physics will then imply that at other
times the trajectories will be spread out over a much larger region of phase space.
Suppose the boundary condition of being in a small region is an initial condition
(see Figure 1). Then this will mean that the system will begin in an ordered state,
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Fig. 1. Evolution of a system with an initial boundary condition.
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Fig. 2. Evolution of a system with a final boundary condition.

and will evolve to a more disordered state. Entropy will increase with time and
the second law of thermodynamics will be satisfied.

On the other hand, suppose the boundary condition of being in a small region
of phase space was a final condition instead of an initial condition (see Figure 2).
Then at early times the trajectories would be spread out over a large region, and
they would narrow down to a small region as time increased. Thus disorder and
entropy would decrease with time rather than increase. However, any intelligent
beings who observed this behavior would also be living in a universe in which
entropy decreased with time. We don’t know exactly how the human brain works
in detail but we can describe the operation of a computer. One can consider
all possible trajectories of a computer interacting with its surroundings. If one
imposes a final boundary condition on these trajectories, one can show that the
correlation between the computer memory and the surroundings is greater at early
times than at late times. In other words, the computer remembers the future but
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not the past. Another way of seeing this is to note that when a computer records
something in memory, the total entropy increase. Thus computers remember things
in the direction of time in which entropy increases. In a universe in which entropy
is decreasing in time, computer memories will work backward. They will remember
the future and forget the past.

Although we don’t really understand the workings of the brain, it seems reason-
able to assume that we remember in the same direction of time that computers do.
If it were the opposite direction, one could make a fortune with a computer that
remembered who won tomorrow’s horse races. This means that the psychological
arrow of time, our subjective sense of time, is the same as the thermodynamic
arrow of time, the direction in which entropy increases. Thus, in a universe in
which entropy was decreasing with time, any intelligent beings would also have a
subjective sense of time that was backward. So the second law of thermodynamics
is really a tautology. Entropy increases with time because we define the direction
of time to be that in which entropy increases.

There are, however, two non-trivial questions one can ask about the arrow of
time. The first is, why should there be a boundary condition at one end of time but
not the other? It might seem more natural to have a boundary condition at both
ends of time, or at neither. As I will discuss, the former possibility would mean
that the arrow of time would reverse, while in the latter case there would be no
well defined arrow of time. The second question is, given that there is a boundary
condition at one end of time, and hence a well defined arrow of time, why should
this arrow point in the direction of time in which the universe is expanding? Is
there a deep connection or is it just an accident?

I realized that the problem of the arrow of time should be formulated in the
manner I have described. But at that time in 1964, I could think of no good
reason why there should be a boundary condition at one end of time. I also needed
something more definite and less airy-fairy than the arrow of time for my PhD. |
therefore switched to singularities and black holes. They were a lot easier. But I
retained an interest in the problem of the direction of time. This surfaced again in
1983, when Jim Hartle and I formulated the no-boundary proposal for the universe
[Hartle and Hawking, 1983]. This was the suggestion that the quantum state of the
universe was determined by a path integral over positive definite metrics on closed
spacetime manifolds. In other words, the boundary condition of the universe was
that it had no boundary.

The no-boundary condition determined the quantum state of the universe, and
thus what happened in it. It should therefore determine whether there was an
arrow of time, and which way it pointed. In the paper that Hartle and I wrote,
we applied the no-boundary condition to models with a cosmological constant
and a conformally invariant scalar field. Neither of these gave a universe like we
live in. However, a minisuperspace model with a minimally coupled scalar field
gave an inflationary period that could be arbitrarily long [Hawking, 1984]. This
would be followed by radiation and matter dominated phases, like in the chaotic
inflationary model. Thus it seemed that the no-boundary condition would account
for the observed expansion of the universe. But would it explain the observed
arrow of time? In other words, would departures from a homogeneous and isotropic
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expansion be small when the universe is small, and grow larger as the universe got
bigger? Or would the no-boundary condition predict the opposite behavior? Would
the departures be small when the universe was large and large when the universe
was small? In this latter case, disorder would decrease as the universe expanded.
This would mean that the thermodynamic arrow pointed in the opposite way to
the cosmological arrow. In other words, people living in such a universe would say
that the universe was contracting, rather than expanding.

To answer the question, of what the no-boundary proposal predicted for the
arrow of time, one needed to understand how perturbations of a Friedmann model
would behave. Jonathan Halliwell and I studied this problem. We expanded
perturbations of a minisuperspace model in spherical harmonics, and expanded
the Hamiltonian to second order [Halliwell and Hawking, 1984]. This gave us a
Wheeler-Dewitt equation,

62
Bhy;0hi
hij = a®(Qj + €i5),

[m; G —m2ht CR)Y(h;) =0,

for the wave function of the universe. We solved this as a background minisu-
perspace wave function times wave functions for the perturbation modes. These
perturbation mode wave functions obeyed Schroedinger equations, which we could
solve approximately. To obtain the boundary conditions for these Schroedinger
equations, we used a semiclassical approximation to the no-boundary condition.

\

H,¥

Fig. 3. The no-boundary condition.

Consider a three geometry and scalar field that are a small perturbation of a
three sphere and a constant field (see Figure 3). The wave function at this point
in superspace will be given by a path integral over all Euclidean four geometries
and scalar fields that have only that boundary. One would expect the dominant
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contribution to this path integral to come from a saddle point. That is, a com-
plex solution of the field equations which has the given geometry and field on one
boundary, and which has no other boundary. The wave function for the perturba-
tion mode will then be

U(h) = / digle™ .

In this way, Halliwell and I calculated the spectrum of perturbations predicted by
the no-boundary condition. The exact shape of this spectrum doesn’t matter for
the arrow of time. What is important is that, when the radius of the universe
is small and the saddle point is a complex solution that expands monotonically,
the amplitudes of the perturbations are small. This means that the trajectories
corresponding to different probable histories of the universe, are in a small region of
phase space when the universe is small. As the universe gets larger, the amplitudes
of some of these perturbations will go up. Because the evolution of the universe is
governed by a Hamiltonian, the volume of phase space remains unchanged. Thus
while the perturbations are linear, the region of phase space that the trajectories
are in will change shape only by some matrix of determinant one. In other words,
an initially spherical region will evolve to an ellipsoidal region of the same volume.
Eventually however, some of the perturbations can grow so large that they become
nonlinear. The volume of phase space is still left unchanged by the evolution, but
in general the initially spherical region will be deformed into long thin filaments.
These can spread out and occupy a large region of phase space. Thus one gets an
arrow of time. The universe is nearly homogeneous and isotropic when it is small.
But it is more irregular when it is large. In other words, disorder increases as the
universe expands. So the thermodynamic and cosmological arrows of time agree,
and people living in the universe will say it is expanding rather than contracting.

In 1985 I wrote a paper in which I pointed out that these results about per-
turbations would explain both why there was a thermodynamic arrow, and why
it should agree with the cosmological arrow [Hawking, 1985]. But I made what I
now realize was a great mistake. I thought that the no-boundary condition would
imply that the perturbations would be small whenever the radius of the universe
was small. That is, the perturbations would be small not only in the early stages of
the expansion, but also in the late stages of a universe that collapsed again. This
would mean that the trajectories of the system would be that subset that lies in a
small region of phase space, at both the beginning and the end of time. But they
would spread out over a much larger region at times in between. This would mean
that disorder would increase during the expansion, but decrease again during the
contraction (see Figure 4). So the thermodynamic arrow would point forward in
the expansion phase, and backward in the contracting phase. In other words, the
thermodynamic and cosmological arrows would agree in both expanding and con-
tracting phases. Near the time of maximum expansion, the entropy of the universe
would be a maximum. This would mean that an intelligent being who continued
from the expanding to the contracting phase would not observe the arrow of time
pointing backward. Instead, his subjective sense of time would be in the opposite
direction in the contracting phase. So he would not remember that he had come
from the expanding phase because that would be in his subjective future.
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Fig. 4. Evolution of a system with initial and final boundary conditions.

If the thermodynamic arrow of time were to reverse in a contracting phase of
the universe, one might also expect it to reverse in gravitational collapse to form
a black hole. This would raise the possibility of an experimental test of the no-
boundary condition. If the reversal took place only inside the horizon it would not
be much use because someone that observed it could not tell the rest of us. But
one might hope that there would be slight effects that could be detected outside
the horizon.

The idea that the arrow of time would reverse in the contracting phase had a
satisfying ring to it. But shortly after having my papers accepted by the Physical
Review, discussions with Raymond Laflamme and Don Page convinced me that the
prediction of reversal was wrong. I added a note to the proofs saying that entropy
would continue to increase during the contraction, but I fell ill with pneumonia be-
fore I could write a paper to explain it properly. So I want to take this opportunity
to show how I went wrong, and what the correct result is.

One reason I made my mistake was that I was misled by computer solutions of
the Wheeler-Dewitt equation for a minisuperspace model of the universe [Hawking
and Wu, 1985]. In these solutions, the wave function didn’t oscillate in a so-called
“forbidden region” at very small radius. I now realize that these computer solutions
had the wrong boundary conditions (see Figure 5). But at the time, I interpreted
them as indicating that the Lorentzian four geometries that corresponded to the
WKB approximation didn’t collapse to zero radius. Instead, I thought they would
bounce and expand again (see Figure 6). My feelings were strengthened when I
found that there was a class of classical solutions that oscillated. The computer
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WAVE FUNCTION

\

Fig. 5. The wave function for a homogeneous, isotropic universe with a scalar field. The

wave function does not oscillate near the lines ¥ = |z].
3
Radius of Bopnce
universe
Time —

Fig. 6. A quasi-periodic solution for a Friedmann universe filled with a massive scalar
field.

calculations of the wave function seemed to correspond to a superposition of these
solutions. The oscillating solutions were quasi-periodic. So it seemed natural to
suppose that the boundary conditions on the perturbations should be that they
were small whenever the radius was small. This would have led to an arrow of time
that pointed forward in the expanding phase, and backward in the contracting
phase, as I have explained.

272



I set my research student, Raymond Laflamme, to work on the arrow of time in
more general situations than a homogeneous and isotropic Friedmann background.
He soon found a major objection to my ideas. Only a few solutions, like the spheri-
cally symmetric Friedmann models, can bounce when they collapse. Thus the wave
function for something like a black hole could not be concentrated on nonsingular
solutions. This made me realize that there could be a difference between the start
of the expansion, and the end of the contraction. The dominant contributions to
the wave functions for either, would come from saddle points that corresponded
to complex solutions of the field equations. These solutions have been studied in
detail by my student, Glenn Lyons [Lyons, 1992). When the radius of the uni-
verse is small, there are two kinds of solutions (see Figure 7). One would be an
almost Euclidean complex solution that started like the north pole of a sphere
and expanded monotonically up to the given radius. This would correspond to
the start of the expansion. But the end of the contraction would correspond to
a solution that started in a similar way, but then had a long, almost Lorentzian
period of expansion followed by contraction to the given radius. The wave function
for perturbations about the first kind of solution would be heavily damped, unless
the perturbations were small and in the linear regime. But the wave function for
perturbations about the solution that expanded and contracted could be large for
large perturbation amplitudes. This would mean that the perturbations would be
small at one end of time, but could be large and nonlinear at the other end. So
disorder and irregularity would increase during the expansion, and would continue
to increase during the contraction. There would be no reversal of the arrow of time
at the point of maximum expansion.

Almost Buclidean
@‘/ solution
\

Al Bucli it
most idean corre ing to
.solutiond&’h m%us‘of

universe

\

Almost Lorentzian solution
that expands to large radius
and contracts again

Fig. 7. Two possible saddle points in the path integral for the wave function of a given
radius.

Glenn Lyons, Raymond Laflamme and I have studied how the arrow of time
manifests itself in the various perturbation modes. It makes sense to talk about the
arrow of time only for modes that are shorter than the horizon scale at the time
concerned. Modes that are longer than the horizon just appear as a homogeneous
background. There are two kinds of behavior for perturbation modes within the
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horizon. They can oscillate or they can have power law growth or decay. Modes
that oscillate are the tensor modes that correspond to gravitational waves, and
scalar modes that correspond to density perturbations of wavelength less than the
Jeans length. On the other hand, density perturbations longer than the Jeans
length have power law growth and decay.

Perturbation modes that oscillate will have an amplitude that varies adiabati-
cally as an inverse power of the radius of the universe:

Aa? = constant,

where A is the amplitude of the oscillating perturbation, a is the radius of the
universe and p is some positive number. This means they will be essentially time
symmetric about the time of maximum expansion. In other words, the amplitude
of the perturbation will be the same at a given radius during the expansion, as at
the same radius during the contracting phase. So if they are small when they come
within the horizon during expansion, which is what the no-boundary condition
predicts, they will remain small at all times. They will not become nonlinear, and
they will not show an arrow of time. By contrast, density perturbations on scales
longer than the Jeans length will grow in amplitude in general

A =Ba? +Ca™?,

where p and q are positive. They will be small when they come within the horizon
during the expansion. But they will grow during the expansion, and continue to
grow during the contraction. Eventually, they will become nonlinear. At this stage,
the trajectories will spread out over a large region of phase space.

So the no-boundary condition predicts that the universe is in a smooth and
ordered state at one end of time. But irregularities increase while the universe
expands and contracts again. These irregularities lead to the formation of stars
and galaxies, and hence to the development of intelligent life. This life will have
a subjective sense of time, or psychological arrow, that points in the direction of
increasing disorder.

The one remaining question is why this psychological arrow should agree with
the cosmological arrow. In other words, why do we say the universe is expanding
rather than contracting? The answer to this comes from inflation, combined with
the weak anthropic principle. If the universe had started to contract a few billion
years ago, we would indeed observe it to be contracting. But inflation implies that
the universe should be so near the critical density that it will not stop expanding for
much longer than the present age. By that time, all the stars will have burnt out.
The universe will be a cold dark place, and any life will have died out long before.
Thus the fact that we are around to observe the universe, means that we must be
in the expanding, rather than the contracting phase. This is the explanation why
the psychological arrow agrees with the cosmological arrow.

So far I have been talking about the arrow of time on a macroscopic, fluid
dynamical scale. But the inflationary model depends on the existence of an ar-
row of time on a much smaller, microscopic scale. During the inflationary phase,
practically the entire energy content of the universe is in the single homogeneous
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mode of a scalar field. The amplitude of this mode, changes only slowly with time,
and its energy—-momentum tensor causes the universe to expand in an accelerating,
exponential way. At the end of the inflationary period, the amplitude of the ho-
mogeneous mode begins to oscillate. The idea is that these coherent homogeneous
oscillations of the scalar field cause the creation of short wavelength particles of
other fields, with a roughly thermal spectrum. The universe expands thereafter,
like the hot big bang model.

This inflationary scenario implicitly assumes the existence of a thermodynamic
arrow of time that points in the direction of the expansion. It wouldn’t work if
the arrow of time had been in the opposite direction. Normally, people brush the
assumption of an arrow of time under the carpet. But in this case, one can show
that this microscopic arrow also seems to follow from the no-boundary condition.
One can introduce extra matter fields, coupled to the scalar field. If one expands
them in spherical harmonics, one obtains a set of Schroedinger equations with
oscillating coefficients. The no-boundary condition tells you that the matter fields
start in their ground state. One then finds that the matter fields become excited
when the scalar field begins to oscillate. Presumably, the back reaction will damp
the oscillations of the scalar field, and the universe will go over to a radiation
dominated phase. Thus, the no-boundary proposal seems to explain the arrow of
time on microscopic as well as on macroscopic scales.

I have told you how I came to the wrong conclusion, and what I now think is
the correct result about what the no-boundary condition predicts for the arrow of
time. This was my greatest mistake, or at least my greatest mistake in science. 1
once thought there ought to be a journal of recantations, in which scientists could
admit their mistakes. But it might not have many contributors.
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it is suggested that the apparent cosmological constant is not necessarily zero but that 2erc is by far the most probable
value. One requires some mechanism like a three-index antisymmetric tensor field or topological fluctuations of the metric
which can give rise to an effective cosmological constant of arbitrary magnitude. The action of solutions of the euclidean
field equations is most negative, and the probability is therefore highest, when this effective cosmological constant is very

smait.

The cosmological constant is probably the quantity

in physics that is most accurately measured to be zero:

observations of departures from the Hubble Law for
distant galaxies place an upper limit of the order of

IAlm? < 10712, m

where mp is the Planck mass. On the other hand, one
might expect that the zero point energies of quantum
fluctuations would produce an effective or induced
AmZ % of order one if the quantum fluctuations were
cut off at the Planck mass. Even if this were renorma-
lized exactly to zero, one would still get a change in
the effective A of order p“m; 2 whenever a symmetry
in the theory was spontaneously broken, where u is
the energy at which the symmetry was broken. There
are a large number of symmetries which seem to be
broken in the present epoch of the universe, including
chiral symmetry, electroweak symmetry and possibly,
supersymmetry. Each of these would give a contribu-
tion to A that would exceed the upper limit (1) by

at least forty orders of magnitude.

It is very difficult to believe that the bare value of
Ais fine tuned so that after all the symmetry breakings,
the effective A satisfies the inequality (1). What one
would like to find is some mechanism by which the
effective value of A could relax to zero. Although
there have been a number of attempts to findsucha

0.370-2693/84/$ 03 00 © Elsevier Science Publishers B.V.
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mechanism (see e.g. refs. [1,2]), I think it is fair to
say that no satisfactory scheme has been suggested.
In this paper, [ want to propose instead a very simple
idea: the cosmological constant can have any value
but it is much more probable for it to have a value
very near zero. A preliminary version of this argument
was given in ref. [3].

My proposal requires that a variable effective cos-
mological constant be generated in some manner and
that the path integral includes all, or some range, of
values of this effective cosmological constant. One
possibility would be to include the value of the cos-
mological constant in the variables that are integrated
over in the path integral. A more attractive way would
be to introduce a three-index antisymmetric tensor
field 4 This would have gauge transformations

uvp”
of the form

C

vp) »
The action of the field is F2 where F is the field
strength formed from A:

Fuvpo =VjuA

)

Aﬂ”ﬂ _'A;wp + V{p

€))

vpa) *

Such a field has no dynamics: the field equations
imply that F is a constant multiple of the four-index
antisymmetric tensor €,,,, ,. However, the F2 term
in the action behaves like an effective cosmological
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constant {4]. Its value is not determined by field equa-
tions. Three-index antisymmetric tensor fields arise
naturally in the dimensional reduction of N = 1 super-
gravity in eleven dimensions to V = 8 supergravity in
four dimensions. Other mechanisms that would give
an effective cosmological constant of arbitrary mag-
nitude include topological fluctuations of the metric
[5] and a scalar field ¢ with a potential term V(¢) but
no kinetic term. In this last case, the gravitational field
equations could be satisfied only if ¢ was constant.
The potential V(¢) then acts as an effective cosmolog-
ical constant.

In the path integral formulation of quantum theory,
the amplitude to go from a field configuration ¢, (x)
on the surface ¢ = 1} to a configuration ¢y(x)on ¢ = 1,
is

(93, 12101, 1) = [ dl0] exp(illol), @

where d[¢] is a measure on the space of all field config-
urations ¢(x, r), /[¢] is the action of the field configu-
ration and the integral is over all field configurations
which agree with ¢) and ¢, at = ¢, and ¢ = t, respec-
tively. The integral (4) oscillates and does not converge.
One can improve the situation by making a rotation

to euclidean space by defining a new coordinate 7 = ir.
The transition amplitude then becomes

@2, 72101, 71)= [ d[0] exp(-T[9]), )

where I = —il is the euclidean action which is bounded
below for well behaved field theories in flat space. One
can interpret exp(—/ [¢]) as being proportional to the
probability of the euclidean field configuration ¢(x,
7). One calculates amplitudes like (5) in euclidean
space and then analytically continues them in 7 — 7,
back to real time separations.

One can adopt a similar euclidean approach in the
case of gravity [6,7] . There is a difficulty because the
euclidean gravitational action is not bounded below.
This can be overcome by dividing the space of all posi-
tive definite metrics up into equivalence classes under
conformal transformations. In each equivalence class
one integrates over the conformal factor on a contour
which is parallel to the imaginary axis [8,3]. The
dominant contribution to the path integral comes from
metrics which are near to solutions of the field equa-
tions. Of particular interest are solutions in which the
dynamical matter fields, i.e. the matter fields apart

404

277

PHYSICS LETTERS

26 January 1984

from A, or ¢ are near their ground state values over
a large region. This would be a reasonable approxima-
tion to the universe at the present time. The ground

state of the matter fields plus the contribution of the

Ay, or ¢ fields will generate an effective cosmological
constant A.. If the effective value A, is positive, the
solutions are necessarily compact and their four-vol-
ume is bounded by that of the solution of greatest
symmetry, the four-sphere of radius (3A; ')! 12, The
euclidean action 7 will be negative and will be bound-
ed below by

~3mmlA, . (6)

If A, is negative, the solutions can be either compact
or non-compact [S]. If they are compact, the action
I will be finite and positive. If they are non-compact,
I will be infinite and positive.

The probability of a given field configuration will
be proportional to

exp(-—l~ ). U]

If A, is negative, T will be positive and the probability
will be exponentially small. If A, is positive, the prob-
ability will be of the order of

cxp(31rm12,//\c) . 8

Clearly, the most probable configurations will be those
with very small values of A,. This docs not imply that
the effective cosmological constant will be small every-
where in these configurations. In regions in which the
dynamical fields differ from the ground state values
there can be an apparent cosmological constant as in
the inflationary model of the universe.
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Any reasonable theory of quantum gravity will allow closed universes to branch off from our
nearly flat region of-spacetime. I describe the possible quantum states of these closed universes.
They correspond to wormholes which connect two asymptotically Euclidean regions, or two parts
of the same asymptotically Euclidean region. I calculate the influence of these wormholes on ordi-
nary quantum ficlds at low energies in the asymptotic region. This can be represented by adding
effective interactions in flat spacetime which create or annihilate closed universes containing cer-
tain numbers of particles. The effective interactions are small except for closed universes contain-
ing scalar particles in the spatially homogeneous mode. If these scalar interactions are not re-
duced by sypersymmetry, it may be that any scalar particles we observe would have to be bound
siates of particles of higher spin, such as the pion. An observer in the asymptotically flat region
would not be able to measure the quantum state of closed universes that branched off. He would
therefore have to sum over all possibilities for the closed universes. This would mean that the

15 FEBRUARY 1988

final state would appear to be a mixed quantum state, rather than a pure quantum state.

I. INTRODUCTION

In a reasonable theory of quantum gravity the topolo-
gy of spacetime must be able to be different from that of
flat space. Otherwise, the theory would not be able to
describe closed universes or black holes. Presumably,
the theory should allow all possible spacetime topologies.
In particular, it should allow closed universes to branch
off, or join onto, our asymptotic flat region of spacetime.
Of course, such behavior is not possible with a real, non-
singular, Lorentzian metric. However, we now all know
that quantum gravity has to be formulated in the Eu-
clidean domain. There, it is no problem: it is just a
question of plumbing. Indeed, it is probably necessary
to include all possible topologies for spacetime to get
unitarity.

Topology change is not something that we normally
experience, at least, on a macroscopic scale. However,
one can interpret the formation and subsequent evapora-
tion of a black hole as an example: the particles that fell
into the hole can be thought of as going off into a little
closed universe of their own. An observer in the asymp-
totically flat region could not measure the state of the
closed universe. He would therefore have to sum over
all possible quantum states for the closed universe. This
would mean that the part of the quantum state that was
in the asymptotically flat region would appear to be in a
mixed state, rather than a pure quantum state. Thus,
one would lose quantum coherence. "'

If it is possible for a closed universe the size of a black
hole to branch off, it is also presumably possible for little
Planck-size closed universes to branch off and join on.
The purpose of this paper is to show how one can de-
scribe this process in terms of an effective field theory in
flat spacetime. I introduce effective interactions which
create, or destroy, closed universes containing certain
numbers of particles. I shall show that these effective in-

teractions are small, except for scalar particles. There is
a serious problem with the very large effective interac-
tions of scalar fields with closed universes. It may be
that these interactions can be reduced by supersym-
metry. If not, I think we will have to conclude that any
scalar particles that we observe are bound states of fer-
mions, like the pion. Maybe this is why we have not ob-
served Higgs particles.

I base my treatment on general relativity, even though
general relativity is probably only a low-energy approxi-
mation to some more fundamental quantum theory of
gravity, such as superstrings. For closed universes of the
Planck size, any higher-order corrections induced from
string theory will change the action by a factor ~1. So
the effective field theory based on general relativity
should give answers of the right order of magnitude.

In Sec. II, 1 describe how closed universes or
wormholes can join one asymptotically Euclidean region
to another, or to another part of the same region. Solu-
tions of the Wheeler-DeWitt equation that correspond to
such wormholes are obtained in Sec. III. These solu-
tions can also be interpreted as corresponding to Fried-
mann universes. It is an amusing thought that our
Universe could be just a rather large wormhole in an
asymptotically flat space.

In Sec. IV, I calculate the vertex for the creation or
annihilation of a wormhole containing a certain number
of particles. Section V contains a discussion of the ini-
tial quantum state in the closed-universe Fock space.
There are two main possibilities: e¢ither there are no
closed universes present initially, or there is a coherent
state which is an eigenstate of the creation plus annihila-
tion operators for each species of closed universe. There
will be loss of quantum coherence in the first case, but
not the second. This is described in Sec. VI. The in-
teractions between wormholes and particles of different
spin in asymptotically flat space are discussed in Sec.

©1988 The American Physical Society
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VII. Finally, in Sec. VIII, I conclude that wormholes
will have to be taken into account in any quantum
theory of gravity, including superstrings.

This paper supercedes earlier work of mine>~* on the
loss: of quantum coherence. These papers were incorrect
in associating loss of coherence with simply connected
spaces with nontrivial topology, rather than with
wormbholes.

II. WORMHOLES

What I am aiming to do is to calculate the effect of
closed universes that branch off on the behavior of ordi-
nary, nongravitational particles in asymptotically fiat
space at energies low compared to the Planck mass. The
effect will come from Euclidean metrics which represent
a closed universe branching off from asymptotically flat
space. One would expect that the effect would be
greater, the larger the closed universe. Thus one might
expect the dominant contribution would come from
metrics with the least Euclidean action for a given size
of closed universe. In the R =0 conformal gauge, these
are conformally flat metrics:

ds?=0%x?,
bZ
Q=14—.
(x —xO)Z.

At first sight, this looks like a metric with a singularity
at the point x,. However, the blowing up of the confor-
mal factor near x, means that the space opens out into
another asymptotically flat region, joined to the first
asymptotically flat region by a wormhole of coordinate
radius b and proper radius 2b. The other asymptotic re-
gion can be a separaté asymptotically flat region of the
Universe, or it can be another part of the first asymptot-
ic region. In the latter case, the conformal factor will be
modified slightly by the interaction between the two ends
of the wormhole, or handle to spacetime.® However, the
change will be small when the separation of the two ends
is large compared to 2b, the size of the wormhole. Typi-
cally, b will be of the order of the Planck length, so it
will be a good approximation to neglect the interactions
between wormholes. This conformally flat metric is just
one example of a wormhole, There are, of course, non-
conformally flat closed universes that can join onto
asymptotically fiat space. Their effects will be similar,

J

- 82
— 2 —_— 2. 1/23 72 .
[ mp Gukl 8'Ushkl —mPh R +—;hl ™" ¢0’ —1

where
Gy =3h " Mhyhy +hyhy —hihy) -

The wave function also obeys the momentum constraint
l + Tnl'
¥}

b¢o

—~2im} EE; b0, ~i=— | |Win.d01=0 .

IN SPACETIME 905

but will involve gravitons in the asymptotically flat
space. Since it is difficult to observe gravitons, I shall
concentrate on conformally flat closed universes.

I shall consider a set of matter fields ¢ in the closed
universe. Spin-1 gauge fields are conformally invariant.
In the case of matter fields of spin { and 0, the effect of
any mass will be small for wormholes of the Planck size.
shall therefore take the matter fields ¢ to be conformal-
ly invariant. The effect of mass could be included as a
perturbation.

In order to find the effect of the closed universe or
wormhole on the matter fields ¢ in the asymptotically
flat spaces, one should calculate the Green's functions

(Bl tyy) - -~ $ly, Wiz W(zy) - -+ $(2,))

where y,,...,y, and z,...,z, are points in the two
asymptotic regions (which may be the same region).
This can be done by performing a path integration over
all matter fields ¢ and all metrics g,,, that have one or
two asymptotically flat regions and a handle or
wormhole connecting them. Let S be a three-sphere,
which is a cross section of the closed universe or
wormhole. One can then factorize the path integral into
a part

(O ty,) - oy 9),
which depends on the fields on one side of S, and a part
(Y| dtz)) -+ - dlz,) |0},

which depends on the fields on the other side of S.
Strictly speaking, one can factorize in this way only
when the regions at the two ends of the wormhole are
separate asymptotic regions. However, even when they
are the same region, one can neglect the interaction be-
tween the ends. and factorize the path integral if the ends
are widely separated.

In the above |0) represented the usual particle
scattering vacuum state defined by a path integral over
asymptotically Euclidean metrics and matter fields that
vanish at infinity. |4) represented the quantum state of
the closed universe or wormhole on the surface S. This
can be described by a wave function ¥ which depends
on the induced metric k,; and the values ¢, of the matter
fields on S. The wave function obeys the Wheeler-
DeWitt equation

5¢0 \y[hlj’¢0]=0 ’
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1. WORMHOLE EXCITED STATES

The solutions of the Wheeler-DeWitt equation that correspond to wormholes, that is, closed universes connecting
two asymptotically Euclidean regions, form a Hilbert space 7#,, with the inner product

(0190 = [ dlh,d[$]97¥; .

Let | ¢, ) be a basis for 7#,,. Then one can write the Green’s function in the factorized form

(Plyg) - ¢y )p(z)) - - $(z, 1) =T, {0 $ly,)

CW 9 P [4lzy) -

- ¢(z,)]0) .

What are these wormhole excited states | ¢;)? To find them one would have to solve the full Wheeler-DeWitt and
momentum constraint equations. This is too difficult, but one can get an idea of their nature from mode expansions.’

One can write the three-metric h;; on the surface S as

hu =01a z(au +€U ).

Here 02=2/3mm} is a normalization factor, Q1 is the metric on the unit three-sphere, and ¢ is a perturbation,

which can be expanded in harmonics on the three-sphere:

€y= 3 (6" 2,4, 40,00, +6'2byy, (P +2' 2 (SO

ndm

The Q(x’) are the standard scalar harmonics on the
three-sphere. The P,,(x') are given by (suppressing all
but i, j indices)

Pu— Q|u+ Q0 .

They are traceless, P/=0. The S are defined by
Sy=Si1;+S;1»

where S, are the transverse vector harmonics, S,"=0.
The Gy are the transverse traceless tensor harmonics
G/=G,}/=0. Further details about harmonics and their
normalization can be found in Ref. 7.

Consider a conformally invariant scalar field ¢. One
can describe it in terms of hyperspherical harmonics on
the surface S:

$o=c"'a"'T 1,0, .

The wave function V¥ is then a function of coefficients a,,
b,,c,, d,, and f, and the scale factor a.

One can expand the Wheeler-DeWitt operator to all
orders in @ and to second order in the other coefficients.
In this approximation, the different modes do not in-
teract with each other, but only with the scale factor a.
However, the conformal scalar coefficients f, do not
even interact with a. One can therefore write the wave
function as a sum of products of the form

VY=YW(a,a;,b;,c;,d) [1 ¥.(f)

The part of the Wheeler-DeWitt operator that acts on
¥, is

d?
a‘f’ +n241)f}.

It is therefore natural to take them to be harmonic-
oscillator wave functions

+2V2calm(si¢) 'I'm +2di?lm (Gg 'llm nlm(Gij )lm] .

¢nm =

w22 (m 1)

where B*'=(n241) and H, are Hermite polynomials.
The wave functions ¢,, can then be interpreted as cor-
responding to the closed universe containing m scalar
particles in the nth harmonic mode.

The treatment for spin-} and -1 fields is similar. The
appropriate data for the fields on S can be expanded in
harmonics on the three-sphere. The main difference is
that the lowest harmonic is not the # =0 homogeneous
mode, as in the scalar case, but has n=1 or 1. Again,
the coefficients -of the harmonics appear m the Wheeler-
DeWitt equation to second order only as fermionic® or
bosonic harmonic oscillators, with a frequency indepen-
dent of a. One can therefore take the wave functions to
be fermion or boson harmonic-oscillator wave functions
in the coefficients of the harmonics. They can then be
interpreted as corresponding to definite numbers of par-
ticles in each mode.

In the gravitational part of the wave function, ¥, the
coefficients a,, b,, and ¢, reflect gauge degrees of free-
dom. They can be made zero by a diffeomorphism of §
and suitable lapse and shift functions. The coefficients
d, correspond to gravitational wave excitations of the
closed universe. However, gravitons are very difficult to
observe. I shall therefore take these modes to be in their
ground state.

The scale factor a appears in the Wheeler-DeWitt
equation as the operator

iz_ —a?.

da’

I shall assume that the zero-point energies of each mode
are either subtracted or canceled by fermions in a super-
symmetric theory. The total wave function ¥ will then
satisfy the Wheeler-DeWitt equation if the gravitational
part ¥, is a harmonic-oscillator wave function in a with

2 1/4
s l e "1 H, 81,0
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unit frequency and level equal to the sum E of the ener-
gies of the matter-field harmonic oscillators.

The wave function ¥, will oscillate for a <7y
=(2E)!2, In this region one can use the WKB approxi-
mation”!© to relate it to a Lorentzian solution of the
classical field equations. This solution will be a k =+1
Friedmann model filled with cohformally invariant
matter. The maximum radius of the Friedmann model
will be @ =r,. For a > ry, the wave function will be ex-
ponential. Thus, in this region it will correspond to a
Euclidean metric. This will be the wormhole metric de-
scribed in Sec. II, with b=1/20r,. These excited state
solutions were first found in Ref. 11, but their
significance as wormholes was not realized. Notice that
the wave function is exponentially damped at large a,

whereas the cosmological wave functions described in
Refs. 7, 9, and 10 tend to grow exponentially at large a.
The difference here is that one is looking at the closed
universe from an asymptotically Euclidean region, in-
stead of from a compact Euclidean space, as in the
cosmological case. This changes the sign of the trace K
surface term in the gravitational action.

IV, THE WORMHOLE VERTEX

One now wants to caiculate the matrix element of the
product of the values of ¢ at the points y,,y,, . . .,», be-
tween the ordinary, flat-space vacuum (0| and the
closed-universe state | ). This is given by the path in-
tegral

(01¢(ry) -~ $y,) [ 9 = [ dlhy1d[$61¥1hy. 80} [ dlg,. 1d[818(y,) - - iy, )e 11041 .

The gravitational field is required to be asymptotically
flat at infinity, and to have a three-sphere S with induced
metric h;; as its inner boundary. The scalar field ¢ is re-
quired to be zero at infinity, and to have the value ¢, on
S.
In general, the positions of the points y; cannot be
specified in a gauge-invariant manner. However, 1 shall
be concerned only with the effects of the wormholes on
low-energy particle physics. In this case the separation
of the points y; can be taken to be large compared to the
Planck length, and they can be taken to lic in flat Eu-
clidean space. Their positions can then be specified up
to an overall translation and rotation of Buclidean space.

Consider first a wormhole state | ) in which only the
n =0 homogeneous scalar mode is excited above its
ground state. The integral over the wave function ¥ of
the wormhole can then be replaced in the above by

[ dadfo¥siaton(fo) -

The path integral will then be over asymptotically Eu-
clidean metrics whose inner boundary is a three-sphere §
of radius @ and scalar fields with the constant value f,
on S. The saddle point for the path integral will be flat
Buclidean space outside a three-sphere of radius a cen-
tered on a point x; and the scalar field

agf,
T (x —xo)?

(the energy-momentum tensor of this scalar field is zero).
The action of this saddle point will be (a4 f %)/2. The
determinant A of the small fluctuations about the saddle
point will be independent of f,. Its precise form will
not be important.

The integral over the coefficient f of the n =0 scalar
harmonic will contain a factor of
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[ dfotie B, (fo).

This will be zero when m, the number of particles in the
mode n =0, is greater than r, the number of points y, in
the correlation function. This is what one would expect,
because each particle in the closed universe must be
created or annihilated at a point y, in the asymptotically
flat region. If r>m, particles may be created at one
point y; and annihilated at another point y, without go-
ing into the closed universe. However, such matrix ele-
ments are just products of flat-space propagators with
matrix elements with r =m. It is sufficient therefore to
consider only the case with r =m.
The integral over the radius g will contain a factor

[ daame-""Hg(a)Ala),

where E =m is the level number of the radial harmonic
oscillator. For small m, the dominant contribution will
come from g ~ 1, that is, wormholes of the Planck size.
The value C(m) of this integral will be ~1.

The matrix element will then be

o
D(m)I] Gr—xal
where D (m) is another factor ~1. One now has to in-
tegrate over the position x, of the wormhole, with a
measure of the form m3dx$, and over an orthogonal ma-
trix O which specifies its orientation with respect to the
points y,. The n =0 mode is invariant under O, so this
second integral will have no effect, but the integral over
xo will ensure the energy and momentum are conserved
in the asymptotically flat region. This is what one would
expect, because the Wheeler-DeWitt and momentum
constraint equations imply that a closed universe has no
energy or momentum.

The matrix clement will be the same as if one was in
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flat space with an effective interaction of the form
F(m)mg="¢™(Com+Cdm) »

where F(m) is another coefficient ~1 and ¢, and cg,,,
are the annihilation and creation operators for a closed
universe comntaining m scalar particles in the n=0
homogeneous mode.

In a similar way, one can calculate the matrix ele-
ments of products of ¢ between the vacuum and a
closed-universe state containing m particles in the n =0
mode, m, particles in the n =1 mode, and so on. The
energy-momentum tensor of scalar fields with higher
harmonic angular dependence will not be zero. This will
mean that the saddle-point metric in the path integral
for the matrix element will not be flat space, but will be
curved near the surface S. In fact, for large particle
numbers, the saddle-point metric will be the conformally
flat wormhole metrics described in Sec. II. However, the
saddle-point scalar fields will have a Q, angular depen-
dence and a 0" +!/(x —x,)"*? radial dependence in the
asymptotic flat region. This radial decrease is so fast
that the closed universes with higher excited harmonics
will not give significant matrix elements, except for that
containing two particles in the n =1 modes. By the con-
straint equations, or, equivalently, by averaging over the
orientation O of the wormhole, the matrix element will
be zero unless the two particles are in a state that is in-
variant under 0. The matrix element for such a universe
will be the same as that produced by an effective interac-
tion of the form

VéVdic,,+cly)

with a coefficient ~1.

In a similar way one can calculate the matrix elements
for universes containing particles of spin 1 or higher.
Again, the constraint equations or averaging over O
mean that the matrix element is nonzero only for
closed-universe states that are invariant under O. This
means that the corresponding effective interactions will
be Lorentz invariant. In particular, they will contain
even numbers of spinor fields. Thus, fermion number
will be conserved mod 2: the closed universes are bo-
sons.

The matrix clements for universes containing spin-}
particles will be equivalent to effective interactions of the
form

mp=3mymd tc.c.

where Y™ denotes some Lorentz-invariant combination
of m spinor fields ¥ or their adjoints ¥, and d,, is the an-
nihilation operator for a closed universe containing m
spin- particles in n =1 modes. One can neglect the
effect of closed universes with spin-1 particles in higher
modes.

In the case of spin-1 gauge particles, the effective in-
teraction would be of the form

mi= M (F,, ™(g, +g})]

where g, is the annihilation operator for a closed

universe containing m spin-1 particles in # =1 modes,
As before, the higher modes can be neglected.

V. THE WORMHOLE INITIAL STATE

What I have done is introduce a new Fock space ¥,
for closed universes, which is based on the one
wormhole Hilbert space 7f,,. The creation and annihila-

‘tion operators ¢,,, €, etc., act on ¥, and obey the
commutation relations for bosons. The full Hilbert
space of the theory, as far as asymptotically flat space is
concerned, is isomorphic to 7,®F,, where ¥, is the
usual flat-space particle Fock space.

The distinction between annihilation and creation
operators is a subtle one because the closed universe
does not live in the same time as the asymptotically flat
region. If both ends of the wormhole are in the same
asymptotic region, one can say that a closed universe is
created at one point and is annihilated at another. How-
ever, if a closed universe branches off from our asymp-
totically flat region, and does not join back on, one
would be free to say either (1) it was present in the initial
state and was annihilated at the junction point x,, (2) it
was not present initially, but was created at x, and is
present in the final state, or (3) as Sidney Coleman
(private communication) has suggested, one might have
a coherent state of closed universes in both the initial
and final states, in such a way that they were both eigen-
states of the annihilation plus creation operators
Cum +c:m, ete., with some eigenvalue g.

In this last case, the closed-universe sector of the state
would remain unchanged and there would be no loss of

- quantum coherence. However, the initial state would

contain an infinite number of closed universes. Such
eigenstates would not form a basis for the Fock space of
closed universes.

Instead, I shall argue that one should adopt the
second possibility: there are no closed universes in the
initial state, but closed universes can be created and ap-
pear in the final state. If one takes a path-integral ap-
proach, the most natural quantum state for the Universe
is the so-called “ground” state, or, “no boundary" state.?
This is the state defined by a path integral over all com-
pact metrics without boundary. Calculations based on
minisuperspace models’~!" indicate that this choice of
state leads to a universe like we observe, with large re-
gions that appear nearly flat. One can then formulate
particle scattering questions in the following way: one
asks for the conditional probability that one observes
certain particles on a nearly flat surface S, given that
the region is nearly asymptotically Euclidean and is in
the quantum state defined by conditions on the surfaces
S| and S, to either side of S,, and at great distance
from it in the positive and negative Euclidean-time
directions, respectively. One then analytically continues
the position of S, to late real time. It then measures the
final state in the nearly flat region. One continues the
positions of both S| and S, to early real time. One gives
the time coordinate of S, a small positive imaginary
part, and the time coordinate of S; a small negative
imaginary part. The initial state is then defined by data
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on the surfaces §, and §;.

If one adopts the formulation of particle scattering in
terms of conditional probabilities; one would impose the
conditions on the surfaces §; and S; in the nearly flat
region. However, one would not impose conditions on
any closed universes that branched off or joined on be-
tween S, and S;, because one could not observe them.
Thus, the initial or conditional state would not contain
any closed universes. A closed universe that branched
off between S| and §, (or between S, and §;) would be
regarded as having been created. If it joined up again
between S, and S; (S, and S, respectively), it would be
regarded as having been annihilated again. Otherwise, it
would be regarded as part of the final state. An observer
in the nearly flat region would be able to measure only
the part of the final state on S, and not the state of the
closed universe. He would therefore have to sum over
all possibilities for the closed universes. This summation
would mean that the part of the final state that he could
observe would appear to be in a mixed state rather than
in a pure quantum state.

V1. THE LOSS OF QUANTUM COHERENCE

Let |a;) be a basis for the flat-space Fock space ¥,
and |B)] be a basis for the wormhole Fock space ¥,.
In case (2) above, in which there are no wormholes ini-
tially, the initial, or conditional, state can be written as
the state

Ma))|0)y,,

where |0), is the zero closed-universe state in F,.
The final state can be written as

p"ia:)lﬂﬂ-

However, an observer in the nearly flat region can mea-
sure only the states |a@;) on S,, and not the closed-
universe states |B;). He would therefore have to sum
over all possible states for the closed universes. This
would give a mixed state in the F, Fock space with den-
sity matrix

Pe=n"ly -

The matrix p™* will be Hermitian and positive
semidefinite, if the final state is normalized in ¥

tl‘p=[juﬁu =1,

These are the properties required for it to be interpreted
as the density matrix of a mixed quantum state. A mea-
sure of the loss quantum coherence is

1~te(p?) =1~ iy -

This will be zero if the final state is a pure quantum
state. Another measure is the entropy which can be
defined as

—tr(plnp) .

This again will be zero for a pure quantum state.
If case (3) above is realized, the initial closed-universe

state is not the no-wormhole state | 0 ),,, but a coherent
state | g),, such that

(Cam +cntm Vg )w =qum |9 >w .

The effective interactions would leave the closed-
universe sector in the same coherent state. Thus the
final state would be the product of some state in F, with
the coherent state |g),. There would be no loss of
quantum coherence, but one would have effective ¢™ and
other interactions whose coefficients would' depend on
the eigenvalues g,,, etc. It would scem that these could
have any value.

VII. WORMHOLE EFFECTIVE INTERACTIONS

There will be no significant interaction between
wormholes, unless they are within a Planck length of
each other. Thus, the creation and annihilation opera-
tors for wormholes are practically independent of the
positions in the asymptotically flat region. This means
that the effective propagator of a wormhole excited state
is 8%p). Using the propagator one can calculate Feyn-
man diagrams that include wormholes, in the usual
manner.

The interactions of wormholes with m scalar particles
in the n =0 mode are alarmingly large. The m =1 case
would be a disaster; it would give the scalar field a prop-
agator that was independent of position because a scalar
particle could go into a wormhole whose other end was
at a great distance in the asymptotically flat region.
Suppose, however, that the scalar field were coupled to a
Yang-Mills field. One would have to average over all
orientations of the gauge group for the closed universe.
This would make the matrix clement zero, except for
closed-universe states that were Yang-Mills singlets. In
particular, the matrix element would be zero for m =1.
A special case is the gauge group Z,. Such fields are
known as twisted scalars. They can reverse sign on go-
ing round a closed loop. They will have zero matrix ele-
ments for m odd because one will have to sum over both
signs.

Consider now the matrix element for the scalar field,
and its complex conjugate, between the vacuum and a
closed universe containing a scalar particle and antipar-
ticle in the n =0 mode. This will be nonzero, because a
particle-antiparticle state contains a Yang-Mills singlet.
It would give an effective interaction of the form

m} tf(¢$)(00“ +C$n ),

where cqy; is the annihilation operator for a closed
universe with one scalar particle and one antiparticle in
the n =0 mode. This again would be a disaster; with
two of these vertices one could make a closed loop con-
sisting of a closed universe [propagator, §*(p)] and a sca-
lar particle (propagator, 1/p%. This closed loop would
be infrared divergent. One could cut off the divergence
by giving the scalar particle a mass, but the effective
mass would be the Planck mass. One might be able to
remove this mass by renormalization, but the creation of
closed universes would mean that a scalar particle would
lose quantum coherence within a Planck length. The
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m =4 matrix element will give a large ¢* effective ver-
tex.

There seems to be four possibilities in connection with
wormholes containing only scalar particles in the n =0
mode.

(1) They may be reduced or cancéled in a supersym-
metric theory.

(2) The scalar field may be absorbed as a conformal
factor in the metric. This could happen, however, only
for one scalar field that was a Yang-Mills singlet.

(3) It may be that any scalar particle that we observe
is a bound state of particles of higher spin, such as the
pion.

(4) The universe may be in a coherent state |g),, as
described above. However, one would then have the
problem of why the eigenvalues g should be small or
zero. This is similar to the problem of why the @ angle
should be s0 small, but there are now an infinite number
of eigenvalues.

In the case of particles of spin 1, the exclusion princi-
ple limits the occupation numbers of each mode to zero
or 1, Averaging over the orientation O of the wormhole
will mean that the lowest-order interaction will be for a
wormhole containing one fermion and one antifermion.
This would give an effective interaction of the form

mpifidy +dl)),

where d,, is the annihilation operator for a closed
universe containing a fermion and an antifermion in

=4 modes. This would give the fermion a mass of the
order of the Planck mass. However, if the fermion were
chiral, this interaction would cancel out under averaging
over orientation and gauge groups. This is because there
is no two-chiral-fermion state that is a singlet under both
groups. This suggests that supersymmetry might ensure
the cancellation of the dangerous interactions with
wormholes containing scalar particle in the n =0 mode.
Conformally flat wormholes, such as those considered in
this paper, should not break supersymmetry.

For chiral fermions, the lowest-order effective interac-
tion will be of the four-Fermi form

mp ey Py ) d i +d )

where d,, is the annihilation operator for a wormhole
containing a fermion and an antifermion each of species
1 and 2. This would lead to baryon decay, but with a
lifetime ~10% yr. There will also be Yukawa-type
effective interactions produced by closed universes con-
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taining one scalar particle, one fermion, and one antifer-
mion.

VIII. CONCLUSION

It would be tempting to dismiss the idea of wormholes
by saying that they are based on general relativity, and
we now all know that string theory is the ultimate
ttheory of quantum gravity. However, string theory, or
any other theory of quantum gravity, must reduce to
general relativity on scales large compared to the Planck
length. Even at the Planck length, the differences from
general relativity should be only ~1. In particular, the
ultimate theory of quantum gravity should reproduce
classical black holes and black-hole evaporation. It is
difficult to see how one could describe the formation and
evaporation of a black hole except as the branching off
of a closed universe. I would therefore claim that any
reasonable theory of quantum gravity, whether it is su-
pergravity, or superstrings, should allow little closed
universes to branch off from our nearly flat region of
spacetime.

The effect of these closed universes on ordinary parti-
cle physics can be described by effective interactions
which create or destroy closed universes. The effective
interactions are small, apart from those involving scalar
fields. The scalar field interactions may cancel because
of supersymmetry. Or, any scalar particles that we ob-
serve may be bound states of particles of higher spin.
Near a wormhole of the Planck size, such a bound state
would behave like the higher-spin particles of which it
was made. A third possibility is that the universe is in a
coherent |g}, state. I do not like this possibility be-
cause it does not seem to agree with the “no boundary”
proposal for the quantum state of the Universe. There
also would not seem to be any way to specify the eigen-
values g. Yet the values of the eigenvalues for large par-
ticle numbers cannot be zero if these interactions are to
reproduce the results of semiclassical calculations on the
formation and evaporation of macroscopic black holes.

The effects of little closed universes on ordinary parti-
cle physics may be small, apart, possibly, for scalar par-
ticles. Nevertheless, it raises an important matter of
principle. Because there is no way in which we could
measure the quantum state of closed universes that
branch off from our nearly flat region, one has to sum
over all possible states for such universes. This means
that the part of the final state that we can measure will
appear to be in a mixed quantum state, rather than a
pure state. I think even Gross'? will agree with that.
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This paper examines the claim that the wormhole effects that cause the cosmological constant
to be zero, also fix the values of all the other effective coupling constants. It is shown that the
assumption that wormholes can be replaced by effective interactions is valid in perturbation
theory, but it leads to a path integral that does not converge. Even if one ignores this difficulty,
the probability measure on the space of effective coupling constants diverges. This does not affect
the conclusion that the cosmological constant should be zero. However, to find the probability
distribution for other coupling constants, one has to introduce a cutoff in the probability
distribution. The results depend very much on the cutoff used. For one choice of cutoff at least,
the coupling constants do not have unique values, but have a gaussian probability distribution.

1. Introduction

The aim of this paper is to discuss whether wormholes introduce an extra degree
of uncertainty into physics, over and above that normally associated with quantum
mechanics [1,2). Or whether, as Coleman [3] and Preskill [4] have suggested, the
uncertainty is removed by the same mechanism that makes the cosmological
constant zero.

Wormbholes [5-7] are four-dimensional positive-definite (or euclidean) metrics
that consist of narrow throats joining large, nearly flat regions of space-time. One of
the original motivations for studying them was to provide a complete quantum
treatment of gravitational collapse and black-hole evaporation. If one accepts the
“no boundary” proposal [8] for the quantum state of the universe, the class of
positive-definite metrics in the path integral, can not have any singularities or edges.
There thus has to be somewhere for the particles that fell into the hole, and the
antiparticles to the emitted particles, to go to. (In general, these two sets of particles
will be different, and so they can not just annihilate with each other.) A wormhole
leading off to another region of space-time, would seem to be the most reasonable
possibility [5]. If this is indeed the case, one would not be able to measure the part
of the quantum state that went down the wormhole. Thus there would be loss of
quantum coherence, and the final quantum state in our region of the universe would

0550-3213,/90,/503.50 © Elsevier Science Publishers B.V.
(North-Holland)
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be a mixed state, rather than a pure quantum state. This would represent an extra
degree of uncertainty that was introduced into physics by quantum gravity, over and
above the uncertainty normally associated with quantum theory. The entropy of the
density matrix of the final state would be a measure of this extra degree of
uncertainty.

If macroscopic wormholes occur in the formation and evaporation of black holes,
one would expect that there would also be a whole spectrum of wormholes down to
the Planck size, and maybe beyond. One might expect that such very small
wormholes would be branching off from our region of space-time all the time. So
how is it that quantum coherence seems to be conserved in normal situations? The
answer [9,10] seems to be that for microscopic wormholes, the extra degree of
uncertainty can be absorbed into an uncertainty about the values of physical
coupling constants. The argument goes as follows:

Step 1. Because Planck-size wormholes are much smaller than the scales on
which we can observe, one would not see wormholes as such. Instead, they would
appear as point interactions, in which a number of particles appeared or disap-
peared from our region of the universe. Energy, momentum, and gauge charges
would be conserved in these interactions, so they could be represented, at least in
perturbation theory, by the addition of gauge invariant effective interaction terms
0.(¢) to the lagrangian, where ¢ are the low-energy effective fields in the large
regions [5, 6]. It is implicitly assumed that there is a discrete spectrum of wormhole
states labelled by the index i. This will be discussed in another paper [11].

Step 2. The strengths of the effective interactions will depend on the amplitudes
for the wormbholes to join on. This in turn will depend on what is at the other end of
the wormbholes. In the dilute wormhole approximation, each wormhole is assumed to
connect two large regions, and the amplitudes are assumed to depend only on the
vertex functions 6, at each end. Thus the effect of wormholes smaller than the scale
on which we can observe, can be represented by a bi-local effective addition to the
action [10]:

- 1L [atx 5(x) 8,(x) [a% [g(») 6,(»).

The position independent matrix A"/ can be set to the unit matrix by a choice of the
basis of wormhole state and normalization of the vertex functions 8,. The question
of the sign of the bi-local action will be discussed later.

Step 3. The bi-local action can be transformed into a sum of local additions to
the action by using the identity [10]

exo [ 5T 0(x) [ty 57 00»)]
= (w)—l/zfdaexp[— %az]exp{—afd‘x‘/g(_xjﬂ(x)].
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This means that the path integral

2= [alslews| - [atx VL [exp] - 1 [at< 5 0.(x) [aty BT 6.0)]
becomes
Z= fd“ip(“i)z(“i) ’

where

P(a) = exp[ -1 Tasa,].
Z(«;) =fd[¢]exp[—fd‘x‘/§(L+ za,oj)].

This can be interpreted as dividing the quantum state of the universe into
noninteracting super selection sectors labelled by the parameters «,. In each sector,
the effective lagrangian is the ordinary lagrangian L, plus an a dependent term,
I a,8,. The different sectors are weighted by the probability distribution P(«). Thus
the effective interactions 6, do not have unique values of their couplings. Rather,
there is a spread of possible couplings «;. This smearing of the physical coupling
constants is the reflection for Planck-scale wormholes of the extra degree of
uncertainty introduced by black-hole evaporation. It means that even if the underly-
ing theory is superstrings, the effective theory of quantum gravity will appear to be
unrenormalizable, with an infinite number of coupling constants that can not be
predicted, but have to be fixed by observation [2].

Coleman [3] however has suggested that the probability distributions for the
coupling constants are entirely concentrated at certain definite values, that could, in
principle, be calculated. The argument is based on a proposal for explaining the
vanishing of the cosmological constant [12], and goes as follows:

Step 4. The probability distribution P(a) for the a parameters should be
modified by the factor Z(a) which is given by the path integral over all low energy
fields ¢ with the effective interactions ¥ «,0;.

Step 5. The path integral for Z(a) does not converge, because the Einstein—
Hilbert action is not bounded below. However, one might hope that an estimate for
Z(a) could be obtained from the saddle point in the path integral, that is, from
solutions of the euclidean field equations. If one takes the gravitational action to be

fd4x¢g(A(a) ~ ﬁ(‘ﬁR +O(RY)],

the saddle point will be a sphere of radius {/3/87GA and action —3/ 8G*(a)A(a).
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If one just took a single sphere, Z(a) would be exp(3/8G?A). However, Coleman
argues that there can be many such spheres connected by wormholes. Thus

2(e) oo 535

Either the single or the double exponentials blow up so rapidly, as A approaches
zero from above, that the probability distribution will be concentrated entirely at
those a for which A =0 [3,12].

Step 6. The argument to fix the other effective couplings takes at least two
alternative forms:
(i) Coleman’s original proposal [3] was that the effective action for a single sphere
should be expanded in a power series in A. The leading term will be —3/8GA, but
there will be higher-order corrections arising from the higher powers of the curva-
ture in the effective action:

3
I'= —m+f(a)+Ag(a)+...,

where & are the directions in the a parameter space orthogonal to the direction in
which A(a) varies. The higher-order corrections to I' would not make much
difference if Z(a)=e~'. But if

Z(a) = exp(exp(-T)),
then

8Z(a) B

.
Z(a) e "8I,

The factor, eI, will be very large for A small and positive. Thus a small correction

to I' will have a big effect on the probability. This would cause the probability
distribution to be concentrated entirely at the minimum of the coefficient, f(&), in
the power series expansion of I (always assuming that f has a minimum).
Similarly, one would expect the probability distribution to be concentrated entirely
at the minimum of the minimum of the higher coefficients in the power series
expansion. This would lead to an infinite number of conditions on the a parame-
ters. It is hoped that these would cause the probability distribution to be concen-
trated entirely at a single value of the effective couplings, «a.

(ii) An alternative mechanism for fixing the effective couplings has been suggested
by Preskill [4]. If the dominant term in I" is —3/G?A, one might expect that the
probability distribution would be concentrated entirely at G(a) =0, as well as at
A(a) = 0. However, we know that G(a) # 0, because we observe gravity. So there
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must be some minimum value of G(a). One would expect that the probability
distribution would be concentrated entirely at this minimum value, and one would
hope that the minimum would occur at a single value of the effective couplings, a.

This paper will examine the validity of the above steps. Steps 1 and 2 are usually
assumed without any supporting calculations. However, an explicit calculation is
given in sect. 2, for the case of a scalar field. This confirms that wormholes can
indeed be replaced by a bi-local action, at least for the calculation of low-energy
Green functions in perturbation theory. The sign of the bi-local action is that
required for the use of the identity in step 3. However, the sign also means that the
path integral does not converge, even in the case of a scalar field on a background
geometry. Thus the procedure of using the effective actions to calculate a back-
ground geometry for each set of a parameters, is suspect. However, if one is
prepared to accept it, one would indeed expect that I' would diverge on a
hypersurface in a space, on which A =0. Thus the cosmological constant will be
zero, without any uncertainty. However, to calculate the probability distributions of
the other effective coupling constants, one has to introduce a cutoff for the
divergent probability measure. Different cutoffs will give different answers. Indeed,
a natural cutoff will just give the probability distribution P(e) for all effective
couplings except the cosmological constant. Thus one can not conclude that the
effective couplings will be given unique values by wormbholes.

2. The bi-local action

In this section, it will be shown that scalar field Green functions on a class of
wormhole backgrounds can be calculated approximately from a bi-local addition to
the scalar field action in flat space. In particular, the sign of the bi-local action will
be obtained. The wormhole backgrounds will be taken to be hyperspherically
symmetric, like all the specific examples considered so far. This means that they are
conformally flat. For definiteness, the conformal factor will be taken to be

pr |\’
ds?= {14 ———| dx2.
(x = xo)?
0

This is the wormhole solution for a conformally scalar field [13], or a Yang—Mills
field [14). In the case of a minimally coupled scalar {7], the conformal factor will
have the same asymptotic form at infinity, and near x,, the infinity in the other
asymptotically euclidean region. The conformal factors will differ slightly in the
region of the throat, but this will just make the bi-local action slightly different.
The metric given above appears to be singular at the point x,. However, one can
see that this is really infinity in another asymptotically euclidean region, by
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introducing new coordinates that are asymptotically euclidean in the other region

. O(x*—xb)

(x —x0)2

1 4

+y0a

where O, is an orthogonal matrix. In order to study low-energy physics in the
asymptotically euclidean regions, one needs to know the Green functions for points
X1 X3,... and y;, y,,... in the two regions, far from the throat. Consider the Green
function for a point x in one asymptotic region, and a point y in the other. Since
the wormhole metric given above has R = 0, the conformally and minimally coupled
scalar fields will have the same Green functions. One can therefore calculate the
Green function using conformal invariance as

G(x,y) = szu)"(—i_l—x);sz(x)",

where % is the image of the point y under the transformation above. For x and y
far from the wormhole ends, x4 and y,,

b!

Q2(x) =1, Q(E)zm.

Thus
b2
(x=x0)(y=»)"

G(x,y)=
This is what one would have obtained from a bi-local interaction of the form

- ]z"fd4xo b¢(xo)/d4YO bo(yo)-

Note that the bi-local action has a negative sign. This is because the Green functions
are positive.

Now consider two points x,,x, and y,, y, in each asymptotic region. The

four-point function will contain a term, G(x,, y,)G(x,, y,), which will be given
approximately by the bi-local action

4 [d*xo %% (xo) [y, 5°6*(30)

In general, Green functions involving n-points in each asymptotic region will be
given by bi-local actions with vertex functions #(x) of the form, b"¢"(x). If one
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takes gravitational interactions into account, one would expect that the bi-local
action would be multiplied by a factor e ", where I, @ n/G is the action for a
wormhole containing n scalar particles.

One can also consider higher-order corrections to the Green functions on a
wormhole background which arise because the image, X, of the point, y, is not
exactly at x,. These will be reproduced by bi-local actions involving vertex func-
tions containing derivatives of the scalar field. Only those vertex functions that are
scalar combinations of derivatives will survive averaging over the orthogonal matrix
O, which specifies the rotation of one asymptotically euclidean region with respect
to the other. Thus the vertex terms and the effective action will be Lorentz invariant.
It seems that any scalar polynomial in the scalar field and its covariant derivatives
can occur as a vertex function.

Earlier this year, B. Grinstein and J. Maharana [15] performed a similar calcula-
tion. '

3. Convergence of the path integral

The bi-local action has a negative sign, so it appears in the path integral as a
positive exponential. This is what is required in order to introduce the a parameters
using the identity in step 3. If the bi-local action had the opposite sign, the integral
over the a parameters would be | dae*®'/2, which would not converge. On the
other hand, because the bi-local action is negative, the path integral will not
converge. This is true even in the case of the path integral over a scalar field on a
non-dynamic wormhole background. There will be vertex functions of the form ¢"
for each n. In the case of even n, the integral {d*y¢”"(y) will be positive. This
means that — [d*x ¢"(x), the other part of the bi-local action, will give ¢ an
effective potential that is unbounded below. Thus the path integral over ¢, with the
bi-local effective action, will not converge. This does not mean that scalar field
theory on non-dynamical wormhole backgrounds is not well defined. What it does
mean is that a bi-local action gives a reasonable approximation to the effect of
wormholes on low-energy Green functions, in perturbation theory. But one should
not take the bi-local action too literally. One can see this if one considers introduc-
ing the a parameters. One will then get a scalar potential which is a polynomial in
¢, with a-dependent coefficients. For certain values of the a, there will be metastable
states, and decay of the false vacuum. But these obviously have no physical reality.
The moral therefore is that one can use a bi-local action to represent the effect of
wormholes in perturbation theory. But one should be wary of using the bi-local
action to calculate non-perturbative effects, like vacuum states.

This is even more true of the effective gravitational interactions of wormholes. It
is not clear whether there is a direct contribution of wormholes to the cosmological
constant, i.e. whether any of the vertex functions contain a constant term. This
would show up only in the pure trace contribution to linearized gravitational Green
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functions in the presence of a wormhole. So far, these have not been calculated.
However, even if there is no direct wormhole contribution to the cosmological
constant, there will be indirect contributions arising from loops involving other
effective interactions. These will be cut off on the scale of the wormholes, that is, on
the scale on which the wormholes no longer appear to join on at a single point. In a
similar manner, there does not seem to be a wormhole that makes a direct
contribution to the Einstein lagrangian, R, and hence to Newton’s constant. By
analogy with the case of wormholes with electromagnetic and fermion fields, one
would expect that such a wormhole would have to contain just a single graviton.
However, its effect would average to zero under rotations of the wormhole,
described by the matrix O. However, there will again be indirect contributions to
1/G from loops involving other effective interactions.

There are convergence problems with gravitational path integrals, even in the
absence of wormholes. The Einstein-Hilbert action — [d*x\/g(R/167G — A) is
not bounded below, because conformal transformations of the metric can make the
action arbitrarily negative. Still, one might hope that the dominant contribution to
the path integral would come from metrics that were saddle points of the action,
that is they were solutions of the euclidean field equations. The spherical metric
given in sect. 1 has the lowest action of any solution of the euclidean field equations
with a given value of A. One might therefore expect that

3
I'=-%=
The problem of the convergence of the path integral is much worse however, if
one replaces wormholes with a bi-local action. If there were a direct wormhole
contribution to the effective cosmological constant, the path integral would contain
a factor e¥’, where V is the volume of space-time. If the constant C were negative,
the integral over a would not converge. But if C were positive, the path integral
would diverge. Even rotating the contour of the conformal factor to the imaginary
axis would not help, because in four dimensions it would leave the volume real and
positive. One might still hope that the saddle point of the effective action would give
an estimate of the path integral. However, the bi-local action would give rise to an
effective cosmological constant of value —2CV. Unless this were balanced by a very
large positive cosmological constant of non-wormhole origin, the action of any
compact solution of the euclidean field equations would be positive. So it would be
suppressed, rather than enhanced, as in the case of the sphere. Even if there were a
large positive non-wormhole cosmological constant, it would not give a solution of
infinite volume, with zero effective cosmological constant. One might still use the «
identity, replace the bi-local action with a weighted sum over path integrals with an
a-dependent cosmological constant. But if gravitational path integrals can be made
sense of only by taking the saddle point, one should presumably also take the saddle
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point in the integral over a. In the case of a single exponential, this would give

3/C
o+ 3 =0,
8G*(Ay+aVC)

and in the case of a double exponential

. 3/C
a  8G*(Ay+a/C)

: =0,

where A, is the non-wormhole contribution to the cosmological constant. In either
case, the effective cosmological constant at the saddle point will be of the order
of Ag.

4. The divergence of the probability measure

Suppose, as one often does, one ignores problems about the convergence of the
path integral. Then, as described in sect. 1, there will be a probability measure on
the space of the a parameters

#(a) = P(a)Z(a),
where P(a) = exp[L ~ 1a,a,] and Z(a) = exp[—I'(a)] or expexp] — I'(a)]}. If

3

I~ = 6% a)Ata)

and G?A vanishes on some surface K in « space, the measure u(a) will diverge.
That is to say, the total measure of a space will be infinite.

The total measure of the part of « space for which G?A > ¢ > 0 may well be finite.
In this case, one could say that

GA =0,
with probability one. Since we observe that G # 0, one could deduce that

A=0.
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However, with such a badly divergent probability measure, this is about the only
conclusion one could draw. To go further, and to try to argue as in sect. 1, that the
probability measure is concentrated entirely at a certain point in « space, one has to
introduce some cutoff in the probability measure. One then takes the limit as the
cutoff is removed. The trouble is, different ways of cutting off the probability
measure will give different results. And it hard to see why one cut-off procedure
should be preferred to another.

One can cut off the probability measure by introducing a function F on a, which
is zero on the surface K where 1/I" =0, and which is positive for small negative
1/I’. One then cuts the region 0 < F<e out of a space. One would expect the
probability measure on the rest of a space to be finite, and therefore to give a
well-defined probability distribution for the effective coupling constants. If Z(a) is
given by a double exponential, the probability distribution will be highly concen-
trated near the minimum of I' on the surface, F=¢. Thus, in the limit ¢ tends to
zero, the probability would be concentrated entirely at a single point of a space. But
the point will depend on the choice of the function F, and different choices will give
different results. For example, Coleman’s procedure [3] is equivalent to choosing
F = A. On the other hand, Preskill [4] has suggested using a cutoff on the volume of
space-time. This would be equivalent to using

F=GA%.

But if you minimise G?A for fixed G’A%, you would drive G to zero and A to a
non-zero value, if G can be zero anywhere in a space. This is not what one wants.
One therefore has to suppose that G is bounded away from zero, at least in the
region of a space in which the bi-local action is a reasonable approximation for
wormbholes.

It seems therefore that one can get different results by different methods of
cutting off the divergence in the probability measure. There does not seem to be a
unique preferred cutoff. A possible candidate would be to use I' or Z(«) themselves
to define the cutoff; for example, F= —1/I'. This would lead to A =0, but the
other effective couplings would be distributed with the probability distribution
P(a). In this case, wormholes would have introduced an extra degree of uncertainty
into physics. This uncertainty would reflect the fact that we can observe only our
large region of the universe, and not the major part of space-time, which is down a
wormbole, beyond our ken.
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Abstract. It is shown that there are restrictions on the possible changes of
topology of space sections of the universe if this topology change takes place in a
compact region which has a Lorentzian metric and spinor structure. In particular,
it is impossible to create a single wormhole or attach a single handle to a spacetime
but it is kinematically possible to create such wormholes in pairs. Another way of
saying this is that there is a Z, invariant for a closed oriented 3-manifold Z which
determines whether 2 can be the spacelike boundary of a compact manifold M
which admits a Lorentzian metric and a spinor structure. We evaluate this
invariant in terms of the homology groups of X and find that it is the mod2
Kervaire semi-characteristic.

Introduction

There has been great interest recently in the possibility that the topology of space
may change in a semi-classical theory of quantum gravity in which one assumes
the existence of an everywhere non-singular Lorentzian metric gl; of signature
— + + +. In particular, Thorne, Frolov, Novikov and others have speculated that
an advanced civilization might at some time in our future be able to change the
topology of space sections of the universe so that they developed a wormhole or
handle [1-3]. If one were to be able to control such a topology change, it would
have to occur in a compact region of spacetime without singularities at which the
equations broke down and without extra unpredictable information entering the
spacetime from infinity. Thus if we assume, for convenience, that space is compact
now, then the suggestion amounts to saying that the 4-dimensional spacetime
manifold M, which we assume to be smooth and connected, is compact with
boundary dM=ZX consisting of 2 connected components, one of which has
topology S°* and the other of which has topology S* x §2, and both are spacelike

* e-mail addresses; GWG1@phx.cam.ac.uk, SWHi@phx.cam.ac.uk
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with respect to the Lorentzian metric g5. If (M, g%) is assumed time-oriented,
which we will justify later, then the S3 component should be the past boundary of
M and the S* x §2 component should be the future boundary of M. Spacetimes of
this type have previously been thought to be of no physical interest because a
theorem of Geroch [4] states that they must contain closed timelike curves. In the
last few years, however, people have begun to consider seriously whether such
causality violating spacetimes might be permitted by the laws of physics. One of
the main results of this paper is that even if causality violations are allowed, there is
an even greater obstacle to considering such a spacetime as physically reasonable -
it does not admit an SI(2, €) spinor structure and therefore it is simply not possible
on purely kinematical grounds to contemplate a civilization, no matter how
advanced constructing a wormhole of this type, provided one assumes that the
existence of two-component Wey! fermions is an essential ingredient of any
successful theory of nature. We will discuss later the extent to which one might
circumvent this result by appealing to more exotic possibilities such as Spin°
structures.

It appears, however, that there is no difficulty in imagining an advanced
civilization constructing a pair of wormbholes, i.e. that the final boundary is the
connected sum of 2 copies of $* x §2,5' x §?# S! x §2. Thus one may interpret our
results as providing a new topological conservation law for wormholes, they must
be conserved modulo 2. More generally we are able to associate with any closed
orientable 3-manifold Z a topological invariant, call it u (for universe) such that
u=0if

(1) bounds a smooth connected compact Lorentz 4-manifold M which admits an
SL(2, €) spinor structure;
(2) is spacelike with respect to the Lorentz metric gg,

and u=1 otherwise.
We shall show that this invariant is additive modulo 2 under disjoint union of
3-manifolds,
w(Z,UZ,)=u(Z)+(Z,) mod2.

Under the connected sum it satisfies
W #2)=uZ,)+u(Z,;)+1mod2.

The connected sum, X # Y of two manifolds X, Y of the same dimension n is
obtained by removing an n-ball B” and from X and Y and gluing the two manifolds
together across the common S"~* boundary component so created. We shall also
show that u(S3)=1, and u(S! x $%)=0. The result that one cannot create a single
wormbhole then follows immediately from the formula for disjoint unions while the
fact that one can create pairs of wormholes follows from the formula for connected
sums. Another consequence of these formulae is that for the disjoint union of k
5%s, u=k modulo 2. In particular, this prohibits the “creation from nothing” of a
single $* universe with a Lorentz metric and spinor structure.

Our invariant u may be expressed in terms of rather more familiar topological
invariants of 3-manifolds. In fact,

u=dimg,(Ho(Z; Z,)®H(Z; Z,;)) mod2,

where Hy(Z; Z,) is the zero'* and H,(Z; Z,) the first homology group of Z withZ,
coefficients. Thus dimgz, Ho(Z'; Z,) mod 2 counts the number of connected compo-
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nents modulo 2. The right-hand side of this expression for u is sometimes referred
to as the mod2 Kervaire semi-characteristic.

So far we have considered the case where the space sections of the universe are
closed. We can extend these results to cases where the space sections of the
universe may be non-compact but the topology change takes place in a compact
region bounded by a timelike tube. Such spacetimes may be obtained from the
ones we have considered by removing a tubular neighbourhood of a timelike
curve.

It seems that a selection rule of this type derived in this paper occurs only if one
insists on an everywhere non-singular Lorentzian metric. If one gives up the
Lorentzian metric and passes to a Riemannian metric or if one adopts a “first order
formalism” in which one treats the vierbein field as the primary variable and allows
the legs of the vierbein to become linearly dependent at some points in spacetime
then our selection rule would not necessarily apply. However, in the context of
asking what an advanced civilization is capable of neither of these possibilities
seems reasonable. At the quantum level, however, both are rather natural and in
view of the existence of a number of examples there seems to be little reason to
doubt that the topology of space can fluctuate at the quantum level. For the
purposes of the present paper we will adhere to the assumption of an everywhere
non-singular Lorentz metric.

Spin-Cobordism and Lorentz-Cobordism

Every closed oriented 3-manifold admits a Spin(3)=SU(2) spin structure. If the
3-manifold is not simply connected the spin structure is not unique. The set of spin
structures is in 1—1-correspondence with elements of H'(Z;Z,), the first
cohomology group of the 3-manifold X~ with Z, coefficients. Given a closed
oriented 3-manifold 2 one can always find a spin-cobordism, that is there always
exists a compact orientable 4-manifold M with boundary dM =2 and such that M
admits a Spin(4)=SU(2) x SU(2) spin structure which when restricted to the
boundary X coincides with any given spin structure on X [5].

A closed 3-manifold X is said to admit a Lorentz-cobordism if one can find a
compact 4-manifold M whose boundary 0M =X together with an everywhere
non-singular Lorentzian metric with respect to which the boundary X is spacelike.
A necessary and sufficient condition for a Lorentz-cobordism is that the manifold
M should admit a line field V, i.e. a pair (V, — V) at each point, where V is a non-
zero vector which is transverse to the boundary M. To show this one uses the fact
that any compact manifold admits a Riemannian metric gJ5. If one has a line field
V, one can define a Lorentzian metric gZ; by

gt =g" =2V VP (gGVeV").

Alternatively, given a Lorentzian metric gf; one can diagonalize it with respect to
the Riemannian metric g. One can choose V to be the eigenvector with negative
eigenvalue. The Lorentzian metric gf; will be time-orientable if and only if one can
choose a consistent sign for V. For physical reasons we shall generally assume
time-orientability. If M, gl is not time-orientable, it will have a double cover that
is, with twice as many boundary components.

If one has a time-orientable Lorentz-cobordism, the various connected
components of the boundary lie either in the past or in the future. Thus one might
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think that one should specify in the boundary data for a Lorentz-cobordism a
specification of which connected components lie in the future and which lie in the
past. However, it is not difficult to show that given a time-oriented Lorentz-
cobordism for which a particular component lies in, say the future, one can
construct another time-oriented Lorentz-cobordism for which that component
lies in the past and the remaining components are as they were in the first Lorentz-
cobordism. The construction is as follows. Let Z be the component in question.
Consider the Riemannian product metric on Z x I, where I is the closed interval
—15t£1. Now by virtue of being a closed orientable 3-manifold Z admits an
everywhere non-vanishing vector field U which may be normalized to have unit
length with respect to the metric on Z. To give 2 x I a time-orientable Lorentz
metric we choose as our everywhere non-vanishing unit timelike vector field V:

V= a(t)% +b(t)U,

where a® +b% =1 and a(t) passes smoothly and monotonically from —1 at t= +1
to +1att=1. Thus V is outward directed on both boundary components. One can
now attach a copy of X x I with this metric, or its time reversed version, to the given
Lorentz-cobordism so reversing the direction of time at the boundary desired
component. Of course, one will have to arrange that the metrics match smoothly
but this is always possible. Considered in its own right the spacetime we have just
used could serve as a model for the “creation from nothing” of a pair of twin
universes. In general, it will not be geodesically complete and it contains closed
timelike curves inside the Cauchy Horizons which occur at the two values of ¢ for
which a?=b? However, it is a perfectly valid Lorentz-cobordism.

If a Lorentzian spacetime admits an SL{2, C) spinor structure it must be both
orientable and time-orientable and in addition admit a Spin(4) structure [9, 10].
For example, since any closed orientable 3-manifold is a spin manifold, the time
reversing product metric we constructed above admits an SL(2, C) structure. By
contrast the next example, which could be said to represent the creation of a single,
i.e. connected, universe from nothing, does not admit an SL{2, €) spinor structure
because it is not time-orientable. Let Z be a closed connected orientable
Riemannian 3-manifold admitting a free involution I" which is an isometry of the
3-metric on Z. A Lorentz-cobordism for X is obtained by taking X x I as before but
now with the product Lorentzian metric, i.e. with a=1 and b=0. One now
identifies points under the free Z, action which is the composition of the
involution I acting on £ and reversal of the time coordinate ¢ on the interval I,
—1=t51. Because its double cover has no closed time like curves, the identified
space has none either. Of course, it may be that two points x* and x™ lying on
a timelike curve y in Z x I are images of one another under the involution I'. On
the identified space (X x I)/T the timelike curve y will thus intersect itself. How-
ever, the two tangent vectors at the identified point lie in different halves of the
light cone at that point. Thus a particle moving along such a curve may set
out into the future and subsequently return from the future or vice versa. This
is not what is meant by a closed timelike curve because if such a curve has a
discontinuity in its tangent vector at some point the two tangent vectors must
lie in the same half of the light cone at that point.

The special case when X is the standard round 3-sphere and the involution I’
is the antipodal map gives a Lorentz-cobordism for a single S universe. If one
modifies the product metric by multiplying the metric on X by a square of scale
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factor which is a non-vanishing even function of time one obtains a Friedman-
Lemaitre-Robertson-Walker metric. Identifying points in the way described
above is referred to as the “elliptic interpretation”. A particular case arises when
one considers de-Sitter spacetime. If one regards this as a quadric in 5-dimen-
sional Minkowski spacetime the identification is of antipodal points on the
quadric. In this case there are no timelike or lightlike curves joining antipodal
points, however, there remains a number of difficulties with this interpretation
from the point of view of physics [11], not the least of which is the absence of
a spinor structure. In fact, as we shall see below, this problem is quite general:
there is no spin-Lorentz-cobordism for a single S universe.

A necessary and sufficient condition for the existence of a line field transverse to
the boundary dM of a compact manifold M is, by a theorem of Hopf, the vanishing
of the Euler characteristic y(M). Given an oriented cobordism M of X, one can
obtain another cobordism by taking the connected sum of M and a compact four
manifold without boundary. Under connected sums of 4-manifolds the Euler
characteristic obeys the equation

XM,y 3 My)=y(M—1)+x(M;)-2.

Thus we can increase the Euler characteristic by two by taking the connected
sum with 52 x S? and decrease it by two by taking the connected sum with S* x S3.
Therefore, if we start with a spin-cobordism for which the Euler characteristic is
even we may, by taking connected sums, obtain an orientable spin-cobordism with
zero Euler characteristic and hence a spin-Lorentz-cobordism. On the other hand,
if the initial spin-cobordism had odd Euler characteristic we would be obliged to
take connected sums with closed 4-manifolds with odd Euler characteristic in
order to obtain a Lorentz-cobordism. Examples of such manifolds are RIP* which
has Euler characteristic 1 and €CIP2 which has Euler characteristic 3. However, the
former is not orientable while the latter, though orientable, is not a spin-manifold.
In fact, quite generally, it is easy to see that any four-dimensional closed spin
manifold must have even Euler characteristic and thus it is not possible, by taking
connected sums, to find a spin-Lorentz-cobordism if the initial spin-cobordism
had odd Euler characteristic. To see that a closed spin 4-manifold has even Euler
characteristic recall from Hodge theory that on a closed orientable 4-manifold one
has, using Poincaré duality:

x=2—2b, +b; +b57,

where b, is the first Betti number and b; and b; are the dimensions of the spaces of
harmonic 2-forms which are self-dual or anti-self-dual, respectively. On the other
hand, from the Atiyah-Singer theorem the index of the Dirac operator with respect
to some, and hence all, Riemannian metrics on a closed 4-manifold is given by

index(Dirac)=(b; —b;)/8.

The index of the Dirac operator is always an integer, in fact on a closed 4-manifold
itisalways an even integer. It follows therefore that for a spin 4-manifold y must be
even. The arguments we have just given suggest, but do not prove, that the Euler
characteristic of any spin-cobordism for a closed 3-manifold £ is a property only
of Z. This is in fact true, as we shall show in the next section. It then follows from
our discussion above that we may identify our invariant u(X) with the Euler
characteristic mod2 of any spin cobordism for Z.
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Even without the results of the next section it is easy to evaluate our invariant
#(ZX) for a number of 3-manifolds of interest using comparatively elementary
arguments. Suppose there were a spin-Lorentz-cobordism M for $3. Then one
could glue M across the S to a four-ball, B*. The Euler characteristic of the
resulting closed manifold would be the Euler characteristic of M, which is zero,
plus the Euler characteristic of the four-ball, which is one. It is clear that the unique
spin structure induced on the boundary would extend to the interior of the 4-ball
and so one obtains a contradiction. The same contradiction would result if we
took the disjoint union of an odd number of $*'s. If we take the disjoint union of an
even number of S%’s it is easy to construct spin-Lorentz-cobordisms. Thus
although there exists a spin-Lorentz-cobordism with two $¥’s in the past and two
in the future, our results show that one cannot slice this spin-Lorentz-cobordism
by a spacelike hypersurface diffeomorphic to $* which disconnects the spacetime.
If this were possible we would have obtained a spin-Lorentz-cobordism for three
$%’s which is impossible. In the language of particle physics: there is a 4-fold vertex
but no 3-fold vertex.

If we regard S! x S? as the boundary of S! x B3, where B3 is the 3-ball we may
fill it in with S! x B3, There are two possible spin structures to consider but in t.1th
cases they extend to the interior and one obtains a spin-cobordism with vanishing
Euler characteristic. Starting with the flat product Riemannian metricon S* x B* it
is easy to find an everywhere non-vanishing unit vector field V which is outward
pointing on the boundary: one simply takes a linear combination of the radial
vector field on the 3-ball and the standard rotational vector field on the circle S*
with radius-dependent coefficients such that the coefficient of the radial vector
ficld vanishes at the origin of the 3-ball and the coefficient of the circular vector
field vanishes on the boundary of the 3-ball. As with our product example above
the resulting spacetime will, in general, be incomplete and have closed timelike
curves but it is a valid spin-Lorentz-cobordism.

These results are sufficient to justify the claim in the introduction that
wormholes must be created in pairs according to the Lorentzian point of view. One
can also establish easily enough, using suitable connected sums of spin-Lorentz-
cobordisms, that our invariant «(Z) is well defined and has the stated behaviour
under disjoint union and connected sum of 3-manifolds as long as one fixes a spin
structure on the boundary. However, our invariant is independent of the choice of
spin structure on the boundary, as we have seen in the examples given above.
In order not to have to keep track of the spin structure on the boundary
it is advantageous to proceed in a slightly different fashion by using some
Z ,-cohomology theory. This we shall do in the next section.

The Euler Characteristic and the Kervaire Semi-Characteristic

The calculations which follow owe a great deal to conversations with Michael
Atiyah, Nigel Hitchin, and Graeme Segal for which we are grateful. We begin
by recalling the following exact sequence of homomorphisms of cohomology
groups for an orientable cobordism M of a closed orientable 3-manifold X, the
coefficient group being Z,:

0—HO(M) - H(Z)— H\(M, £)~ H' (M)~ H'(Z)~ H*(M, Z)~ H*(M)> ... .

Now if we define W to be the image of H3*(M, X) in H*(M) under the last
homomorphism, and we use Lefshetz-Poincaré duality between relative coho-
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mology and absolute homology groups together with the fact that the com-
pact manifold M is connected we obtain the following exact sequence:

0-Z,-»H(Z)-»Hy(M)-»H(M)-HY (Z)>H,(M)-»W—0.

By virtue of exactness, the alternating sum of the ranks, or equivalently the
dimensions of these vector spaces over Z,, must vanish. Now the Euler
characteristic y(M) is given by:

i=4

KM)= ¥ (= 1)'dim H(M5 Z,)

while the Z, Kervaire semi-characteristic s(Z) is given by:
S(2)=dimH°(Z;Z,)+dimHY(Z; Z,).

If dimensions are taken modulo 2 we may reverse any of the signs in these
expressions to obtain the relation:

M) —s5(Z2)=dim Wmod2.

So far we have not used the condition that the compact 4-manifold M is
a spin manifold. To do so we consider the cup product, U which gives a map:

HY*M,X)x H(M)-H*(M).

For a compact connected 4-manifold H*(M; Z,)=Z, so the cup product pro-
vides a well defined Z, valued bilinear form Q on the image of H*(M,Z) in
H?(M) under the same homomorphism as above. In other words Q is non-
degenerate on the vector space W. [A symmetric bilinear form Q on a vector-
space W is non-degenerate if and only if Q(x,y)=0VxeW = y=0.]

The obstruction to the existence of a spin structure, the second Stiefel-
Whitney class w, e H¥(M; Z,), is characterized by [12]:

wyux=xux VxeHYM;Z,).
Thus if M is a spin manifold w, must vanish and hence
Q(x,x)=xux=0 VxeHYM;Z,).

Now over Z,, a symmetric bilinear form which vanishes on the diagonal is
the same thing as skew-symmetric bilinear form. But a skew-symmetric bi-
linear form over any field must have even rank and since Q is non-degenerate
this implies that the dimension of W must be even. Indeed, one may identify
the dimension of W modulo two as the second Stiefel-Whitney class in this
situation. We have thus established that for an orientable spin-cobordism

(M)=s(2) mod2
and hence:

wW(X)=s(X)ymod2.

Thus, for example, ¥(RIP3)=0 since it is connected and H,(RIP3; Z)=Z,.
It is straightforward to check this example directly by regarding RP? as the
boundary of the cotangent bundle of the 2-sphere, T*(S?). Similar remarks
apply to the lens spaces L(k,1) which may be regarded as the boundary of
the 2-plane bundle over S? with first Chern class ¢, =k and which have
H,(L(k,1); Z)=Z,. If the integer k is even they spin-Lorentz bound and if it
is odd they do not.
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The properties of our invariant u(Z) under disjoint union and connected
sum now follow straightforwardly from the behaviour of homology groups
under these operations.

Generalized Spinor Structures

One way of introducing spinors on a manifold which does not admit a
conventional spinor structure is to introduce a U(1) gauge field with respect to
which all spinorial fields are charged, the charges being chosen so that the
unremovable + 1 ambiguity in the definition of conventional spinors is precisely
cancelled by the holonomy of the U(1) connection [1 3] In other words we pass to
a Spinf(4) = Spin(4) x z, U(1) structure. For general n it is not always possible to lift
the tangent bundie of an orientable manifold, with structural group SO(n) to a
Spin‘(4) bundle because the obstruction to lifting to a Spin(n), i.e. the second Stiefel-
Whitney class w,, may not be the reduction of an integral class in H%(M; Z).
However, according to Killingback and Rees [14] (see also Whiston [15]) this
cannot happen for a compact orientable 4-manifold. From a topological point of
view we may clearly replace Spin‘(4) by its Lorentzian analogue: SL(2, €) xz, U(1).
Thus from a purely mathematical point of view we could always get around the
difficulty of not having a spinor structure by using the simplest generalization of a
spinor structure at the cost of introducing an extra and as yet unobserved U(1)
gauge field. Another possibility would be to use a non-abelian gauge field as
suggested by Back, Freund, and Forger [16] and discussed by Isham and Avis
[17]. There is no evidence for a gauge field that is coupled in this way to all
fermions. It is also not clear that one could arrange that all the anomalies that
would arise from such a coupling would cancel.

Acknowledgements. We would like to thank Michael Atiyah, Nigel Hitchin, Ray Lickorish,
and Graeme Segal for helpful discussions and suggestions.
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It has been suggested that an advanced civilization might have the technology to warp spacetime so
that closed timelike curves would appear, allowing travel into the past. This paper examines this possi-
bility in the case that the causality violations appear in a finite region of spacetime without curvature
singularities. There will be a Cauchy horizon that is compactly generated and that in general contains
one or more closed null geodesics which will be incomplete. One can define geometrical quantities that
measure the Lorentz boost and area increase on going round these closed null geodesics. If the causality
violation developed from a noncompact initial surface, the averaged weak energy condition must be
violated on the Cauchy horizon. This shows that one cannot create closed timelike curves with finite
lengths of cosmic string. Even if violations of the weak energy condition are allowed by quantum theory,
the expectation value of the energy-momentum tensor would get very large if timelike curves become al-
most closed. It seems the back reaction would prevent closed timelike curves from appearing. These re-
sults strongly support the chronology protection conjecture: The laws of physics do not allow the appear-
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ance of closed timelike curves.

PACS number(s): 04.20.Cv, 04.60.+n

L. INTRODUCTION

There have been a number of suggestions that we
might be able to warp spacetime in such a way as to allow
rapid intergalactic space travel or travel back in time. Of
course, in the theory of relativity, time travel and faster-
than-light space travel are closely connected. If you can
do one, you can do the other. You just have to travel
from A to B faster than light would normally take. You
then travel back, again faster than light, but in a different
Lorentz frame. You can arrive back before you left.

One might think that rapid space travel might be possi-
ble using the wormholes that appear in the Euclidean ap-
proach to quantum gravity. However, one would have to
be able to move in the imaginary direction of time to use
these wormholes. Further, it seems that Euclidean
wormholes do not introduce any nonlocal effects. So they
are no good for space or time travel.

Instead, I shall consider real-time, Lorentzian metrics.
In these, the light-cone structure forces one to travel at
less than the speed of light and forward in time in a local
region. However, the global structure of spacetime may
allow one to take a shortcut from one region to another
or may let one travel into the past. Indeed, it has been
suggested by Morris and Thorne and others [1-3] that in
the future, with improved technology, we might be able
to create traversable wormholes connecting distant re-
gions of spacetime. These wormholes would allow rapid
space travel and, thus, travel back in time. However, one
does not need anything as exotic as wormholes. Gott [4}
has pointed out that an infinite cosmic string warps
spacetime in such a way that one can get ahead of a beam
of light. If one has two infinite cosmic strings, moving at
high velocity relative to each other, one can get from 4
to B and back again before one sets out. This example is
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worrying, because unlike wormholes, it does not involve
negative-energy densities. However, I will show that one
cannot create a spacetime in which one can travel into
the past if one only uses finite lengths of cosmic string.

The aim of this paper is to show that even if it is possi-
ble to produce negative-energy densities, quantum effects
are likely to prevent time travel. If one tries to warp
spacetime to allow travel into the past, vacuum polariza-
tion effects will cause the expectation value of the
energy-momentum tensor to be large, If one fed this
energy-momentum tensor back into the Einstein equa-
tions, it appears to prevent one from creating a time
machine. It seems there is a chronology protection agen-
cy, which prevents the appearance of closed timelike
curves and so makes the universe safe for historians.

Kim and Thorne [5] have considered the expectation
value of the energy-momentum tensor in a particular
model of a time machine, They find that it diverges, but
argue that it might be cut off by quantum-gravitational
effects. They claim that the perturbation that it would
produce in the metric would be so small that it could not
be measured, even with the most sensitive modern tech-
nology. Because we do not have a well-defined theory of
quantum gravity, it is difficult to decide whether there
will be a cutoff to quantum effects calculated on a back-
ground spacetime. However, I shall argue that even if
there is a cutoff, one would not expect it to come into
effect until one was a Planck distance from the region of
closed timelike curves. This Planck distance should be
measured in an invariant way, not the frame-dependent
way that Kim and Thorne adopt. This cutoff would lead
to an energy density of the Planck value, 10> g/cc, and a
perturbation in the metric of order 1. Even if “order 1”
meant 1072 in practice, such a perturbation would create
a disturbance that was enormous compared with chemi-

©1992 The American Physical Society
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cal binding energies of order 10~% or 107'°, So one could
not hope to travel through such a region and back into
the past. Furthermore, the sign of the energy-momentum
tensor of the vacuum polarization seems to be such as to
resist the warping of the light cones to produce closed
timelike curves.

Morris and Thorne build their time machine out of
traversable Lorentzian wormholes, that is, Lorentzian
spacetimes of the form £XR. Here R is the time direc-
tion and 2 is a three-dimensional surface, that is, asymp-
totically flat, and has a handle or wormhole connecting
two mouths. Such a wormhole would tend to collapse
with time, unless it were held up by the repulsive gravity
of a negative-energy density. Classically, energy densities
are always positive, but quantum field theory allows the
energy density to be negative locally. An example is the
Casimir effect. Morris and Thorne speculate that with
future technology it might be possible to create such
wormbholes and to prevent them from collapsing.

Although the length of the throat connecting the two
mouths of the wormhole will be fairly short, the two
mouths can be arbitrarily far apart in the asymptotically
flat space. Thus going through a wormhole would be a
way of traveling large distances in a short time. As
remarked above, this would lead to the possibility of trav-
el into the past, because one could travel back to one's
starting point using another wormhole whose mouths
were moving with respect to the first wormhole. In fact,
it would not be necessary to use two wormholes. It
would be sufficient just for one mouth of a single
wormhole to be moving with respect to the other mouth.
Then there would be the usual special-relativistic time-
dilation factor between the times as measured at the two
mouths. This would mean that at some point in the
wormhole’s history it would be possible to go down one
mouth and come out of the other mouth in the past of
when you went down. In other words, closed timelike
curves would appear. By traveling in a space ship on one
of these closed timelike curves, one could travel into
one’s past. This would seem to give rise to all sorts of
logical problems, if you were able to change history. For
example, what would happen if you killed your parents
before you were born. It might be that one could avoid
such paradoxes by some modification of the concept of
free will. But this will not be necessary if what I call the
chronology protection conjecture is correct: The laws of
physics prevent closed timelike curves from appearing.

Kim and Thorne [5,6] suggest that they do not. I will
present evidence that they do.

II. CAUCHY HORIZONS

The particular time machine that Kim and Thorne [5]
consider involves wormholes with nontrivial topology.
But as I will show, to create a wormhole, one has to dis-
tort the spacetime metric so much that closed timelike
curves appear. I shall therefore consider the appearance
of closed timelike curves in general, without reference to
any particular model.

I shall assume that our region of spacetime develops
from a spacelike surface S without boundary. By going
to a covering space if necessary [7], one can assume that

spacetime is time orientable and that no timelike curve
intersects S more than once. Let us suppose that the ini-
tial surface S did not contain any wormholes: Say it was
simply connected, like R or S°. But let us suppose we
had the technology to warp the spacetime that developed
from S, so that a later spacelike surface S’ had a different
topology, say, with a wormhole or handle. It seems
reasonable to suppose that we would be able to warp
spacetime only in a bounded region. In other words, one
could find a timelike cylinder T which intersected the
spacelike surfaces S and S’ in compact regions S and St
of different topology. In that case the topology change
would take place in the region of spacetime M bounded
by T, S, and S’. The region M; would not be compact if
it contained a curvature singularity or if it went off to
infinity. But in that case, extra unpredictable informa-
tion would enter the spacetime from the singularity or
from infinity. Thus one could not be sure that one’s
warping of spacetime would achieve the result desired if
the region My, were noncompact. It therefore seems
reasonable to suppose that My is compact. In Sec. V, I
show that this implies that My contains closed timelike
curves. So if you try to create a wormhole to use as a
time machine, you have to warp the light-cone structure
of spacetime so much that closed timelike curves appear
anyway. Furthermore, one can show the requirement
that M, have a Lorentz metric and a spin structure im-
ply that wormholes cannot be created singly, but only in
multiples of 2 [8]. I shall therefore just consider the ap-
pearance of closed timelike curves without therc neces-
sarily being any change in the topology of the spatial sec-
tions.

If there were a closed timelike curve through a point p
to the future of S, then p would not lie in the future Cau-
chy development [7] D*(S). This is the set of points ¢
such that every past-directed curve through g intersects S
if continued far enough. So there would have to be a fu-
ture Cauchy horizon H *(S) which is the future bound-
ary of D¥(S). I wish to study the creation of closed
timelike curves from the warping of the spacetime metric
in a bounded region. I shall therefore consider Cauchy
horizons H *(S) that are what I shall call “compactly
generated.” That is, all the past-directed null geodesic
generators of H ¥ (S) enter and remain within a compact
set C. One could generalize this definition to a situation
in which there were a countable number of disjoint com-
pact sets C, but for simplicity I shall consider only a sin-
gle compact set.

What this condition means is that the generators of the
Cauchy horizon do not come in from infinity or a singu-
larity. Of course, in the presence of closed timelike
curves, the Cauchy problem is not well posed in the strict
mathematical sense. But one might hope to predict
events beyond the Cauchy horizon if it is compactly gen-
erated, because extra information will not come in from
infinity or singularities. This idea is supported by some
calculations that show there is a unique solution to the
wave equation on certain wormhole spacetimes that con-
tain closed timelike curves {15]. But even if there is not a
unique solution beyond the Cauchy horizon, it will not
affect the conclusions of this paper because the quantum
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effects that I shall describe occur in the future Cauchy
development D *(S), where the Cauchy problem is well
posed and where there is a unique solution, given the ini-
tial data and quantum state on S.

The inner horizons of the Reissner-Norstrém and Kerr
solutions are examples of Cauchy horizons that are not
compactly generated. Beyond the Cauchy horizon, new
information can come in from singularities or infinity,
and so one could not predict what will happen. In this
paper I will restrict my attention to compactly generated
Cauchy horizons. It is, however, worth remarking that
the inner horizons of black holes suffer similar quantum-
mechanical divergences of the energy-momentum tensor.
The quantum radiation from the outer black-hole horizon
will pile up on the inner horizon, which will be at a
different temperature.

By contrast, the Taub-Newman-Unti-Tamburino
(NUT) universe is an example of a spacetime with a com-
pactly generated Cauchy horizon. It is a homogeneous
anisotropic closed universe, where the surfaces of homo-
geneity go from being spacelike to null and then timelike.
The null surface is a Cauchy horizon for the spacelike
surfaces of homogeneity. This Cauchy horizon will be
compact and therefore will automatically be compactly
generated. However, I have deliberately chosen the
definition of compactly generated, so that it can apply
also to Cauchy horizons that are noncompact. Indeed, if
the initial surface S is noncompact, the Cauchy horizon
H™*(S) will be either noncompact or empty. To show
this one uses the standard result, derived in Sec. V, that a
manifold with a Lorentz metric admits a timelike vector
field V*. (Strictly, a Lorentz metric implies the existence
of a vector field up to a sign. But one can choose a con-
sistent sign for the vector field if the spacetime is time
orientable, which I shall assume.) Then the integral
curves of the vector field give a mapping of the future
Cauchy horizon H™*(S) into S. This mapping will be
continuous and one to one onto the image of H 7 (S) in S.
But the future Cauchy horizon H *(S) is a three-manifold
without boundary. So, if S is noncompact, H *(S) must
be noncompact as well. However, that need not prevent
it from being compactly generated.

An example will illustrate how closed timelike curves
can appear without there being any topology change.
Take the spacetime manifold to be R* with coordinates
t,r,0,4. Let the initial surface S be =0 and let the
spacetime metric g , be the flat Minkowski metric 7, for
t negative. For positive ¢ let the metric still be the flat
Minkowski metric outside a timelike cylinder, consisting
of a two-sphere of radius L times the positive-time axis.
Inside the cylinder let the light cones gradually tip in the
¢ direction, until the equator of the two-sphere, r=1L,
becomes first a closed null curve ¥ and then a closed
timelike curve. For example, the metric could be

ds*=—dt*+2f dtd¢p—f dp*+dr?
+rid @ +sin0d¢?) ,

f =r*t%in*@sin? [% J .
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The Cauchy horizon will be generated by null geodesics
that in the past direction spiral toward the closed null
geodesic y. They will all enter and remain within any
compact neighborhood C of y. Thus the Cauchy horizon
will be compactly generated.

One could calculate the Einstein tensor of this metric.
As I will show, it will necessarily violate the weak energy
condition. But one could take the attitude that quantum
field theory in curved space allows violations of the weak
energy condition, as in the Casimir effect. One might
hope, therefore, that in the future we might have the
technology to produce an energy-momentum tensor equal
to the Einstein tensor of such a spacetime. It is worth re-
marking that, even if we could distort the light cones in
the manner of this example, it would not enable us to
travel back in time to before the initial surface S. That
part of the history of the universe is already fixed. Any
time travel would have to be confined to the future of S.

I shall mainly be interested in the case where the initial
surface S is noncompact, because that corresponds to
building a time machine in a local region. However,
most of the results in this paper will also apply to the
cosmological case, in which .S can be compact.

The Cauchy horizon is generated by null geodesic seg-
ments [7]. These may have future end points, where they
intersect another generator. The future end points will
form a closed set B of measure zero. On the other hand,
the generators will not have past end points. If the hor-
izon is compactly generated, the generators will enter and
remain within a compact set C. One can introduce a nuli
tetrad 1%n°m%m° in a neighborhood of
(H*(S)—B)NC. The vector 1° is chosen to be the
future-directed tangent to the generators of the Cauchy
horizon. The vector n is another future-directed null
vector. Because I am using the signature — + 4 -+, rath-
er than the + — — — signature of Newman and Penrose,
I normalize them by /°n, = —1. The complex-conjugate
null vectors m® and 7 are orthogonal to I? and n® and
are normalized by m“f,=1. One can then define the
Newman-Penrose quantities [9,10]

=—gnl,. J—m°m,, 1),

x=—m, I°,

= '-mala;cﬁc 4

o==-ml, .m°.
Note that these definitions have the opposite sign to those
of Newman and Penrose. This is because of the different
signature of the metric.

Because the generators are null geodesics and lie in a

null hypersurface, k=0 and p=p. The convergence p

and shear ¢ obey the Newman-Penrose equations along
v:

%=p2+06+(€+3’)p+%R4,,1“1" ,
do _
dt

where ¢ is the parameter along the generators such that

2p0 +(3e— 8o + Cppgl®mPIm?
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1°=dx"°/dL.

The real and imaginary parts of €, respectively, mea-
sure how the vectors /° and m“ change compared to a
parallel-propagated basis. By choosing an affine parame-
ter 7 on the generators, one can rescale the tangent vector
1° so that e+&=0. The generators may be geodesically
incomplete in the future direction; i.¢., the affine parame-
ter may have an upper bound. But one can adapt the
lemma in Ref. [7], p. 295, to show that the generators of
the horizon are complete in the past direction.

Now suppose the weak energy condition holds:

T,1%°>0 ,

for any null vector 1°. Then the Einstein equations (with
or without cosmological constant) imply

R, 19520

It then follows that the convergence p of the generators
must be non-negative everywhere on the Cauchy horizon.
For suppose p=p, <0 at a point p on a generator y.
Then one could integrate the Newman-Penrose equation
for p in the negative 7 direction along ¥ to show that p
diverged at some point ¢ within an affine distance p;! to
the past of p. Such a point ¢ would be a past end point of
the null geodesic segment y in the Cauchy horizon. But
this is impossible because the generators of the Cauchy
horizon have no past end points. This shows that p must
be everywhere non-negative on a compactly generated
Cauchy horizon if the weak energy condition holds.

I shall now establish a contradiction in the case that
the initial surface § is noncompact. The argument is
similar to that in Ref. [7], p. 297. On C one can intro-
duce a unit timelike vector field . One can then define
a positive definite metric by

fab =8ab +2Vﬂ Vb M

In other words, £ is the spacetime g with the sign of the
metric in the timelike ¥ direction reversed.

One can normalize the tangent vector to the generators
by 84,/°¥*=1/v2. The parameter ¢t on the generators
then measures the proper distance in the metric §,,. One
can define a map

pAHHS)-BINC—(HHS)—B)NC,

by moving each point of the Cauchy horizon a parameter
distance ¢ to the past along the generators. The three-
volume (measured with respect to the metric §,,) of the
image of the Cauchy horizon under this map will change
according to

d —
dt f,.,m*(smcnd" _zfp,(ll+(S)an)dA ’

The change in volume cannot be positive because the
Cauchy horizon is mapped into itself. If the initial sur-
face S is noncompact, the change in volume will be strict-
ly negative, because the Cauchy horizon will be noncom-
pact and will not lie completely in the compact set C.
This would establish a contradiction with the require-
ment that p 20 if the weak energy condition is satisfied.
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Thus a compactly generated Cauchy horizon cannot form
if the weak energy condition holds and S is noncompact.

On the other hand, the example of the Taub-NUT
universe shows that it is possible to have a compactly
generated Cauchy horizon if S is compact. However, in
that case the weak energy condition would imply that p
and o would have to be zero everywhere on the Cauchy
horizon. This would mean that no matter or informa-
tion, and in particular no observers, could cross the Cau-
chy horizon into the region of closed timelike curves.
Moreover, as will be shown in the next section, the solu-
tion will be classically unstable in that a small matter-
field perturbation would pile up on the horizon. Thus the
chronology protection conjecture will hold if the weak
energy condition is satisfied whether or not S is compact.
In particular, this implies that if no closed timelike
curves are present- initially, one cannot create them by
warping the metric in a local region with finite loops of
cosmic string. If the weak energy condition is satisfied,
closed timelike curves require cither singularities (as in
the Kerr solution) or a pathological behavior at infinity
(as in the Godel and Gott spacetimes).

The weak energy condition is satisfied by the classical
energy-momentum tensors of all physically reasonable
fields. However, it is not satisfied locally by the quantum
expectation value of the energy-momentum tensor in cer-
tain quantum states in flat space. In Minkowski space
the weak energy condition is still satisfied if the expecta-
tion value is averaged along a null geodesic {11], but
there are curved-space backgrounds where even the aver-
aged expectation values do not satisfy the weak energy
condition. The philosophy of this paper is therefore not
to rely on the weak energy condition, but to look for vac-
uum polarization effects to enforce the chronology pro-
tection conjecture.

III. CLOSED NULL GEODESICS

The past-directioned generators of the Cauchy horizon
will have no past end points. If the horizon is compactly
generated, they will enter and remain within a compact
set C. This means they will wind round and round inside
C. In Sec. V it is shown that there is a nonempty set E of
gencrators, each of which remains in a compact set C in
the future direction, as well as in the past direction.

The generators in E will be almost closed. That is
there will be points ¢ such that a generator in E will re-
turn infinitely often to any small neighborhood of ¢. But
they need not actually close up. For example, if the ini-
tial surface is a three-torus, the Cauchy horizon will also
be a three-torus, and the generators can be nonrational
curves that do not close up on themselves. However, this
kind of behavior is unstable. The least perturbation of
the metric will cause the horizon to contain closed null
geodesics. More precisely, the space of all metrics on the
spacetime manifold M can be given a C® topology.
Then, if g is a metric that has a compactly generated hor-
izon which does not contain closed null geodesics, any
neighborhood of g will contain a metric g’ whose Cauchy
horizon does contain closed null geodesics.

The spacetime metric is presumably the classical limit
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of an inherently quantum object and so can be defined
only up to some uncertainty. Thus the only properties of
the horizon that are physically significant are those that
are maintained under small variations of the metric. In
Sec. V it will be shown that in general the closed null geo-
desics in the horizon have this property. That is, if gis a
metric such that the Cauchy horizon contains closed null
geodesics, then there is a neighborhood U of g such that
every metric g’ in U has closed null geodesics in its Cau-
chy horizon. I shall therefore assume that in general E
consists of one or more disjoint closed null geodesics.
The example given above of the metric with closed time-
like curves shows that the Cauchy horizon need not con-
tain more than one.

1 shall now concentrate attention on a closed null geo-
desic ¥ in the Cauchy horizon. Pick a point p on ¥ and
parallel propagate a frame around y and back to p. The
result will be a Lorentz transformation A of the original
frame. This Lorentz transformation will lie in the four-
parameter subgroup that leaves unchanged the null direc-
tion tangent to the generator. It will be generated by an
antisymmetric tensor

A=e?.

The null vector [ tangent to the null geodesic will be an
cigenvector of @ because its direction is left unchanged by
A:

“=hatyl® .

The eigenvalue h determines the change of scale, e*, of
the tangent vector after it has been parallel propagated
around the closed null geodesic in the future direction.
In Sec. V it is shown that if A were negative, one could
move each point of y to the past to obtain a closed time-
like curve. But this curve would be in the Cauchy devel-
opment of S, which is impossible, because the Cauchy de-
velopment does not contain any closed timelike curves.
This shows that & must be positive or zero. Clearly, h=0
is a limiting case. In practice, one would expect k to be
positive. This will mean that each time one goes round
the closed null geodesic, the parallel-propagated tangent
vector will increase in size by a factor e®. The affine-
parameter distance around will decrease by a factor ¢ %,
Thus the closed null geodesic ¥ will be incomplete in the
future direction, although it will remain in the compact
set C and so it will not end on any curvature singularity.
Because & 20, ¥ will be complete in the past direction.

If h#0, there will be another null vector n°, which is
an eigenvector of »”, with cigenvalue —h. The Lorentz
transformation A will consist of a boost e” in the timelike
plane spanned by /¢ and n“ and a rotation through an an-
gle 8 in the orthogonal spacelike plane.

The quantity h is rather like the surface gravity of a
black hole. It measures the rate at which the null cones
tip over near ¥. As in the black-hole case, it gives rise to
quantum effects. However, in this case, they will have
imaginary temperature, corresponding to periodicity in
real time, rather than in imaginary time, as in the black-
hole case.

Another important geometrical quantity associated

with the closed null geodesic ¥ in the Cauchy horizon is
the change of cross-sectional area of a pencil of genera-
tors of the horizon as one goes round the closed null geo-
desic. Let

An+l

S=In 4

where A4, and A4, ., are the areas of the pencil on succes-
sive passes of the point p in the future direction. The
quantity f measures the amount the generators are
diverging in the future direction. Because neighboring
generators tend toward the closed null geodesic ¥ in the
past direction, f will be greater than or equal to zero.
Again, f=0 is a limiting case. In general, f will be
greater than zero.

The quantity f determines the classical stability of the
Cauchy horizon. A small, high-frequency wave packet
going round the horizon in the neighborhood of y will
have its energy blueshifted by a factor e* each time it
comes round. This increased energy will be spread across
a cross section transverse to ¥. On each circuit of ¥, the
two-dimensional area of the cross section will increase by
a factor ¢/. The time duration of the cross section will be
reduced by a factor e ~*. So the local energy density will
remain bounded and the Cauchy horizon will be classical-
Iy stable if

f>2h.

This is true of the wormholes that Kim and Thorne con-
sider, provided they are moving slowly. But it seems they
will still be unstable quantum mechanically.

One can relate the result of going round ¥ to integrals
of the Newman-Penrose quantities defined in the last sec-
tion:

$par=—1f,
Pedt=—Lh+i0),

where e* is the boost in the 1°-n° plane and e'® is the spa-
tial rotation in the m%-Fi° plane of a tetrad that is paral-
lel propagated after one circuit of y. One can also define
the distortion ¢ of an initially circular pencil of genera-
tors by

ﬁod:=—3'-q .

One can choose the parameter ¢ on ¥ so that €+ is
constant and so that the parameter distance of one circuit
of y is 1. Then

et&=—h.
One can now integrate the Newman-Penrose equation for

p around a circuit of y and use the Schwarz inequality to
show

Ry l1°1%dt < —[hf +4(f*+qD]S0.
This gives a measure of how much the weak energy con-

dition has to be violated on y. In particular, it cannot be
satisfied unless f =¢=0,
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IV. QUANTUM FIELDS ON THE BACKGROUND

Quantum effects in the spacetime will be determined by
the propagator or two-point function

(To(x)p(») .

This will be singular when the two points x and y can be
joined by a null geodesic. Thus gquantum effects near y
will be dominated by closed or almost-closed null geo-
desics.

One can construct a simple spacetime that reproduces
the Lorentz transformation A on going around ¥, but not
the area increase ¢, in the following way. One starts
with Minkowski space and identifies points that are taken
into each other by the Lorentz transformation A. For
simplicity, 1 will just describe the case where A is a pure
boost in the 7°1? plane. Consider the past light cone of
the origin in two-dimensional Minkowski space. The or-
bits of the boost Killing vector will be spacelike. Identify
a point p with its image under the boost A. This gives
what is called Misner space [12,7] with the metric

ds?=—dr?*+1%dx?,

on a half-cylinder defined by ¢ <O with the x coordinate
identified with period h. This metric has an apparent
singularity at t=0. However, one can extend it by intro-
ducing new coordinates

=1 p=Int+x .
The metric then takes the form
dsi=—dvdr+rdv?.

This can then be extended through r=0. This corre-
sponds to extending from the bottom quadrant into the
left-hand quadrant, One then gets a metric on a cylinder.
This develops from a spacelike surface S. However, at
7=0, the light cones tip over and a closed null geodesic
appears. For negative 7, closed timelike curves appear.
The full four-dimensional space is the product of this
two-dimensional Misner space with two extra flat dimen-
sions. One can identify these other dimensions periodi-
cally if one wants to have a spacetime in which the initial
surface S and the Cauchy horizon D *(S) are compact.
However, such a compactification will not change the na-
ture of the behavior of the energy-momentum tensor on
the horizon.

Misner space has a four-parameter group of isometries
and is also invariant under an overall dilation, It is there-
fore natural to expect the quantum state of a conformally
invariant field also to have these symmetries. By the con-
servation equations and the trace-anomaly equation, the

expectation value of the energy-momentum tensor for a ..

conformally invariant field must then have the form
(T, )o=diag(K,3K,~K,—K), K= % ,

in an orthonormal basis along the (#,x,y,z) axes. The
coefficient B will depend on the quantum state and spin
of the field.

Because the space is flat, it is easy to calculate a propa-

gator { T¢(x)¢(y)), for a particular quantum state of any
free field with these symmetries. One just takes the usual
Minkowski propagator and puts in image charges under
A. One can then calculate the expectation value of the
energy-momentum tensor by taking the limit of this
propagator minus the usual Minkowski propagator. This
has been done by Hiscock and Konkowski [13] for the
case of a conformally invariant scalar field. They found
that B is negative, implying that the expectation value of
the energy density is negative and diverges on the Cauchy
horizon.

The quantum state that the propagator { Té(x)¢(y)),
corresponds to is a particularly natural one, but is cer-
tainly not the only quantum state of the spacetime. The
propagator in any other state will obey the same wave
equation. Thus it can be written

(Tox)p(y)) = (Td(x)$(y))o
+ 3 Hux), ) +cc.],

where ¥, are solutions of the homogeneous wave equa-
tion that are nonsingular on the initial surface S. The ex-
pectation value of the energy-momentum tensor in this
state will be

( ch)=(Tab >()-’- 2 T:LI'I’;.] y

where TS}[¢,] is the classical energy-momentum tensor
of the field ¢,. One can think of the last term as the en-
ergy momentum of particles in modes corresponding to
the solutions ¥,.

One could ask if there was a propagator that gave an
energy-momentum tensor that did not diverge on the
Cauchy horizon. I have found propagators that give the
expectation value of the energy momentum to be zero
everywhere, but they do not satisfy the positivity condi-
tions that are required for them to be the time-ordered
expectation values of the field operators in a well-defined
quantum state. I am grateful to Bernard Kay for point-
ing this out. One way of getting a propagator that was
guaranteed to satisfy the positivity conditions would be
to add particle excitations to the { )0 state. However, no
distribution of particles would have a stress in the x
direction that is 3 times the energy density. Unless the
energy-momentum tensor of the particles had the same
form as that of (T,, ), it would not diverge with the
same power of distance away from the horizon and so
could not cancel the divergence. Thus I am almost sure
there is no quantum state on Misner space for which
(T,,) is finite on the horizon, but I do not have a
rigorous proof.

In the general case in which there is a negative Ricci
tensor and f > 0, it is difficult to calculate the expectation
value of the energy-momentum tensor exactly because
one does not have a closed form for the propagator.
However, near the Cauchy horizon the metric and quan-
tum state will asymptotically have the same symmetries
and scale invariance as in Misner space. Thus one would
still expect the same Bt ~* behavior, where the value of ¢
at a point is now defined to be the least upper bound of
the lengths of timelike curves from the point to the closed
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null geodesic y. If # >0, 1 will be finite on D *(S).

Again, the coefficient B will depend on the quantum
state. Approximate WKB calculations by Kim and
Thorne [5) for a wormhole spacetime indicate that there
is a quantum state for this spacetime for which B is nega-
tive. Because the classical stability condition f>2h is
satisfied, it does not seem possible to cancel the negative-
energy divergence with positive-energy quanta. Thus it
seems that the expectation value of the energy-
momentum tensor will always diverge on the Cauchy
horizon for any quantum state.

V. GLOBAL RESULTS

If there is a timelike tube T connecting surfaces S and
S’ of different topology, then the region My contains closed
timelike curves.

This is a modification of a theorem of Geroch [14]. 1
shall describe it here because it involves constructions
that will be useful later. One first puts a positive-definite
metric Z,, on the spacetime manifold M. (This can al-
ways be done.) Then one can define a timelike vector
field ¥° as an eigenvector with negative eigenvalue of the
physical metric g,, with respect to 2,,:

8ab ye= _A'gab ve.

One can normalize ¥ to have unit magnitude in the
spacetime metric g,,. With a bit more care, one can
choose the vector field ¥° so that it is tangent to the time-
like tube T. One can define a mapping

w:Sr—Sr,

by moving points along the integral curves of ¥°. If each
integral curve that cuts S were also to cut Sz, 1 would
be one-to-one and onto. But this would imply that Sy
and St have the same topology, which they do not.
Therefore there must be some integral curve ¥ which
cuts S but which winds round and round inside the
compact set M, and does not intersect S7. This implies
there will be points p €M that are limit points of .
Through p there will be an integral curve 7, each point of
which is a limit point of ¥. But because 7 is timelike, it
would be possible to deform segments of ¥ to form closed
timelike curves.

A compactly generated Cauchy horizon D (S) contains
a set E of generators which have no past or future end
points and which are contained in the compact set C.

Let A be a generator of the Cauchy horizon. This
means that it may have a future end point (where it inter-
sects another generator), but it can have no past point.
Instead, because the horizon is compactly generated, in
the past direction A will enter and remain within a com-
pact set C. This means that there will be points ¢'in C
which are such that every small neighborhood of ¢ is in-
tersected by A an infinite numbers of times. Let B be a
normal coordinate ball about a limit point q. There will
be points p and 7 on 3B to the future and past of ¢ which
will be limit points of where A intersects dB. It is easy to
see that p and r must lie on a null geodesic segment ¢
through ¢. By repeating this construction about p and r,

one can extend ¥ 10 a null geodesic without future or past
end points, each point of which is a limit point for A. Be-
cause A enters and remains within C, y must remain
within C in both past and future directions. the set E
consists of all such limit geodesics .

If v is a closed null geodesic with h <0, then y can be
deformed to give a closed timelike curve A to the past of y.

Let I°=dx®/dt be the future-directed vector tangent to
v and let a be defined by

1°41°=al" .
Then a =(e+¥), and so
Pade=—h .
Let V° be a future-directed timelike vector field normal-

ized so that /°V%,=—1. Then one can find a one-
parameter family of curves y(¢,u) such that

y(£,0)=y(1),
ox? _ ..
ot 1
e

where x is a given function on y. Then
%(l“l bgos) = —2xI% VI,
=—2xV9), 1%,
=—2UxVIbg,). I+ 2x VI I,

—n0x
=2 EY 2ax .

Let
x =exp [fo'a de+het ! |,

where b= ﬁdt. Then, for sufficiently small v >0, y(t,v)
will be a closed timelike curve to the past of y.

If the metric g is such that the Cauchy horizon H*(S)
contains a closed null geodesic y with h>0 and
f —lql#0, then the property of having a closed null geo-
desic is stable; i.e., g will have a neighborhood U such that
for any metric g’ € U, there will also be a closed null geo- .
desic in the Cauchy horizon.

Let p be a point on y. A point g in I ~(p), the chrono-
logical past of p, will lie in the Cauchy development
D*(S), and J ~(p)NJ T(S), the intersection of the causal
past of p with the causal future of S, will be compact.
This means that a sufficiently small variation of g will
leave ¢ in the Cauchy develpment of S. On the other
hand, because h > 0, the previous result implies there is a
closed timelike curve A through a point 7 just to the fu-
ture of p. A sufficiently small variation of the metric will
leave A a closed timelike curve and hence will leave 7 not
in the Cauchy development. Thus the existence of a Cau-
chy horizon will be a stable property of the metric g.
Similarly, the positions, directions, and derivatives of the
generators will be continuous functions of the metric g in
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a neighborhood of y.

Let W be a time like three-surface through p transverse
to the Cauchy horizon. Then the generators of the hor-
izon near y define a map

v WNDHS)-WND™*(S),

by mapping where they intersect W to where they inter-
sect it again the next time round. If £ —|q|#0, the eigen-
values of dv will be bounded away from 1. It then fol-
lows that the existence of a closed orbit is a stable proper-
ty.

VI. CONCLUSIONS

As one approaches a closed null geodesic y in the Cau-
chy horizon, the propagator will acquire extra singulari-
ties from null geodesics close to ¥ that almost return to
the original point. In the Misner-space example in Sec.
IV, these extra contributions came from the image
charges under the boost. When one approached the Cau-
chy horizon, which corresponded to the past light cone of
the origin in two-dimensional Minkowski space, these im-
age charges became nearly null separated and their light
cones became nearly on top of each other. It was there-
fore natural to find that the expectation value of the
energy-momentum tensor diverged as one approached
the Cauchy horizon.

If the boost h on going round ¥ is zero, the distance ¢
from y to any point to the past of y in the Cauchy devel-
opment will be infinite. This is rather like the fact that
there is an infinite spatial distance to the horizon of a
black hole with zero surface gravity. If the expectation
value were of the form of Br —* with finite B, it would
therefore be zero. Even if the energy-momentum tensor
of -individual fields did not have this form and still
diverged on the Cauchy horizon, one might expect that
the total energy-momentum tensor might vanish in a su-
persymmetric theory, because the contributions of boson-
ic and fermionic fields might have opposite signs. How-
ever, one would not expect such a cancellation unless the
spacetime admitted a supersymmetry at least on the hor-
izon. This would require that the tangent vector to the
horizon corresponded to a Killing spinor, which would
imply

=p=0=0 ,
in addition to
h=0.

These conditions will not hold on a general horizon, but
it is possible that the back reaction could drive the
geometry to satisfy them, as the back reaction of black-
hole evaporation can drive the surface gravity to zero in
certain circumstances.

If one assumes that the expectation value of the
energy-momentum tensor diverges on the horizon, one
can ask what effect this would have if one fed it back into
the field equations. On dimensional grounds one would
expect the eigenvalues of the energy-momentum tensor to

diverge as Bt ~*%, where B is a constant that depends on
the quantum state and ¢ is the distance function to the
horizon. However, because of boost and other factors,
the energy density measured by an observer who crosses
the Cauchy horizon on a timelike geodesic will go as
Bd ~'s 73, where s is proper distance along the observer’s
world line until the horizon and d is some typical length
in the problem. In Misner space, d is the length of the
spacelike geodesic from the origin orthogonal to the
observer’s world line.

To get the metric perturbation generated by this
energy-momentum tensor, one has to integrate with
respect to s twice. Thus the metric perturbation will
diverge as GBd ~'s~!. Kim and Thorne [5] agree that
the metric perturbation diverges, but claim that
quantum-gravitation effects might cut it off when the
observer’s proper time before crossing the Cauchy hor-
izon, s, is the Planck time. This would give a metric per-
turbation of order

Bl,d™'.

If d were of order 1 m, the metric perturbation would be
of order 10733, This is far less than about 10™", which is
the best that can be detected with the most sensitive
modern instruments.

It may be that quantum gravity introduces a cutoff at
the Planck length. But one would not expect any cutoff
to involve the observer-dependent time s. If there is a
cutoff, one would expect it to occur when the invariant
distance t from the Cauchy horizon was of order the
Planck length. But ¢? is of order ds. So a cutoff in ¢ at
the Planck length would give a metric perturbation of or-
der 1. This would completely change the spacetime and
probably make it impossible to cross the Cauchy horizon.
One would not therefore be able to use the region of
closed timelike curves to travel back in time.

If the coefficient B is negative, the energy-momentum
tensor will have a repulsive gravitational effect in the
equation for the rate of change of the volume. This will
tend to prevent the spacetime from developing a Cauchy
horizon. The calculations that indicate B is negative
therefore suggest that spacetime will resist being warped
so that closed timelike curves appear. On the other hand,
if B were positive, the graviational effect would be attrac-
tive, and the spacetime would develop a singularity,
which would prevent one reaching a region of closed
timelike curves. Either way, there seem to be theoretical
reasons to believe the chronology protection conjecture:
The laws of physics prevent the appearance of closed time-
like curves.

There is also strong experimental evidence in favor of
the conjecture from the fact that we have not been invad-
ed by hordes of tourists from the future.
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